
Noname manuscript No.
(will be inserted by the editor)

Dynamics of a particle under the Gravitational Potential of a
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Abstract This paper studies the main features of the dynamics around a massive annular
disk. The first part addresses the difficulties finding an appropriated expression of the gra-
vitational potential of a massive disk, which will be used to define the differential equations
of motion of our dynamical system. The second part describes the main features of the
dynamics with special attention to equilibrium of the system.
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1 Introduction

Outer planets of the solar system and probably many of the extrasolar ones have rings.
The rings of some planets of our solar system have been widely studied and have been the
object on numerous scientific spatial missions; besides, the Asteroid belt can be roughly
approximated by a continuous ring, and its global effect on the orbit of Mars is certainly
not negligible and is worth studying. A similar situation occurs in the study of Coulomb’s
electrostatic field in the electromagnetism, in galactic dynamics, or gravitational lenses[2,
17]. These are a few models that motivated previous works found in literature about the
dynamics around a circular ring; the aim of this work is to extend those studies by Maxwell
[22], Scheeres [23], Kalvouridis [15] and Elipe and coworkers [3–6,10], among others, to
the case of an annular disk.

We choose a rather simple model but with rich dynamics to illustrate the relevant struc-
tures in the phase-space and understand their implications. This mathematical model has to
be considered as a first approach for further studies of more complex dynamical systems
[11]. Our goal is to point out that the conclusions we can draw from the phase-space struc-
ture are generic and therefore of interest in the context of more realistic models. Hence, we
consider necessary to start with a knowledge of dynamical aspects in some simple cases,
extending the results obtained for the case of a solid ring to an annular ring.
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Concerning the annulus problem, some papers have been already published [19,20,1,
14] in which the potential formula created by a homogeneous annulus disk is described,
those expressions are derived in a similar way than classical books (Kellogg [16], MacMi-
lan [21]) about potential theory used for the computation of the potential created by a circu-
lar wire. A different approach is given by Kondratyev [17,18] for computing by analytical
methods the potential of two- and three-dimensional gravitating bodies.

In this paper we consider an homogeneous circular annular disk of major radius a and
minor radius b located on the plane Oxy of a Cartesian coordinate system and with its geo-
metrical center at the origin of coordinates. For this particular body, the potential function
is derived in an appropriated closed form that overcomes some difficulties arisen in numer-
ically computing the elliptic integrals involved in the force function, and will allow us to
carry out the computation of the most relevant solutions joined with periodic orbits: the
equilibrium positions. Besides, we extend the study to the case of two concentric annuli.

2 The massive disk and its potential function

Our goal is the analysis of the dynamics of an infinitesimal particle moving under the grav-
itational field of a massive bidimensional annular disk. The potential or the gravitational
force due to this planar body is obtained by combining the corresponding functions for a
massive planar disk. Thus, firstly, we need a convenient expression for the potential of a
massive disk. This potential can be derived in two ways, as a quadrature involving the po-
tential of solid circular wires of growing radius, or directly from its definition by computing
a double integral. There are similarities and relations in the expressions of the potential and
the way of deriving them of three different bodies: ring, disk and annulus, we briefly present
all of them in the following subsections.

2.1 Potential of a massive circular wire and disk

Let us first remind the potential function created by the gravitational attraction of a solid
circular wire under the following assumptions. We consider a homogeneous ring of radius
a placed on the Oxy-plane of a Cartesian coordinate system and with its center at the origin
of coordinates, assume a total mass M and constant density σ , that is, M = 2πaσ . As it
was already stated by Gauss, the potential of a circular ring can be expressed as a complete
Elliptic Integral of the first kind [16].

Let P be a mass point of Cartesian coordinates (x,y,z) where the potential is computed
(see Figure 1) and r denotes the distance between P and a differential element of mass dm.
Let us define the quantities q and p, i.e. the shortest and the longest distances between the
point P and the ring

p2 = (x+a)2 + z2, q2 = (x−a)2 + z2,

Introducing in the potential formula angles for the integration, the potential is derived in an
elegant form (see Broucke and Elipe [6])

U(P) =−G
∫

0

2π dm
r

=−2GM
π p

∫ π/2

0

dφ√
1− k2 sin2 φ

=−2GM
π p

K(k). (1)
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Fig. 1 Wire of radius a acting on a point P

where k2 = 1−q2/p2, and K(k) is the Complete Elliptic Integral of first kind with modulus
k. This potential function has a local maximum at the origin, which is unstable (hyperbolic).

Now, let us assume that we have on the Oxy plane a bidimensional disk plate of total
mass M and surface density σ , so M = πσa2 and dm= σds. Let (r,θ ,z) denote the cylindric
coordinates for any given point in space P with r2 = x2 + y2 where we want to compute the
potential, which is given by

U(P) =−G
∫

D

σds
d

,

where the domain D denotes the disk, and d the distance from a differential mass element Q
to the point P.

This potential has been already derived by Krough, Ng and Snyder [19] and by Lass and
Blitzer [20]. Nevertheless, its closed expression involves elliptic integrals, and the expres-
sions given for the potential cannot be evaluated at significant regions of the space where the
potential is a well defined function, or in such a way that may produce wrong evaluations
when is numerically computed.

Let us summarize here the approach derived to develop the formulation of the potential
function, and how to overcome the difficulties in computing it.

Let P be a mass point where the potential is computed, and Q an element of differential
mass of the disk at distance d from P (see Fig. 2).

We determine first the potential at points P with r ≤ a. The integrand in the expression
of the potential is in terms of the angle ϕ and the distance ρ from the projection P′ of P into
the plane Oxy to the point Q

U(P) =−GM
πa2

∫ 2π

0

∫ ρmax

0

ρdρdϕ
∥PQ∥

,

where ρmax is the maximum distance from P′ to Q, i.e. when Q is at the boundary of the
disk. The distance ρmax and d are given by the formulas

ρmax = r cosϕ +d, d2 = a2 − r2 sin2 ϕ .
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Fig. 2 Disk of radius a acting on a point P with r ≤ a

Hence, the integrand is now

U(P) =−2GM
πa2

∫ π

0

∫ ρmax

0

ρdρdϕ√
ρ2 + z2

=
2GM
πa2

π|z|−
∫ π

0

√(
r cosϕ +

√
a2 − r2 sin2 ϕ

)2

+ z2dϕ

 .

To solve the quadrature we need to manipulate the expression, we show here the main steps.

First of all we change the integration variable φ = r cosϕ +
√

a2 − r2 sin2 ϕ ; after sub-
stitution and simplification the potential yields

U(P) =
2GM
πa2

(
π|z|−

∫ a+r

a−r

√
z2 +φ2(φ2 − (r2 −a2))

φ
√

4r2a2 − (φ2 − (r2 +a2))2
dφ

)
. (2)

Next we define a new integration variable cos2ψ = (φ2 − (r2 +a2))/2ra, in order to elimi-
nate the root in the denominator. Thus the potential expression can be written as

U(P) =
2GM
πa2

(
π|z|−

√
z2 +(a+ r)2E(k)

+
√

z2 +(a+ r)2 (a
2 − r2)

(a+ r)2

∫ π/2

0

√
1− k2 sin2 ψ

1−n2 sin2 ψ
dψ

 ,

(3)

where we have introduced the auxiliary quantities

k2 =
4ar

z2 +(a+ r)2 , n2 =
4ar

(a+ r)2 .

Finally, to solve the last integral we multiply both numerator and denominator by the term√
1− k2 sin2 ψ, in order to get rid of the root in the denominator.
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Lastly, we apply the definitions of the Elliptic Integrals to eventually get the following
formula

U(P) =
2GM
πa2

(
π|z|−

√
z2 +(a+ r)2E(k)− (a2 − r2)√

z2 +(a+ r)2
K(k)

− (a− r)
(a+ r)

z2√
z2 +(a+ r)2

Π(k,n)

)
,

(4)

with E(k), K(k) and Π(n,k) the Complete Elliptic Integrals of first, second and third kind
respectively. Let us remind that this expression is only valid when we compute the potential
at points P such that r ≤ a.

For the case r > a, the procedure is similar, see Fig. 3.
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Fig. 3 Disk of radius a acting on a point P with r > a

Taking into account that now ϕ ∈ [−arcsin(a/r),arcsin(a/r)] and ρ ∈ [ρmin,ρmax], where

ρmax = r cosϕ +d, ρmin = r cosϕ −d, d2 = a2 − r2 sin2 ϕ ,

Eq. (4) becomes

U(P) = −GM
πa2

∫ arcsin(a/r)

−arcsin(a/r)

∫ ρmax

ρmin

ρdρdϕ√
ρ2 + z2

=−2GM
πa2

∫ arcsin(a/r)

0

∫ ρmax

ρmin

ρdρ√
ρ2 + z2

= −2GM
πa2

(∫ arcsin(a/r)

0

√
ρmax2 + z2dϕ −

∫ arcsin(a/r)

0

√
ρmin2 + z2dϕ

)
.

(5)

By means of two changes of variables, one for each integral, φ1 = r cosϕ +
√

a2 − r2 sin2 ϕ ,

and φ2 = r cosϕ −
√

a2 − r2 sin2 ϕ , the potential function can we written as

U(P) =−2GM
πa2

(∫ √
r2−a2

r+a

√
z2 +φ12(−φ1

2 + r2 −a2)dφ1

φ1
√

4r2φ12 − (φ12 + r2 −a2)2

−
∫ √

r2−a2

r−a

√
z2 +φ22(−φ2

2 + r2 −a2)dφ2

φ2
√

4r2φ22 − (φ22 + r2 −a2)2

)
=−2GM

πa2

∫ r−a

r+a

√
z2 +φ2(−φ2 + r2 −a2)dφ

φ
√

4r2φ2 − (φ2 + r2 −a2)2
.
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Now, if we apply the change of variable cos2ψ = (φ2 − (r2 + a2))/2ra we obtain the ex-
pression given in Eq. (3), so we can conclude that the potential is given by

U(P) =
2GM
πa2

(
−
√

z2 +(a+ r)2E(k)− (a2 − r2)√
z2 +(a+ r)2

K(k)

− (a− r)
(a+ r)

z2√
z2 +(a+ r)2

Π(k,n)

)
.

(6)

Therefore we obtain the same expression for the potential that we had for the previous case
r ≤ a, see Eq. (4), without the term in |z|. Both formulas, Eq. (4) and Eq. (6), can be written
as a single one

U(P) =
2GM
πa2

(
|z|π

2
(1+ sign(a− r))−

√
z2 +(a+ r)2E(k)

− (a2 − r2)√
z2 +(a+ r)2

K(k2)− a− r
(a+ r)

z2√
z2 +(a+ r)2

Π(k,n)

)
.

(7)

Consequently the potential created by an homogeneous bidimensional disk is given by the
closed form expression

U(P) =
2GM
πa2

(
|z|π

2
(1+ sign(a− r))− pE(k)− a2 − r2

p
K(k)− (a− r)

(a+ r)
z2

p
Π(k,n)

)
. (8)

Nevertheless, this formula does not represent the potential function at every point in the
space for which the potential function has a real finite value. Albeit they are valid for the
cases r < a and r > a, they fail at r = a and z ̸= 0, because in this case n = 1 and the Elliptic
Integral of the third kind is not bounded for these values, rendering those formulas useless
for the analysis of the dynamics. It is necessary to rewrite this analytic expressions to reduce
the loss of information in its computation (Fukushima [14]).

2.1.1 Proper evaluation through potential reformulation

In order to circumvent the problems arisen in the computation of the potential expression
Eq. (8), we use several formulas from the Byrd and Friedman textbook [8], and the computa-
tional approach by Burlirsch [7], Carlson [9] and Fukushima [12,13] to overcome difficulties
in evaluating the Elliptic Integrals.

Let us split the potential expression given in Eq. (8) in two parts

U =
2GM
πa2 (U1 +U2) , (9)

where U1 = |z|π
2
(1+ sign(a− r))− pE(k)− a2 − r2

p
K(k),U2 =− (a− r)z2

(a+ r)p
Π(n,k)

We now transform the term U2, which contains the Elliptic Integral of the third kind, by
means of the following relations

1−n2 =
(a− r)2

(a+ r)2 ,
k
n
=

a+ r
p

,
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and the relation between the Elliptic Integral of third kind and the Heuman’s lambda function
Λ0 (see [413.01] in Byrd and Friedman [8])

Π(n,k) =
nπΛ0(ϕ ,n)

2
√
(n2 − k2)(1−n2)

, ϕ = arcsin

√
n2 − k2

n2(1− k2)
= arcsin

|z|
q
,

to rewrite U2 as

U2 =− z2(a− r)
p(a+ r)

nπ
2
√

(n2 − k2)(1−n2)
Λ0(ϕ ,n) =−|z|π

2
sign(a− r)Λ0(ϕ ,k).

Finally, it is possible to replace the Heuman’s lambda function by a combination of Elliptic
Integrals

Λ0(ϕ ,k) =
2
π

(
E(k)F(ϕ ,k′)+K(k)E(ϕ ,k′)−K(k)F(ϕ ,k′)

)
,

where k′ =
√

1− k2, and F(ϕ ,k′) and E(ϕ ,k′) are the Incomplete Elliptic Integrals of the
first and the second kind, respectively.
Thus U2 can be reformulated as

U2 =−|z|sign(a− r)
(
E(k)F(ϕ ,k′)+K(k)E(ϕ ,k′)−K(k)F(ϕ ,k′)

)
,

and the potential function yields

U =
2GM
πa2

(
−pE(k)− a2 − r2

p
K(k)+ |z|

(π
2
+

π
2

sign(a− r)
)

(10)

−|z|sign(a− r)
(

E(k)F(ϕ ,k′)+K(k)E(ϕ ,k′)− K(k)F(ϕ ,k′)
))

.

Under this form, the potential function and the force function derived from it can be properly
evaluated at any point in the space where it is defined.

It is worth to remark that a similar gravitating spatial potential of the homogeneous
circular disk was obtained by Kondratyev in his two monographs [17,18], where the author
deduces integral formulas for the gravitational potential of two-dimensional, and cylindrical
bodies.

2.2 Potential of a massive annular disk

Once we have derived a proper expression for the potential function of the circular plate
it is immediate to compute the potential due to an annular disk by subtraction. The poten-
tial created by an annulus of radii a and b (b < a) is computed from the disk potential by
subtracting two concentric disks of radius a and b respectively,

U(x,y,z;a,b) =U(x,y,z;a)−U(x,y,z;b), (11)

where U(x,y,z;a) and U(x,y,z;b) are the potentials created by two circular concentric plates
of radii a and b (see Eq. (10)). Note that now

Gσ = GM/(π(a2 −b2)) = µ/(π(a2 −b2)).
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Hence the potential created by a planar annulus is given by the following formula

U =
2µ

π(a2 −b2)

(
− paE(ka)−

a2 − r2

pa
K(ka)+ |z|

(π
2
+

π
2

sign(a− r)
)

−|z|sign(a− r)
[
E(ka)F(ϕa,k′a)+K(ka)E(ϕa,k′a)−K(ka)F(ϕa,k′a)

]
+pbE(kb)+

b2 − r2

pb
K(kb)−|z|

(π
2
+

π
2

sign(b− r)
)

+|z|sign(b− r)
[
E(kb)F(ϕb,k′b)+K(kb)E(ϕb,k′b)−K(kb)F(ϕb,k′b)

])
,

(12)

where we have introduced the following auxiliaries quantities

r2 = x2 + y2, R2 = x2 + y2 + z2,

p2
a = (a+ r)2 + z2, q2

a = (a− r)2 + z2,

k2
a = 4ar/p2

a, k′a =
√

1− k2
a, ϕa = arcsin |z|/qa,

p2
b = (b+ r)2 + z2, q2

b = (b− r)2 + z2,

k2
b = 4br/p2

b, k′b =
√

1− k2
b, ϕb = arcsin |z|/qb.

3 Dynamics around a circular annulus

Once we have a convenient expression of the potential we proceed to study the dynamics
of an infinitesimal particle moving under the gravitational field of a massive bidimensional
circular annulus.

The Lagrangian describing the motion of a particle in space under the attraction of an
annular disk is given by

L = T −U =
1
2
(ẋ2 + ẏ2 + ż2)−U(x,y,z),

where U(x,y,z) is the potential (Eq. (12)), and T the kinetic energy. The Euler-Lagrange
equations that correspond to this Lagrangian are given by

ẍ =−Ux, ÿ =−Uy, z̈ =−Uz, (13)

where Ux,Uy,Uz denote the partial derivatives
(

∂U/∂x,∂U/∂y,∂U/∂ z
)

:

∂U
∂x

=
2µ

π(a2 −b2)

x
r2

(√
R2 +a2 +2ar[(1− 1

2
ka)K(ka)−E(ka)]−

√
R2 +b2 +2br[(1− 1

2
kb)K(kb)−E(kb)]

)
,

∂U
∂y

=
2µ

π(a2 −b2)

y
r2

(√
R2 +a2 +2ar[(1− 1

2
ka)K(ka)−E(ka)]−

√
R2 +b2 +2br[(1− 1

2
kb)K(kb)−E(kb)]

)
,
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∂U
∂ z

= − µ
π(a2 −b2)

(
2z√

R2 +a2 +2ar
K(ka)−2sign(z)

(π
2
+

π
2

sign(a− r)

−sign(a− r)[ (E(ka)−K(ka))F(ϕ ,k′a)+K(ka)E(ϕ ,k′a)]
)
− 2z√

R2 +b2 +2br
K(kb)

+2sign(z)
(π

2
+

π
2

sign(b− r)− sign(b− r)
[
(E(kb)−K(kb))F(ϕb,k′b)

+K(kb)E(ϕb,k′b)
]))

. (14)

The problem is autonomous and hence, the Hamiltonian (hence, the energy) is constant
along the motion,

E =
1
2
(ẋ2 + ẏ2 + ż2)+U(x,y,z).

Besides, the potential of the annular disk is symmetric with respect to the three axes
Ox,Oy and Oz because of the cylindric symmetry of the problem. Figure 4 (left) illustrates
the potential function U along the Ox-axis (for the section y = z = 0), and the right plot
depicts equipotential curves of the function U(x,y,0).
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U
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Fig. 4 Left: Potential function U =U(x,0,0). Right: Equipotential curves for the function U(x,y,0)

It can be observed that the potential function goes to 0 as r goes to infinity and also the
existence of a local maximum at the origin. Let us prove that the origin is a linear unstable
equilibrium indeed.

Let us remind that equilibrium points are the simplest invariant objects along with the
periodic orbits; they are important not only for their existence, also because they structure
the global dynamics of the system.

The equilibrium positions of the system, x0, are the critical points of the potential func-
tion given by ∆U(x0) = 0. The stability of a solution x0 of a Hamiltonian system is given
by the variational equations that determine the motion in a neighborhood of the equilibrium
position. The equilibrium is spectrally stable if all its eigenvalues are pure imaginary.

In order to prove that the origin is an equilibrium of the system, second derivatives must
be computed. We have used their integral expressions instead of a straight derivation of the
equation of motion, see Eq. (14), which gives formulas difficult to handle analytically. For
that reason we consider now an arbitrary point of the annulus whose polar coordinates can
be written as (ρ cosθ ,ρ sinθ ,0). The potential created by the annulus on a point P(x,y,z) in
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space is

U =−Gσ
∫ a

b

∫ 2π

0

ρdθdρ
(x2 + y2 + z2 +ρ2 −2ρxcosθ −2ρysinθ)1/2 .

Thus, its derivative with respect to x is

Ux = Gσ
∫ a

b

∫ 2π

0

ρ(x−ρ cosθ)dθdρ
(x2 + y2 + z2 +ρ2 −2ρxcosθ −2ρysinθ)3/2 ;

and analogously for Uy and Uz. It is clear from those expression that the origin is an equi-
librium point of the problem. These expressions are easy to derive again and to particularize
them at the origin to get the monodromy matrix whose eigenvalues are (disregarding multi-
plicity)

±i

√
πGσ

b−a
ab

, −
√

2

√
πGσ

b−a
ab

,
√

2

√
πGσ

b−a
ab

.

Since there are real eigenvalues, we can conclude that the origin is spectrally unstable.
On the other hand, since the annulus model has axial symmetry, it is natural to use

cylindrical coordinates (r,λ ,z) to have the Lagrangian

L =
1
2
(ṙ2 + r2λ̇ 2 + ż2)−U(r,z);

since in this case the angle λ is a cyclic variable, its conjugate moment Λ = ∂L /∂ λ̇ = r2λ̇
is constant and the equations of motion in cylindric coordinates are

r̈ =−∂U/∂ r+Λ 2/r3,
z̈ =−∂U/∂ z.

(15)

In order to find the stationary solutions we have to analyze the equations of motion; due
to the complexity of the expressions containing Elliptic Integrals, analytic solutions are not
feasible in general. This is the reason why we have studied the equilibrium when the motion
is reduced to the xy-plane and when the motion is confined to the Oz-axis.

Note that for the following computations we chose the following values for the param-
eters: a = 1, b = 0.75 and µ = 1. We proved that we can assume without loss of generality
that both the outer radius of the annulus (a), and the gravitational constant (µ) are equal to
one, and concerning the inner radius of the annulus, we saw that slightly variations of this
parameter do not modify qualitatively the nature of the results presented here.

3.1 Dynamics on the Oz-axis

Following Kellogg [16], the potential of the annulus is a single layer potential with essential
discontinuities at the boundary of the circular plate, but otherwise it is a continuous function.
Its gradient is also a continuous function everywhere except at points on the annulus plate.
It is not defined for points at the boundary and it has a step discontinuity at points on the
plate but outside its boundary. The derivative along the normal direction to the annulus of U
shows a step discontinuity on the annulus(

∂U
∂n

)
+

−
(

∂U
∂n

)
−
= 4πGσ .
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This discontinuity governs the movement in the Oz-axis. Now r = 0 and the movement is
determined by the following differential equation

z̈ =
µz

π(a2 −b2)

(
1√

z2 +a2
− 1√

z2 +b2

)
.

Note that it is equal to zero if z= 0 or a= b, but this last case corresponds to the wire problem
which has been already study by Broucke and Elipe [6]. Therefore, the only equilibrium
point is z = 0, because the motion reduces to the 0z-axis, this corresponds to the origin.
The energy at this point is E∗ = −2µ/(a+ b), and only for energy values E∗ < E < 0 we
will find periodic orbits. This equilibrium point can be also observed in the phase portrait
(Figure 5).

Fig. 5 Phase portrait over the Oz axis.

3.2 Dynamics on the xy–plane

In this subsection we analyze the equilibrium in the planar case z = 0, where the effective
potential is now a radial function, therefore we are in presence of an integrable problem
thanks to the energy and the angular momentum integrals.

Since z = 0, the potential (12) reduces to

U(r) =
2µ

π(a2 −b2)

(
(b+ r)E(kb)+(b− r)K(kb)− (a+ r)E(ka)− (a− r)K(ka)

)
. (16)

By using the expressions of the partial derivatives (14), we easily compute

∂U
∂ r

=
2µ

π(a2 −b2)

1
r

([
(a2 + r2)

(a+ r)
K(ka)− (a+ r)E(ka)

]
−
[
(b2 + r2)

(b+ r)
K(kb)− (b+ r)E(kb)

])
.

(17)

Since the system is conservative,

E = T +U(r) =
1
2

(
ṙ2 +

Λ 2

r2

)
+U(r) =

1
2
(ṙ2 +W (r)),
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where W (r) = Λ 2/r2 +U(r) is the so-called effective potential. Hence,

ṙ =
√

2(E −W (r)).

Stationary points will be circular solutions of the complete problem (r,λ ,z), i.e., the critical
points of the effective potential, named r0, for values of the angular momentum Λ ̸= 0, will
correspond to circular orbits on the plane Oxy:

(
r0 cos(Λ t/r0

2),r0 sin(Λ t/r0
2),0

)
of period

T = 2πr0
2/Λ .

We are going to find the values of the angular momentum for which periodic orbits exist.
With this goal in mind, we perform a similar analysis to the one developed by Alberti and
Vidal [1] to find the equilibrium positions on the equatorial plane of the annulus. One of the
motivation of our study is to extend the dynamical approach performed by in the mentioned
work to a more complex situation as result of a composition of annulus.

In order to find stationary points we begin with by plotting and analyzing some figures.
Fig. 6 (left) depicts the derivative of the effective potential (15) when Λ = 0. We observe
that the origin r = 0 is a critical point, and so, the dynamics are reduced to the linear motion
along a diameter of the annulus. There is another zero inside the annular disk (b < r < a);
although it may appear that orbits crossing the disk have no physical meaning, let us recall
that in fact, planetary rings are made of millions of rocky and icy particles, each maintaining
their own orbit around the planet, these small orbiting particles can be considered, from a
distance, as a continuous solid annular ring. In those cases the critical point would have a
physical meaning, however these orbits will end up quickly in a collision orbit.

0.5 1. 1.5

r

-2

4

W’(r)

ab

2

0

0 0.5 1 1.5 2 2.5 3 3.5 4
−3

−2

−1

0

1

2

3

r

r’

Fig. 6 Representation of W ′(r) and phase portrait when Λ = 0

This is also observed in the phase portrait (r, ṙ), Fig. 6 (right); note that inside the annu-
lus we find orbits that originate and end colliding with the annulus, while outside we also
find scape orbits. Nevertheless, the phase portrait when Λ ̸= 0 seems to indicate different
dynamics depending on the value of the angular momentum, see Fig. 7.

Outside the annulus, and depending on the angular momentum we will have either sim-
ilar behavior than in the case Λ = 0, or we find a critical point for increasing values of r and
another one quite close to the annulus. If we plot the derivative of the effective potential for
different values of the angular momentum, (Fig. 8), we can observe that there are no critical
points inside the annulus for any value of Λ and a particle placed there will tend to collide.
Outside the annulus we see again that depending on the value we get either none or two
zeros.



13

0 1 2 3 4 5
−4

−3

−2

−1

0

1

2

3

4

r

r’

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

r

r’

Fig. 7 Phase portrait with Λ = 1 and Λ = 2.25 respectively
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Fig. 8 Critical points of the effective potential for two different values of Λ ̸= 0.

Therefore, we have numerically found that there exists a bifurcation value Λ̃ so that for
smaller values Λ ≤ Λ̃ there are no critical points, while for Λ > Λ̃ the effective potential
presents a local maximum and a minimum corresponding to circular orbits of the problem.

We summarize here briefly the main steps of the analytical proof of this fact. We perform
an analysis of the sign and monotony properties of the effective potential in the inner and
outer regions of the annulus. Instead of using the expression given in Eq. (17) we will make
use of an integral expression of the potential U(r) when the point P where we compute the
potential is on the xy-plane

U(r) =− 2µ
π(a2 −b2)

∫ a

b

∫ π

0

ρdϑdρ√
r2 +ρ2 −2ρr cos2ϑ

.

Here r =
√

x2 + y2 is the distance from P to the origin of coordinates, the arbitrary point
over the annulus Q is at distance ρ from the origin, and ϑ is the angle Q̂OP. Now changing
the variable of integration θ = ϑ +π/2 and after some trigonometric transformations, the
potential can be written as

U(r) =− 4µ
π(a2 −b2)

∫ a

b

ρ
r+ρ

K(k)dρ,
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where k2 = 4ρr/(r+ρ)2. Hence

U ′(r) =− 4µ
π(a2 −b2)

∫ a

b

(
−ρ

(r+ρ)2 K(k)+
ρ

(r+ρ)
4ρ(ρ − r)
(r+ρ)3

dK(k)
dk

)
dρ.

To determine the sign of the function U ′(r) it is enough to study sign of the integrand func-
tion f , if positive, it means that its primitive is an increasing function in the interval b < a so
the integral will be positive; and respectively for the negative sign. Thus, taking into account
the properties of the Elliptic Integrals

K(t)> 0,
dK(t)

dt
=

E(t)− (1− t)K(t)
2t(1− t)

> 0, ∀0 < t < 1

we can prove that the derivative of the potential function, U ′(r), is a negative function in the
inner region of the annulus r < b, and positive in the outside it r > a.

The proof is clear in the case r > a, taking into account that ρ ∈ [b,a] and the properties
written above that guarantee U ′(r) > 0. To prove the case r < b we need to replace the
derivative of the Elliptic Integral of first kind, and so the derivative of the potential yields

U ′(r) =− 4µ
π(a2 −b2)

∫ a

b

(
−ρ

2r(r2 −ρ2)

[
(r+ρ)E(k)+(r−ρ)K(k)

])
dρ.

Finally note that the expression (r+ρ)E(k)+(r−ρ)K(k) is the module of the normalized
potential Eq. (16) at points on the Equatorial plane, and so, it can not be negative. Thus the
integrand is a positive function and we can conclude that inside the annulus U ′(r)< 0.

This result allows us to state straightforwardly that there are no critical points of the
effective potential inside the annulus, which was already observed in Figs. 6 and 8. As it was
stated above, outside the annulus we can find critical points depending on the value of the
angular momentum; we have computed analytically a minimum value of Λ that guarantees
the existence of zeros, let us see how to proceed.

First, we prove the following properties:

– The effective potential is an increasing function when r is close to the outer radius a.
– W (r) is negative and increasing function when r tends to infinity.

The proof in the first case is straightforward and follows from the derivative of the
potential Eq. (17), calculating the limit when r goes to a. For the second property just note
that outside the annulus, according to the previous results about the potential, the following
inequalities are satisfied

W ′(r)>−Λ 2

r3 , W (r)<
Λ 2

2r2 ,

and so W (r)< 0 and W ′(r)> 0 when r tends to infinity.
These properties establish that outside the annulus, the effective potential starts increas-

ing for values of r close to a, and as the radius r grows the potential goes to zero with
negative values. Which means that if we find a value of the angular momentum such that
W (r)> 0 for any r > a, we will ensure that the effective potential has at least a local mini-
mum and a local maximum. We can compute a rough bound value for the angular momen-
tum satisfying this, computing the limit of W (r) when r tends to a

W (r) =
Λ 2

r3 +
2µ

π(a2 −b2)

(
(b+ r)E (kb)+(b− r)K (kb)− (a+ r)E (ka)− (a− r)K (ka)

)
.
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Taking into account that lim
x→1

E(x) = 1 and lim
x→1

(1− x)K(x) = 0, it follows that

lim
r→a+

W (r) =
Λ 2

a3 +
2µ

π(a2 −b2)

(
−2a+(a+b)E

(
4ab

(a+b)2

)
+(b−a)K

(
4ab

(a+b)2

))
.

Hence,

lim
r→a

W (r)> 0 ⇔ Λ 2

a3 − 4µa
π(a2 −b2)

> 0 ⇔ Λ 2 >
8µa3

π(a2 −b2)
.

For greater values of the angular momentum, we can ensure that we have found a pos-
itive value of the effective potential, and so a local minimum and maximum of it. We can
summarize all the results obtained in the case of movement reduce to the xy-plane in the
following proposition.

Proposition 1 The dynamics of a particle under the attraction of a massive annulus and
confined on the Equatorial plane verifies that

a) The origin is only one critical point of the effective potential W (r) when the angular
momentum Λ = 0.

b) There are no circular solutions in the inner region of the annular disk.
c) For values of the angular momentum Λ 2 > Λ̃ 2 = 8µa3/π(a2−b2) the effective potential

has at least two critical points in the outer region of the annulus, corresponding to one
stable and one unstable circular orbits.

d) There is a stable critical point inside the annulus b < r < a for any value of the angular
momentum.

We have also observed that as the angular momentum increases, one of the critical points
tends to the annulus while the other goes to infinite.

4 Composition of annulus

In this section we analyze the dynamics created by two concentric annuli and how the second
annulus modifies the results found in the previous section.

We consider two concentric annuli, that is, a partition of the annulus in two smaller ones
with a gap between them. This approach provides a better approximation to real planetary
rings, and so the study of the dynamical structure around this model is considered of special
interest. The potential function is obtained by adding to the potential created by an annulus
of radius 0 < b < a, given by Eq. (12), a second annulus of equal mass and new radius d < c.

We have performed an analogous procedure to the one above described to determine
the critical points of the effective potential for this model. Since the potential function is an
additive function, the qualitative behavior in the inner part or in the outer part of both annuli
will be the same as described in the previous section; thus, we focus our interest in the the
gap between both annuli.

The partition of the original annulus in two smaller ones implies the existence of a new
equilibrium point located inside the gap. The proof is straightforward by computing the
limits of the effective potential when the particle approaches the boundary of the annular
rings, and taking into account that the derivative of the potential of a single annulus Eq. (17)
goes to infinity when r goes to the outer radius of the annulus, and goes to −∞ when r
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approaches the inner radius. Thus, if W (r) denotes the effective potential of the composition
of annulus, there results that

lim
r→b−

W ′(r) =−Λ 2/b3 + k/b2 −∞ =−∞,

lim
r→c+

W ′(r) =−Λ 2/c3 + k/c2 +∞ = ∞.
(18)

The effective potential is a continuous function in the interval between the annular disks
(c,b), hence we can conclude that there is at least a critical point (an odd number of equi-
libria as a matter of fact) in the region confined between both annulus. Besides, by plotting
the derivative effective potential (Fig. 9) we discover that there is only one zero indeed. This
equilibrium point correspond to one circular unstable orbit. The stability has been numer-
ically determined by means of the monodromy matrix, since there is no feasible to do it
analytically.

Since this critical point is spectrally unstable, joined to the fact of the existence of a
stable equilibrium inside each annulus, it may explain how the dynamics of particles inside
and around these annular systems is organized.

Figure 9 represents the derivative of the effective potential for different values of the
angular momentum.

2 4
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Λ=Λ=

b acd

Fig. 9 Critical points of the effective potential of two concentric annulus for different values of Λ ̸= 0. The
yellow line is for Λ = 2, and the green one is for Λ = 4.

Conclusion

We have set up the problem of the motion of a massless particle around a massive annulus
by finding a closed expression of the potential function valid for all points in space where it
is defined. This closed expression, despite its complex treatment due to the Elliptic Integrals
involved, avoid approximations of the potential function through asymptotic expansions.

We have also analyzed the dynamics of an infinitesimal particle under the attraction
of a planar annulus and a planet with annulus performing a systematic search of one of
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the most relevant solutions: equilibrium positions. We have proved and given conditions
for the existence of equilibrium points for different values of the angular momentum on
the Equatorial plane and the polar axis. We have also observed different regions of planar
stable motion around the ring, and their possible implication in the formation of dynamical
patterns.
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