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Abstract: This paper studies the main features of the dynamics around a planar annular disk. It is
addressed an appropriated closed expression of the gravitational potential of a
massive disk, which overcomes the difficulties found in previous works in this matter
concerning its numerical treatment. This allows us to define the differential equations of
motion that describes the motion of a massless particle orbiting the annulus. We
describe the computation methods proposed for the continuation of uni-parametric
families of periodic orbits, these algorithms have been applied to analyze the dynamics
around a massive annulus by means of a description of the main families of periodic
orbits found, their bifurcations and linear stability.

Response to Reviewers: All the reviewer's comments have been taken into consideration. The response to
specific comments follows the order listed by the reviewer.

1.-Related to the motivation of our work we have added references to other
astrophysical rings systems, from disks around supermassive black holes to
protoplanetary disks; and we have clarified that we follow the procedure for the
computation of the potential of a circular wire proposed in literature (Scheeres 1992;
Breiter, Dybczynski, Elipe 1996; Kalvouridis 1999; Arribas & Elipe 2005; Arribas, Elipe
& Kalvouridis 2007; Alberti & Vidal 2007; Elipe, Arribas &

Kalvouridis 2007). We have also added references to Breiter (1996) & Arribas (2007).
Page 1, Section: Introduction.

2.- We have removed the sentence: like Asteroid Belts or flight formation. Page 1,
Section: Introduction.

3.- It has been added some explanation related to the motion geometry. Page 3-4,
Section 1: The annular disk and its potential function.

a) Explanation about the integrals of motion “Prior to computing families of periodic
[...]1“ End of Page 3 and first paragraph of Page 4.

b) Explanation about equilibria computation . We have added the motion equations
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that govern the movement when the particle is restricted to the equatorial plane or the
polar axis. Concerning the equilibria in the polar axis, it is explained that the only
equilibrium point is the origin of the system and, as it is analyzed in (Tresaco, Elipe &
Riaguas, 2011) it is a stable critical point. Page 4, first column.

c) We have clarified the meaning of Polar plane, which refers to any plane
perpendicular to the Equatorial plane and containing the origin, thanks to the symmetry
of the force field. Page 4, First paragraph of second column.

4.- A discussion about the equivalence of relative equilibria and Equatorial circular
orbits has been added in Page 4 (first column): “Concerning the movement on the
Equatorial plane [...] and therefore, stationary points are circular solutions of the
complete problem (r\lambda,z) i.e. critical points of the effective potential, named
$r_0$, for values of the angular momentum $\Lambda\neq 0%, will correspond to
circular orbits on the plane Oxy: (r_O\cos(\Lambda t/{r_0}*2),r_O\sin(\Lambda
t/{r_0}*2),0) of period T=2\pi{r_0}*2/\Lambda. Page 4, Section 1: The annular disk and
its potential function.

5.- It was incorrectly written “Family 1 orbits are stated to start with an infinitesimal
radius...”, it has been changed to Family 1 orbits are stated to start with an infinite
radius...”. Page 7, Section 4: Dynamics on the polar plane.

7.- English mistakes have been corrected.
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Periodic Orbits and
Bifurcations around

a Massive Annulus

E. Tresaco! « A. Elipe! « A. Riaguas

Abstract This paper studies the main features of the dy-made of millions of rocky and icy particles, each maintain-
namics around a planar annular disk. It is addressed an ajmg their own orbit around the planet inside its Roche limit;
propriated closed expression of the gravitational po#énfi  these small orbiting particles can be considered, from-a dis
a massive disk, which overcomes the difficulties found intance, as a continuous solid annular ring. Ring systems can
previous works in this matter concerning its numericalttrea be also found from disks around supermassive black holes to
ment. This allows us to define the differential equations ofrotoplanetary disks that give rise to planets, the Kuiétr b
motion that describes the motion of a massless particle ofor example is the remnant of the disk that rotated around
biting the annulus. We describe the computation methodg,e Sun.
proposed for the continuation of uni-parametric familiés o Many authors studied the dynamics of planetary ring sys-
periodic orbits, these algorithms have been applied to angams. One of the pioneers, Maxwell (1859) proposed a
lyze the dynamics around a massive annulus by means @fodel for the motion of the particles surrounding Saturn
a dgsgriptioq of the m_ain familie.s. of periodic orbits fo“”d'considering a polygonal configuration for the platia#- 1)
their bifurcations and linear stability. body problem, in such a way thatbodies of equal mass
are located at the vertices of a regufagon centered at
the remaining body. This model attracted the interest of re-
searchers (Scheeres 1992; Breiter, Dybczynski, Elipe ;1996
Kalvouridis 1999; Arribas & Elipe 2005; Arribas, Elipe &
I ntroduction Kalvouridis 2007; Alberti & Vidal 2007; Elipe, Arribas &
Kalvouridis 2007) in the last years because of the possibil-
Outer planets of the Solar System and probably many oty of considering this type of configuration for different-d
the Extrasolar ones have rings. Scientific exploration misnamical systems. The dynamical models proposed consider
sions aimed to study the boundaries of the solar Systen, gravitation potential created by a ring, where the ring is
such as the space probes Pioner11 (1979), Voyager1 (198@kscribed as a finite number of particles placed in a ring con-
Voyager2 (1981) or the most recent and relevant programguration, or a solid circular wire.
of planetary exploration Cassini-Huygens (2004), have pro - on the other hand we find authors, such as Stone (1996)
vided an in-depth knowledge of the planetary ring systemsyy Tiscareno (2007) working on the dynamics of disk for-
determining the structure, composition and dynamical bemation, angular momentum transport, density waves or disk
havior of the planet, rings and moons. Planetary rings arg,siapility and mass transfer; or such as Longaretti (1989)
Sicardy (1991) or Benet & Merlo (2009) that carried out dif-

Keywords periodic orbits; bifurcation of families; solid an-
nulus disk potential

E. Tresaco ferent studies based on the data observed by spacecraft mis-
A. Elipe sions to planetary rings, aimed to analyze the physicalprop
Centro Universitario de la Defensa, 50090 Zaragoza, Spain. erties of the rings: composition, distribution of the masse

A. Riaguas or the relation between planet resonance relationshipreend t
Dept. de Matematica Aplicada, Universidad de Valladol@p04 Soria,  Stability of the rings and incomplete arcs.

Spain. These are some examples of problems that motivated
1Grupo de Mecanica Espacial - IUMA. Universidad de Zarag&pein. previous works about the dynamics around a circular ring.

We focus our research on the models proposed by Scheeres
(1992); Kalvouridis (1999); Arribas & Elipe (2005); Albért
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& Vidal (2007), with the aim of extend the dynamical sys- continuing the families. The analysis of periodic orbits on
tems proposed in their works to a planetary ring. Work isthe plane which contains the annulus is given in Section 3
currently underway to analyze the dynamics when a centrand the polar orbits are studied in Section 4.
elliptical body is introduced into the model.

The aim of the present study is to consider a massive bidi-
mensional annular disk as a first approach, which provide$ The annular disk and its potential function
a more precise approximation of the rings that can be found
in the planets of our Solar System like Saturn for exampleWWe address the study of the dynamics of an infinitesimal
that is surrounded by a thin, flat ring that extends over hunparticle moving under the gravitational field of a massive
dreds of kilometers around it; or also considered a dynamibi-dimensional annular disk. There are several posséslit
cal model of astrophysical disks that exists during theyearlin obtaining the potential and the force of such planar body.
stage of stellar system formation. Broucke & Elipe (2005) obtained both for a solid circular
The extension to this new model, while fairly simple inring in closed form in terms of a complete elliptic integral
its approach, entails many difficulties concerning the anef the first kind, thus the gravitational potential of theldis
alytic treatment of the potential function due to the ellip-simply is the definite integral with the limits of the integra
tic integrals involved. Some works in literature deal with the radii of the annulus.
the computation of the gravitational potential of a massive Let us now consider a homogeneous annulus of radii
disk, like Krough, Ng & Snyder (1982) or Lass & Blitzer b < a placed on theOxy-plane of a Cartesian coordinate
(1983). They provide expressions that are mathematicallgystem of total madls! and surface density,(see Fig. 1).
correct, but not appropriated for numeric evaluation and
do not cover the whole space. Works by Alberti & Vi-
dal (2007) or Fukushima (2010) deal with the dynamics
of the problem but makes use of integral form for the po-
tential and no numerical computation of orbits are made.
This paper investigates the dynamics of a particle orbiting
the annulus through the search of periodic orbits. Periodic
orbits have been widely studied over the last century and are
still a topic of great interest for understanding the dyremi
of non-integrable Hamiltonian systems. For this purpose a
first analysis of the equilibrium points of the system is per-
formed, followed by the computation of initial periodic or-
bits needed for the continuation of their families.

Some software packages have been derived in order ®ig. 1 Bidimensional annulus of radii < a.
perform these numeric computations. For the calculation
of the initial conditions we have used the representation of e potential created by an annulus of raliandb is

Poincaré Sections, together with prograieros (Abad &  computed from the disk potential by subtracting two con-
Elipe 2011) based on evolution strategies to detect p&iodicentric disks of radius andb, respectively. According to
orbits in dynamical problems. The continuation of the fa‘KeIIogg (1929) this potential is single layer potentiaiith

milies of periodic orbits has been carried out through tWogssential discontinuities at the boundary of the annultis bu
methods derived following lines of the algorithm of Deprit yiherwise, it is a continuous function. Its gradient is a-con

& Henrard (1967) and the algorithm based on the compuginoys function everywhere except at points in the cincula
tation of Poincaré maps (Scheeres 1999). The continuatioghnyjus. It is not defined for points at the boundary and it

methods proposed are not restricted to symmetric problemg;s 4 step discontinuity at points in the annulus but outside
and, since the procedure involves the computation of thgs poundary.
variational equations, a side effect is the trivial computa  This potential has been already derived by Krough, Ng
tion of the linear stability of the periodic orbits. Thusgth ¢ Snyder (1982) and by Lass & Blitzer (1983). Nonethe-
evolution of a wide number of periodic orbits is described,jess, the formula given there does not represent the patenti
allowing to illustrate relevant structures of the phasecepa fynction at every point in the space for which the potential
and their implications. . function has a real finite value. It cannot be evaluated at
The paper is organized as follows. In Section 1 we forgjgnjficant regions of the space where the potential is a well

mulate the problem and derive a proper mathematical €Xjefined function, or in such a way that produces wrong eva-
pression of the potential function. Next, Section 2 present);,aiions when numerically computed.

the methods we used for both detecting periodic orbits and




In order to circumvent the problems arisen in the numeri-
cal treatment of the potential expression, we use several fo
mulas from the textbook Byrd & Friedman (1945), andthe 9Y _  H Zz K (Ka) — 25ignz)
computational approach by Bulirsch (1971), Carlson (1979) 92 ( b?) VR2+ a2+ 2ar

and Fukushima (2009, 2010) to overcome difficulties in (§+7—2Tsigr‘(a—r) —signa—r) [(E(ka)—K(ka))

evaluating the Elliptic Integrals; details of it can be foun

in Tresaco, Elipe & Riaguas (2011).
The potential function is depicted in Eq. (1),
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Under this form, the potential function and the force
function derived from it can be properly evaluated at any
point in the space where they are defined.

In next section we analyze the dynamics of an infinitesimal
particle under the attraction of a planar annulus; in order t
do this, it is necessary to fix values of the physical parame-
ters of the problem. We can assume without loss of gener-
ality that the outer radius of the annulasand the gravita-
tional constanyu are equal to one. We will take the value
b = 0.75 for the inner radius of the annulus 0b < a).
Different values ofb do not modify qualitatively the na-
ture of the results, only quantitative variations in theitailb
elements of the periodic orbits and families are obtained.
Therefore, all the following computations of periodic dsbi

p2=(a+r)?+2, g=(a-r?+2, have been done taking the parameters valuesGM = 1,
a=1andb=0.75.
k2 = 4ar / p2, KZ=1-K2, 0= ams.nU Once we have a convenient expression of the potential,

it is time to study the dynamics of an infinitesimal parti-

pe=(b+r)2+7, of=(b—r)?+72, cle moving under the gravitational field of a massive bi-
2 dimensional circular annulus.
kZ = 4br / pZ, kZ =1—k2, W= arcsinq—. The Lagrangian function is
b

The gradient of this function is given by
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whereU (x,y,z) is the potential function (1), and the ki-
netic energy. We are in presence of an autonomous problem,
and hence, the energy is an integral of this dynamical system

E:;%+f+ﬂ+umya

The equations of motion are

$=-Uy, y=-Uy, 2=-U, (3)
whereUy, Uy, U, denote the partial derivatives.

Equilibrium points are the simplest invariant objects glon
with periodic orbits; they are important not only for their e
xistence, also because they structure the global dynarhics o
the system. Prior to computing families of periodic orbits,
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we focus on the calculation of some particular stationary soto one stable and one unstable circular equatorial orbiés. W
lutions analyzing the critical points of the system (Tresac observed that as we increase the angular momentum, one
Elipe & Riaguas 2011). Since the annulus model has axiabf the equatorial orbits tends to the annulus while the other
symmetry, it is natural to use cylindrical coordinated ,z)  goes to orbits of increasing radius.

to have the Lagrangian In order to study the evolution of the orbits we carry out the
numerical computation of families of periodic orbits on the
P — 1‘([-2 +r2)2 4 2)—U(r,2); fundamental planes: we named the Equatorial plane and the

Polar plane. The Equatorial plane is the one containing the

due to the fact that the angleis a cyclic variable, its conju-  disk, whereas the Polar plane refers to any plane perpendic-

gate moment\ = 9.% /A = r2) is constant and the equa- ular to the Equatorial plane and containing the origin, ksan

of the families of periodic orbits found joined with theiast
F=—0U/ar +N?/r3 bility computation.

2=-0U/oz )

In order to find the stationary solutions we had to ana< Computation tools of Periodic Or bits
lyze the equations of motion; due to the complexity of the
expressions containing elliptic Integrals, analytic $ioluss ~ Some software tools have been developed in order to per-
are not feasible in general. This is the reason why we onlyorm the numeric computation of families of periodic orbits
studied the equilibria when the motion is reduced either taJsually, algorithms for continuing families of periodic-or

thexy-plane, or when it is confined to ti@z axis. bits need as starter a periodic orbit. To find such initiaitorb
The movement on th@z-axis is determined by the follow- we use two different ways, on the one hand the classical way
ing differential equation of the Poincaré Sections, and on the other, the progiam
ros (Abad & Elipe 2011) based on evolution strategies to
7= Hz ( 1 1 ) , detect periodic orbits in dynamical systems.
ma?—b?) \vVZ+a2 VZ+1b? Poincaré Surface of Section is a well-known tool to re-

the only equilibrium pointig = 0. Considering that the mo- Present the intersection of an orbit in the phase space of a
tion is confined to the Baxis, this point corresponds to the continuous dynamical system with a certain lower dimen-

origin. Concerning the movement on the Equatorial plane?'o”al mamfo(ljd, USU_a”)Il one of the C-(()jordlnate(zj pla.nes_ fA[:l
since the system is conservative, the energy is autonomous dynamical system provides a reduction of the

degrees of freedom of the system thanks to the Energy in-
> 2 1., tegral. The Poincaré section is a map obtained though the

E=T+U(@)= 2 (r + r_z) +U(r) = Q(r +W(r)), numeric integration of two conjugated variables, when in-
tersect a fundamental plane for a given Energy level. These

whereW(r) = A?/r?+U(r) is the so-called effective poten- plots allow us to distinguish between the quasi-periodic re

tial, thus gions from unstable chaotic motion. Concentric lines (is-
. lands) identify quasi-periodic orbits while unstable peic
F=+/2(E-W(r)), orbits corresponds to hyperbolic points on these plots and

i ) . ) are usually more difficult to spot.
and therefore, stationary points are circular solutionthef The computation of Poincaré sections requires a high
complete problenfr, A, z) i.e. critical points of the effective computational cost, and besides, highly unstable orbits ar
potential, namedo, for values of the angular momentum gigicyit to identify. In these cases the application of the-p
A # 0, will correspond to circular orbits on the plad®y:  gram zeros is very useful. Zeros is an evolution strategy
(rocos(AAt/ro?), rosin(At/ro?),0) of periodT = 27mo? /A. algorithm belonging to the general class of Genetic Algo-
o rithms. It converts the problem of finding periodic orbits

It has been proved that the there is a in-plane stable equito a problem of finding minima of a certain function. To
librium inside the annulugh < r < a), and the originis also - gq|ye this problem an adapted evolution strategy algorithm
a stationary point, it is linearly unstable for small disga. s applied. Since the problem of finding periodic orbits has
ments along the Equatorial plane of the annulus, while itis g unique solution, but is dense in the phase space, in order
stable position for perturbations along the polar &asand g avoid accumulation of solutions around a particular poin
only for Energy values greater than the Energy at the origifyhijle abandoning other regions with solutions, some modi-
we will obtain periodic orbits, see details in Tresaco, Elip fications are applied to the algorithm to adapt it to partcul
& Riaguas (2011). We also determined the existence of tW@,nctions which has lines of zeros. By using the dynam-
critical points in the exterior of the annulus correspogdin jcs of the problem, it is possible to reduce the number of
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variables to be used, which dramatically reduces the time ahatrix. When the trace of that matrixr, satisfie§Tr| < 2,
computation of a wide set of exact periodic orbits. it applies for linearly stable.

The numerical continuation of one-parameter families of We will continue periodic orbits through their family
periodic orbits has been carried out through two methodsyhich depends on a certain parameteiso its eigenvalues
developed following lines of the algorithm based on thealso vary continuously witlo. It follows that a periodic
computation of Poincaré Maps (Scheeres 1999) and the abrbit can lose its linear stability when a pair of nontrivial
gorithm of Deprit & Henrard (1967). These continuation eigenvalues having modulus 1 (i.&r, = 2) that is a singu-
methods follow periodic orbits along paths in the paramAarity of both algorithms, leading to possible bifurcatsate-
eter plane showing the evolution of the family and its bi-riving to a possible bifurcation with another family, or whe
furcations. Both methods consist of general algorithms o& pair of eigenvalues take the valuel through a period-
computing periodic orbits, but they take advantage of theloubling phenomenda¢ = —2).
simplifications due to the nature of the problems treated, In the event of dealing with 3-D Hamiltonian systems,
namely autonomous Hamiltonian systems. We developethking into account that the eigenvalues appear in recgroc
both continuation methodad-hoc and applied to different pairs(Ai,1/A;), (i = 1,2,3), and that one eigenvalue takes
problems, see (Abad, Elipe & Tresaco 2009; Lara, Deprit &he value 1 with multiplicity 2, linear stability is deterngd
Elipe 1995; Riaguas, Elipe & Lara 1999; Elipe & Lara 2003; by two stability indexesk; = A1+ 1/A1 andky = A2+ 1/ A,
Tresaco & Ferrer 2010), with the purpose of computing uniwhereA; and A, are the nontrivial eigenvalues. The con-
parametric families of periodic orbits. dition |ki| < 2, (i = 1,2) implies linear stability while any

The Deprit and Henrard continuation algorithm addressesther possibility means instability. Finally, in refereno
a boundary value problem for the variational equations relaplanar solutions, these two stability indexes correspond t
tive to a conservative dynamical system. It consists on sephe in-plane stability and to the out-of-plane stabilitpda
arating the normal displacements along an orbit from there denoted in the literature iy andky,, respectively.
tangential ones. This decomposition is meant to separate Hénon (1965), pointed out six important types of critical
purely periodic contribution from the secular effects, ldite  orbits according to the structure of the monodromy matrix:
ter in the tangential displacements. Thus, the formuladion
the variational equations in the Frenet frame directly oedu
thg qlimension of'the st'ate transition matri?( to compute, an(}_ There is a bifurcation with a symmetric family of the
eliminates the trivial eigenvalues that exist for any ctbse

trajectory in a time invariant system. Of course, this algo same period,
! Y y ' ' 993 There is an extremum of the Energy and also a bifurca-

rithm is not restricted to symmetric problems, and is valid tion with another family of symmetric periodic orbits.

for the computation of families of periodic orbits for varia . : X . ) .
. . . 4. There s a bifurcation with a non-symmetric family of the
tions of any parameter or integral for a conservative dynam- same period

ical system with two or three degrees of freedom. . : . . . .
. 5. There is a bifurcation with another family of symmetric

The second method we used is based on the computa- o L .

. . ; . . periodic orbits with double period.
tion of Poincaré Maps, with the surface of section chose% . . . . .
: . . There is a bifurcation with another family of non-

to be normal to a convenient surface in the phase space (seeSymmetric periodic orbits with double period
Scheeres (1999) for details). The Poincaré map is defined as '
the map from one transversal crossing of the surface to the In the above mentioned cases, the corresponding mon-
next. This transversal condition together with the conserv odromy matrix is of the type
tion of the Energy integral, make possible to remove the two
variables from consideration, creating a four-dimendiona T, =T, =T3:= ( 1 b ) Ty = ( 10 )

. p . 0 1 c 1)’
map from the Poincaré surface to itself. The reduced mono-
dromy matrix has its unity eigenvalues removed,; this allows To = ( -1 b ) Tg = ( -1 0 )
the reduced map to be used to iteratively solve for the fixed o -1 c -1
points of the map that correspond to the closed periodic or-
bits.

Continuing families of periodic orbits is reduced to find
the displacements to the orbit, which are the solutions o
the variational equations described. A side effect is then t .

the unity.

computation of the linear stability with no additional etfo .
Let us now show some of the most relevant families we

Linear stability of periodic orbits depends on the eigeneal . found. For each family we compute the stability index along

of the resolvent of the variational equations associated wi o
) L . the variation of the parameter. The parameter selected for
the fundamental period of the periodic orbit, the monodromy___ .. . .
continuation has been thecoordinate of the state vector,

1. There is an extremum of the Energy and no bifurcation
with another family of symmetric periodic orbits.

Therefore, the different types of bifurcations may be re-
cognized by the structure of the HEnon matrix. In what fol-
Pws we compute the Hénon matrix for all periodic orbits
analyzed, and we also check that their determinant that is
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which allows the computation of the family for differenten- It is worth to notice that the tracr(m) of an orbit with
ergy levels and also provides an evolution of the size of thenultiple periodm is related with the trac@&r of the single
orbit to detect possible collision with the annulus. period orbit by the formula

Tr(m) = 2cogmarccosTr/2)), [Tr| <2,
3 Dynamicson the equatorial plane wherek denotes the trace.
In this case the motion is restricted to tkeplane contai-
ning the annulus.

We make the analysis in the 3-D space, thus, we are able
to detect two types of possible bifurcations, orbits on the
equatorial plane (determined by theindex) and out of the
equatorial plane (given blg). Figure 2 presents the evo-
lution of the stability indexes in-planig, and out-of-plane 4
ks when the family of equatorial orbits in the exterior of the
annulus is continued.

2 s 3 35 2 25 14 15 16 17 18 19 2 21

Fig.2 Evolution of the stability indexes of the family of equaedri  Fig- 3 Orbit resulting from the period-doubling bifurcation, and
orbits exterior to the annulys > a) Trace evolution for the doubling period families

It is immediately detected a family of trivial circular pe- Fgrther, we also analyzed the dynamics O,f equatorial or-
riodic orbits outside the annulus. This is a stable famigtth Pits inside the annulugb <t < a). Although it may have
shows a transition to instability when the orbital radius ap "© Physical sense, itis mathematically possible sincedhe p
proaches the annulus; this transition is consequence of tgNtial presents essential discontinuities on the boynafar
coexistence of the two critical points of the effective pote € @nnulus but, over it, it is well defined. The family is sta-
tial, one stable exterior to the annulus, and the other blesta ble Wlth big oscnlatlonslbetween the limit values, and when
but closer to it (Tresaco, Elipe & Riaguas 2011). the radius of theselgrb!ts approaches thg ou'ter edge' of the

The evolution of the stability indek, for this family annulug, b(,)th Stat,’"'ty !ndexes grow rapidly in magnitude
shows that when the radius of the orbit goes towards inﬁnprev'entlng Its continuation (Sge Fig. 4). L . .
ity, the index tends asymptotically to 2, whereas the family Finally, we show the pehawor of the orbits in the |ntgr|or
ends into a collision with the annulus when its orbital en-Of the annulusr < b. Itis observed that when the orbital

ergy decreases. This family of circular orbits also show§adius approachesthe annulqs, the orbits F’ecome highly un-
a critical value k, = —2) atxo = 1.55; this critical point stablg, whereas when the radius of the orbits decreasgs, the
indicates an in-plane bifurcation with a family of doubling remain §tab|e but tends ’d’q =2 6.“.‘0' when they get c!oge to
period (Type 5). This new double-period family of orbits on the origin they change to instability '(Tc,e(.a Fig. 5). Th|§ !sdu
the equatorial plane has been also continued leading agatl?l the existence of an unstable equmbrlqm atthe origin.
to another doubling bifurcation. Repeating the same pro- To cor?cludej yve fmgi that the annulus '.s surrounded by an
cedure we find successive doubling period families Whos'en'plane mstablllty. regions when thg orbits are close ® th
trace patterns can be seen in Fig. 3. gnnulus .from the '|nter|or and exterior of't.he' anqulgs, this
joined with the existence of a stable equilibrium inside the
annulus may explain how it is organized the dynamics of
particles of the annulus and around it.
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Fig. 4 Evolution of the stability indexes of the family of equatdri e e e ° o3 : s :
orbits inside the annulu® < r < a)

Fig. 6 Poincaré Surface of Section fr= —0.5

e ] Family 1 is composed of stable circular orbits exterior to
i AN J 1 the annulus, which begins with orbits of infinite radius and

e \\\ “ | ends with collision orbits on the annulus. The trace tends
,U: I \ O\ ‘ | asymptotically to the critical valu&r = 2 as the radius of

Ll \\ \\j | the orbit increases.

15+ \4/5 //

T R Families2, 3, 4,5 are made of 8-shape orbits that consist
T e os os 05 os 05 om0 of 2-arc periodic orbits.

Let us consider an orbit of Family 2. Its stability evo-
Fig.5 Evolution of the stability indexes of the family of equagdri  lution (see Fig. 8) shows that when the orbit radius in-
orbits in the interior the annuly® < r < b) creases the family becomes unstable, whereas when the ra-
dius decreases, the family stays within a stable region unti
) it crosses the boundary value, leading to bifurcations with
4 Dynamics on the polar plane new families of periodic orbits.

L . The monodromy matrix at the bifurcation poiritr(= 2 at
Hereafter, we address the search of periodic orbits perpe% ~2.75)is

dicular to the plane containing the annulus. This is a more
difficult and interesting problem as itis a non-integralyle-s B 0.99837 000064 5
tem. Let us remind that the equatorial case is an integrabl’gI — \ —3.08100 099963 )’ (5)

problem since it has two first integrals. We start by plotting ) ) ] ) )
some Poincaré sections in order to get a preliminary inforof Hénon's Type 4, leading to a bifurcation with a non-

mation of the dynamics of the system (Fig. 6). symmetric family of the same period, namely, Family 3.
The critical point closer to the annulusr(= 2), presents a

From this plot we identify a set of approximated periodic Pitchfork bifurcation where the stable family moves to an

orbits, whose family evolution is detailed next. In Fig. 7 Unstable region while two new families of stable orbits ap-

we plot 20 of the most remarkable orbits we find. In eachP€ar, Families 4 and 5, which evolve to collision orbits with

plot is represented the annulus (black segments) in poldP€ annulus (see Fig. 8). _ o

projection. Their initial conditions, perio®@l and traceTr ~ The monodromy matrix at this bifurcation pointis

are listed in Table 1. Note that the family’s number in that (

table runs from 1 to 20 and corresponds to Fig. 7 numberindVl = 0.99999 011089 ) (6)

—0.00013 099999

We present now the complete evolution and stability comwhich corresponds to a Henon'’s Type 3.

putation of each of these families.
Family 6 is made ofpretzel-like orbits. Their evolution
shows that for both big and small radius, the orbits collide
with the annulus.



The trace (see Fig. 9) passes through the val@ewhich
means a bifurcation with a non-symmetric family with dou-
ble period, corresponding to Type 6 in Hénon classification

25 L L L L L L L L
-0.7 -065 -06 -055 -05 -045 -04 -035 -03 -0.25

%o

Fig. 9 Trace evolution of Family 6, made pfetzel-like orbits

Family 7 consists of one-dimensional vertical oscillations
on thez-axis. The stability curve of the rectilinear orbits ty-
pically oscillates and crosses the critical valies= £2 se-
veral times, leading to new families of periodic orbits. §hi

is a well know phenomena observed in different dynamical
systems such as the Sitnikov problem or the Hénon-Heiles
problem Belbruno, Llibre & Olle (1994); Brack (2001);
MaoDelos (1992).

Family 8 is an unstable family originated from a bifurca-
tion of the previous family of vertical oscillations on tae
axis at the stability index value of 2. Its trace increasey ve
fast as the orbit size grows until it terminates with a cailis
on the annulus.

Families 9, 10, 11 Family 9 is a stable family that origi-

Fig. 7 Representation of the 20 polar orbits described along th?lates out a pitchfork bifurcation with vertical oscillatt

paper

Fig. 8 Stability index evolution for Family 2, and the two bifur-
cated Families 4 and 5 which spring from a pitchfork bifuimat

and ends up with a collision orbit with the annulus.
Its trace evolution shows a behavior similar to the stapilit
graph of Family 6 (Fig. 9). As pointed out before, there
is a bifurcation with a doubling-period family (let us relcal
that this doubling family at the bifurcation point have all
unit eigenvalues), and thus its traceTis= 2, giving birth
to new families. Plotting a Poincaré section at this caitic
value (see Fig. 10), the bifurcation can be easily identified
Indeed, we can see a central point that corresponds to the
single-arc orbit, surrounded by four islands which beldigs
a new bifurcated stable family, namely Family 11, whereas
the other four hyperbolic points are related to a new unstabl
family, the Family 10.

The evolution of those bifurcated families and the dou-
bling family is represented in Fig. 11.



5 Conclusions

This paper analyzes the motion of an infinitesimal particle
under the attraction of a planar annulus. We perform a sys-
tematic search of the most relevant solutions: periodic or-
bits. The evolution of a wide number of these periodic or-
bits globally describes how the dynamic around the annulus
is organized.

This mathematical model is considered as a first approach

Fig. 10 Poincaré section at the bifurcation point of the doublingfOr further studies of more complex dynamical systems. We

family 9

055 06 065
xO

0.45 05

Fig. 11 Stability evolution of Family of 9 and its bifurcated Fam-
ilies 10 and 11

Families 12, 13 and their symmetric ones with respect to
the Ox-axis come from a bifurcation of the vertical oscilla-

tions on thez-axis at the stability indeXr = 2; they end
up with a collision orbit with the annulus. Their stability
behavior is analogous to Family 6.

Families 14, 15, 16 Family 14 and its symmetric one with
respect toOx-axis is easily identified in a ring of islands

surrounding the vertical orbit plotted in the correspogdin
Poincaré section. The evolution of the stability index in-

tersects again the valuer = —2, originating new fami-

should point out that the conclusions we can draw from the
phase-space structure are generic and therefore of interes
in the context of more realistic models, thus, an extension
of the results obtained about the dynamics around a circu-
lar annulus is posed. Work is currently underway to analyze
the dynamical changes when a central body is introduced
into the model, studying how will affect a flatness coeffi-
cient of that planet and also a composition of annulus like
the ring system of planet Saturn. Such a modification of our
model should have applications to the study of the structure
of planetary rings and, also, to determine locations that ar
more stable and suitable to place a spacecraft in scientific
exploration mission around that body.

Acknowledgements This paper has been supported by the
Spanish Ministry of Science and Innovation and Science,
Project # AYA2008-05572.

lies, through the doubling-period phenomena. Repeatiag th
same procedure followed for Family 9, we continue dou-

bling the family that bifurcates in two new families, one-sta

ble, Family 15, and another unstable, Family 16.

Families 17, 18 also originate from a bifurcation of the
vertical orbit, and end up in a collision with the orbit asithe

radius grow. Their stability evolution begins at the trace

valueTr = 2 and decreases its value until their end.

Families 19, 20 Family 19 shows the same behavior as

Family 14, but it is made of highly unstable orbits that end

up colliding with the annulus at a valug ~ 37. Finally,

Family 20 corresponds to the double period bifurcated fam-

ily from Family 19.
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Tablel State vector, period and stability index of the 20 orbitspreed in Fig. 7

X z X Z T Tr
1 1.14498558 0.00000000 0.00000000 1.08570023 8.2283 716.3
2 1.93191413 0.00005241 -0.00005393  0.31172844 13.303396217.
3 0.61431996  0.74536418 0.81006851  0.78959165 50.2524007-D.
4 1.73809965 -0.00000046 0.00000097 0.19712184 10.35375424.
5 1.42672039  0.00005097 -0.00005961  0.61536913 10.35565434.
6 -0.60617609 -0.00231883 0.62563965  1.19156741 46.87677481
7 0.00000000 0.00175956 0.00000000 1.27311072 25.0000 00@.0
8 0.38899022  0.00000771  0.00000213  1.39390805 39.9107 752.4
9 0.45581169 -0.00030177 -0.00015502  0.98791160 7.64284308
10 0.52211293 0.00759401 -0.11630520 0.95542967 12.80280984
11  0.47123829 0.00552701 -0.05452622  0.92828539 12.6087375@
12 -0.00281186 -1.63333399 0.13129963 -0.00547436 25.510.7511
13 0.44689964 -0.00069537 -0.04625679 1.03202274 44.09457951
14 -0.00001481 0.00006441 -0.21096655 0.91717358 24.741r9258
15 0.12994765 -0.29903286 -0.22850822 0.80424227 44.94B2061
16 0.15868044 -0.26844813 -0.24850226 0.81956673 45.42112182
17  0.40325558 -0.00000000 0.00000185  1.27599360 57.12749974
18 0.47472898 -0.00000005 0.00000000 1.13845831 54.0839871
19 0.51239367 0.00820320 -0.07699219 1.06502319 34.53771231
20 0.23290426 -0.00000001 -0.00000004  1.01432950 40.13Z90005




11

References

Abad A., Elipe A.: Evolution strategies for computing pelio
orbits. To appear in Mathematics and Computing in Simufatio
(2011)

Abad A, Elipe A., Tresaco E.: Analytic model to find frozeibibs
for a Lunar orbiter. Journal of Guidance, Control and Dyremi
32-3, pp. 888-898 (2009)

Alberti A., Vidal, C.: Dynamics of a particle in a gravitatial field
of a homogeneous annulus disk. Celest. Mech. Dyn. Asf8n.
pp. 75-93 (2007)

Arribas, M., Elipe, A.: Bifurcations and equilibria in thatended
N-body ring problem. Mechanics Research Communicatins
pp. 129-143 (2005)

Arribas M., Elipe A., Kalvouridis T.: Homographic solutisrin
the planar n+1 body problem with quasi-homogeneus potentia
Celest. Mech. Dyn. Astror@9, pp. 1-12 (2007)

Belbruno E., Llibre J., Oll M.: On the families of periodic-or
bits which bifurcate from the circular Sitnikov motions. €.
Mech. Dyn. Astron60, pp. 99-129 (1994)

Bulirsch, R.: Numerical calculation of elliptic integradad elliptic
functions. Numerische Mathematik, Springer-Verlag NewkYo
7, pp. 78-90 (1971)

Carlson B.C.: Computing elliptic integrals by duplicatidhu-
merische Mathemati®3, pp 1-16 (1979)

Deprit A., Henrard J.: Natural families of periodic orbitss-
tron. J72, pp. 158-172 (1967)

Elipe A., Arribas M., Kalvouridis T.: Periodic solutions @utheir
parametric evolution in the planar case of the+ 1) ring prob-
lem with oblateness. Journal of Guidance, Control and Dynam
ics 30-6, pp. 1640-1648 (2007)

Elipe A, Lara M.: Frozen orbits about the moon. Journal ofdsui
ance, Control and Dynami@6-2, pp. 238-243 (2003)

Fukushima T.: Fast computation of Jacobian elliptic fumtsi and
incomplete elliptic integrals for constant values of dltppa-
rameter and elliptic characteristic. Celest. Mech. Dyntrés
105, 245-260 (2009)

Fukushima T.: Precise computation of acceleration due iforum
ring or disk. Celest. Mech. Dyn. Astroi08, 339-356 (2010)

Hénon M.: Exploration Numérique du Probleme Restrelht.

Benet L., Merlo O.: Phase-Space Volume of Regions of Trapped Masses égales, Stabilite des Orbites périodiques. Astro-

Motion: Multiple Ring Components and Arcs. Celest. Mech.
Dyn. Astron.103, pp. 209-225 (2009)

Brack M.: Bifurcation cascades and self-similarity of jpelic or-
bits with analytical scaling constants in Hnon-Heiles tppgen-
tials. Foundations of Physi@&, pp. 209-229 (2001)

Breiter S., Dybczynski PA., Elipe A.: The action of the Gaiac
disk on the Oort cloud comets - Qualitative study. Astron: As
trophys. 315, pp. 618624 (1996)

Broucke R.A., Elipe A.: The dynamics of orhits in a potenfiald
of a solid circular ring. Regular and Chaotic Dynamit2,
pp 129-143 (2005)

Byrd P. F., Friedman M. D.: Handbook of Elliptic Integrals fo
Engineers and Scientists. Springer-Verlag Berlin (1945)

phys.28, pp. 992-1007 (1965)

Kalvouridis, T. J.: Periodic Solutions in the Ring Problehstro-
phys. Space S&66, No. 4, pp. 467-494 (1999)

Kellogg O. D.: Foundations of potential theory. Dover puat
tions, Inc. (1929)

Krough F. T., Ng E. W., Snyder W. V.: The gravitational fieldaof
disk. Celest. Mech. Dyn. Astro6, pp. 395-405 (1982)

Lara M., Deprit A., Elipe E.: Numerical continuation of fdies
of frozen orbits in the zonal problem of artificial satellttee-
ory.Celest. Mech. Dyn. Astro62, pp. 167—-181 (1995)

Lass H., Blitzer L.: The gravitational potential due to wnifh disks
and rings. Celest. Mech. Dyn. Astra30, pp. 225-228 (1983)

Longaretti, P.Y.: Saturn’s main ring particle size digttibn, An
analytic approach. Icar@, pp. 51-73 (1989)

Mao J.M., Delos J.B.: Hamiltonian bifurcation theory of sl
orbits in the diamagnetic Kepler problem. Phys. Rev4&:3,
pp. 1746-1761 (1992)

Maxwell J.: On the Stability of Motions of Saturn’s Rings.
Macmillan and Cia. Cambridge (1859)

Riaguas A, Elipe A, Lara M.: Periodic orbits around a massive
straight segment. Celest. Mech. Dyn. Astr@i3. pp.169-178
(1999)

Scheeres D. J.: On symmetric central configurations witticgp
tion to the satellite motion about rings. PhD thesis, Ursitgrof
Michigan (1992)

Scheeres D. J.: Satellite dynamics about asteroids: cangput
Poincaré maps for the general case. NATO Adv. Sci. Inst. Ser
C Math. Phys. Sci533, pp. 554-557 (1999)

Sicardy B.: Numerical exploration of planetary arc dynasnic
Icarus 89-2, pp. 197-212 (1991)

Stone J.M., Balbus S.A.: Angular Momentum Transport in &ecr
tion Disks by Convection. Astrophys. 464, pp. 364 (1996)

Tiscareno, M.S., Burns J.A., Nicholson P.D., Hedman M. cBor
C.: Cassini imaging of Saturns rings II: A wavelet technifpre
analysis of density waves and other radial structure initigsr
Icarus 189, pp. 14-34 (2007)

Tresaco E., Elipe A., Riaguas A.: Dynamics of a particle unde
the Gravitational Potential of a Massive Annulus: proesti
and equilibrium description. Celest. Mech. Dyn. Astrorfi2).
doi:10.1007/s10569-011-9371-1



12

Tresaco E., Ferrer S., Some ring-shaped potentials as aafiene
ized 4-D isotropic oscillator. Periodic orbits. Celest.dfieDyn.
Astron.107-3, pp. 337-353 (2010)

This manuscript was prepared with the AXASEX macros v5.2.



