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V la d im ir  Vasilyev, V ic to r  Polun in , and Ig o r  Shm al

A b s tra c t W e  study a m odel ellip tic pseudo-differential equation and simplest 

boundary value problems for a half-space and a special cone in Sobolev-S lobodetsk ii 

spaces which have different smoothness with respect to separate variables. Sufficient 

conditions for a unique solvability for such boundary value problems are described

K eyw o rd s  Sobolev-S lobodetsk ii space • Pseudo-differential equation • Cone • 

Boundary value problem

1 Introduction

The theory o f  pseudo-differential operators was appeared near a half-century ago, 

and it has taken attention o f  mathematicians for a long time [ 1- 3]. M ore  general 

Fourier integral operators and new functional spaces w ere studied in this context. 

A s  a rule the theory means constructing a sym bolic calculus and an index formula. 

Such a theory is very  convenient for generalization on smooth compact manifolds 

without a boundary, but for m ore com plicated situations new  constructions and new 

approaches w ere needed. M ore  com plicated situations mean presence o f  a smooth 

boundary, or m ore generally a non-smooth boundary. For m anifolds with a smooth 

boundary a certain approach was suggested in [4], and it was based the factorization 

principle for an ellip tic sym bol at boundary points. This method is not applicable for 

manifolds with a non-smooth boundary, and it has initiated a lot o f  approaches for 

“ non-smooth”  situations [5, 6, 10- 14].

This paper presents a future developm ent o f  the second author’ s approach [ 17- 20] 

to the theory o f  pseudo-differential equations and related boundary value problems 

in non-smooth domains.
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2 Elliptic Pseudo-differential Operators

2.1 Sobolev-Slobodetskii Spaces o f Different Smoothness

Follow ing  to [ 15] (see also [ 16] )  w e  introduce useful notations. A  multidimensional 

Euclidean space R "  is represented as an orthogonal sum o f  subspaces in which only 

some o f  coordinates x 1, x 2, . . . , X m  are nor vanishing. Nam ely, i f  K  с  1 , M  is 

not empty set w e  put

R K =  { x  e  R M : x  =  (X1 , . . . , X m  ) ,  Xj  =  0, V j  / K  } c  R M .

L e t K 1, K 2, . K n c { 1 ,  2 , . . . ,  M } be a nonempty set so that

n

( j K j  =  {1, 2, . . . , M }, K i  П K j  =  0, i =  j ,  c a r d  K j  =  k j .

j =1

Thus, w e  obtain the representation

R M =  R K1 ®  R K2 ®  ••• ®  R Kn,

where x Kj is an element o f  the space R K j . For functions defined in R M w e  use the 

standard Fourier transform

й (£)  =  f  e ix£и ( x ) d x ,  £ =  ( 6 , . . . , £ m ).

R "

L e t S =  ( s !  . . . ,  sn). N o w  w e  introduce the Sobolev-S lobodetsk ii space H S (R M ) 

as a H ilbert space with the inner product

( f ,  g )  =  f  f  ( x ) g ( x ) d x

R "

and the norm

1/2

II f  IIS =  I 1 ( 1  +  I6k: |)2S1 (1 +  I6K2 j )2*2 ••• (1 +  l£Kn l)2Sn I f ( 0 \ 2d ^[I'\r "

Such H S-spaces have the same properties similar to usual Sobolev-S lobodetsk ii 

spaces [ 16]. Particularly, the usual space H s (R M ) is obtained under the fo llow ing  

choice o f  subsets K j  and parameters S j :

K 1 =  K 2 =  ••• =  K n - 1  = 0 ,  Kn =  {1, 2 , . . . ,  M }, S =  (0, 0 , . . . , 0 ,  s ).
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A ccord ing  to the local principle w e  w ill concentrate on studying a m odel pseudo­

differential equation with operator with a sym bol non-depending on a spatial variable.

M o d e l p seu do-d ifferen tia l opera tors  L e t A (£) ,  £ e  R M be a measurable function. 

A  m odel pseudo-differential operator A  is defined as fo llow s

( A u ) ( x 0 =  ( 2 1 M  J  j  e i (x -y )£A ( £ ) u ( y ) d y d £ ,

RM RM

and the function A (£)  is called a sym bol o f  the pseudo-differential operator A .

W e  consider here the fo llow in g  class o f  symbols A ( £ )  satisfying the condition

n n

c1 П  (1 +  \£kj \)aj <  \ A(£)\ <  c2 n  (1 +  \£kj \)a j ,
j=1 J j=1 j ( * )

a  j e  R , j  =  1, 2 , . . . , n ,

with positive constants c 1, c2.

L e t a  =  ( a 1 , a n)

L em m a  1 Le t  A b e  a pseudo-di fferent ial  operator  with the symbol  A  (£ )  satisfying 

the condi t ion ( * ) .  Then A  : H S (R M ) ^  H S - a ( R M ) is a l inear bounded operator.

P r o o f  Indeed, w e have

/
П

П ( 1  +  \£k j \)Щ - a j ) A u ( 0 \ 2d £ =

RM j = 1

=  f  (1 +  \£Kl \)2(s1-a1)(1 +  |£k2\)2(s2-a2) ••• (1 +  I£k„\)2(sn-an)\ A ( £ ) u ( £ ) \2d £ <

R M

<  c j  (1 +  | £ b  \ ) 2s1 (1 +  I £K2 \ ) 2s2 ••• (1 +  I £Kn \ ) 2sn \ u (£ )  \2 d£ =  c2 \ \ u \ \ S,

RM

and the p ro o f is com pleted. □

Thus, w e  can start studying a solvability for the equation

( A u ) ( x ) =  v ( x ), x  e  R M , (1 )

where A  is a pseudo-differential operator with the sym bol A (£ ) satisfying the con­

dition ( * ) ,  and the right hand side v e  H S - a ( R M ).



256 V. Vasilyev et al.

C o ro lla ry  1 I f  A  is a pseudo-di fferent ial  operator  with the symbol  A  (£)  satisfying 

the condi t ion ( * )  then the E q . ( 1)  with an arbi t rary r ight  hand side v e  H S - a (R M ) 

has unique solut ion u e  H S (R M ). The a p r i o r i  estimate

IIu IIs <  С  II v II S-a

holds.

P r o o f  The operator A -1 with the sym bol A -1 (£ ) is a pseudo-differential operator. 

Its sym bol satisfies the condition ( * )  with order - a  instead o f  a.  Then w e  have

u =  A -1 v ,

and therefore

IIuIIS =  I IA- 1 vIIS =

f ( 1  +  I6k1 I)2S1 (1 +  I 6k 2 I)2S2 ••• (1 +  I£k„ I)2Sn I AA-1 (e>V ( O I 2d  £ <  c - 2 11 v 11 S­

R "

and the sentence is proved. □

Unfortunately, such a simple conclusion is possible for the space R M . I f  w e  w ill 

take a domain D  с  R M and w ill try to study a solvability for similar equation then 

w e  w ill obtain a lot o f  difficulties related to invertib ility o f  operators.

W e  extract special canonical  domains D  in Euclidean space R M . Such domains 

are conical domains and w e  w ill start from  a standard convex cone in Euclidean space 

non-including a w hole  straight line. L e t C Kj с  R Kj and w e  would  like to consider 

the equation

( A u ) ( x ) =  v ( x ) ,  x  e  C K j . (2 )

D irect applying the Fourier transform does not g ive  the required answer since w e 

have no the convolution theorem. The Eq. (2 ) can be rewritten in the form

( P K j A u ) ( x )  =  v ( x ) ,  x  e  C k j , 

where P Kj is the restriction on C Kj ,

/о ч/ ч \ u ( x ), x  e  C k j ;
( PKj u ) ( x ) =  0, x  e  C k .

and to use the Fourier transform w e  need to know what is the Fourier im age o f  the 

operator PKj .
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Structu re o f  p ro jecto rs  For a general convex cone C m с  R m one can define the 

Bochner kernel [7- 9]

Bm (z )  =  j  e ixzdx,  z =  ( z 1 , . . . , z m ),

C

and the fo llow in g  representation in Fourier im aged

( F P + u ) ( £ )  =  lim  / Bm(£'  -  П ,  £m -  Vm +  i T ) u ( n ' ,  Vm)dn,
T ̂ ° +  J

R m

here P+  is the projector on the cone C m [ 14, 17]. There are certain concrete realiza­

tions in the latter formula.

E xam p le  1 W e  consider here one-dimensional case in which w e  have on ly one cone, 

and this cone is R +  [4]. For this case it was proved for a function u ( x ), x  e  R , that

+TO
1 i f  u ( n )d n

( F P + u ) ( £ )  =  -  u (£)  +
2 П p v  f2 2n J £ — n

— TO

A s  a consequence w e  have for a function u ( x ), x  e  R m and the cone Rm =  {x  e  

R m : x  =  ( x x m), x m >  0 } the fo llow in g  result

+ TO

/it’ d 1 ~/^Л| i f  u (£ , nm nm ^ s t ! t  \( F P +  u ) ( £ )  =  - и (£)  +  —  p .v .  — -------------- , £ =  (£ , £m).
2 2n J £m nm

— to

E xam p le  2 L e t m =  2, and

+

Then w e  have [21]

C \  =  { x  e  R 2 : x  =  ( x 1, x 2), x 2 >  a\x1 \, a >  0 }.

, r n  u (£1 +  a£2, £2) +  u (£1 -  a£2, £2) l
( F P c+u ) ( £ )  = ----------------------- 2 ------------------------+

+ TO +TO
i f  u (n, £2 ) d  n i f  u (n, £2 ) d  n

+ v . p . —  / --------------------— v . p .—  / ------------------- .
2n J  £ 1  +  a£2 -  n 2n J  £ 1  -  a£2 -  n

E xam p le  3 L e t m =  3, and C+‘ °2 =  { x  e  R 3 : x 2 >  a 1 \ x 1 \ +  a2 \ x 2 \ }. Then



( F P c + a2u) (£ i ,  £ 2 , £3)  =

_  u (£1 -  a 1£3, £2 -  a2£3, £3)  +  u (£1 +  a 1£3, £2 -  a2£3, £3)

=  4 +

+  ̂ (S 1u )(£ 1 +  fl1£3> £2 -  a2£3, £3)  -  ^ ( S 1U )(£1 -  fl1£3’ £2 -  a2£3, £3) +  

u (£1 -  a 1£3, £2 +  a2£3, £3) +  u (£1 +  a 1£3, £2 +  a2 £3, £3)

+  4 +

+  ̂ (S 1u )(£ 1 +  a 1£3> £2 +  a2£3•> £3) -  ^ (S 1u )(£ 1 — a 1£3’ £2 +  a2£3> £3) +

(S 2u )(£ 1 -  a 1£3, £2 +  a2£3, £3) +  (S2u )(£ 1 +  a 1£3, £2 +  a2£3, £3)

+  2 +

+  (S 1 S2 u ) (£ 1 +  a 1£3, £2 +  a2£3 •> £3) — (S 1 S2u ) (£ 1 — a 1£3, £2 +  a2£3> £3) -

(S 2u )(£ 1 -  a 1£3, £2 -  a2£3, £3) -  (S2u )(£ 1 +  a 1£3, £2 -  a2£3, £3) _

-  2 -

- ( S 1 S2u )(£ 1 +  a 1£3, £2 -  a2£3, £3)  +  (S 1 S2u )(£ 1 -  a 1£3, £2 -  a2£3, £3) -

where
+ TO

<- i f  u ( t  , £2 , £3)d T
( S 1 u ) ( £ 1 , £2 , £3 ) =  v . p —     ,

2n J £ 1 -  t
-TO 

+ TO

{ c1 f  i f  u (£^  n, £3) d n
( S i u ) ( £ 1 , £2 , £3 ) =  v . p —     .

2 u  £ 2  -  n
-TO

This case was studied in [22]

E llip t ic  equations and com p lex  variab les  This approach is related to the function 

theory o f  many com plex variables, namely to functions which are holom orphic in 

radial tube domains [7- 9].

L e t C Kj С  R K j , j  =  1 , . . . , n ,  be convex cones non-including a w hole straight 

line in R Kj .L e t  us com pose the set C  =  C K1 x  . . .  C Kn.

L em m a  2 The set C  is a cone in R M non- including a whole straight l ine in R M .
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P r o o f  Indeed, C  is a cone since each C j  is a cone. I f  w e  w ill assume that C  includes a 

certain line in R M then w e  w ill conclude that each cone C j  includes a certain straight 

line. □
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N o w  w e  w ill start studying a solvability o f  the equation

( A u ) ( x ) =  v ( x ), x  e  C,  (3 )

and the solution is sought in the space H S( C ) .

D e fin ition  1 The space H S ( C ) consists o f  functions (distributions) from  H S (R M ) 

with supports in C .

The right-hand side v is chosen from  the space H 0s—a ( C ) ;  by definition the space 

H 0S( C )  is a space o f  distributions on C , admitting a continuation on H S (R M ). The 

norm in the space H 0S( C )  is defined as

\ \ v \ \ + =  in f \ \ I f  \ \ S,

where the inf imum is taken over all continuations I l f  on the w hole  R M .

Fourier im age o f  the space H S ( C )  w ill be denoted by  H S ( C )

D efin ition  2 A  radial tube domain over the cone C  is called a domain in M - 

dimensional com plex space C M o f  the fo llow in g  type

T ( C ) =  {z e  C M : z =  x  +  iy,  x  e  R M , y e  C }.

*
A  conjugate cone C  is called such a cone in which for all points the condition

x  • y >  0, V y e  C,  

holds; x  • y means inner product for x  and y .

D e fin ition  3 The w ave factorization o f  an ellip tic sym bol A ( £ )  with respect to the 

cone C  is called its representation in the form

A ( £ )  =  A = ( £ )  A = ( £ ) ,

where factors A = ( £ ) ,  A =  (£)  must satisfy the fo llow in g  conditions:
*

(1 ) A = ( £ ) ,  A = ( £ )  are defined for all £ e  R M m ay be except the points £ e  d C ;
*

(2 ) A = ( £ ) ,  A = ( £ )  admit an analytic continuation into radial tube domains T ( C ),
*

T ( -  C ) respectively with estimates

n

\ A = 1 (£ +  i t)\  <  й  П (1 +  \£kj \ +  It Kj \)± $ j, 

j = 1

n

\ A ± 1(£ -  i t  )  \ <  c2 f t  (1 +  I £kj\ +  \ tk j  \ ) ± (aj - Ej), V t  e C , ж j e  R . 

j=1
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The vector ж =  ( s i , . . . ,  s n) is called an index o f  the w ave factorization.

To apply the Fourier transform to the Eq. ( 3) w e  need to know what is F P C;

here F  denotes the Fourier transform in M -dimensional space. L e t us introduce the

fo llow in g  notations. For every C K w e  consider corresponding radial tube domain 
* *

T ( C kj ) over the conjugate cone and an element o f  T ( C K j ) w ill be denoted by

£,Kj +  i t Kj . M oreover, for £Kj w e  w ill use the notation £Kj =  ( £,K j , S,kj ) , where £kj is 

the k j th coordinate, and £'Kj denotes le ft other coordinates. The same notations w ill 

be used for x  e  R K j , x Kj =  ( x K ., xkj) .

A s  before w e  denote by  P C the restriction operator on C . Obviously,

n

P C =  П  P K j .
j =1

and then
n

B m  ( z )  =  Y[ Bkj (ZKj ) ,  z =  ( ZK i , ■■■, ZKn )■ 

j =1

The last our observation is the fo llow ing:

n

T ( C ) =  П T ( C к i ),
j =1

*
and the Bochner kernel B m  ( z ) w ill be a holom orphic function in T  ( C ).

T h eo rem  1 I f  the symbol  A ( £ )  admits the wave fac tor izat ion with respect to the 

cone C  with the index ж such that  | ж j -  sj | <  1/2, j  =  1 , . . . , n ,  then the Eq. ( 3) 

has unique solut ion in the space H S ( C ) f o r  arbi t rary r ight  hand side v e  H 0S -“  ( C ). 

The a p r i o r i  estimate

I|u||s <  const  ||v||+-a

holds.

P r o o f  W e  use the W ien er-H op f method [4 , 14]. L e t l v  be an arbitrary continuation 

o f  v onto R M then w e  put

u _ ( x )  =  ( £ v ) ( x )  -  ( A u ) ( x ), 

so that v _ ( x ) =  0 for x  e  C . Further,

( A u ) ( x )  +  u _ ( x )  =  ( l v ) ( x ),

and after applying the Fourier transform and the w ave factorization w e  obtain
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A = ( £ ) u  (£)  +  A = \ £ ) u - ( £ )  =  A = ( £ ) ( l v ) ( £ )  (4 )

N o w  w e  can use the fo llow in g  result (see [ 14]).

P ro p e r ty  1 I f  u — e  H S (R M \ C ), A = 1 is a fa c to r  o f  the wave fac tor izat ion then 

A = 1u-  e  H S+a-!£( R M \ C ).

Obviously, the summand A = ( £ ) u (£)  belongs to H S-!B( C )  according to Lem m a 1 

and holom orphic properties, and A = 1 ( £ )u — (£)  belongs to H s—!£( R M \ C )  according 

to Property 1.

The right hand side A —l (£ ) ( l v ) ( £ )  belongs to the space H s—‘b(R m ) (Lem m a 1) , 

and since \®j -  s j \ <  1/2, j  =  1 , . . . , n ,  it can be uniquely represented as

A = 1(£ X ^ ) ( £ )  =  v+ (£)  +  v - ( £ ) ,  (5 )

where

v + (£ )  =  B m  ^ ( £ № » ( £ ) )  , v - ( £ )  =  ( I  -  B m )  ( a ^  ( £ W v ) ( £ ) )  .

The representation ( 5) is true since the operator B M : H 5 (R M ) ̂  H 5 (R M ) for

\J/ \ <  1/2, j  =  1 , . . . , n ,  and w e  rem ind that \ffij -  sj \ <  1/2, j  =  1, . . . ,  n,.

Further, w e  rewrite the equality (4 ) in the form

A =  ( £ ) u (£)  -  v+ (£ )  =  v - ( £ )  -  A = x( £ )u —(£),

and w e  obtain that a distribution from  H 5( C )  equals to a distribution from  H 5(R M \ 

C ).  But for such small 5 this com m on distribution should be zero on ly [ 14]. Thus,

A = ( £ ) u (£)  -  v+ (£ )  =  0,

or in other words

u (£)  =  A = \ £ ) B m  ( a —1 ( £ № ) ( £ ) )  .

A  priori estimate is based on Lem m a 1 and boundedness property o f  the operator 

B M : H 5 (R M ) ^  H 5 (R M ).  Indeed,

\\u \\s =  IIuIIs =  I \ A = 1(£ )B m  ( a = 1 ( £ W v ) ( £ ) )  IIs <

<  const  \\Bm  ( A = \ £ W v ) ( £ ) )  \\s—ж <  const  \\A=1( £ ) ( M ( £ ) \ \ s—ж <

<  const  \ \ ( l v ) ( £ )  \ \ S-a =  const  \ \ l v  \ \ S -a  <  cons t  \ \ v \ \ + - a ,

and T h eo rem 1 is proved. □
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M u lt ip ly  solutions For the cone C K j , j  =  1 , . . . , n ,  w e  suppose that a surface o f 

this cone is given by  the equation x kj =  p j  ( x 'K .), where p j  : R kj—1 ^  R  is a smooth 

function in R kj—1 \ {0 },  and p j  (0 ) =  0.

L e t us introduce the fo llow in g  change o f  variables

j tkj  =  x Kj
\ tkj =  xkj — p  j ( x  k  )

and w e  denote this operator by  Tpj : R Kj ^  R K j . Since the cone is in one part o f  a 

half-space then points o f  the second part o f  a half-space w ill be fixed. Such change 

o f  variables can be defined for distributions also [22].

B elow  w e  w ill use notation Fm for the Fourier transform in m-dimensional space, 

so that the notation F Kj w ill be the Fourier transform in R K j.

Fo llow ing  to [22] w e  conclude

F K j TPj =  VP j F Kj -

Further, w e  introduce Tp : R M ^  R M by  the formula

n

Tp =  П Tpj 
j =1

and construct the operator
n

Vp =  П  v pj ,
j =1

for which w e  have

F m Tv =  Vp F m  -

L e t us introduce vectors N  =  ( n 1, . . . ,  nn),  L  =  ( l 1, l n) ,  6 = ( 6 1, 5 n), n j , 

l j  e  N , |Sj | <  1/2, j  =  1 , . . . , n ,  and a polynom ial Q N ( i ) ,  i  e  R M satisfying the 

condition
n

i Q n  о ~ П  (1 +  iiK j i)nj , (6 )

j = 1

T h eo rem  2 I f  the symbol  A ( i )  admits the wave fac tor izat ion with the index ж, ж — 

S =  N  +  S, then a general  solut ion o f  the E q . ( 3)  in Four i er  images is given by the 

f o rmu la

u ( i )  =  A = \ i )  Q n  ( i )  B m Q —1( 0  A = 1( i ) ( £ v } ( i ) +

(n\

E E  - E  cl  ( i K  ) i lk\—1i lk22—1 - - - i t 1

l1 = 1 l2 = 1 ln =1

nn
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wh e re cL (x'K ) e  H Sl (R m—n)  are arbi t rary funct ions, SL = ( s 1 -  ж1 +  l1 -  1/2 , . . . ,  

sn -  жп +  ln -  1 /2),  l j  =  1, 2 , . . . ,  n j ) ,  j  =  1, 2 , . . . ,  n, I v  is an arbi trary cont in­

uation o f  v onto H S—a ( R M ).

The a p r io r i  estimate

( n\ n2 Пп

\\ v \\ +— a +  . . .  \\cl IIsl

l1 = 1 l2 = 1 ln =1

holds.

P r o o f  Sim ilar to the p ro o f o f  Theorem  1 w e  obtain the equality (4 ) . Further, let 

us note that the function A = 1 ( £ ) ( l v ) ( £ )  belongs to the space H s—ж(R M ). So, i f  

take an arbitrary polynom ial Q N (£)  satisfying the condition ( 6) then the function 

QN-1(£ ) A = 1 ( £ ) ( l v ) ( £ )  w ill belong to the space H —'5(R M ).
Further, according to the theory o f  multidimensional Riemann problem  [ 14] w e 

can represent the latter function as a sum o f  two summands, this is so called a jump 

problem  which can be solved by  the operator B M :

Q —  A Z lW )  =  f +  +  f —, 

where f +  e  H —5( C ), f — e  H —5(R M \ C ),

f +  =  B m ( A ^ m ) ,  f — =  ( I  -  B m ) ( A = 1"(£v }) .

M ultip ly ing the equality (4 ) by  Q —1 (£)  w e  rewrite it in the form  

q n  1 A = u +  Q  —1 А —[ й — =  f + +  f —,

or

Q N 1 A = u — f + =  f — — Q  n  A = 1 u —

In other words

A = u — q n  f + =  q n  f  — — А = гй —. (7 )

The le ft hand side o f  the equality (7 ) belongs to the space H —N—5( C ), bur the 

right hand side belongs to the space H —N —5(R M \ C ). Therefore, w e  have

F m \ A = u -  Q n  f + )  =  F M \ Q n  f  — -  A = l u —),

where the le ft hand side belongs to the space H —N —5( C ), but right hand side belongs 

to the space H —N —5(R M \ C ), from  which w e  conclude im m ediately that this is a 

distribution supported on the surface d C .

The form  for such a distribution is given in [22] for the cone C Kj with help o f  the 

operator Vv . Thus, w e  apply the operator Tv to the latter equality and obtain
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TP F M1( A  = u — Q N f + ) =  Tp F M 1( Q N f — — A = 1 u — ),
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so that both le ft hand side and right hand side is a distribution supported on the 

hyper-plane x k1 =  0, xk2 =  0 , . . . ,  x kn =  0. Then

TP F M 1( A  = u — Q N f + ) =

n1 n2 nn

=  E  E .. ^  c l  ( x K ) S (l1—1\xk 1 ) S (l2—1)(xk2 ) • • • S(ln—1)(xkn),
l1 =1 l2 = 1 ln = 1

where L  =  l 1, . . . ,  ln), x'K =  (x'K l , . . . ,  x 'Kn) e  R M—n, S is the D irac mass-function. 

A pp ly in g  the Fourier transform w e  obtain

F M Tp F M 1(A = u — Q N f + ) =  

n1 n2 nn

=  E  E  . . . E ' cl ( i K  ) i lk\—1i V  • • • i t 1, (8 )
l1 = 1 l2 = 1 ln = 1

Taking into account that F M Tp F —1 w e  can write

n1

A = u  — Q n U  =  Vp-1 £  ' E - T ,  Cl  ( i K  )ik\—^ 1 • • • i V

n1 n2 nn
' : l2 — 1 Mn -

_____ _____  £kn
\h =1 l2 = 1 ln = 1

or finally

u ( i )  =  A —1( i )  Q n  ( i )  B — Q — i )  A = 1( i ) ( i v ) ( i ) +

I  n1 n2 nn 1 7 1 7 1 \ (9 )
+ a =  ( i ) V p M E E  . . .  £  Cl  ( i K  )ik\—1ik22—1 - i t  .

\l!=1 l2 = 1 ln = 1 )

To obtain a priori estimates let us note that all summands in the formula ( 8) 

should belong to the space H S—s- ( R M ).  W e  take one o f  summands and estimate 

corresponding integral.

I|Cl ( iK  )ik\—1ik22—1 • • • i t 1ll2S—ж <

n n
I2 П ( 1  ) 2(sj —Ж) '/ II ri ri

i c l ( i K ) i 2 П (1 +  i K , ) 2(sj—!£j) П  lik ji2(lj—1)d i ^ dikJ <

RM j  = 1 j  = 1 j  = 1

n n

<  J  icl ( i K  ) i 2 П  (1 +  liK j i2(sj—ж +l j—1)d i K  П  d i k j ,
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and for existence o f  each integral o f  the type

+ TO

f  (1 +  I£K \ +  l£kj\)2(sj—жJ +l j—1)d£kj

— TO

the condition

2(sj — жj +  l j  — 1) <  — 1 (Ю )

is necessary. It is equivalent to the fo llow in g  condition

sJ -  ж J +  l J <  1.

Since w e  have sj -  ж j +  l j  =  —n j  — 5j +  l j  then w e  see that the condition ( 10) is 

satisfied for all

l j  =  1, 2 , . .  . , n j ,

but it is not satisfied for l j  =  n j  +  1. A fte r  integration on all £kj w e  w ill find that 

cl ( £K ) e  H Sl (R m —n), where Sl  =  s  -  ж  +  l 1 -  1/2 ,. . . ,  sn -  Жп +  ln -  1/2),

and l j  =  1, 2, . . . , n j , J =  1, 2 ____, n.

For a priori estimates w e  have

<  const  \\(lv)(£)\\s—!e+N—N +Ж—a =  const  \ \( lv) (£)\\s—a <  cons t  \\v\\+— a

according to Lem m a 1 and the fact that S -  ж +  N  =  5.\5j \ <  1/2, J =  1 , . . . , n .

To estimate other summands in the formula ( 9) w e  use above considerations. 

Really, i f  cL (£'K ) e  H Sl (R m —n) then each summand cL (£'K )£k\—:1£!k22—:1 ■■■£kn—1 in 

the formula ( 9) belongs to the space H S—!£( R M ). Thus, w e  have

\\A=1 (£)  Q n ( £ ) B m  Q — ( £ ) A = 1 ( £ ) W ) ( £ ) lls <  

<  c o n s t \\B m Q -1 ( £ ) A = 1( £ ) m (£)\\s — ж + N <  

<  const  \\Q - 1 ( £ ) A z \ £ ) m ( £ ) \ \ s  — ж + N <

The latter estimate was obtained above. The Theorem  2 is proved. □
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R em a rk  1 This formula includes the operator Vp . Exam ples 2 and 3 g ive  exact 

representation for this operator for certain concrete cones.

Conclusion

These studies led to different boundary value problems for such ellip tic pseudo­

differential equations in cones similar to [ 14, 17, 18]. Particularly, for the case o f  

Theorem  2 a general solution o f  the Eq. ( 3) includes a lot o f  arbitrary functions from  

corresponding Sobolev-S lobodetsk ii spaces. To determine these functions uniquely 

one needs some additional conditions (not necessary boundary conditions). W e  w ill 

try to describe certain statements o f  boundary value problems in forthcom ing papers.
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