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Abstract

A primary cilium, made of nine microtubule doublets enclosed in a cilium membrane,

is a mechanosensing organelle that bends under an external mechanical load and

sends an intracellular signal through transmembrane proteins activated by cilium

bending. The nine microtubule doublets are the main load-bearing structural compo-

nent, while the transmembrane proteins on the cilium membrane are the main sens-

ing component. No distinction was made between these two components in all

existing models, where the stress calculated from the structural component (nine

microtubule doublets) was used to explain the sensing location, which may be totally

misleading. For the first time, we developed a microstructure-based primary cilium

model by considering these two components separately. First, we refined the analyti-

cal solution of bending an orthotropic cylindrical shell for individual microtubule, and

obtained excellent agreement between finite element simulations and the theoretical

predictions of a microtubule bending as a validation of the structural component in

the model. Second, by integrating the cilium membrane with nine microtubule dou-

blets and simulating the tip-anchored optical tweezer experiment on our computa-

tional model, we found that the microtubule doublets may twist significantly as the

whole cilium bends. Third, besides being cilium-length-dependent, we found the

mechanical properties of the cilium are also highly deformation-dependent. More

important, we found that the cilium membrane near the base is not under pure in-

plane tension or compression as previously thought, but has significant local bending

stress. This challenges the traditional model of cilium mechanosensing, indicating that

transmembrane proteins may be activated more by membrane curvature than mem-

brane stretching. Finally, we incorporated imaging data of primary cilia into our

microstructure-based cilium model, and found that comparing to the ideal model with

uniform microtubule length, the imaging-informed model shows the nine microtubule

doublets interact more evenly with the cilium membrane, and their contact locations

can cause even higher bending curvature in the cilium membrane than near the base.
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1 | INTRODUCTION

The primary cilium is a membrane-encased microtubule-based cellular

organelle that protrudes out of the apical side of the cell when the

mother centriole (microtubule organization center, MTOC) docks to

the plasma membrane (Bernabé-Rubio & Alonso, 2017). As the cilium

grows, the axoneme consisting of nine microtubule doublets

lengthens while enclosed within a ciliary membrane contiguous with

the cell membrane, yet its own distinct chemical composition (Garcia

III et al., 2018). Long speculated to be decorative, the primary cilium is

now hypothesized to be a nexus of cellular sensing (Lee et al., 2015)

especially vital to normal functioning in a wide range of mammalian

cells. Strong evidence for this hypothesis is the commonly observed

cytosolic increase in calcium when the primary cilium is bent

(Praetorius & Spring, 2001). This response was lost with the removal

of the primary cilium (Praetorius & Spring, 2001, 2003).

Structural or functional defects in primary cilia (due to genetic dis-

orders (Reiter & Leroux, 2017), for example) may disturb their

mechanosensing pathways and are implicated in serious diseases, for

example polycystic kidney disease (PKD) (Adams et al., 2008; Badano

et al., 2006; Hildebrandt et al., 2011; Ibanez-Tallon et al., 2003; Lee &

Somlo, 2014; Veland et al., 2009). However, the connection between

ciliary-mediated flow responses and overall organismal health and dis-

ease is still debated. For example, although a large body of results

indicates that the activation of transmembrane calcium channels on

cilia is mechanically induced (Jin et al., 2013; Nauli et al., 2008;

Praetorius & Spring, 2005), the specific molecular (mechanistic) events

connecting mechanical bending of a cilium to release of intracellular

calcium remains unclear (Delling et al., 2016).

Ferreira et al. (2019) raised the idea that primary cilia are mechan-

osensitive organelles due to both ciliary protein composition and cili-

ary stress distribution under mechanical deflection. Given the

difficulties of studying primary cilia function on the molecular scale,

numerical modeling could partially relieve the experimental difficulties

of understanding the individual and combined mechanical responses

from both microtubules and plasma membrane, allowing integration

of overall ciliary mechanics and determining local stress distributions

for each member of this intricate structure.

The mechanical properties of primary cilia are closely related to

those of microtubules, which have been shown to have a length-

dependent persistence length (Pampaloni et al., 2006): longer microtu-

bules are stiffer than shorter microtubules. Such dependence on the

microtubule length can be explained by the anisotropic shell model of

a cylindrical shell with a much larger axial modulus than the azimuthal

moduli (Liu et al., 2012). Previously Flaherty et al. (2020) provided, for

the first time, evidence that the persistence length of a ciliary axo-

neme is also length-dependent; longer cilia are stiffer than shorter

cilia, just as microtubules. We demonstrated that this apparent length

dependence can be understood by a combination of modeling axone-

mal microtubules as anisotropic elastic shells and including

actomyosin-driven stochastic basal body motion. Our results also

demonstrated that it is possible to use observable ciliary dynamics to

probe the cytoskeletal dynamics inside the cell.

More importantly, the measurements quantifying the rigidity

parameters of microtubules and lipid membranes indicate that nine

microtubule doublets should be the main load-bearing structural com-

ponent, while the transmembrane proteins on the cilium membrane

are the main sensing components (Boal, 2012; Felgner et al., 1996;

Gittes et al., 1993; Kikumoto et al., 2006; Kis et al., 2002; Kurachi

et al., 1995; Pablo et al., 2003; Tuszyński et al., 2005; Venier

et al., 1994; Wang et al., 2006). No distinction was made between

these two components in all existing models (Do, 2022; Liu

et al., 2005; Resnick, 2015; Rydholm et al., 2010; Schwartz

et al., 1997; Young et al., 2012), where the stress calculated from the

structural component (nine microtubule doublets) was used to explain

the sensing location, which may be totally misleading, as the stress in

bent microtubule doublets may not correlate to the stress in the sens-

ing component (cilium membrane). For the first time, we developed a

microstructure-based primary cilium model by considering these two

components separately.

In addition, the traditional paradigm of modeling the ciliary axo-

neme assumes that the nine microtubule doublets have the same

length as the axonemal centerline (Peng et al., 2021). However, Sun

et al. (2019) reported a very different micro-architecture of epithelial

primary cilia, where the nine microtubule doublets, or microtubule

complexes (MtCs), have different lengths along the axoneme axis and

not all MtCs reach the axoneme tip. Furthermore, some of the MtCs

transition to singlets. How would such microstructural architecture of

MtCs affect the mechanics of the primary cilium under an external

load? Furthermore, how might such architecture of MtCs result in dif-

ferent mechanisms for mechanotransduction of primary cilia? To

answer these questions, we combine the improved characterization of

cilia with the observed microstructures of MtCs inside the ciliary axo-

neme to gain a deeper understanding of the mechanics of primary cilia

and a complete insight into the underlying mechanisms for their

mechanosensing and length regulation.

For this paper, we constructed numerical models for both ciliary

plasma membrane and microtubule mechanics using electron-

microscopy (EM) image-based architecture from experimental data. We

simulated tip-anchored optical tweezer experiments with varying cilium

lengths and verified the resulting computed displacements with an ana-

lytical continuum shell model solution. We then further analyzed com-

putational results to quantify distinct membrane and axonemal

contributions to mechanical responses of primary cilia and identify pos-

sible mechanosensing triggers during bending deformation.

2 | ORTHOTROPIC SHELL THEORY OF
MICROTUBULES

Microtubules are tubular structures composed of tubulins (Figure 1a).

The basic building block of microtubules is the α–β tubulin heterodi-

mer, which forms after α- and β-tubulin monomers co-crystallize dur-

ing the nucleation process. These heterodimers then assemble in a

head-to-tail configuration to produce protofilaments (Downing &

Nogales, 1998). In general, 11–15 protofilaments laterally associate to
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create a hollow tube-like structure, and microtubules with 13 protofi-

laments are the most common (Amos & Klug, 1974). Anisotropy in

microtubule mechanics arises from the contrast between α–β lateral

and longitudinal interactions between tubulins. Although all attach-

ments are non-covalent and mediated through hydrogen and electro-

static bonds (Ayoub et al., 2014), binding strength between the

tubulins in longitudinal direction is about twice as strong as between

adjacent protofilaments (VanBuren et al., 2002).

Efforts have been made to characterize elastic properties of

microtubules through experiments and simulations. Atomic force

microscopy (AFM) indentation (Kis et al., 2002; Pablo et al., 2003),

optical tweezers (Felgner et al., 1996; Kikumoto et al., 2006), and

thermal fluctuation wave analysis (Gittes et al., 1993; Venier

et al., 1994) are employed to estimate the flexural rigidity of microtu-

bule shells. Consequently, Young's moduli in order of 109 Pa have

been reported for certain bending criteria and geometric assumptions.

The persistence length of microtubules varies and approaches a pla-

teau of roughly 5000μm as the length-to-radius ratio of microtubules

increases (Gittes et al., 1993). For experiments that have been con-

ducted at this scale, the longitudinal elasticity of microtubule becomes

dominant, on the order of giga Pascals, and can confidently be attrib-

uted to longitudinal elastic modulus Ez of microtubules. Weaker bonds

in circumferential direction imply smaller Es compared to Ez. Simula-

tions indicate that the magnitude of Es should be in the range of 1–

4MPa, about 1000 times smaller than Ez. Simulations and mathemati-

cal analysis were exploited to estimate the shear modulus of a shell

tube with flexural rigidity of a microtubule, with results varying from

1kPa to 10MPa (Tuszyński et al., 2005; Wang et al., 2006). The

ranges reported in the literature are presented in Table 1.

Based on the molecular structures of microtubules, the orthotro-

pic shell model is expected to effectively capture the distinct elastic

and shear mechanics of microtubules as it bends under a load

(Tuszyński et al., 2005; Wang et al., 2006). For a thin cylindrical shell

of length L, radius R (middle point), and thickness h, 3D cylindrical dis-

placements U, V and W are defined in longitudinal z, circumferential s,

and radial r directions, respectively (Figure 1b). In our model formula-

tion, the corresponding strain equations incorporate second-order

curvature terms, while all normal and shear radial strains are assumed

to be zero, in accordance with the thin shell assumption. Asserting the

mid-point radius as the basis (Baba, 1972), the expressions for

the strain are

εz ¼ ∂U
∂z

� r
∂2W
∂z2

, ð1Þ

εs ¼ ∂V
∂s

� Rr
rþR

∂2W
∂s2

þ W
rþR

, ð2Þ

εzs ¼ εsz ¼ R
rþR

∂U
∂s

þ rþR
R

∂W
∂z

� r2þ2Rr
rþR

∂2W
∂z∂s

: ð3Þ

Similarly, the equations for stress are formulated for the longitudi-

nal, circumferential and their shear directions, with the respective

elastic moduli Ez and Es, shear modulus G, as well as Poisson ratios νzs

and νsz (Schwaighofer & Microys, 1979):

σz ¼ Ez
1�νzsνsz

εzþνszεsð Þ, ð4Þ

σs ¼ Es
1�νzsνsz

εsþνzsεzð Þ, ð5Þ

τzs ¼Gεzs, ð6Þ

(a) (b)

(c)

F IGURE 1 Illustration of microtubule
structure and model geometry. (a) Tubulin
proteins are represented as beads. A
microtubule is a hollow cylinder of tubulin
monomers interconnected through distinct
lateral and longitudinal bonds.
(b) Schematic of model microtubule shell
using cylindrical coordinates of radius R,
thickness h, and length L. Radius is

measured up to the middle section in
thickness; the inner and outer radii are
R�h=2 and Rþh=2. (c) p zð Þ, distributed
load in height z is designated with its radial
and circumferential components p zð Þr and
p zð Þs. The load is only applied to half of the
cylinder surface. Distribution of the total
load, P, on the z axis follows a periodic
function for analytical convenience. Our
theory is symmetric about the plane z= L,
and so by symmetry, the simulated ‘half-
problem’ is equivalent to the theory ‘full
problem’.
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TABLE 1 Biophysical parameters of the numerical model.

Component Parameter symbol Literature Used value

Microtubule R 8–12 nm (Kis et al., 2002) 10 nm

h 5–6 nm (Wang et al., 2006) 5 nm

Ez 1 MPa to 7 GPa (Felgner et al., 1996; Gittes

et al., 1993; Kikumoto et al., 2006; Kis et al., 2002;

Kurachi et al., 1995; Pablo et al., 2003; Venier

et al., 1994)

2.6 GPa

Es 1–4 MPa (Tuszyński et al., 2005; Wang et al., 2006) 2 MPa

G 1 kPa to 1 MPa (Kis et al., 2002; Tuszyński et al., 2005) 7 kPa

νzs 0.3 (Wang et al., 2006) 0.3

Lipid bilayer BM 2�10�19 J (Boal, 2012) 2�10�19 J

KM 4:5�105 pN/μm (Boal, 2012) 4:5�105 pN/μm

Primary cilium RCM �100 nm (Sun et al., 2019) 100 nm

ra n/a 5=6RCM

rb n/a 4/3R

where Ezνsz ¼ Esνzs.

Our goal is to obtain an expression of the lateral displacement of

an orthotropic shell under a symmetric radial loading P, where

Pt ¼Psin s
R

� �
sin πz

2L

� �
and Pn ¼Pcos s

R

� �
sin πz

2L

� �
represent the tangential

and normal components of the periodically distributed load P, respec-

tively (Figure 1c,d). By substituting the stress and strain relations

(Equations (1)–(6)) into the definitions of moments and internal force,

and simplifying the equilibrium equations under a symmetrically dis-

tributed radial loading (Hess, 1961; Liu et al., 2012; Zou &

Foster, 1995), we obtain the governing equations for U, V and W:

Dz
∂2U
∂z2

þ DzsþBzs

R2

� �
∂2U
∂s2

þ DzþνszDzsð Þ ∂
2V

∂z∂s

þνzsDz

R
∂W
∂z

þBzs

R
∂3W
∂z∂s2

þBs

R
∂3W
∂z3

¼0,

ð7Þ

Ds
∂2V
∂s2

þ 3
2
Bzs

R2
þDzs

� �
∂2V
∂z2

þ DzsþνzsDsð Þ ∂
2U

∂z∂s

þDs

R
∂W
∂s

�3Bzsþ2νzsBs

2R
∂3W
∂z2∂s

þPt ¼0,

ð8Þ

νzsDs

R
∂U
∂z

þBzs

2R
∂3U
∂z∂s2

�Bz

R
∂3U
∂z3

þDs

R
∂V
∂s

�3Bzsþ2νszBz

2R
∂3V
∂z2∂s

þ Ds

R2
þ Bs

R4

� �
Wþ2Bs

R2

∂2W
∂s2

þ νzsBzþνszBsþ2Bzsð Þ ∂4W
∂z2∂s2

þBz
∂4W
∂z4

þBs
∂4W
∂s4

�Pn ¼0:

ð9Þ

The bending stiffnesses Ba and stretching stiffnesses Da, with

a� z,sf g, are defined as follows:

Dz ¼ Ezh
1�vzsvsz

, Ds ¼ Esh
1�vzsvsz

, Dzs ¼Gh, ð10Þ

Bz ¼ Ezh
3

12 1�vzsvszð Þ , Bs ¼ Esh
3

12 1�vzsvszð Þ , Bzs ¼Gh3

12
, ð11Þ

where Ez and Es are Young's moduli in z and s directions, vzs and vsz

are longitudinal and circumferential Poisson ratios, G is the in-plane

shear modulus of the cylindrical shell and h is the thickness of the

shell, and the model assumes the shell thickness is much smaller than

the cell radius (h�R).

Taking advantage of the symmetry in the boundary conditions,

the single microtubule simulations are performed on only half the shell

length. Thus, for convenience, the analytical solution is obtained by

considering microtubules of length 2L. Consequently, we periodically

extend the system and use the following boundary conditions to

obtain an analytical solution:

W 0,sð Þ¼W 2L,sð Þ¼V 0,sð Þ¼V 2L,sð Þ¼0, ð12Þ

∂U
∂z

����
z ¼ 0 or 2L

¼0,
∂2W
∂z2

�����
z ¼ 0 or 2L

¼0: ð13Þ

This linear problem can be solved by utilizing Fourier expansion

of displacement variables:

U z,sð Þ¼
X∞
m¼0

X∞
n¼1

umn cos
ms
R

� �
cos

nπz
2L

� �
, ð14Þ

V z,sð Þ¼
X∞
m¼0

X∞
n¼1

vmn sin
ms
R

� �
sin

nπz
2L

� �
, ð15Þ

W z,sð Þ¼
X∞
m¼0

X∞
n¼1

wmn cos
ms
R

� �
sin

nπz
2L

� �
, ð16Þ
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which satisfy the boundary conditions (Equations (12) and (13))

automatically.

The s-dependence of loading P dictates that all terms with m≠1

must vanish. We substituted Equations (14)–(16) with m¼1 and n¼1

into Equations (7)–(9) and obtained a linear system of equations. This

system is then solved for v11 and w11, taking into account the pre-

scribed geometry, material properties, and loading:

v11 ¼P
I1
I3
, w11 ¼P

I2
I3
, ð17Þ

where the expressions for I1, I2 and I3 are provided in the Appendices.

Maximum lateral displacement of the shell dtheory can be calcu-

lated by averaging the sum of displacement components of the central

edge in the bending direction over its perimeter:

dtheory ¼ 1
2πR

ðπR
�πR

Wcos
s
R

� �
�V sin

s
R

� �h i
ds¼1

2
w11�v11ð Þ: ð18Þ

Modeling a microtubule as an Euler–Bernoulli beam with persis-

tence length pMT undergoing Brownian fluctuations, displacement dEB

is related to the loading as follows:

pMTkBT
∂4dEB
∂z4

¼
ðπR=2
�πR=2

Pcos
s
R

� �
sin

πz
2L

� �
ds¼2PπRsin

πz
2L

� �
ð19Þ

because the load is zero for s outside the internal of s� �πR=2,πR=2½ �.
Solving this differential equation by substituting the displacement

from Equation (18), the persistence length of a microtubule is found

to be:

pMT ¼
32L4PR

kBTπ3dtheory
¼ 64L4R
kBTπ3 I1=I3� I2=I3ð Þ : ð20Þ

Equation (20) is fitted to persistence length data of microtubules

with varying contour lengths (Pampaloni et al., 2006) for elastic mod-

uli Ez and Es as well as shear modulus G as fitting parameters

(Figure 3a). Thickness h, radius R and Poisson ratio νzs were averaged

from measurements reported in literature.

3 | NUMERICAL MODELING

First, we validated the applicability of our thin shell theory to cylinders

with finite thickness. In these simulations, cylindrical shells of various

lengths were subjected to increasing distributed loads P, constrained

by Equations (12) and (13), and simulated using Abaqus/Standard

(Smith, 2020). The resulting lateral deflections were compared to the

same analytical setup. The LAMINA material option in Abaqus, which

allows for the simulation of orthotropic shell materials, was selected

for the analysis.

The cilia microstructure was modeled in Abaqus using serial

section electron tomography (SSET) images and data of primary cilia

(Sun et al., 2019) (Figure 2a–c). Microtubule complexes (MtCs) are

generated by intersecting A and B microtubule cylinders (from stan-

dard simulations) within rb center-to-center distance and removing

the intersected area of the B compartment (Figure 2f). The decorating

axonemal proteins were excluded from our model, and microtubules

were tied together at their joint boundaries in our simulations. Nine

such MtCs are radially arranged at a distance ra from the center of the

cilium while being encapsulated by the ciliary membrane (Figure 2e)

to form the axoneme. The ciliary membrane is also modeled using the

LAMINA material in order to independently enforce the low shear

modulus criteria to the model, as implied by the experimental bending

modulus BM and area modulus KM of the lipid bilayer. The biophysical

parameters used for both the membrane and MtCs are summarized in

Table 1.

Two cases were investigated in this paper. In the first case,

referred to as the representative case, all microtubules in a cilium

were assumed to have the same length, which was set equal to the

length of the cilium itself. For the second case, we utilized the SSET

microtubule length profiles to investigate the effects of microtubule

length distribution on overall ciliary stiffness and phenomena

associated with axoneme–membrane contact. Figure 2d shows a

finite-element primary cilia microstructure model built in Abaqus using

data in Table 1 and length profile information in Figure 1c.

The base of the cilium (membrane and axoneme) is fixed in all

directions. A spherical cap is positioned on the head of the cilium

structure to accurately match Cryo-electron microscopy (EM) images

and serve as a vessel for simulating optical tweezer tip displacement

experiments. Initially, when the axoneme is upright, a surface traction

equal to F=2πR2
CM is applied on the surface of the cap in the Cartesian

x-direction (Figure 2d) where F represents the total force. As the cil-

ium bends, the force direction is allowed to rotate along with the bent

cilium in order to prevent stretching of the body. MtCs and the mem-

brane are defined to interact through frictionless hard contact, mod-

eled using the penalty method (Kim, 2018; Smith, 2020). Both MtC

and membrane sections were meshed using 4-node shell elements

with reduced integration (S4R) (Smith, 2020). The microtubules were

meshed with a nodal seed distance of 0.01μm, while the membrane

was meshed with a nodal seed distance of 0.02μm. The total number

of nodes varied based on the size of the model.

4 | RESULTS

We first compared our analytical solutions with finite element simula-

tion of a microtubule singlet as an orthotropical cylindrical shell in

Section 4.1. We obtained good agreement between finite element

simulation and the analytical solutions for this test. We then simulated

the entire cilium as nine microtubule doublets and surrounding cilium

membrane and considered their large-deformation and contact inter-

actions in Section 4.2. We calculated the effective bending stiffness

and persistence length and explored their length and deformation

dependencies in Section 4.3. We also investigated the

deformation modes of microtubules in different force regimes. Finally,

MOSTAFAZADEH ET AL. 5
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in Section 4.4, we examined the stress condition within the cilium

membrane, especially the maximum stress location and its potential

implications for mechanosensing.

4.1 | Comparison between analytical solutions and
simulations of bending microtubule singlets

Figure 3a shows the persistence length pMT in Equation (20) fitted to

experimental measurements of microtubules with different contour

lengths L. Ez scales the pMT versus L curve and is constrained by the

loose maximum plateau of 5000μm measured from experiments. On

the other hand, Equation (20) shows Es does not significantly impact

the persistence length of the cylindrical shell within its measured

values in the experiment because of the large L to R ratio considered

in our cases (Figure 3b). G is fitted to Equation (20) using least squares

analysis. The resulting material and geometric parameters are summa-

rized in Table 1. Two cases were simulated to test the comprehensive-

ness of the theory. In the first case, the microtubule properties were

assumed to be orthotropic with estimated moduli. In Figure 3c, the tip

displacement of the simulated microtubules for this specific case is

depicted alongside the same setup from in Equation (18) where micro-

tubules of different lengths are subjected to an increasing distributed

load P. In the second case, the microtubule was assumed to be isotro-

pic. The fitted longitudinal elastic modulus Ez was used as the Young's

modulus, and the shear modulus was calculated as G¼ Ez
2 1þvzsð Þ.

Figure 3d depicts the same analysis as Figure 3c, but for the isotropic

case. The relative error between the tip displacements obtained from

theory and simulation εr ¼jdsimulation�dtheoryj=dtheory
� �

remains

approximately 3% for all lengths in the isotropic case. However, for

orthotropic inputs, this value varies with the length of the microtu-

bules, as shown in Figure 3e. The discrepancy arises from the fact that

the theory assumes an infinitesimally thin shell, while in the simula-

tions, we considered the actual microtubule thickness, denoted as h.

Nevertheless, the relative error εr for microtubules involved in primary

cilia simulations remains below 2%, which we considered to be

acceptable. Figure 3f illustrates the decrease in relative error with the

ratio of microtubule thickness to radius in the simulation. As the the-

ory assumes an infinitesimally small thickness for the shell, when we

decrease the thickness of the shell in our simulation while keeping the

setup fixed, the resulting displacement approaches the theoretical

prediction.

4.2 | Deformation of the whole cilium and its
components

After the careful validation of our finite element solution by the

orthotropic cylindrical shell theory, we assembled nine MtCs and put

them inside an axonemal membrane to construct a whole cilium

model. By leveraging the elastic and shear properties derived from the

theory for microtubules, we can represent the MtC assemblies within

cilia in their ultra-structural form.

The primary cilia were modeled to include the ciliary lipid bilayer

membrane and nine microtubule complex structures. In our model, we

considered the role of the transition zone, which anchors the microtu-

bules to the membrane at the base of the cilium and helps prevent

lipid diffusion from the ciliary body into the cell membrane. While we

F IGURE 2 Serial section electron tomography (SSET) images of primary cilium are provided in cross-sectional (a) and full body (b) views. In
addition to providing insights into the topological arrangements and structures, SSET imaging enabled the researchers to quantify the length
profile of all nine microtubule complexes (c). (d) Utilizing this information, microstructure-based modeling was employed to develop
computational models that consider the interaction between the ciliary membrane and axoneme as separate components. A traction force is
applied to the cap region (highlighted in red) of the cilium, while the base for both the membrane and the axoneme is fixed. (e) Microtubule
doublets are arranged radially, with a distance of 5RMT=6 from the center. The origin of circumferential direction, θ¼0 is designated with respect
to cartesian coordinates. (f) Each complex is formed by the intersection of two microtubules (A and B tubules), with a center-to-center distance
of 4R=3.

6 MOSTAFAZADEH ET AL.
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excluded the direct contribution of transmembrane proteins in our

model, we acknowledged their potential impact on the lipid mem-

brane by considering the combined effect of both transmembrane

proteins and the transition zone in reducing the fluidity of the lipid

membrane and enhancing its shear response.

The primary cilia of various lengths, along with different microtu-

bule length profiles, were subjected to bending by applying varying

surface traction on the spherical cap head. These simulations allowed

us to explore the interaction between each microtubule complex and

the ciliary membrane during deformation, providing insights into

potential phenomena that may have biological implications. By study-

ing these interactions, we aimed to gain a deeper understanding of

the mechanical behavior of primary cilia and its significance in

mechanosensing processes.

Upon initial observation, the bending of cilia can be classified into

two distinct deformation regimes based on the involvement of micro-

tubule complexes. In the first regime, only some of the microtubule

complexes contribute to the deformation, while in the second regime,

(a) (b)

(c) (d)

(e) (f)

F IGURE 3 Comparison of analytical
and numerical results. (a) Experimental
measurements of microtubules with
different contour lengths (Pampaloni
et al., 2006) are used to fit the
persistence length from Equation (13) and
estimate the elastic and shear moduli:
Ex ¼2:6�109 Pa, G¼7�103 Pa. (b) Due
to the relatively small values of h/R and

R/L ratios in microtubule shells, varying Es
within its biological range does not
significantly alter the persistence length.
Therefore, an average value of
Es ¼2 MPa is used for simulations. (c) and
(d) Tip displacements of the microtubules
in theory, dtheory, and simulation, dsimulation,
are shown for fitted (orthotropic) elastic
moduli (c) and isotropic inputs (d) under
varying lengths L�1,4,6 μm and
increasing distributed load
P�0:005,0:01,0:02,0:05 Pa. For the
isotropic case, Ez ¼ Es ¼2:6G and
G¼ Ez=2 1þνzsð Þ. (e) For all isotropic
simulations, the relative error remained at
3%. However, for orthotropic cases, the
relative error increased with length, but it
was still less than 2%. (f) The relative
error also decreased as the h=R ratio in
the simulated shells decreased, as the
theory assumes a negligible thickness.
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all microtubule complexes actively participate in the bending process.

This differentiation allows us to analyze and understand the mechani-

cal behavior of cilia in a more comprehensive manner.

Figure 4a,b depicts six cross-sectional slices of a bent representa-

tive (all microtubule lengths = cilium length) cilium with a length of

5 μm, showcasing both the low and the high deformation regimes.

These slices provide visual insights into the structural changes and

deformation patterns that occur within the cilia under different bend-

ing conditions.

In the low deformation case depicted in Figure 4a, approximately

half of the microtubules in the cilia are involved in the bending pro-

cess, while the remaining microtubules stay undeformed. The axo-

neme base experiences stress primarily from the side in contact with

the bent MtCs, resulting in tensile and compressive in-plane stresses

(excluding normal stresses) on the order of 10 kPa.

In the second bending regime, all microtubules in the cilium

participate in the bending process, making a more uniform contri-

bution to the overall cilium mechanics. In Figure 4b, it can be

observed that the in-plane stress transmitted to the base of the

cilium is approximately 10 times larger compared to the low defor-

mation case. As the MtCs bend, they exhibit a tendency to maxi-

mize their contact area with the ciliary membrane, especially

when sufficient contact force is applied. This behavior leads to

the rotation of the MtCs from their tips, resulting in the genera-

tion of a twisting force or torque at the base of the cilium. The

rotation of MtCs in the orthogonal direction of the bending can

reach up to 90�. Therefore, in addition to the increased in-plane

stress, a twisting force is also induced at high deformations. This

phenomenon is dependent on the initial orientational arrange-

ment of the MtCs relative to the traction axis. Figure 4c illustrates

the interior of a highly deformed cilium in a 3D view from the bot-

tom xy-plane, with two prominently twisted microtubule com-

plexes highlighted with color. It is important to note that the x-

axis is the bending direction.

4.3 | Effective cilium bending stiffness

The different low and high bending modes of primary cilia are charac-

terized by their effective bending stiffness Be and effective persis-

tence length pe. To examine the bending stiffness, we investigated

two representative cases with lengths of 4 and 6μm, as well as a

3.85μm cilium constructed based on SSET imaging data. In the simu-

lations, we subjected these cilia to an external load of increasing mag-

nitude. The effective bending stiffness of the primary cilia was

estimated by treating them as cantilever beams:

F IGURE 4 Deformation of a whole
cilium. (a) and (b) The maximum in-plane
stress contour is shown for microtubule
doublets across six slices of the bent
5 μm cilium, depicting both low (a) and
high (b) bending regimes (one slice
magnified to emphasize the differences):
in the early stages, microtubule
complexes retain their initial orientation
while gradually integrating into the
mechanics of the cilium. As the cilium
bends further, the compressive and
tensile stresses exerted on the axoneme
base generate a torque that twists the
microtubule complexes. This twisting
motion maximizes the contact area near
the cap of the cilium. Note the large twist
that occurs between sections (i) and (ii) in
(b). (c) Using oblique projection, the twist
in two colored microtubule complexes is
shown using dashed lines to indicate the
rotating doublet axis of symmetry.
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Be ¼ force� length3

3�cilium tip displacement
: ð21Þ

Figure 5a presents the calculated bending stiffness for the three

aforementioned cilia. We observe that, in the representative case

where all nine MtCs have lengths equal to the cilium length, the bend-

ing stiffness Be depends on the cilium length. In particular, the repre-

sentative cilium with a length of 4μm, although comparable in length

to the SSET image-based cilium with a length profile for microtubules,

exhibits a significantly different bending stiffness. This observation

suggests that the overall stiffness of cilia is predominantly governed

by the various lengths of MtCs in the axoneme, rather than solely the

length of the cilium itself.

This observation is further supported by the stiffening (increase

in bending stiffness by growing traction) of cilia in their low deforma-

tion mode in Figure 5a, where an increasing number of MtCs become

involved in the bending process. As more microtubules engage in the

deformation, the overall bending stiffness of the cilia increases. Once

the axoneme is fully engaged in the bending in high deformation

mode, a slight softening (decrease in bending stiffness by growing

traction) of the cilia is observed, which could potentially be attributed

to the sliding of the MtCs over the membrane.

Figure 5b provides a visualization of the strain energy increase

for each MtC and the membrane in the representative case of a 6 μm

long cilium under four deformation scenarios. It is clearly observed

that the MtCs contribute significantly more to the stiffness of the cil-

ium than the ciliary membrane, highlighting their primary influence in

governing the overall mechanics of cilia.

Figure 5c further illustrates the strain energy distribution in radial

plots, allowing for a more detailed analysis of the arrangement-

dependent increment of strain energy for MtCs. For the simulation in

Figure 5c a force is applied to the tip of the ciliary axoneme from left

to right in the positive x direction. We observe that the MtCs situated

in the left half tend to engage earlier in the bending. By comparing

with Figure 5a, we can clearly observe the strain energy of partially

and fully engaged MtCs, which provides further evidence supporting

our reasoning for the stiffening and softening regimes.

4.4 | Stress in cilium membranes and
mechanosensing mechanisms

To gain a better understanding of the stress distribution in the ciliary

membrane, it is important to quantify both the membrane stress and

(a)

(c)

(b)

F IGURE 5 The length distribution of axonemal microtubules is the primary determining factor of the bending stiffness of primary cilia, rather
than just the ciliary length. This is evident from the significant difference in bending stiffness between the representative case and the SSET-
based case of comparative length. (a) The increase in bending stiffness with tip displacement indicates the progressive involvement of
microtubule complexes in the deformation of the cilium. However, the subsequent decrease in bending stiffness could be attributed to the sliding
of microtubules over the ciliary membrane. (b) Microtubules dominate the contribution to the mechanical strain energy, establishing themselves
as the primary mechanical components in the system. As a result, they play a pivotal role in bearing the majority of the mechanical load and are
instrumental in maintaining the overall structural integrity and functionality of primary cilia. (c) The radial plots depict the gradual increase in strain
energy for each microtubule complex as they progressively contribute more to the overall mechanical behavior. This visualization highlights the
convergence of strain energy distribution among the microtubule complexes as the cilium bends further.
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bending stress within the shell. As showcased in Figure 6a, the mem-

brane stress is determined by calculating the average in-plane stress

across the thickness of the shell. By subtracting the membrane

stress from the overall in-plane stress, we can analyze the pure bend-

ing stress within the shell. By comparing the membrane and

bending stresses, we can gain insights into how the lipid bilayer

responds to bending and the curvature induced by contact with

microtubules. This comparison helps us determine the dominant fac-

tor in the deformation of the shell when subjected to a certain axial

curvature, whether it is the bending stresses or the stretching of the

membrane. By analyzing the distribution and magnitude of the bend-

ing and membrane stresses, we can assess the relative contributions

of these factors to the sensing potential of the ciliary membrane.

Figure 6 presents the interaction between the MtCs and the

membrane in two different cases: the 4 μm representative case and

(Figure 6a) the bent SSET image-based case (Figure 6b). These

interactions are observed under a force of 4.5 pN. In contrast to the

representative case, where the contact is mostly localized around the

tip of the cilium, the microtubule length profile in the SSET-based case

exhibits a more uniform distribution of contact force across the mem-

brane. Figure 6b–i depicts the distribution of axial curvature over the

membrane of the representative cilium. As mentioned, the contact in

this case is concentrated at the tip of the cilium, resulting in the high-

est curvature occurring at that location. It is important to note that

the initial curvature is referenced to be bending stress-free, with zero

curvature in the longitudinal direction and curvature of 1=RCM in the

circumferential direction. The curvature peaks observed in the

SSET-based cilium are also contact-mediated, but they occur at multi-

ple interaction points. The significant difference in curvature magni-

tudes between the two cases can be attributed to the smaller contact

area in the SSET-based case. This, coupled with greater global curva-

ture induced by the lower bending resistance of this cilium,

F IGURE 6 Distribution of membrane stress, bending stress, and curvature over the ciliary membrane for both the representative case with a

length of 4 μm and the SSET-based case with a length of 3.8 μm. The contact points of the axoneme on the membrane are marked with red
circles. (a) and (b) While both cases exhibit concentrated stresses and curvature at their respective axoneme-contact focal points, the SSET-based
case (b) shows a significantly higher concentration at these points. This is primarily due to the smaller affected area in the SSET-based case
compared to the representative case. The maximum curvature and tension points in the SSET-based case suggest a potential mechanism for the
activation of piezo channels located on the ciliary membrane. These high mechanical stresses could potentially trigger the opening of piezo
channels, allowing for the transduction of mechanical signals into biochemical responses within the cell. The membrane tension contour colormap
is also overlaid on the membrane schematic (c) relationship between the total membrane stress as a sum of in-plane and pure bending stresses.

10 MOSTAFAZADEH ET AL.
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contributes to a higher overall curvature compared to the

representative case.

Although overall the membrane is stretched, as shown in

Figure 6a-ii,b-ii, the bending effect at the same regions is significantly

greater than membrane stretching, as shown in the contours in

Figure 6a-iii,b-iii. This observation suggests that the stress gradient

within the thickness of the lipid membrane is large, and the shell expe-

riences both tension and compression throughout its cross-section.

The distributed contact loads on the membrane generate large curva-

tures that bend the shell and result in a steep stress slope along

thickness.

5 | DISCUSSION

We developed an orthotropic shell theory to account for the material

anisotropy of a microtubule complex and applied the model to a pri-

mary cilium. By deriving an expression for the tip displacement of an

orthotropic cylindrical shell under a distributed bending load, we were

able to formulate an effective persistence length equation. This equa-

tion was then used to fit the material properties of the microtubule

complex to experimental data on persistence length versus contour

length. Utilizing the obtained material properties of microtubule com-

plex and lipid bilayers, we constructed a microstructure-based model

of the primary cilium using SSET images. This model considered the

ciliary membrane and axoneme as independent components. Subse-

quently, we conducted simulations of tip displacement experiments

on cilia with varying lengths and subjected to different forces. The

goal of these simulations was to investigate the individual contribu-

tions of each component and examine the interactions between them.

The model exhibits several discrepancies with the in vivo function

and mechanical exposure of primary cilia. The cap section added to

the model primary cilia represents the ciliary distal tip where optimal

tweezer traction is applied and does not signify a distinct biological

compartment, despite the imaging indicating that the ciliary mem-

brane indeed forms a cap at the far end of the cilium (Sun

et al., 2019). Additionally, the impact of cilioplasma, the fluid encapsu-

lated within the ciliary structure, is predominantly considered viscous

and, therefore, not pertinent to the steady-state solutions of our sim-

ulations. More importantly, the mechanical bending that cilia undergo

in vivo is primarily flow-induced, potentially resulting in a slightly dif-

ferent distribution of tension across the membrane and bending

regimes compared to manually induced bending in our simulations.

Nevertheless, by eliminating the influence of variable distributed load-

ing associated with flow, our model provides insights into the intrinsic

mechanical and sensory implications of manipulating primary cilia sta-

ble configuration.

Our findings show that there are strong interactions between

MtCs and the ciliary membrane. The microtubule complexes exhibit a

tendency to twist upon bending, which increases the contact between

microtubules and the membrane. Similar to motile cilia, primary cilia

may also possess mechanosensing components. The twisting-induced

torque applied to the basal body of primary cilia can initiate

conformational changes within the basal body or activate specific

pathways associated with it. Hence, in addition to the torque gener-

ated by fluid flow over the ciliary membrane, the contact between

microtubule doublets and the membrane can also transfer mechanical

stress to the basal body.

On the other hand, contact between MtCs and the membrane

gives rise to a high membrane curvature, leading to significant bending

throughout the lipid bilayer cross-section around the contact region.

This unexpected finding can have profound implications for our

understanding of mechanosensing mechanisms. Traditionally,

mechanosensitive channels have been primarily associated with mem-

brane stretching or tension, commonly referred to as tension-

activated or stretch-activated ion channels. Consequently the location

of the largest membrane tension for a primary cilium bent under load

is expected to be the most mechanosensitive in the models (Mathieu

et al., 2014; Young et al., 2012). However, our results demonstrate

that the high curvature resulting from local bending of the bilayer can

also play a crucial role in activating mechanosensitive channel

proteins. This suggests that the channels can be activated by

curvature-induced changes in the membrane. This insight challenges

the traditional view of ciliary mechanosensation and expands our

understanding of the different ways in which cells perceive and

respond to mechanical stimuli.

In the future, our model can be extended by incorporating viscous

and dynamic effects of ciliary deformation. Additionally, to investigate

the hydrodynamics of primary cilia under flow in our model, tech-

niques like the immersed boundary method (Peskin, 2002; Zhu

et al., 2011) for fluid-structure interactions might be more appropriate

for effectively simulating cilia with internal structures within the mem-

brane, as opposed to uniform tractions. One way to achieve this is by

integrating Abaqus with computational fluid dynamics (CFD) solvers

or, alternatively, by developing a standalone finite element program.

Such an approach would allow for a more thorough exploration of the

implications of primary cilia bending in vivo, as has been previously

implemented for motile cilia (Han & Peskin, 2018).
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APPENDIX A

Explicit expressions for the parameters I1, I2, and I3 used in Equa-

tions (17) and (20) are provided here:

I1 ¼ 1024DsDzsL
8R4þ1024DsBzsL

8R2þ 384B2
zs

�

þ 128BsBzs νzsþνszð Þþ128BzBzsνzs
�
L6π2R2þ 576DzsBzs

�

þ 128DzsBs νzsþνszð Þþ128DzsBzνzsþ256DsBzsνzs

þ 64DzBzsνzs
�
L6π2R4þ 256DzDs 1�ν2zs

� ��128DzDzsνzs
� �

L6π2R6

64BzBzsþ16BsBzsð ÞL4π4R4

þ 112DzBzs�64DsBs�32DzsBsþ32DzsBzþ32DzBs νzsþνszð Þð Þ

L4π4R6� 8BzBsL
2π6R6�8DzBzL

2π6R8, ð22Þ

I2 ¼ 1024DsBzsL
8R2þ1024DsDzsL

8R4

þ 384B2
zsþ128BzBzsνsz

� �
L6π2R2

þ 576DzsBzsþ128DzsBzνszþ64DzBzsνszð ÞL6π2R4þ 256DzDs

�

þ 256DzDz 1�νzsνszð Þ�256DsDzsνzs

� 128DzDzsνsz
�
L6π2R6 96DzBzs�32BzDzsð ÞL4π4R6

þ 32DzDzsL
4π4R4,

ð23Þ

I3 ¼ 3BzBsBzsπ
8R4þ 2DzsBzBs�3DzBzBzsð Þπ8R6�2DzDzsBzπ

8R8

þ 128 DsBzBzs νsz�νzsð ÞþDsBsBzs νzs�νszð Þð ÞL6π2

þ 128 DsBzDzs νsz�νzsð ÞþDsBsDzs νzs�νszð Þð Þ
�

þ 64DzDSBzs νsz�νzsð Þ
�
L6π4R2þ128DzDsDzsL

6π4R4 νsz�νzsð Þ

� 24BzB
2
zsþ6BsB

2
zs

� �
L2π6R2þ 8DsBzBs�6DzB

2
zs�16DzsBsBzs

�

� 40DzsBzBzsþ12DzBSBzs νzs�νszð Þ�8DzsBzBs νsz�νzsð Þ

� 8DsBzBsνzsνsz
�
L2π6R4� 16DzDzsBzsþ8DzDsBz

�

þ 8DzDzsBsνzs�8DzDzsBzνsz�8DSDzsBzνzs

� 8DzDsBzνzsνsz
�
L2π6R6þ 48 BzB

2
zs νsz�νzsð Þ

��

þ BsB
2
zs νzs�νszð Þ

�
þ32BzBSBZsνzsνsz

�
L4π4

þ 16DzBsBzsνzsνsz�16DsBsBzsþ24DzB
2
zs νsz�νzsð Þ

�

þ 32DsBzBzsνzsνszþ32BDzsBzBsνzsνsz�64DsBzBzs

þ 64DzsBsBzsνzs�80DzsBzBzs νsz�νzsð Þ

� 80DzsBsBzsνsz
�
L4π4R2�32DzDsDzsL

2π4R6 1�ν2zs
� �

þ 16DzDsνzsνsz�16DsDzsBzsνzs�16DzDsBzs

�

þ 32DzDsBsνzsν
2
sz�32DzDSBSνszþ32DzDzsBsν

2
sz

þ 32DzDsBsνzsþ32DsDzsBsνszνzsþ32DsDzsBsν
2
zs

þ 32DsDzsBzν
2
zs�32DzDsBsνszν

2
zs

�
L4π4R4:

ð24Þ
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