A unified approach to higher-order convolu-
tions within a certain subset of Appell poly-
nomials
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Abstract. We consider the subset R of Appell polynomials whose expo-
nential generating function is given in terms of the moment generating
function of a certain random variable Y. This subset contains the Her-
mite, Bernoulli, Apostol-Euler, and Cauchy type polynomials, as well as
various kinds of their generalizations, among others. We obtain closed
form expressions for higher-order convolutions of Appell polynomials
in the subset R. We give a unified approach mainly based on random
scale transformations of Appell polynomials, as well as on a probabilis-
tic generalization of the Stirling numbers of the second kind. Different
illustrative examples, including reformulations of convolution identities
already known in the literature, are discussed in detail. In such exam-
ples, the convolution identities involve the classical Stirling numbers.
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1. Introduction

In recent years, a lot of attention has been devoted to obtaining explicit
formulas for higher-order convolutions of the form

n . . m
Z < . . )C(]la---7]m)A§‘i)(~Tl)"‘A;m)(l'm)v (11)
it tgme=n ML Im
where A (z) = (Aﬁf) ())n>0 is a sequence of Appell polynomials, x, € R,

k=1,...,m,and C(j1,...,Jm) are properly chosen constants. One instance
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of these formulas is the expression of the second-order Bernoulli polynomials
B(z) = (B, (2))n>0 shown by Nérlund [1], i.e.,

Z <Z> Bi(2)Bn—k(y) = —n(xz+y—1)Bp_1(z+y)—(n—1)By(z+y). (1.2)
k=0

Since the pioneering work by Dilcher [2], many authors have provided explicit
expressions for the sums in (1.1) using different methodologies. We mention
the papers by Gessel [3], Zhao [4],Wang [5], Agoh and Dilcher [6], He and
Araci [7], Wu and Pan [8], He [9], and Dilcher and Vignat [10], among many
others.

The aim of this paper is to give a unified approach to obtain closed form
expressions for higher-order convolutions of Appell polynomials in the set R
defined below. This approach can be summarized as follows (see Section 2 for
more precise definitions). Following Ta [11], we consider the set R of Appell
polynomials A(z) = (A,(x))n>0 whose exponential generating function is
given by

e(L‘Z

G(A(z),2) = FeoV’

for a certain random variable Y, where IE stands for mathematical expecta-
tion. For any w € R and A(z) € R, we consider the scale transformation
TwA(z) = (TwAn(x))n>0 defined by

TwAp(z) =w" Ay (x/w) = Z (Z)kak(O)x"k, n=0,1,....
k=0

In the first place, we give closed form expressions for

n 1 m
> <j1, ,jm> T, A3, (wr1) - T A (Wit

Jittim=n

n 1 ; m
= X (A A

J1+FIm=n

(1.3)

in terms of the moments of the random variables Y} associated to each
AP (z) € R, k = 1,...,m (see Theorem 3.4 in Section 3). In the second
place, we replace (wi,...,wy,) by a random vector W = (Wy,...,W,,) in
(1.3) and then take expectations, so that we obtain closed form expressions
for

n ) - 1 m
S (ol B0 ) A A 0
Jietm=n MM
This is done in Theorem 3.5 in Section 3, which is the main result of this pa-

per. The comparison between (1.1) and (1.4) reveals the probabilistic meaning
of the constant C(j1,...,jm), that is,

Cjr,-- s Jm) =E<Wf1~-~W£{'L>,

The approach outlined above is general enough for two reasons. First,
this is so because the Hermite, Bernoulli, Apostol-Euler, and Cauchy type
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polynomials, as well as various kinds of their generalizations belong to the set
R (c.f. [11] and [12]). Of course, there are Appell sequences that do not belong
to R (see the comments below following formula (3.1) in Section 3). Secondly,
this is a general approach because each choice of the random vector W in
(1.4) leads us to a different type of convolution identity. This is illustrated in
Section 4 in the particular case of the Bernoulli polynomials. Actually, it will
be shown there that if W is a deterministic vector, we obtain generalizations
of convolution identities already proved by Dilcher [2], Wang [5], and Chu
and Zhou [13]. If W has the multivariate Dirichlet distribution, we obtain a
generalization of Miki’s identity (see Miki [14], Gessel [3], and Dilcher and
Vignat [10]). If W has independent and identically distributed components,
each one having the exponential density, then we obtain a generalization of an
identity proposed by Matiyasevich (see Agoh [15] and Agoh and Dilcher [6]).
Finally, if W has the multivariate normal density, we obtain a new identity
involving the Hermite polynomials.

The main tool to give explicit expressions for the sums in (1.3) is a prob-
abilistic generalization of the Stirling numbers of the second kind recently
introduced in [16] (see also Theorems 3.1 and 3.3 in Section 3). Sections 4
and 5 are devoted to illustrate Theorem 3.5. To keep the paper to a moderate
size, we restrict our attention to the case in which every AU)(z) in (1.4) is a
Bernoulli or a certain type of Cauchy polynomials, whereas other polynomi-
als in R, such as the generalized Bernoulli polynomials of order m and the
generalized Apostol-Euler polynomials of order m (cf. [12]) are not considered
here. As a counterpart, we consider different choices of the random vector W
and make a comparison with similar results already known in the literature.
It turns out that the identities obtained in Sections 4 and 5 are computable
in terms of the classical Stirling numbers.

2. Preliminaries

In this section, we collect some definitions and properties, already shown in
[12] and [16], which are necessary to state our main results.

Let IN be the set of positive integers and INg = INU{0}. Unless otherwise
specified, we assume from now on that n € Ng, m € IN, x € R, and z € C
with |z| < r, where r > 0 may change from line to line. Denote by G the set
of all real sequences u = (up,)n>0 such that ug # 0 and

o0 f,"'n

g |un|—' < 0,
n!

n=0

for some radius r > 0. If u € G, we denote its generating function by

oo Zn
G(u,z) = Z Un -
n=0 ’



4 Adell and Lekuona

If w,v € G, the binomial convolution of w and v, denoted by u x v =
((u X v)p)n>0, is defined as

(ux v), = zn: (Z) Uk

k=0
It turns out that this definition is characterized in terms of generating func-
tions (c.f. [12, Proposition 2.1]) as
G(u x v,2) = G(u, 2)G(v, 2).

In addition (cf. [12, Corollary 2.2]), (G, x) is an abelian group with identity
element e = (en)n>0, where ¢y = 1 and en, = 0, n € IN. Observe that if
Vim0

u(])—( 0€G,j=1,...,m, then
n 1 m
(u(l) e u(m))n _ Z (]1 ; )u§1) .. u§m,)’ (2.1)
Jitt+im=n vrJm

where
n n! . . . .
1 ) :'Ii’U .]17"'?]77LE]N0? .71+"'+.]7n:n
J1, s Jm Jis o Jme

is the multinomial coefficient.

On the other hand, let A(x) = (A, (2))n>0 be a sequence of polynomials
such that A(0) € G. Recall that A(x) is called an Appell sequence if one of
the following equivalent conditions is satisfied:

z) = kio (Z) Ap(0)z"F, (2.2)

or
G(A(z),z) = G(A(0), z)e™.

Denote by A the set of all Appell sequences. The binomial convolution of
A(z),C(z) € A, denoted by (A x C)(z) = ((A x C)n(2))n>0, is defined as
(cf. [12, Section 3])

(A x C)(z) = A(0) x C(z) = A(z) x C(0) = A(0) x C(0) x I(x),
where I(x) = (2™),>0, or equivalently, by

(45 0a(e) = 3= (1) 4 0Cust) = 3 () st

k=0
n .
- > (0 a0
Jiti2+iz=n J1:J2:J3

As shown in [12, Theorem 3.1], (A, X) is an abelian group with identity
element I(z). Also, (A x C)(z) is characterized by its generating function

G((A x C)(z),z) = G(A(0), 2)G(C(0), z)e*=. (2.3)
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For any AU)(z) € A and z;e€R,j=1,...,m, witha; +---+ 2z, =z,
formula (2.3) implies that
AW (z) x - x A (z,,) = (AL x ... x A (), (2.4)

because both sides in (2.4) have the same generating function.
On the other hand, let w € R and A(x) € A. We define the scale
transformation T, A(z) = (T An(2))n>0 as

TwAn () = w" Ay, (z/w) = i( ) wrAR(0)z" %, w #0, (2.5)

and
ToA,(x) = Ap(0)z™. (2.6)

As shown in [12, Proposition 4.1], T,, A(x) is an Appell sequence characterized
by its generating function

G(TwA(x),z) = G(A(0),wz)e™ . (2.7
In addition, the map T, : A — A is an isomorphism, whenever w # 0.
From now on, we will always consider random variables Y satisfying the
integrability condition
Ee'Y! < oo, (2.8)

for some r > 0. Also, let (Y});>1 be a sequence of independent copies of ¥’
and denote by

Se=Y1+---+Y,, keN (SQZO) (29)

In [16], we have introduced the Stirling polynomials of the second kind asso-
ciated to Y as

Sy (n,r;x) 'Z( ) )RRz + Sy, r=0,1,...,n, (2.10)

as well as the Stirling numbers of the second kind associated to Y as
Sy (n,r) = Sy (n,r;0), r=0,1,...,n. (2.11)

Equivalently (c.f. [16, Theorem 3.3]), the polynomials Sy (n,r;z) are defined
via their generating function as

eZZIJ

(Ee” —1)7 =" (1) n e, (2.12)

7! n!

Note that if Y = 1, we have from (2.11) or (2.12),
Si(n,r)=S(n,r), r=0,1,...,n,

S(n,r) being the classical Stirling numbers of the second kind. Explicit ex-
pressions for Sy (n,r;x) for various choices of the random variable ¥ can be
found in [16, Section 4].
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3. Main results

We consider the subset R C A of Appell sequences A(x) whose generating

function is given by

eIZ

EezY ’
for a certain random variable Y satisfying (2.8). Note that if X is another
random variable satisfying (3.1), then X and Y have the same law (see,
for instance, Billingsley [17, p. 346]). For this reason, we say that A(x) has
associated random variable Y.

In [12, Section 6], we showed the following properties: if A(z), C(z) € R,
then (A x C)(z) € R. However, (R, X) is not an abelian subgroup of (A, x).
More precisely, let A(xz) € R with nonconstant associated random variable
Y. Then the inverse of A(z) in the abelian group (A, x) does not belong to
R.

It turns out that any Appell sequence A(z) in R with associated random
variable Y can be written in terms of the Stirling polynomials of the second
kind associated to Y or in terms of the moments of the random variables Sy,
defined in (2.9), as the following result shows.

G(A(z),2) = (3.1)

Theorem 3.1. Let A(z) € R with associated random variable Y. Then,

n

- L " /n+1 _ - "
Aal@) = DSy () —;(kﬂ)( V(e + S)

_ io (Z) i ;;) (;i D (—1)*ES].

Proof. Tt follows from assumption (2.8) and the dominated convergence the-
orem that

(3.2)

Ee¥ —1]<1, | <s,
for some s > 0. Whenever |z| < s, we have from (2.12) and (3.1),

Tz oo

— Z(_l)remz(EezY _ 1)r

r=0

:i( TlZSYnTI n Z Z )'rlSy (n,r; x),
r=0 !

thus showing the first equality in (3.2). The second one readily follows from
(2.10) and the elementary combinatorial identity

> ()-G)

Finally, using (2.2) and the second equality in (3.2), we obtain

S e e R

r=0

€

G(A(z),z) = m

r=



Higher-order convolutions of Appell polynomials 7

This shows the third equality in (3.2) and completes the proof. (]

Remark 3.2. Assume that A(x) € R. By Theorem 3.1, we have Ap(z) = 1.
This implies, by virtue of (2.6), that Ty A(z) = I(x).

In the following result, we show that binomial convolutions of scale
transformations of Appell sequences in the subset R also belong to R.

Theorem 3.3. Let w = (wy, ..., w,) € R™ and let AU)(z) € R with asso-
ciated random variable YY), j = 1,...,m. Suppose that the random vector
Y = (YD, ..., Y(™) has mutually independent components. Then, the Ap-
pell sequence (T, A x --- x T,, A)(x) belongs to R with associated
random variable w-Y = w YD + o 4w, Y™,

Proof. By Remark 3.2, we can assume without loss of generality that w; # 0,
7 =1,...,m. By assumption,

eiEZ

G(A(j)(x),z) = Eov o lz| <7rj, (3.3)
for some r; >0, j =1,...,m. Denote
r:min(ﬁ,...7%> > 0.
|w1| |wm‘

For |z| < r, we see from (2.3), (2.7), and (3.3) that
G(T, A x - x T, A™))(2), 2)
= G(Tw, AM(0),2) - G(T,,, AT™(0), 2)e"
= G(AM(0), zwy) - - - G(A™(0), 2w, )™

xrz xTrz

(& €
- Eezwly(l) . Eezwmy(m) - Eezw-Y’

where the last equality holds because the random vector Y has mutually
independent components. Hence, the result follows from (3.1). O

In the setting of Theorem 3.3, we use from now on the following nota-
tions. Denote

wix1 + -+ WXy, = T,  T1,..., T, € R. (3.4)
Let (Yl(j ))121 be a sequence of independent copies of YU) and assume that
the sequences (YI(J))Ql, j=1,...,m, are mutually independent. Set

S =y 4.4y keN, s§ =o. (3.5)

Observe that for any &k € INy the sums S,(CJ), 7 = 1,...,m, are mutually
independent.

With these notations, we state our first main result on higher-order
convolution identities for scale transformations of Appell sequences in R.
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Theorem 3.4. In the setting of Theorem 3.3, we have

n J im A(1) (m)
> (jlem)wfmwznAjl() A ()

Jit+jm=n

)71 Sy (n, 75 2)

( ) (;+1)(—1)kE (unS,il) —|-~--—&-me,(C )) .

Proof. By (2.4) and (3.4), we have the basic identity

S

T, AV (wyz1) X -+ X T, A™ (W 1,) (3.6)
= (T, A x ... x T, A™)(). '
Again by Remark 3.2, we can assume without loss of generality that w; # 0,
j=1,...,m, in (3.6). From (2.1) and (2.5), we see that

(Tw1A(1)(w1x1) XX TwmA(m) (wmxm))n

n 1
2 (jl, g )T%Ai)(wlxl)"'TwmAﬁf)(wmxm)

Jittim=n Trodm (3.7)
n i i m
= > ( | )w el AR () AT (),
Jittim=n Jiseeer Jm

By Theorem 3.3, the Appell sequence on the right-hand side of (3.6) belongs

to R with associated random variable w-Y ', and (wlYl(l) +-- -—I—mel(m))lzl
is a sequence of independent copies of w - Y. We therefore have from (3.5)
and Theorem 3.1,

n

(T, A X oo X Ty A (2) = (=1)"71Syy (0,73 7)

r=0
N (M) e S (T M) (m))"
_Z (r>x" TZ (k+1)(_1) ]E(wlsk + - 4wy Sy ) .
r=0 k=0
This, together with (3.6) and (3.7), completes the proof. O
Let W = (W1,...,W,,) be a random vector whose components satisfy

(2.8). We denote

Cy(tse- oy jmiz) =B (W{l W (- W)s) , selNy,  (3.8)

where j, € Ng, 2, € R, v=1,...,m, and © = (21, ...,2;,). We simply set
C(jla e ajm) = Co(j1, S 7jm;0) = E(lel o ijnm) (39)

The second main result, which generalizes Theorem 3.4, is the following.
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Theorem 3.5. Let W = (W1,...,W,,) be a random vector whose components
satisfy (2.8). In the setting of Theorem 3.4, we have

n . . (1) (m)
Z <j17-.~7jm>C(]17...,]m)Aj1 (xl).”Ajvn ('Tm)

i+t m=n
= DY : P
r=0 <T im0 \E+1 i1t timr N b

X Cr (i, -y im; @) E(SL)1 - B(S™ )i
Proof. By assumption (2.8),
Ee"i Wil < 00, j=1,...,m,

for some r; > 0. This implies that each W; has finite moments of any order,
j=1,...,m. Thus, by Holder’s inequality, all the expectations involving the
random vector W in Theorem 3.5 are finite.

From (3.4) and Theorem 3.4, we have

n J jim A (1) (m)
S (g v AL ) A )

vt tim=n
= -1) . B
—o (7‘ P k+1 it i

« wlil o w;ﬁn (xlwl 4ot xmwm)n—r]E(S](gl))il . E(S]Evrz))im'

Recalling (3.8) and (3.9), the conclusion follows by replacing (w1, ..., w,)
by the random vector W = (W7, ..., W,,) and then taking expectations. [

We emphasize that the random vector W in Theorem 3.5 does not neces-
sarily have independent components. In fact, we will consider in Corollary 4.3
in Section 4 a random vector W such that Wy +---+ W, = 1.

4. Bernoulli polynomials

As said in the Introduction, Theorems 3.4 and 3.5 can be applied when
AW) (x) are the Bernoulli, Apostol-Euler, and Cauchy type polynomials, among
many others. In this section, we will restrict our attention to the case in which
the AU (z) are the classical Bernoulli polynomials. As a counterpart, we will
consider different choices of the random vector W.

In this section, Y is a random variable having the uniform distribution
on [0,1], (Yj);>1 is a sequence of independent copies of ¥ and

Sp=Y1+---4+Y,, ke, So = 0. (4.1)
Recall that the Bernoulli polynomials B(z) = (B, (z))n>0 are defined via

their generating function as

G(B(z),z) = =— (4.2)
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where the last equality in (4.2) was already noticed by Ta [11]. On the other
hand, Sun [18] showed the following probabilistic representation for the clas-
sical Stirling numbers of the second kind S(n, k):

S(n, k) = (Z)Es;;k, k=0,1,...,n. (4.3)
Corollary 4.1. We have
m
n . .
Z ( . )C(Jla---v.]m)HBju(xV)
Gidetjm=n Jis--5Im )
- r+1 b r . .
Z() <k+1)< VD SR (RS L G
= 11+t =T
1 S(k +1,, k)
H k+1u

Proof. Tt suffices to apply Theorem 3.5 to the case AU (z) = B(xz), j =

1,...,m. Note that, in such a case, the random sums S,gj), j=1....,m
defined in (3.5) have the same law as that of the random sum Sy defined in
(4.1), thus having from (4.3)

i S+, k .
]E(SIE;])) :%3 ]:17"'7m7
(¢
for any k,i € INg. The proof is complete. O

We point out that the right-hand side in Corollary 4.1 only depends on
the random vector W and on the Stirling numbers S(n, k).

Different particular cases of Corollary 4.1 are obtained for each choice
of W. The first one is the following.

Corollary 4.2. Let wj,z; € R, j=1,...,m, as in (3.4). Then,

2 (j1, ,Jm)Hwh. )

Jitetim=n o v=1
i n) e (r—i—l) & r
Sy (e w7 )
= (r = k+1 it N
1 S(k+iy, k)
v=1 ( k )
Proof. Choose in Corollary 4.1 the deterministic vector W = (wq, ..., wp).
Recalling (3.8) and (3.9), it is enough to observe that
C(jla cee 7Jm) = w{l T 'w%n7
as well as . _
Cpr(ity . yimsx) = Wi - wyra™ "
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In his classical result, Dilcher [2] considered the case wy = -+ = w,, =1
and obtained an identity involving the products s(m, k) B;(x), where s(m.k)
are the Stirling numbers of the first kind. Wang [5] (see also Chu and Zhou
[13]) provided identities when at most two of the numbers w;, j =1,...,m
are different from 1 and the product of Bernoulli polynomials is replaced by
a product involving both the Bernoulli and Euler polynomials.

Denote by (x),, the rising factorial, i.e.,

L(z+n)
<CC>n = W7
I'(-) being Euler’s gamma function. For any « > 0, denote by X, a random
variable having the gamma density
90471 67«9
a(0) = ———,

Let m=2,3,...and a; >0, j = 1,...,m. Suppose that (X,,;, j=1,...,m)
are mutually independent random variables such that each X,, has the
gamma density p, (). We consider the random vector W = (W1,..., W,,)
defined as

6> 0. (4.4)

Xa,
Xo, + -+ Xa,
Observe that Wy + --- + W, = 1. It is well known (cf. Kotz et al. [19] or

Dilcher and Vignat [10]) that W has the multivariate Dirichlet distribution
and

W; = . j=1,...,m. (4.5)

E (W{l Wg;) _ )iy (om)i, iy jm €No.  (4.6)
<C¥1 —+ -4 am>j1+---+jm

With these ingredients, we enunciate the following result.

Corollary 4.3. Let m =2,3,..., 0; >0, j=1,...,m, and x € R. Then,

m

e 2 () e s

" jitetim=n e v=1
N (7 e (7L (-1)* r
_,'AZO(”’>!r Z<k+1><al++am>rl Zi il,...7im x

" Sk iy, k
X H OZy iy k_HZVV)’ ) .
v=1 k

Proof Choose z; = x and W; as in (4.5) in Corollary 4.1, j = 1,..., m. Since
Wi+ + Wy =1, we have from (3.8)

. . n—r i1 7 N iy " \Ym)im
CnfT(Zlv"'vlm;m):x E(Wf W'n;,n): Eai>;ia>>x ’

because i1 + - -+ + 4, = 7. Similarly,

Clins i) = e,
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Therefore, the conclusion follows from Corollary 4.1. O

Dilcher and Vignat [10] have recently given a similar result to Corol-
lary 4.3. This result generalizes Miki’s identity (see Miki [14]), as well as an
extension of it shown by Gessel [3].

To prove the next result, we will need the following reformulation of the
well known Chu-Vandermonde identity (see, for instance, Chang and Xu [20]
or Vignat and Moll [21] for a probabilistic proof of this identity).

Lemma 4.4. Let tq,...,t,, € R witht; +---+t, =t. Then,
Z t1+ll tm+lm - t+m+n—1
ll lm - n '
it +lm=n

Proof. Use the formula

()= 72 wen

and apply the classical Chu-Vandermonde identity. (I
Corollary 4.5. Let x € R. Then,

n

S m@emae@=2 (" 1)

it gm=n =

" r+1 & mSk—l—Zl,,
x;<k+1>< vy

b i =r v=1

(4.7)

Proof. Choose in Corollary 4.1 a random vector W = (W1, ..., W,,) whose
components are independent and identically distributed random variables,
each one having the exponential density p;(f) defined in (4.4). By (3.9),
(4.4), and the independence assumption, we see that

m

Also, choose z; =z, j = 1,...,m. We have from (3.8), (4.8), and Lemma 4.4,
C’I’L—T(ila s 7im; :B)

_ n—r i
=2"" ) <l l >1EW{1“1 c Wt
Lo tlp=n—r N1

:mn—%n_r)!ﬁiu! 3 (“le)...(imﬂm) (4.9)

l
v=1 li+-+lp=n—r m
m4+n—1
=z"""(n—r)! qu< >,
n—r
v=1

because i1 + - -+ + iy, = r. The result readily follows from (4.8), (4.9), and
Corollary 4.1. O
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Agoh and Dilcher [6] considered the left-hand side in (4.7) and showed
an identity in terms of products of the form By, (x)Bj, (0)--- By, (0). This
result is a generalization of an identity proposed by Matiyasevich (see Agoh
[15] for a proof and further references on Matiyasevich identity).

Recall that the Hermite polynomials H(z) = (Hp(2))n>0 are defined
via the generating function

G(H(x),z) = e/ IEeZZ Z Hy,( zeC,

where Z is a random variable having the standard normal density. Clearly,
H(z) € R. On the other hand, such polynomials can be represented in prob-
abilistic terms as (cf. Withers [22] or Ta [11])

Hyo(z) = B(z +iZ)", (4.10)

where ¢ is the imaginary unit. Representation (4.10) allows us to give the
following convolution identities.

Corollary 4.6. Let x € R. Then,

> ( Ny )ﬁHMO)Bﬁm

it tHlm=n—r

Proof. Choosein Corollary4.1z; =z, j=1,...,m,and W = (W1,...,W,,)
a random vector with independent and identically distributed components,
each one having the same law as Z. By (3.8) and (4.10), we have

. ) _ n—r , -
Cnr(it, .o yim;x) =2 " Z ( ; )IEVVl“H1 -~-]EW7‘,;"+Z’"
litelp=n—p N 177700

—ire S (T Y0 B, 0)

ooy lm
L4l =n—r
because i1 + - -+ + 4, = . Similarly, by (3.9) we have
Clrs--rdm) = 4" Hj, (0) - - Hy,, (0).

Hence, the conclusion follows from Corollary 4.1. O
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5. Cauchy type polynomials

The Cauchy polynomials of the first kind ¢(x) = (¢, (z))n>0 are defined by
the generating function

n 77 <1a
(1 —&—z)xlog (14 2) ZC n! 12

¢n(0) = ¢p, n € Ny, being the classical Cauchy numbers of the first kind (see,
for instance, Comtet [23, Ch. VII] or Merlini et al. [24]). Generalizations of
these polynomials can be found in Komatsu and Ramirez [25], Pyo et al. [26],
and the references therein.

Observe that the polynomials ¢(z) = (cn(x))n>0 are no Appell se-
quences. For this reason, we consider here the Cauchy type polynomials
C(z) = (Cp(z))n>0 defined by means of the generating function

G(C(x),2) = m =Y G, <L (5.1)
n=0 '
Observe that
Cn(0) = ¢, (0) = cp. (5.2)

Let U and T be two independent random variables such that U is uniformly
distributed on [0, 1] and T has the exponential density p;(0) defined in (4.4).
In this section, we set Y = —UT and denote by

Sp=Y1+--+Y,, kel So =10, (5.3)

where (Y;);>1 is a sequence of independent copies of Y. In [27], we showed
that

log(1
Ee?Y = M, 2] < 1, (5.4)
as well as
s(n k) = <Z> ES!*, k=0,...,n, (5.5)

where s(n, k) are the Stirling numbers of the first kind. We therefore have
from (5.1) and (5.4)

ewz

G(C(w),2) = 5o

lz] <1,

thus showing that the Cauchy type polynomials C(x) belong to the set R.
Keeping the same notations as in (3.8) and (3.9), we state the following

result.
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Corollary 5.1. We have

n ’ ’ m
(. | )c<gl,...79m> 11, )
drrdim=n M m v=1
o ~ n - 71+1 k r . .
=> (r) > <k+1>( b" Z (il,...,z‘m)C”T(“""’Zm’w)x
r=0 k=0 i1t Fim=r
m
s(k+iy,,k)
X H (kJer) :
v=1 k
Proof. The proof follows along the lines of that in Corollary 4.1, by using
formula (5.5) instead of formula (4.3). O

By considering different choices of the random vector W, we can give
analogous results to Corollaries 4.2-4.6 for the Cauchy type polynomials
C(z). Details are omitted.

To conclude the paper, we give a specific result for higher order convo-
lutions of the Cauchy numbers (¢p,)n>0 defined in (5.2).

Corollary 5.2. We have
n > " n+1 ws(n+km,km)
O (R PR (I )
Gt im=n (jlw-w]m P k+1 (n nm)

Proof. In Theorem 3.4, choose z; =0, w; =1, AU (z) =C(x),j=1,...,m,
thus having from (3.4) and (5.2)

3 ( n )C....c_
. j17"'7jm ]1 ]m

Jittim=n

i<k+l> E(S(>+...+S,§m))n,

k=0

(5.6)

where S,(Cj), j =1,...,m are independent copies of Si, as defined in (5.3).
Since the random variables S,(Cl) +- 4 S,gm) and Sy, have the same law, we
have from (5.5)
s(n+ km, km)

(n+k,m)

n

B (S 4+ S,i””)" —ES! =

This, together with (5.6), shows the result. O

We finally point out that a similar result to Corollary 5.2 in terms of
both Stirling numbers of first and second kinds was obtained by Zhao [4,
Corollary 3.1]
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