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A B S T R A C T

The 3D quasi-static contact problem of a rigid sphere rolling on an elastic half-space covered by a thin
viscoelastic/elastic layer is studied as representative of soft layered contacts in engineering, physics, and
biomedical applications, as well as for its potential merit to model Elasto-Hydrodynamically Lubricated (EHL)
contacts in specific EHL film behavior suggested in earlier research. The viscoelastic layer behavior is modeled
with a standard linear solid (SLS) model with a single relaxation time. Two approaches are used, the foundation
(Winkler) reduced model assuming unidirectional stress–strain behavior normal to the surface only and the
Papkovich–Neuber potential model which, based on the complete Navier–Cauchy equations, accounts for
non-local support and bending effects. The models are validated against literature and compared. Whereas
coated/layered contact problem studies mostly consider relatively thick coatings, and results focus on the
pressure distribution and the contact area size, in this paper we consider layers with a thickness much smaller
than the contact radius, i.e. of the order of a thickness of a conventional EHL film. The details of the layer
deformation, pressure profiles and subsurface stresses are presented and interpreted in terms of the underlying
physics, in particular the thin layer limit common also in thin fluid layers. It is shown that two dimensionless
parameters, the ratio of the elastic modulus between the layer and the substrate and the ratio of the layer
thickness to the corresponding Hertz contact width, dominate the systematic response for elastic layered contact
problems. And four dimensionless parameters with two extras, the Deborah number based on the Hertz contact
width and the ratio of the two elastic limits of the SLS viscoelastic material, are needed and analyzed for
viscoelastic layered contacts. The results presented provide a good framework for the understanding and
interpretation of the effects of viscoelastic layers on the deformation and pressure distribution of contact
problems. Finally, the capability of actually modeling EHL film behavior via a viscoelastic layer suggested by
van Emden et al. (2017) is discussed.
1. Introduction

A large variety of contacts operate with hard/soft coatings (e.g. DLC,
TiAlN, PTFE), thin films (e.g. grease thickener rich layer [1,2], anti-
wear additive induced tribofilm [3]) and/or material inhomogeneities
(e.g. inclusions, anisotropic grains [4]) with the mechanical properties
of the close-to-surfaces material being different from the bulk. This is
in particular of interest in bio-mechanics, such as soft (viscoelastic)
layered contact problems regarding joint cartilage and human skin [5].
In addition, thin layer coatings are ubiquitous in both hard and soft
Elasto-Hydrodynamically Lubricated (EHL). One may argue that the
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film itself can also be seen as a thin layer, see van Emden et al. [6].
In general, lubricated contacts have to operate under increasingly
severe conditions by using low-viscosity lubricants, reduced lubricant
supply and higher temperatures/loads, which all lead to thinner and
possibly intermittent films. In these circumstances small scale effects
such as local high pressure, rheology of lubricants and the particular
composition, crystallography and topology of the material may play
an important role in the lubricant film formation and (surface) failure.
In particular, contacts are operating close to, or even in the mixed
lubrication regime. In this respect the lubrication modeling ability of
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the continuum Reynolds based solution is quite limited in terms of
intermittent contacts and complex fluid rheology. Van Emden et al. [6]
suggested that these lubrication problems may be modeled as layered
dry contact problems, i.e. not from the viewpoint of a (continuous)
thin fluid film but from the viewpoint of a viscoelastic interface layer
forming a local support (Winkler model).

The concept of viscoelastic layer modeling for EHL or even mixed
lubrication may be supported by the following physical rheological fea-
tures of a thin lubricating film. First, both pressure-induced bulk glass
transition [7,8] and confinement-induced nano-rheological solidifica-
tion [9,10] have been recognized in highly-loaded EHL contacts. The
lubricant film behaves as a viscoelastic material with a long relaxation
time or a ‘‘soft’’ deformable elastic solid with a yield stress when it is
far into the glassy state [8,11,12], e.g. with the viscosity in the order of
1012 Pas for inorganic liquids and about 107 Pas for organic liquids [8].
n such cases, a pressure gradient may exist across the thin lubricating
ilm [13], which may break the classical lubrication assumption (i.e. a
onstant pressure across the thin film) and thus limit the application of
he Reynolds equation in modeling such problems. Second, in the case
hat the contact pressure is not high enough to induce glass transition,
he lubricant in an EHL contact, owing to the high viscosity, still hardly
xhibits any pressure driven flow and behaves as a near solid layer
assing through the contact. Therefore, viscoelastic layer modeling may
rovide a new approach to model EHL and/or mixed lubrication by
aking account of the complex mechanical–rheological properties of the
ubricants. Note that viscoelastic layered (dry) contact problems are
elatively easy to solve compared with the classical governing equa-
ions of ‘‘hard’’ EHL including (fluid–structure) interaction between the
eynolds equation and the solid deformation equation [14].

Regarding viscoelastic layer modeling, much work has been done
n the field of contact mechanics, such as problems of a viscoelastic
ayer on a rigid [5,15–21], an elastic [6,22–29] or a viscoelastic [30,31]
alf-space, even though these studies were not intended to model
HL. Here, some work on the modeling of a viscoelastic layered elas-
ic half-space in rolling contacts is introduced. In 1967, Batra and
ing [22], using a Fourier transform method, analyzed the stress–
train state for contact problems of a viscoelastic layer on an elastic
alf-space under a moving load. Kalker et al. [23,24] studied the
ontact of cylinders coated with viscoelastic layers under conditions
f dry rolling friction theoretically and experimentally. Based on this
ork, Goryacheva et al. [25,26] performed an analytical analysis of
cylinder rolling/sliding on an elastic base coated with a viscoelastic

ayer. Recently, this two-dimensional (2D) line contact analysis was
xtended to 3D using the strip method to calculate the contact pressure
istribution and the internal stresses [27]. Zhang and He et al. [28,
9] proposed a semi-analytical model to investigate the response of
viscoelastic layer-elastic substrate system under both dry [28] and

ubricated [29] conditions, including the pressure distribution, dis-
lacements, viscoelastic dissipation and subsurface stresses. Wallace
t al. [32] studied the pressure and subsurface stress response in the
ontact of a rolling body on a viscoelastic multi-layered half-space. So
ar coated/layered contact problem studies mostly considered relatively
hick coatings (usually larger than a quarter of the Hertz contact width
0), and results focused on the pressure distribution and the subsurface
tress. In this paper we consider layers with a thickness much smaller
han the contact radius, i.e. of the order of a thickness of a conventional
HL film.

The published modeling and numerical methods for the study of
he viscoelastic layered contacts can be classified into two main cat-
gories: (1) calculating the deformation of the viscoelastic layer and
he elastic half-space separately [6,27]; (2) solving the displacement
ield of the integrated layered system using a fully coupled deformation
odeling [28,29]. For the first approach, different models of varying

ccuracy and complexity have been developed, among which the sim-
lest calculates the layer deformation using the constitutive equation of
2

he viscoelastic layer applied uni-directionally to the normal direction,
neglecting the tangential stress–strain interaction in the layer (local
support). This approach traces back to Winkler’s model [33], and is
also referred to as foundation approach. The second method is based
on the complete Navier–Cauchy equations, simultaneously considering
layer(s) and substrate with specific interface conditions. In this study,
both approaches were used. A simplified foundation (Winkler) reduced
model as well as a Navier–Cauchy equations based potential model for
full 3D deformation have been developed for thin viscoelastic layered
contact problems. The models were verified with the simulation results
published in the literature for both viscoelastic and elastic layered
rolling contacts, as well as for consistency with a viscoelastic half-
space in contact. It can also reduce to the Green’s function based model
developed by Carbone and Putignano et al. [17] when the substrate is
rigid. The results of both models for (thin) elastic and viscoelastic layers
on an elastic substrate are compared in particular with respect to the
layer deformation and the pressure distribution.

The results presented in literature were mainly about the pressure
distribution, the stress and the displacement fields for contacts with rel-
atively thick layers. However, to address the question if the viscoelastic
layer modeling could indeed be used for modeling EHL, the present
study is carried out in the thin layer regime with layer thicknesses in the
order of 𝑎0 ×𝑂(10−3). Also, in addition to the parameters considered in
ther studies, the deformation behavior of the viscoelastic layer and the
esulting layer profile are analyzed in this work with a parametric study
sing the potential model. Finally, to answer the question if and when a
iscoelastic layer can exhibit EHL film characteristics, we also study the
iezoviscous effect of viscoelastic layer with the simplified foundation
pproach. From the results it is concluded that typical EHL film shapes
ould be obtained by breaking the linear viscoelasticity assumption.

. Viscoelastic modeling and formulation

Fig. 1 schematically shows the contact problem of a rigid sphere
f radius 𝑅0 rolling on a viscoelastic layered elastic half-space. This
roblem is relevant for both soft contacts and ‘‘hard’’ EHL contacts in
hich the viscoelastic layer may be used to represent the lubricant film
r grease thickener layer. The rigid sphere and the layered substrate
ove at constant surface velocities 𝑣1 and 𝑣2, respectively, under a

onstant normal load 𝑊0. The mean velocity of the two moving bodies
s 𝑣𝑚 = (𝑣1 + 𝑣2)∕2. The viscoelastic layer has a constant thickness
0 and it is assumed to be perfectly bonded to the elastic half-space.
he mechanical properties of the elastic half-space are characterized
y the elastic modulus 𝐸𝑠 and the Poisson ratio 𝜈𝑠. The mechanical–
heological properties of the viscoelastic layer and the mathematical
ormulations of the contact problem are introduced in the following
wo sections.

.1. Viscoelastic rheological model

A three-element standard linear solid (SLS) model in the Kelvin
epresentation with a single relaxation time is used to characterize the
iscoelastic behavior of the layer, see Fig. 2. The SLS model consists of
wo units in series: a linear spring of rigidity 𝐸𝑓 , and a Kelvin–Voigt
odel of a spring 𝐸𝑠 in parallel with a Newtonian dashpot of viscosity
𝑠. Even though it may not characterize all aspects of viscoelastic
ehavior of realistic materials quantitatively, it is well suited to explore
he main features of the response of viscoelastic layered systems, as
sed in [23–28]. The model exhibits two extreme asymptotic cases.
irstly, the immediate elastic response in a very short time (e.g. in a
teady rolling contact at high speed) is 𝐸𝑐∞ = 𝐸𝑓 . Secondly, at a very
ong time interval, e.g. in a steady rolling contact at very low speeds,
he elastic response is 𝐸𝑐0 = 1∕(1∕𝐸𝑓 + 1∕𝐸𝑠). The relation between the
wo extreme elastic moduli is 𝐸𝑐∞∕𝐸𝑐0 = 1 + 𝑅𝑒 with 𝑅𝑒 = 𝐸𝑓∕𝐸𝑠.

The constitutive equation relating stress and strain is

𝜎 + 𝛽 𝜕𝜎 = 𝐸𝑐 [𝜖 + 𝜏 𝜕𝜖 ] (1)

𝜕𝑡 0 𝜕𝑡
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Fig. 1. Schematic of a rolling contact formed between a rigid sphere of radius 𝑅0 and a layered elastic half-space at a constant load 𝑊0.
Fig. 2. Standard linear solid (SLS) viscoelastic model in Kelvin representation.

where 𝜏 is the constant (single) relaxation time 𝜏 = 𝜂𝑠∕𝐸𝑠 and 𝛽 =
𝜏∕(1+𝑅𝑒). Analogous to the definition of the compliance (the reciprocal
of the elastic modulus) in the theory of linear elasticity, the creep
compliance function of the SLS model can be derived by solving Eq. (1)
with a constant stress as input:

𝜑𝑐 (𝑡) =
1
𝐸𝑐0

+ ( 1
𝐸𝑐∞

− 1
𝐸𝑐0

)𝑒−
𝑡
𝜏 . (2)

Correspondingly, the relaxation modulus function can be obtained
by solving Eq. (1) with a constant strain as input. However, it can
be obtained more easily by the Fourier transform of Eq. (2), because
in the frequency domain the relation between the creep compliance
function and the relaxation function of viscoelastic materials is �̂�𝑟(𝜔) =
[𝑖𝜔�̂�𝑐 (𝜔)]−1 (see Appendix B). As a result, the relaxation modulus reads

̂ 𝑟(𝜔) = 1∕

[

1
𝐸𝑐0

+

(

1
𝐸𝑐∞

− 1
𝐸𝑐0

)

𝑖𝜔
1 + 𝑖𝜔𝜏

]

, (3)

where 𝜔 is the frequency, 𝑖 the imaginary unit, and the hat ˆ referring
to the Fourier transform with respect to time 𝑡.

2.2. Mathematical formulation

In the same way as a classical Hertzian (elastic dry) contact prob-
lem [14], the viscoelastic layered rolling contact problem in Fig. 1 can
be mathematically modeled by a gap height equation, a load balance
equation and a complementary condition at the contact interface (𝑧1 =
0).

The gap height equation is:

ℎ(𝑥, 𝑦, 𝑡) = ℎ0(𝑡) +
(𝑥 − 𝑣𝑚𝑡)2

2𝑅0
+

𝑦2

2𝑅0
+ 𝑢(𝑥, 𝑦, 𝑡) (4)

where ℎ0(𝑡) is an indentation constant determined by the contact dy-
namics equation [34] and 𝑣𝑚 the entrainment velocity.

Neglecting acceleration the dynamics equation reduces to the usual
condition of load balance equation:

𝑊0(𝑡) = 𝑝(𝑥, 𝑦, 𝑡)d𝑥d𝑦. (5)
3

∬

The complementary condition which needs to be satisfied is:

ℎ(𝑥, 𝑦, 𝑡) = 0, 𝑝(𝑥, 𝑦, 𝑡) > 0, inside contact area,
ℎ(𝑥, 𝑦, 𝑡) > 0, 𝑝(𝑥, 𝑦, 𝑡) = 0, out of contact area.

(6)

The gap height equation, Eq. (4), consists of the undeformed gap
shape approximating the surfaces of the contacting elements as
paraboloids and their normal deformation. The load balance equation,
Eq. (5), states that, neglecting the contact dynamics, the integral of the
pressure should equal the externally applied load at any time. Finally,
the actual problem to be solved is stated in Eq. (6) by the Hertz–
Signorini–Moreau complementary condition, i.e. 𝑝ℎ = 0. This means
that when the gap is closed the pressure is positive, and when the gap
is open, neglecting adhesion, the pressure is zero (ambient).

The gap height ℎ, the pressure 𝑝, and the normal deformation 𝑢 in
Eqs. (4)∼(6) are functions of time 𝑡, which also allows solutions of the
dynamic response of the contact problem. However, the studied pure
rolling contact, relative to the contact location, is steady-state (quasi-
static). The time-dependent governing equations, Eqs. (4)∼(6), in the
inertial coordinate system can be transformed to a reference frame
fixed to the contact location. In this reference system, the governing
equations for the layered contact problem are the same as those for a
common elastic dry (Hertzian) contact problem [14] with the variable
𝑥 replaced by the transformed speed-dependent variable 𝑥 + 𝑣𝑚𝑡 to
account for the motion of the moving bodies relative to the inertial
coordinate system.

Compared to the Hertzian contact of two elastic bodies, the most
challenging aspect of solving the viscoelastic layered contact problem
is the evaluation of the deformation of the layered half-space, which
includes two portions in the deformation term 𝑢(𝑥, 𝑦, 𝑡) of Eq. (4): the
deformation of the viscoelastic layer and the elastic half-space. In the
literature, two approaches have been used to evaluate the deforma-
tion of a viscoelastic layered half-space. The first is the foundation
(Winkler) reduced model and the second the Navier–Cauchy equations
based potential model. Since the modifications are mainly related to
the deformation calculation by one of these methods, the following
description focuses only on this aspect.

3. Foundation (Winkler) reduced model

For the foundation (Winkler) reduced model, the deformations of
the layer and the substrate are calculated separately. The contact
stresses/pressures at the interfaces of the layer-substrate and of the ball-
layer are assumed to be the same (thin layer approximation, which is
the equivalent of the lubrication assumption in fluid mechanics). The
viscoelastic layer is represented by a discrete set of columns of the SLS
representations with a uniform initial thickness 𝑙0. Upon loading see
Fig. 3, the displacement of each SLS column is assumed to be limited
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Fig. 3. Schematic representation of the foundation reduced approach to model the deformation of the viscoelastic layer for the layered contact problem shown in Fig. 1.
w
t
z
f

m
o
u
l
w
i
g
s
t
w
w

o
F
w
c
n

to the vertical direction (oedometric layer assumption), satisfying the
constitutive equation of the SLS model, Eq. (1). This means that at a lo-
cal spot/element the deformation at neighboring locations is neglected
(local support). The deformation of the elastic substrate is calculated
using the Boussinesq integral equation Eq. (9) based on the isotropic
half-space assumption. The total deformation 𝑢(𝑥, 𝑦, 𝑡) is obtained by
adding the deformation of the viscoelastic layer 𝑢𝑐 and of the elastic
half-space 𝑢𝑠.

3.1. Deformation equation

The viscoelastic layer deformation 𝑢𝑐 is obtained by replacing the
unidirectional strain 𝜖 and 𝜎 in the SLS constitutive equation Eq. (1)
by 𝑢𝑐∕𝑙0 and 𝑝, giving:

𝑝(𝑥, 𝑦, 𝑡) + 𝛽
𝜕𝑝(𝑥, 𝑦, 𝑡)

𝜕𝑡
=
𝐸𝑐0
𝑙0

[𝑢𝑐 (𝑥, 𝑦, 𝑡) + 𝜏
𝜕𝑢𝑐 (𝑥, 𝑦, 𝑡)

𝜕𝑡
]. (7)

Eq. (7) evolves in time by showing the deformation process of the
layer and finally reaches steady-state. It was also used by van Emden
et al. but for Kelvin–Voigt model, see [6]. For a pure rolling contact in
steady-state, Eq. (7) can be represented in the time-independent form
by replacing 𝑥 with 𝑥 + 𝑣𝑚𝑡 as reported in [35]. Afterwards, with the
same notation, it is simplified to

𝑝(𝑥, 𝑦) + 𝑣𝑚𝛽
𝜕𝑝(𝑥, 𝑦)
𝜕𝑥

=
𝐸𝑐0
𝑙0

[𝑢𝑐 (𝑥, 𝑦) + 𝑣𝑚𝜏
𝜕𝑢𝑐 (𝑥, 𝑦)
𝜕𝑥

] (8)

where 𝑥 (and 𝑦) now refer to the coordinate relative to the contact
location. Eq. (8) directly describes the steady-state solution in space
and it will be used in the current study. Eq. (7) gives the same steady
solution as Eq. (8) in the limit of infinite long time.

Based on the thin layer assumption, 𝑝
|

|

|

|𝑧1=0
= 𝑝

|

|

|

|𝑧1=𝑙0
. Hence, the

deformation of the elastic substrate is

𝑢𝑠(𝑥, 𝑦) =
1 − (𝜈𝑠)2

𝜋𝐸𝑠 ∬
𝑝(𝑥′, 𝑦′)

√

(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2
d𝑥′d𝑦′ (9)

The total deformation 𝑢(𝑥, 𝑦) is the sum of the two contributions

𝑢(𝑥, 𝑦) = 𝑢𝑠(𝑥, 𝑦) + 𝑢𝑐 (𝑥, 𝑦) (10)

With the foundation model, the layer thickness after deformation can
be obtained by

𝑐

4

𝑙(𝑥, 𝑦) = 𝑙0 − 𝑢 (𝑥, 𝑦) (11) s
3.2. Numerical methods

The governing equations Eqs. (4)∼(6) with Eqs. (8)∼(10) must be
solved to achieve numerical solutions. Compared to the solution of the
classical Hertzian dry contact problem, mainly an additional procedure
is needed to calculate the deformation of the viscoelastic layer. The
multigrid/multilevel elastic numerical solver published in [14] is taken
as a starting point. The equations can be non-dimensionalized with the
dimensionless variables:
𝑋 = 𝑥∕𝑎0, 𝑌 = 𝑦∕𝑎0, 𝑃 = 𝑝∕𝑝H, 𝑈 = 𝑢∕𝛿,

𝑙0 = 𝑙0∕𝛿, 𝛿 = 𝑎20∕𝑅0

𝑎0 =
3

√

3𝑊0𝑅0(1 − (𝜈𝑠)2)
4𝐸𝑠

, 𝑝H =
3𝑊0

2𝜋𝑎20
, �̄�0 = 𝐸0∕𝑝H

(12)

where 𝑎0 and 𝑝H are the Hertzian contact parameters of the elastic
half-space with modulus 𝐸𝑠. The dimensionless form of Eq. (8) is:

𝑃 (𝑋, 𝑌 ) + 𝐷𝑒
1 + 𝑅𝑒

𝜕𝑃 (𝑋, 𝑌 )
𝜕𝑋

=
�̄�𝑐0
𝑙0

[𝑈 𝑐 (𝑋, 𝑌 ) +𝐷𝑒
𝜕𝑈 𝑐 (𝑋, 𝑌 )

𝜕𝑋
] (13)

here 𝐷𝑒 = 𝑣𝑚𝜏∕𝑎0 is the Deborah number relating the relaxation time
o the passage time of surface point through half of the Hertzian contact
one. The dimensionless form of the other governing equations can be
ound in [14,36].

Accounting for the additional complexity of the viscoelastic defor-
ation equation, a second order finite difference method was used

n a uniform grid for the spatial discretization of the equations. As
sed for the elastic dry contact problem in [14] a distributive re-
axation process was developed to solve Eqs. (4)∼(6). Coarser grids
ere used in a multigrid cycle to accelerate the convergence to a grid

ndependent rate [14]. The force balance equation was treated as a
lobal constraint that was relaxed by adjusting the value of the mutual
eparation ℎ0 in this cycle. For the fast evaluation of the spatial integral
ransforms in Eq. (9), the multi-level multi-integration (MLMI) method
as used [14]. With the full Multigrid (MG) algorithm the equations
ere solved to an error smaller than the discretization error.

A special consideration for the MG solution was that the calculation
f the layer deformation was only performed on the finest grid level.
or the foundation model, neighboring points are not linked at all,
hich leads to an instability (nonphysical behavior) of high frequency

omponents in an MG cycle. This can be solved by requiring a smooth-
ess on the scale of the coarse grid. The mean pressure values of four
urrounding grid points were used to calculate the local deformation
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of the layer. 𝑢𝑐 was then obtained in the intermediate grid points by
solving Eq. (8) numerically with the mean pressure values. In the MG
calculation, five grid levels with 513 ∗ 513 equidistant grid points on the
finest level were used. The computational domain was set to (−8𝑎0, 4𝑎0)
in the 𝑥 direction to consider the delayed viscoelastic layer deformation
at the outlet, while in the 𝑦 direction the range of (−4𝑎0, 4𝑎0) was large
enough.

4. Potential model

The potential model does not rely on the assumptions of the foun-
dation (Winkler) reduced model, i.e. the thin layer assumption and
the oedometric layer assumption. A local (element) deformation in the
layer is influenced by the entire pressure distribution rather than only
having a local support. This leads to a general and precise solution
to the studied contact problem. Numerically, the potential model can
also be achieved based on a solver for elastic layered problems [37–
40]. In the following, the elastic solver is introduced first, followed
by an illustration of the application of the correspondence principle to
the elastic solution to achieve the viscoelastic formulation that can be
solved efficiently.

4.1. 3D elastic half-space and elastic layered solution

To obtain a 3D solution of the stress and displacement fields of an
elastic contact problem, the Navier–Cauchy equation of elasticity [41]
should be solved with the governing equations and the complementary
boundary conditions. Without considering the acceleration and the
body forces in equilibrium equation, the Navier–Cauchy equation reads

(𝜆 + 𝜇)∇(∇ ⋅ 𝐮) + 𝜇∇2𝐮 = 0 (14)

where 𝜇 = 𝐸
2(1+𝜈) and 𝜆 = 𝐸𝜈

(1+𝜈)(1−2𝜈) are the Lame’s constants with 𝐸 and
𝜈 the elastic modulus and the Poisson ratio of the material. Variations
of 𝜆 and 𝜇 in the half-space domain, heterogeneous material, could be
modeled [4].

To reduce the complexity of the computation when solving Eq. (14)
in a 3D domain, potential functions are often used to represent the
displacement. Define the displacement function 𝐮 in Eq. (14) as [41],

2𝜇𝐮 = −4(1 − 𝜈)𝝍 + ∇(𝐫 ⋅ 𝝍 + 𝜙) (15)

where 𝜙 and 𝜓𝑖 (𝑖 = 1, 2, 3) are the Papkovich–Neuber elastic potentials
with 𝝍 = (𝜓1, 𝜓2, 𝜓3) and 𝐫 = 𝑟(𝑥, 𝑦, 𝑧). Substituting Eq. (15) in the
strain–displacement relations

𝜖𝑖𝑗 =
1
2
(
𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

), (16)

ollowed by substituting the result in the generalized Hooke’s law:

𝑖𝑗 = 𝜆𝛿𝑖𝑗𝜖𝑘𝑘 + 2𝜇𝜖𝑖𝑗 , (17)

he displacements and stresses for both the elastic layer and the elastic
ubstrate are obtained as:

𝑖 =
1
2𝜇

[

𝜙,𝑖 + 𝑥𝜓1,𝑖 + 𝑧𝜓3,𝑖 − (3 − 4𝜈)𝜓𝑖
]

,

𝜎𝑖𝑗 = 𝜙,𝑖𝑗 − 2𝜈(𝜓1,1 + 𝜓3,3)𝛿𝑖𝑗 − (1 − 2𝜈)(𝜓𝑖,𝑗 + 𝜓𝑗,𝑖) + 𝑥𝜓1,𝑖𝑗 + 𝑧𝜓3,𝑖𝑗 .
(18)

where the indices 𝑖 and 𝑗 have values 1, 2, and 3 which correspond to
𝑥, 𝑦, and 𝑧, respectively. 𝛿𝑖𝑗 is the Kronecker delta. The comma ‘‘,’’ in
Eq. (18) indicates differentiation with respect to the coordinate with
the index following. Note that the above equations, Eqs. (14)∼(18),
hold for both the elastic layer and the elastic substrate. The stresses and
displacements, 𝜎𝑖𝑗 and 𝑢𝑖 in the layer are taken as functions of (𝑥, 𝑦, 𝑧1),
while in the half-space they are functions of (𝑥, 𝑦, 𝑧2).

With the superscript 𝑘 = 𝑐 and 𝑘 = 𝑠 indicating the coating and the
substrate, respectively, for the present layered contact problem given
in Fig. 1, the boundary conditions can be divided into two categories
5

regardless of elastic or viscoelastic layer: a
∙ On the top surface of the layer 𝑧1 = 0, the pressure and shear
stresses for frictionless rolling/sliding contacts are prescribed as
following:

𝜎𝑐33(𝑥, 𝑦, 0) = −𝑝(𝑥, 𝑦)

𝜎𝑐31(𝑥, 𝑦, 0) = 0

𝜎𝑐32(𝑥, 𝑦, 0) = 0

(19)

∙ Assuming perfect bounding, at the interface between the layer
and the substrate 𝑧1 = 𝑙0, continuity of the tangential stresses and
displacements is required:

𝑢𝑠1(𝑥, 𝑦, 0) = 𝑢𝑐1(𝑥, 𝑦, 𝑙0)

𝑢𝑠2(𝑥, 𝑦, 0) = 𝑢𝑐2(𝑥, 𝑦, 𝑙0)

𝑢𝑠3(𝑥, 𝑦, 0) = 𝑢𝑐3(𝑥, 𝑦, 𝑙0)

𝜎𝑠31(𝑥, 𝑦, 0) = 𝜎𝑐31(𝑥, 𝑦, 𝑙0)

𝜎𝑠32(𝑥, 𝑦, 0) = 𝜎𝑐32(𝑥, 𝑦, 𝑙0)

𝜎𝑠33(𝑥, 𝑦, 0) = 𝜎𝑐33(𝑥, 𝑦, 𝑙0)

(20)

This completes the governing equations and boundary conditions
for the 3D elastic layered contact problem. Various numerical meth-
ods exist to solve these 3D equations, e.g. MG methods [4], Fast
Fourier Transform (FFT) methods [38,39] and Finite Element Methods
(FEM) [42], each with their own merit. In this work, the FFT method
has been used, because in the Fourier transform domain the viscoelastic
equations are equivalent to the elastic equations for contact problems
according to the elastic–viscoelastic correspondence principle [28,43].
The deformation and stress equations in the frequency domain are as
follows.

Fourier transform of the Papkovich–Neuber potentials 𝜙 and 𝜓𝑖
(𝑖 = 1, 2, 3) with respect to 𝑥 and 𝑦 gives:
̃̃𝜙𝑘 = 𝐴𝑘𝑒−𝛼𝑧𝑘 + �̄�𝑘𝑒𝛼𝑧𝑘

̃̃𝜓𝑘1 = 𝐵𝑘𝑒−𝛼𝑧𝑘 + �̄�𝑘𝑒𝛼𝑧𝑘

̃̃𝜓𝑘3 = 𝐶𝑘𝑒−𝛼𝑧𝑘 + �̄�𝑘𝑒𝛼𝑧𝑘
(21)

where the symbol ≈ indicates double Fourier transform in 𝑥 and 𝑦,
and 𝛼 =

√

𝑚2 + 𝑛2 with 𝑚 and 𝑛 being the Fourier transform variables
corresponding to 𝑥 and 𝑦, respectively. Note that 𝜓2 vanishes when
body forces are ignored [44]. Based on the linear elasticity assumption,
the deformation and stress components in Eq. (18) can be represented
in the Fourier domain as

̃̃𝑘
𝑖 =

1
2𝜇𝑘

[

̃̃𝜓𝑘
,𝑖 + 𝐹𝑇𝑥𝑦(𝑥𝜓

𝑘
1,𝑖) + 𝑧 ̃̃𝜓

𝑘
3,𝑖 −

(

3 − 4𝜈𝑘
) ̃̃𝜓𝑘

𝑖

]

̃̃𝜎𝑘𝑖𝑗 =
̃̃𝜙𝑘,𝑖𝑗 − 2𝜈𝑘( ̃̃𝜓𝑘

1,1 + ̃̃𝜓𝑘
3,3)𝛿𝑖𝑗 − (1 − 2𝜈𝑘)( ̃̃𝜓𝑘

𝑖,𝑗 + 𝜓
𝑘
𝑗,𝑖) + 𝐹𝑇𝑥𝑦(𝑥𝜓

𝑘
1,𝑖𝑗 ) + 𝑧 ̃̃𝜓

𝑘
3,𝑖𝑗

(22)

here 𝐹𝑇𝑥𝑦 indicates the double Fourier transform with respect to 𝑥
nd 𝑦. The detailed expression of Eq. (22) of all displacement and stress
omponents are given in Appendix C. Eq. (21) shows that 12 unknown
oefficients 𝐴𝑘, 𝐵𝑘, 𝐶𝑘, �̄�𝑘, �̄�𝑘 and �̄�𝑘 with 𝑘 = 𝑐 or 𝑘 = 𝑠 need to
e determined in order to solve the problem. The condition that the
isplacements and stresses should vanish at infinity in 𝑧 direction of
he substrate leads to �̄�𝑠 = �̄�𝑠 = �̄�𝑠 = 0. The remaining nine unknown
oefficients can be solved from the nine boundary conditions, as given
n Eqs. (19) and (20). The detailed expressions are given in Appendix C.

.2. Correspondence principle and viscoelastic layered solution

Green’s functions are the solution of the potential response of the
tudied system when subjected to a unit force. It is also referred as
nfluence coefficient and has been widely used to calculate the defor-
ation of an elastic half-space. According to the elastic–viscoelastic

orrespondence principle, the Green’s function for a viscoelastic half-
pace can be obtained from the corresponding elastic one. The analysis

nd the derivation process are given in Appendix D for point contact



Tribology International 186 (2023) 108545Y. Zhao et al.

r

Fig. 4. Flow chart of the Navier–Cauchy equations based potential model for viscoelastic layered contact problem. The DC-FFT algorithm is used for the surface deformation and
material stress calculations.
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problems. The main points for homogeneous half-space are summarized
as:

(1) In the spatial domain: the time-dependent viscoelastic Green’s
function can be derived from the elastic Green’s function by
replacing the compliance, 1∕𝐸, with the compliance function of
the viscoelastic model, 𝜑𝑐 (𝑡).

(2) In the Fourier domain: the steady-state viscoelastic Green’s func-
tion can be directly obtained from the transformed elastic Green’s
function by replacing the elastic modulus 𝐸 with the relaxation
function 𝜓𝑟(𝑤).

For describing the deformation of elastic layered contact problems,
the Green’s function is not available in the spatial domain, but it does
exist in the frequency domain. Liu et al. [45] and Wang et al. [38,
39] proposed that the stress and displacement components given by
Eq. (22) can be regarded as the transform of the Green’s functions
referred as the Frequency Response Functions (FRFs) obtained from a
Dirac delta function as the pressure excitation in Eq. (19). Hence, the
transformed viscoelastic Green’s functions or FRFs in steady-state can
be obtained by replacing the elastic modulus 1

2𝜇𝑘 in Eq. (22) with the
elaxation function of the viscoelastic model �̂�𝑘𝑟 (𝑤).

For the present layered contact under frictionless rolling conditions,
the FRF of normal displacement of the viscoelastic layer can be derived
from Eq. (C.3)

̃̃𝑢𝑐3(𝑚, 𝑛, 𝜔) = �̂�𝑐𝑟 (𝜔)
{

−𝛼(𝐴𝑐𝑒−𝛼𝑧
𝑐
− �̄�𝑐𝑒𝛼𝑧

𝑐
)

−(3 − 4𝜈𝑐 )(𝐶𝑐𝑒−𝛼𝑧
𝑐
+ �̄�𝑐𝑒𝛼𝑧

𝑐
) − 𝛼𝑧𝑐 (𝐶𝑐𝑒−𝛼𝑧

𝑐
− �̄�𝑐𝑒𝛼𝑧

𝑐
)
}

(23)

The obtained transformed elastic/viscoelastic Green’s functions
(FRFs) are used to calculate the continuous Fourier transform Influence
6

b

Coefficients (ICs), ̃̃𝐶𝑠𝑢𝑝𝑠𝑢𝑏 with the subscript representing the excita-
tion, and the superscript indicating the response. For example, the
influence coefficient linking the pressure excitation 𝑝 and the normal
displacement 𝑢𝑐3 of the viscoelastic layer is

̃̃𝐶
𝑢𝑐3
𝑝 (𝑚, 𝑛, 𝜔) = ̃̃𝑢𝑐3(𝑚, 𝑛, 𝜔)

̃̃𝑌 (𝑚, 𝑛) (24)

here ̃̃𝑢𝑐3 is the viscoelastic FRF given by Eq. (23) and ̃̃𝑌 is the
ourier transformed shape function [38]. A discrete convolution and
ast Fourier transform (DC-FFT) algorithm can be used to translate
he continuous ̃̃𝐶 to the discrete forms ̂̂𝐶 to account for arbitrary
ressure shape at the top boundary in Eq. (19). For the procedure of
his translation from ̃̃𝐶 to ̂̂𝐶 and the shape function, see [38,39].

By applying the Inverse Fast Fourier Transform (IFFT) and linking
he time-related frequency variable 𝜔 to rolling velocity 𝑣𝑚 and the
pace-related frequency variable 𝑚 by the relation 𝜔 = 𝑚𝑣𝑚, the
teady-state response of the normal displacement is obtained

𝑐
3(𝑥, 𝑦) = 𝐼𝐹𝐹𝑇

[

̂̂𝐶
𝑢𝑐3
𝑝 (𝑚, 𝑛, 𝑚𝑣𝑚) ⋅ ̂̂𝑝(𝑚, 𝑛)

]

(25)

or details of the derivation of Eq. (25), interested readers are referred
o [28]. By substituting 𝑢𝑐3(𝑥, 𝑦) in the gap height equation Eq. (4),
he problem can be fully solved by coupling the stresses and displace-
ents with the governing equations. Correspondingly, in a steady-state

egime, the layer thickness after deformation is

(𝑥, 𝑦) = 𝑙0 + 𝑢𝑠3(𝑥, 𝑦) − 𝑢
𝑐
3(𝑥, 𝑦) (26)

In the literature, the 3D contact problem of an elastic layer perfectly
onded to an elastic substrate has first been solved by O’Sullivan and
ing [46] with the FFT method in 1988. Based on this work, Wang
t al. [38,39] extended the solution to imperfectly bonded interfaces

etween the elastic layer and the substrate, e.g. dislocation-like and



Tribology International 186 (2023) 108545Y. Zhao et al.

𝜓

a
v

(

Fig. 5. Comparison of pressure and deformed layer thickness profile between the potential model and the foundation model for thin elastic layer coated elastic substrate at
different coating stiffness by varying 𝐸𝑐∕𝐸𝑠. (a) Dimensionless pressure, and layer thickness profiles along the central line for a thin (b) soft or (c) hard elastic layer at thickness
𝑙0∕𝑎0. The pressure remains the same for the two models, then only the results obtained with the potential model are presented in (a).
force-like interface discontinuities. More recently, Zhang et al. [28]
extended the elastic layered model to a viscoelastic model.

In the present study, the models proposed in [37–39] are taken as
reference to investigate the thin viscoelastic layer behavior in rolling
contacts. A schematic overview of the different steps in the solution
of the problem is given in Fig. 4. The main difference lies in the layer
deformation calculation, in which the modulus of the elastic layer needs
to be replaced by the relaxation function of the viscoelastic model.
Taking the Hertzian contact radius 𝑎0 and the maximum pressure 𝑝H
given in Eq. (12) as the dimensionless parameters, the dimensionless
form of the steady-state relaxation function in the frequency domain
can be obtained from Eq. (3) by setting 𝜔 = 𝑚𝑣𝑚, resulting in:

̄̂
𝑟(�̄�𝑣𝑚) = 1∕

[

1
�̄�𝑐∞

+

(

1
�̄�𝑐0

− 1
�̄�𝑐∞

)

1
1 + 𝑖�̄�𝐷𝑒

]

(27)

where the symbol – represents the dimensionless form, 𝐷𝑒 = 𝑣𝑚𝜏∕𝑎0
nd �̄� is the dimensionless frequency variable corresponding to the
ariable 𝑋(= 𝑥∕𝑎0) in the spatial domain.

The pressure distribution is solved with a computational domain of
−8𝑎0, 4𝑎0) and (−4𝑎0, 4𝑎0) with 513*513 grid points in the 𝑥 and 𝑦

direction, respectively. A relative convergence criteria is used regarding
the calculated pressures,

𝐸𝑅𝑅 =
∑∑

|𝑃 𝑛𝑒𝑤 − 𝑃 𝑜𝑙𝑑 | ∕
∑∑

|𝑃 𝑛𝑒𝑤| ≤ 10−6 (28)
7

𝑃 |

|

𝑖,𝑗 𝑖,𝑗 |

|

|

|

𝑖,𝑗 |

|

In the subsequent stress calculations, there are 80 equidistant grid
points in the layer in 𝑧 direction.

5. Results and discussion

In literature, the output of viscoelastic layered contact problems
mainly consist of the pressure distribution, the stress field and the
total deformation. As a contrast, the layer thickness after deformation
rarely gains attention. To investigate the possibility of using a thin
viscoelastic layer to represent EHL film behavior, the layer thickness
after deformation is a key parameter. To ensure that the thickness of
the layer is comparable to an EHL film, the un-deformed layer thickness
relative to the contact radius is taken as 𝑙0∕𝑎0 = 10−3 in the following
analysis. The Poisson ratio is taken as 0.3 for both the layer and the
substrate, i.e. 𝜈𝑐 = 𝜈𝑠 = 0.3. The Hertzian parameters calculated with
the mechanical properties of the substrate, 𝑎0 and 𝑝H in Eq. (12),
are used for the non-dimensionalization of the layer thicknesses and
stresses, respectively.

In Appendix A, the potential solution has been verified thoroughly
by comparing the simulation results with the ones in literature for
various contact problems, such as elastic and viscoelastic layered elastic
substrate contact, viscoelastic half-space contact. It serves as a reference
to investigate the effectiveness of the foundation approach as well
as the two assumptions used. In Section 5.1, the simulation results
with the foundation approach are compared with the verified potential
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Fig. 6. Dimensionless stress components (a) 𝜎𝑧𝑥, (b) 𝜎𝑥𝑥 at the layer/substrate interface for different values of 𝐸𝑠∕𝐸𝑐 in elastic layered contacts.
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olution firstly. Subsequently, a parametric study is carried out with the
otential solution in Section 5.2 to have a comprehensive understand-
ng of the viscoelastic layered contact problem. Finally, the possibility
f modeling the EHL film behavior through the concept of viscoelastic
ayer is explored in Section 5.3.

.1. Foundation model vs potential model

In this section, the comparison of the two solutions is performed
irst for elastic layered contact problems in Section 5.1.1 and then for
iscoelastic layered ones in Section 5.1.2.

.1.1. Elastic layered elastic half-space
With the developed potential solution, an elastic layered solution

an be obtained simply by setting 𝐸𝑐∞ = 𝐸𝑐0 in the SLS model so that
he resulting elastic modulus of the layer is 𝐸𝑐 = 𝐸𝑐0 . The response of
n elastic layered contact problem is dominated by two dimensionless
arameters, the relative layer thickness 𝑙0∕𝑎0 and the relative layer

stiffness 𝐸𝑐∕𝐸𝑠 (the ratio of the elastic modulus of the layer relative
o the substrate). In this section, the effect of the relative layer stiffness
𝑐∕𝐸𝑠 is studied at a constant layer thickness of 𝑙0∕𝑎0 = 0.001. The

input values for 𝐸𝑐∕𝐸𝑠 are the same as used in [46] or in Appendix A.1.
They are achieved by fixing the elastic modulus 𝐸𝑠 of the substrate
and varying 𝐸𝑐 . Note that for elastic layered contact problems, the
dynamic rolling cases and the static case share the same deformation
and pressure distribution.

Fig. 5 shows the pressure profile and the deformed layer thickness
at different elasticity ratios 𝐸𝑐∕𝐸𝑠. When 𝐸𝑐∕𝐸𝑠 = 1, the layered elas-
tic contact problem returns to an elastic half-space (Hertzian contact
problem), which serves as a reference for other cases of 𝐸𝑐∕𝐸𝑠 < 1
(soft compliant layer) and 𝐸𝑐∕𝐸𝑠 > 1 (hard stiff layer). For such a
thin layer, it can be seen in Fig. 5(a) that the pressure distribution
remains the same for all cases, that is, being the same as the elastic
half-space solution (Hertzian pressure) regardless of the elastic modulus
ratios. A similar phenomenon has also been reported by Chen [47] and
O’sullivan [46]. The layer thickness given in Fig. 5(b) shows that the
more compliant layer with a smaller elasticity ratio 𝐸𝑐∕𝐸𝑠 has a larger
deformation. For the stiffest layer of 𝐸𝑐∕𝐸𝑠 = 4 in Fig. 5(c) used in
this study, the deformed layer thickness is even larger than its initial
value. In this case, the stiffer layer behaves as a beam attached to the
elastic half-space resulting in bending stresses in the layer [46,47],
which causes the increase in its thickness. Fig. 5(b) and (c) shows
that the foundation model predicts larger layer deformation than the
8

i

potential model for both soft and hard layer cases. In addition, the
foundation model cannot predict the bending effect for the hard layer
case 𝐸𝑐∕𝐸𝑠 = 4 as a result of the oedometric layer assumption. Note
that in all cases the deformation of the substrate is many times larger
than the thickness of the layer.

The interfacial stresses, 𝜎𝑧𝑥 and 𝜎𝑥𝑥, at 𝑧1 = 𝑙0, are plotted in Fig. 6
for different layer stiffness calculated with the potential solution. The
profiles of 𝜎𝑧𝑥 in Fig. 6(a) show that a compression zone occurs in front
of the rolling contact and a traction zone behind. The interfacial shear
stress becomes larger when the elastic modulus of the layer increases
relative to the substrate. Compared to the relative thick layer of 𝑙0 = 𝑎0
in the inset in Fig. 6(a), the thin layer causes the shear stresses 𝜎𝑧𝑥 to
concentrate at the edges of the contact zone with a local maximum. For
this thin layer case of 𝑙0 = 0.001𝑎0, the curves of 𝜎𝑥𝑥 in Fig. 6(b) show
that the stiffer layer further increases both the maximum tensile and
compressive stresses at the interface. The rate of increase is becoming
larger with increasing elasticity ratios.

To have an overall representation of the stresses, the corresponding
dimensionless von Mises stresses (the second invariant of the stress
deviator tensor) are calculated according to Eq. (29)

𝜎VM =
√

1
2

[

(𝜎𝑥𝑥 − 𝜎𝑦𝑦)2 + (𝜎𝑦𝑦 − 𝜎𝑧𝑧)2 + (𝜎𝑧𝑧 − 𝜎𝑥𝑥)2 + 6(𝜎2𝑥𝑦 + 𝜎2𝑥𝑧 + 𝜎2𝑦𝑧)
]

(29)

The result obtained with the potential solution is presented in a
ross sectional view of the central plane 𝑦 = 0. The elastic case
f 𝐸𝑐∕𝐸𝑠 = 1 in Fig. 7 is exactly a regular homogeneous contact
ith the maximum stress of 0.62𝑝H at a depth measured downwards
pproximately 0.47𝑎0 below the surface as reported in [4]. The von
ises stress fields in the elastic substrate remain almost the same for

ll cases as shown in Fig. 8. However, significant discontinuities occur
t the interface between the layer and the substrate for all cases. The
xtent of discontinuity increases when the layer becomes either harder
r softer. For the soft compliant layer in Fig. 8(a) and (b), the von Mises
tress concentrates in the Hertzian zone, spanning roughly from −1 to 1
n the 𝑥 direction and increases mainly in the center of the contact. As
contrast, the hard stiffer layer in Fig. 8(d) and (e) has a wider stress
istribution area, and the von Mises stress in the film first concentrates
n the edge of the contact area and then increases inside the contact
one with increasing elastic modulus.

As a short summary, the ratio 𝐸𝑐∕𝐸𝑠 has a strong effect on the
ayer deformation and the stress discontinuities at the layer/substrate
nterface. However, it has negligible influence on the pressure response
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Fig. 7. Dimensionless von Mises stress field on plane 𝑦 = 0 for a homogeneous elastic half-space 𝐸𝑠∕𝐸𝑐 = 1.
of the elastic layer-elastic substrate system when the layer thickness
is much smaller than the contact radius 𝑙0 ≪ 𝑎0. In such cases, the
substrate dominates the pressure distribution.

5.1.2. Viscoelastic layered elastic half-space
In this section, the pressure distribution and the deformed layer

thickness predicted by the two approaches are compared for a vis-
coelastic layered rolling contact (elastic substrate) at different speeds.
The common input parameters are: a sphere radius 𝑅0 = 9.525 mm, an
applied load 𝑊0 = 10 N, substrate elastic modulus 𝐸𝑠 = 1 GPa, Poisson
ratio 𝜈𝑐 = 𝜈𝑠 = 0.3, and for the viscoelastic layer a modulus 𝐸𝑐0 = 0.1 GPa
with a ratio 𝐸𝑐∞∕𝐸𝑐0 = 10. In this case, the layer thickness is as thin as
𝑙0 = 1 × 10−3𝑎0, which is in the range of an EHL film.

Fig. 9 compares the dimensionless pressure distribution (a) and the
layer thickness (b) calculated from the two approaches at different
values of 𝐷𝑒, 0.01 ≤ 𝐷𝑒 ≤ 10, corresponding to rolling speeds from 4 ×
10−4 to 0.4 m/s when the relaxation time of the layer is 𝜏 = 0.01 s. The
pressure distribution is identical to the Hertzian profile associated with
the substrate elastic modulus for all cases. The effect of the viscoelastic
layer on the pressure distribution is negligible. This phenomenon is
similar to the elastic layered contact problems as studied in the last
section.

For the layer thickness profiles in Fig. 9(b), the results from the
foundation model show similar trends of variation compared to the
results from the potential model, even though quantitatively the re-
sulting layer thickness is smaller for the former. This is caused by the
oedometric layer assumption used in the foundation approach, which
neglects the compatibility relation of deformation with the surrounding
non-local points. This leads to a larger deformation in the normal
direction and hence a smaller layer thickness. The results imply that the
relatively simple foundation model can predict the layer deformation
behavior qualitatively quite well even though it is not as accurate as
the potential model.

5.2. Parameter study with potential solution

Compared to the elastic layered contact problem in the previous
Section 5.1.1, the viscoelastic layer-elastic substrate system introduces
two additional dimensionless parameters: 𝐸𝑐∞∕𝐸𝑐0 the ratio of the two
elastic limits of the SLS viscoelastic layer, and the Deborah number 𝐷𝑒
which relates the relaxation time of the viscoelastic material 𝜏 to the
characteristic time of the material passing through the contact 𝑎0∕𝑣𝑚.
As a result, the studied viscoelastic layered contact problem with a
specific layer thickness 𝑙0∕𝑎0 is governed by three dimensionless param-
eters: (1) the ratio of the elastic modulus 𝐸𝑐∞∕𝐸𝑠, (2) the dimensionless
velocity or the Deborah number 𝐷𝑒 = 𝑣𝑚𝜏∕𝑎0, and (3) the ratio of the
two elastic limits of the SLS model 𝐸𝑐∞∕𝐸𝑐0 = 1+𝑅𝑒. In this section, the
influence of these parameters on the contact pressure distribution and
the deformed layer thickness is investigated under thin-layer rolling
9

contact conditions.
5.2.1. Effect of the ratio of elastic modulus, 𝐸𝑐∞∕𝐸𝑠

The effect of the elastic modulus ratio 𝐸𝑐∞∕𝐸𝑠 on the pressure
distribution, layer deformation and subsurface stresses is investigated
in the thin layer regime of 𝑙0 = 0.001𝑎0. As before, the elastic modulus
of the elastic substrate 𝐸𝑠 is fixed and the layer modulus 𝐸𝑐∞ is varied
to achieve different ratios of 𝐸𝑐∞∕𝐸𝑠. The Deborah number 𝐷𝑒 and the
ratio of the two elastic modulus of the SLS model 𝐸𝑐∞∕𝐸𝑐0 are prescribed
as 0.8 and 10, respectively.

Fig. 10(a) and (b) show the centerline dimensionless pressure dis-
tribution and the layer thickness after deformation, respectively, for
different ratios of 𝐸𝑐∞∕𝐸𝑠 from 0.25 to 4. Similar to the elastic solution
that has been shown in Fig. 5(a), the pressure profiles in Fig. 10(a) are
all nearly identical to the classical Hertzian analytical result, but are
quite different from the case for a thick viscoelastic layer of 𝑙0 = 𝑎0
shown in Fig. A.3. This is the consequence of the studied very thin
layer. The pressure does not vary much over the layer thickness; hence,
it is dominated by the substrate. Fig. 10(b) shows that a more compliant
layer (with smaller elastic modulus ratio 𝐸𝑐∞∕𝐸𝑠) has a larger layer
deformation. The solid black line in the figure represents the solution
of an elastic layered half-space and serves as a reference to the rest.
Symmetric layer thickness distribution is seen for the elastic layered
case, while asymmetric ones are observed for all the viscoelastic layered
cases. The asymmetric layer deformation is caused by the time-delayed
response of the viscoelastic material and it takes time for a viscoelastic
layer to return to its original state at the outlet side, see the left-hand
side of Fig. 10(b).

Fig. 11 shows the interfacial stress 𝜎𝑥𝑥 and the von Mises stress 𝜎VM
at the interface for different elasticity ratios 𝐸𝑐∞∕𝐸𝑠. In Fig. 11(a), the
maximum tensile stress at the outlet side of the contact edge is reduced
when the layer is more compliant than the substrate. Compared to the
elastic layered solution (black line), the interfacial stress component
𝜎𝑥𝑥 is asymmetric and inclined towards the inlet side. For the soft
layer cases, 𝐸𝑐∞∕𝐸𝑠 = 0.25 and 𝐸𝑐∞∕𝐸𝑠 = 0.5, there are only slight
differences in the profiles of 𝜎𝑥𝑥 in the interface. For the hard layer
case of 𝐸𝑐∞∕𝐸𝑠 = 4, a local minimum occurs on the inlet side for the
interfacial stress 𝜎𝑥𝑥, while for the von Mises stress in Fig. 11(b), it
skews to the outlet side and a local maximum appears at the outlet
side and fluctuations occur at the inlet side.

5.2.2. Effect of the deborah number, 𝐷𝑒
This section studies the influence of the Deborah number 𝐷𝑒 =

𝑣𝑚𝜏∕𝑎0, while keeping the other parameters constant: 𝐸𝑐∞∕𝐸𝑠 = 0.25
and 𝐸𝑐∞∕𝐸𝑐0 = 10. Fig. 12 shows the centerline pressure (a) and the
deformed layer thickness (b) profiles for different dimensionless rolling
velocities 𝐷𝑒 of 0.2, 0.4, 0.8 and 1.2. As shown in Fig. 12(a), the
pressure distribution at different values of 𝐷𝑒 coincides with the elastic
Hertzian pressure because of the thin layer thickness, 𝑙0 = 0.001𝑎0.
For the deformed layer thickness shown in Fig. 12(b), the viscoelastic
property of the layer results in an asymmetric layer profile for all

cases. When the velocity is high (large 𝐷𝑒) the viscoelastic layer has
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Fig. 8. Dimensionless von Mises stress field on the plane 𝑦 = 0 for elastic layered contacts with different 𝐸𝑠∕𝐸𝑐 . (The layer thickness is 𝑙0 = 0.001𝑎0.)
less time to deform resulting in a larger thickness. The results show
that the relatively simple foundation predicts the layer deformation
behavior qualitatively well, but also that this model is most suited for
soft layers with very limited ‘‘local support’’. For more ‘‘solid’’ layers,
where 2D/3D effects are important, bending effects lead to a smaller
deformation and in cases even to a thickening effect in the center of
the contact. These effects can only be modeled with the full model.
10
The phenomena observed in the results are in line with the behavior
of EHL films in classical (starved) lubrication conditions, i.e. limited
lubricant supply, high loads, and or low speeds, where the film thick-
ness itself is small, the pressure nearly Hertzian, and the inlet and
outlet region, where the transition to fluid flow effects represented
by the pressure flow terms in the Reynolds equation takes place, is
also very narrow. Classic phenomena related to those terms, i.e. the
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Fig. 9. Comparison of (a) pressure distribution and (b) deformed layer thickness profile along the central line between the potential model and the foundation model for thin
viscoelastic layered elastic substrate at different rolling velocities. (𝑙0 = 1 × 10−3𝑎0, 𝐸𝑐

∞∕𝐸𝑐
0 = 10 and 𝐸𝑠∕𝐸𝑐

0 = 10. The right side is the rolling entrance.)
Fig. 10. Centerline profiles of pressure distribution (a) and layer thickness after deformation (b) for different values of 𝐸𝑐
∞∕𝐸𝑠 in viscoelastic layered contacts. (SLS viscoelastic

model with 𝐸𝑐
∞∕𝐸𝑐

0 = 10 at a fixed viscoelastic layer thickness of 𝑙0 = 0.001𝑎0 and 𝐷𝑒 = 0.8; the right side is the rolling entrance.)
Fig. 11. Dimensionless layer/substrate interface stress (a) 𝜎𝑥𝑥, and the corresponding von Mises stress (b) 𝜎VM for different elasticity ratios 𝐸𝑐
∞∕𝐸𝑠 in viscoelastic layered contacts.

(SLS viscoelastic model with 𝐸𝑐
∞∕𝐸𝑐

0 = 10, at a fixed viscoelastic layer thickness of 𝑙0 = 0.001𝑎0 and 𝐷𝑒 = 0.8; the right side is the rolling entrance.)
e
a
t

‘inlet pressure sweep’’, and the out of contact flow causing the film
onstriction at the sides (horse-shoe) and the outlet region, are not seen.
hese cannot be mimicked with uniform layer properties.
11
The layer/substrate interfacial stresses are plotted in Fig. 13. The
lastic layered solution is given in the figure by the black solid line
s a reference. The central line profiles of 𝜎𝑥𝑥 in Fig. 13(a) show that
he viscoelasticity of the layer induces smaller stress values than the
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Fig. 12. Centerline profiles of pressure distribution (a) and layer thickness after deformation (b) for different values of speed 𝐷𝑒 in viscoelastic layered contacts. (SLS viscoelastic
odel with 𝐸𝑐

∞∕𝐸𝑐
0 = 10, at fixed values of 𝑙0 = 0.001𝑎0 and 𝐸𝑐

∞∕𝐸𝑠 = 0.25; the right side is the rolling entrance.)
Fig. 13. Dimensionless layer/substrate interface stress (a) 𝜎𝑥𝑥, and the corresponding von Mises stress (b) 𝜎VM for different speeds 𝐷𝑒 in viscoelastic layered contacts. (SLS
viscoelastic model with 𝐸𝑐

∞∕𝐸𝑐
0 = 10, at fixed values of 𝑙0 = 0.001𝑎0 and 𝐸𝑐

∞∕𝐸𝑠 = 0.25; the right side is the rolling entrance.)
Fig. 14. Centerline profiles of pressure distribution (a) and layer thickness after deformation (b) for different values of 𝐸𝑐
∞∕𝐸𝑐

0 in viscoelastic layered contacts. (SLS viscoelastic
model with a single relaxation time, at fixed values of 𝑙0 = 0.001𝑎0 and 𝐷𝑒 = 0.8; the right side is the rolling entrance.)
lastic one, while the increase in the rolling velocity from 0.2 to 1.2
auses almost no change to 𝜎𝑥𝑥. Regarding the von Mises stresses at
he layer/substrate interface in Fig. 13(b), an increase is observed for
12
the viscoelastic case compared to the elastic solution. The central line
profiles of the von Mises stress 𝜎VM show a smaller sweep zone at both
the inlet and outlet sides compared to the elastic case. Nevertheless, the
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Fig. 15. Dimensionless layer/substrate interface stress (a) 𝜎𝑥𝑥, and the corresponding Von Mises stress (b) 𝜎VM for different ratio values of 𝐸𝑐
∞∕𝐸𝑐

0 in viscoelastic layered contacts.
(SLS viscoelastic model with a single relaxation time, at fixed values of 𝑙0 = 0.001𝑎0 and 𝐷𝑒 = 0.8; the right side is the rolling entrance.)
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alues of the von Mises stresses remain similar to each other for all the
tudied viscoelastic cases with the set of speeds applied at frictionless
nd thin layer conditions.

.2.3. Effect of the ratio of the two elastic limits of the SLS model, 𝐸𝑐∞∕𝐸𝑐0
In this section, the effect of the ratio of the two elastic limits in

he SLS model for the viscoelastic layer, 𝐸𝑐∞∕𝐸𝑐0 , is studied. These two
lastic limits correspond to the rubbery state and the glassy state of
iscoelastic materials at extremely low and high frequencies, respec-
ively, as shown in Fig. B.1. We keep the other parameters constant:
0 = 0.001𝑎0, 𝐷𝑒 = 0.8 and 𝐸𝑐∞∕𝐸𝑠 = 0.25.

Fig. 14 shows the dimensionless pressure distribution and the de-
ormed layer thickness for various ratios of 𝐸𝑐∞∕𝐸𝑐0 = 1, 5 and 10.

For 𝐸𝑐∞∕𝐸𝑐0 = 1, the viscoelastic layered solution reduces to the elastic
layered solution, according to Eq. (3). Note that 𝐸𝑐∞∕𝐸𝑐0 = (1 + 𝑅𝑒)
cannot be smaller than one as 𝑅𝑒 = 𝐸𝑓∕𝐸𝑠 ≥ 0. The plots in Fig. 14(a)
show that the effect of the ratio of the two elastic limits of the SLS
model on the pressure distributions is negligible for the studied thin
layer regime, while it has considerable effect on the layer deformation
as shown in Fig. 15(b). The layer with a larger 𝐸𝑐∞∕𝐸𝑐0 possesses a larger
layer deformation.

Fig. 15 shows the corresponding dimensionless stresses, i.e. the 𝜎𝑥𝑥
and the von Mises stress 𝜎VM, at the layer/substrate interface. The
viscoelasticity of the layer causes the stress distribution to be slightly
skewed to the inlet side for all cases. The hard layer, e.g. 𝐸𝑐∞∕𝐸𝑐0 = 5
or 𝐸𝑐∞∕𝐸𝑐0 = 10, gives larger 𝜎𝑥𝑥 and smaller von Mises stress 𝜎VM
compared to the elastic layered case of 𝐸𝑐∞∕𝐸𝑐0 = 1.

From the above analysis in Section 5.2, it can be seen that the
properties of the elastic substrate dominate the pressure response of
the system in the thin layer regime so that an elastic Hertzian pressure
distribution remains for all the studied cases. We may say that the
pressure distribution of the viscoelastic layered dry contacts is similar
to that of the classical EHL in particular at high contact pressures.
However, the variation of the dimensionless parameters has significant
effect on the layer deformation and the stress components at the
layer/substrate interface.

The viscoelasticity of the layer leads to the asymmetric deformation
of the system, since it needs time for the layer to recover to its original
status resulting in a larger unrecovered deformation at the outlet.
However, the deformed layer in contacts is hard to show the EHL film
behavior, such as lack of the rather flat parallel film in the middle
contact and the film constriction near the outlet. This may attribute
to the constant viscosity and thus the constant relaxation time used
13

in the SLS model for the viscoelastic layer. At high Hertzian contact w
pressure in the order of GPa, the viscosity of the viscoelastic layer and
thus the relaxation time in the SLS model might increase significantly. If
so, however, this is beyond the scope of the linear viscoelasticity theory
and brings new challenges to full-system modeling and numerical simu-
lations. As a first attempt, the effect of the pressure-dependent viscosity
on the deformation of the thin viscoelastic layer is studied in a simple
manner with the foundation (Winkler) model in the following section.

5.3. Towards EHL film behavior modeling

In the previous section it has been shown that fully bonded vis-
coelastic layer with isotropic homogeneous behavior do not show
typical EHL characteristics in contacts. Here we resort to the founda-
tion model, which may provide an easier framework to consider the
piezoviscous effect of the thin viscoelastic layer, even though it is out
of the scope of linear viscoelasticity.

As a preliminary study, the pressure-viscosity relation proposed
by Roelands, among others, is adopted to model the viscosity of the
dashpot in the SLS layer.

𝜂𝑠 = 𝜂𝑠0exp
[

(

ln(𝜂𝑠0) + 9.67
)

(

−1 + (1 +
𝑝
𝑝0

)𝑧
)]

(30)

where 𝜂𝑠0 is the viscosity of the dashpot at ambient pressure 𝑝0, and 𝑧
is the pressure viscosity index.

The input parameters for the viscoelastic layered model based on
the foundation approach are: a loading force of 𝑊0 = 10 N, a sphere
radius of 𝑅0 = 9.525 mm, a rolling velocity of 𝑣𝑚 = 0.1 m∕s, an SLS
viscoelastic layer thickness of 𝑙0 = 0.001𝑎0, modulus of 𝐸𝑐0 = 1 GPa,
ratio of 𝐸𝑐∞∕𝐸𝑐0 = 1000, layer viscosity of 𝜂𝑠0 = 44700 Pa s, pressure
constant of 𝑝0 = 0.196 GPa, viscosity pressure index of 𝑧 = 0.67, and
educed modulus of a steel–glass contact of 𝐸′ = 117 GPa that is widely
sed in optical EHL for validation purpose.

Fig. 16 shows the resulting pressure and layer thickness distribution
long the central line with the above input parameters. For the pressure
istribution, as reported in the last section Section 5.2, it coincides
ith the Hertzian pressure because of the thin layer thickness and the
ominating effect of the elastic substrate. Interestingly, with such easy
onsideration of the piezoviscous effect of the SLS viscoelastic layer, the
eformed layer behaves as an EHL film showing a relatively constant
ilm thickness in the contact center and a local minimum near the
xit. Inside the contact zone, the local viscosity and thus the relaxation
ime of the viscoelastic layer increase depending on the local contact
ressure. In the contact center the viscosity becomes extremely large,
hich delays the deformation of the SLS viscoelastic layer and hence
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Fig. 16. Pressure and layer thickness distribution along the central line predicted by
foundation approach of viscoelastic layer modeling by considering the piezoviscous
effect of the dashpot in the SLS model. (𝑣𝑚 = 0.1 m∕s, SLS viscoelastic model with
𝐸𝑐

∞∕𝐸𝑐
0 = 1000; the right side is the rolling entrance.)

Fig. 17. Pressure and layer thickness distribution along the central line at different
olling velocities predicted by foundation approach of viscoelastic layer modeling. (The
atio of the elastic limits is 𝐸𝑐

∞∕𝐸𝑐
0 = 1000 for the SLS layer; the right side is the rolling

ntrance.)

esults in a relatively constant film thickness in the contact zone. Close
o the exit boundary at 𝑥∕𝑎0 = −1, the local low pressure deforms

the viscoelastic layer at a high rate resulting in a rapid decrease in
the film thickness as what happened in the inlet region when the
layer just goes into the pressurized zone. At location 𝑥∕𝑎0 = −1,
the contact pressure becomes zero as a result of the complementary
dry contact boundary condition and since then the viscoelastic layer
has fully past the pressurized contact zone and then recovers quickly.
The compression and recovery effects lead to the local constriction
in the film at the outlet. The position of the minimum film thickness
corresponds to the position of zero pressure at 𝑥∕𝑎0 = −1 for the low
speed used in this case.

For a higher rolling velocity (higher Deborah number), there is less
time for the layer to deform, which results in a thicker film thickness
as well as a reduced minimum film thickness peak at 𝑥∕𝑎0 = −1.

his is also well captured by the model considering piezoviscous effect
f the layer, as shown in Fig. 17. At extremely low or high speed
onditions, e.g. 𝑣m = 0 or 1000 m/s, the viscoelastic layered model
ives two elastic solutions due to the nature of the viscoelastic material.
n the intermediate speeds corresponding to the transition regime of
iscoelastic materials, typical EHL film behaviors could be obtained.

The entire shape of the thin viscoelastic layer after deformation is
hown in Fig. 18(a) on a contour plot for the case studied in Fig. 16.
14

t

mazingly, a typical horse-shoe shaped film is obtained. It looks so
imilar to a typical EHL film shape as well as the experimental obser-
ation in the PDMS viscoelastic layer experiments, see Fig. 18(b) and
c) respectively. Even though the comparison is not quantitative, the
urrent results obtained with the SLS model of a single relaxation time
epresent the typical features of the EHL film behavior. One may argue
hat there is a ‘‘boundary layer’’ around the contact where pressure
low and mass flow conservation dominate, which appears as the inlet
ressure rise (sweep), and a decrease in the outlet region preceded by
pressure spike, which is challenging to approximate correctly using

iscoelastic layer modeling. However, these cases are not the aim. It is
he regime of heavily loaded and heavily starved EHL contacts in which
.g. the contact runs on a grease thickener rich layer augmented with
ome base oil. In those cases the pressure distribution is very close to
he Hertzian with little pressure flow effects. In any case, the above
nalysis provides a perspective as to when the concept of modeling
HL in the heavily starved regime via viscoelasticity proposed by van
mden et al. [6] might work, e.g. when the piezoviscosity property of
he viscoelastic layer is taken into account. The approach also has the
otential to be an alternative to model the discontinuous films in mixed
ubrication, and/or lubricants with complex rheology. For future work,

nonlinear viscoelasticity layered model needs to be developed for a
etter description of the EHL behavior and it can be used to model
ixed lubrication using discontinuous heterogeneous layers.

. Conclusion

In this work, the elastic/viscoelastic layered rolling contact problem
as been studied using two different modeling approaches, i.e. the
oundation (Winkler) reduced model and the full 3D Navier–Cauchy
ased model using Papkovich–Neuber potentials. The study focused
n the behavior of thin layers, the results on pressure distribution,
nd layer deformation. The differences between the predictions of the
wo models are shown and discussed for an elastic and viscoelastic
ayer. A parameter study is presented in which the effects of various
dimensionless) parameters in the models of the SLS viscoelastic layer
odel and the elastic substrate, e.g. the elasticity ratio of the layer and

ubstrate, the Deborah number, and the elastic limits of the viscoelastic
LS model, on the contact pressure, layer deformation and contact
tresses have been studied.

For very thin layers the contact pressure is mostly determined by
he substrate material, and closely to Hertzian for an elastic substrate.
he layer exhibits constant stresses across the layer, common for thin

ayers. The main differences are observed in the layer deformation. The
oundation model predicts higher layer deformation in view of its local
upport nature which makes it well suited for soft polymer or grease
hickener layers. However, for stiffer layers non-local support bending
ffects reduce deformation and may even lead to layer thickening. The
ffects of viscoelasticity are seen in the asymmetry of the deformation
nd stresses in relation to the contact center. The results presented in
his paper provide an overview of layer behavior and are of relevance
y themselves for problems in the dry contact regime, with extension to
ubricated contacts in the heavily starved regime, or where the contact
perates on soft layers like grease thickener layers.

The results also provide a framework of interpretation for the results
f van Emden et al. [6] where typical EHL phenomena were observed in
layered contact model with pressure dependent viscosity. The present
aper allows a view of these results in the perspective of viscoelastic
ayered contact behavior. It is shown that to mimic such typical EHL as-
ects occurring in a layer one needs non-constant (pressure dependent)
ayer properties, as were indeed assumed by van Emden et al. [6]. The
esults presented in the present paper also provide an excellent dataset
or further research in particular for experimental validation which is

he topic of future research.
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Fig. 18. Qualitative comparison between simulation and experimental results: (a) simulated film shape with the foundation viscoelastic layered model considering piezoviscosity
of the layer, (b) measured film shape with oil HVI60 by optical interferometry, (c) measured deformed layer shape with a PDMS layer of initial thickness of 20 μm, no oil.
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Appendix A. Potential solution verification

The Potential solution is validated with three types of contact prob-
lems using reduced versions of the model in this section. The first is the
elastic layer-elastic substrate system, the second the viscoelastic half-
space (no layer), and the third the viscoelastic layer-elastic substrate
system. Subsequently, the calculated layer thickness results obtained
with the foundation approach are compared with the PN results.
15
A.1. Elastic layer-elastic substrate system

The pressure profiles in an elastic layer elastic half-space contact
are compared with the results published by O’Sullivan and King [46].
The developed viscoelastic layer model can easily be reduced to the
elastic case with a layer modulus of 𝐸𝑐0 by setting 𝐸𝑐∞ = 𝐸𝑐0 in the creep
compliance function of the SLS model, Eq. (2). The same parameters
as in [46] have been used: an elastic layer with thickness of 𝑙0 = 𝑎0
where 𝑎0 is the Hertzian contact radius calculated with the properties
of the elastic substrate. A Poisson ratio of 𝜈𝑐 = 𝜈𝑠 = 0.3 is assumed,
and varying ratios of 𝐸𝑐0∕𝐸

𝑠 are considered by using different values
of 𝐸𝑐0 at a fixed 𝐸𝑠 as input. The pressure distribution along the
central line in the 𝑥 direction is compared in Fig. A.1. The markers
indicate the solution in [46] and the solid lines are the results obtained
from the developed solver. A good agreement is observed. When the
elastic modulus of the substrate is larger than the elastic modulus of
the coating, the contact radius reduces and the maximum pressure
increases relative to the reference pressure.

A.2. Viscoelastic half-space

Next the developed potential model is reduced to a viscoelastic half-
space contact by setting the thickness of the viscoelastic layer to a
very large value (1000𝑎0). The results are compared with numerical
results of Carbone and Putignano [48] using the FVM methods and of
our previous work [36] using the MG integral methods. The operating
conditions are 𝐸𝑐∞ = 10 MPa, 𝐸𝑐∞∕𝐸𝑐0 = 10, 𝑅0 = 10 mm, 𝑊0 =
0.15 N and 𝜏 = 0.01 s. The contact pressure is calculated for a range
of dimensionless velocities (Deborah number) 𝐷𝑒 = 𝜏∕(𝑎0∕𝑣𝑚) with
0 ≤ 𝐷𝑒 ≤ 3×104, where 𝑎0 is the Hertzian contact radius at an extremely
low velocity with a modulus of 𝐸𝑐0 [48]. Fig. A.2 shows the pressure
distribution along the centerline. The agreement is very good for all
numerical models and values of 𝐷𝑒.

A.3. Viscoelastic layer-elastic substrate system

The developed potential solution is validated by comparing with
the simulation results presented by Zhang et al. [28] for a viscoelastic
layered rolling contact problem, see Fig. A.3. The parameters are taken
identical as in [28]: a (relatively thick) layer thickness of 𝑙0 = 𝑎0 where
𝑎0 is the Hertzian contact radius in terms of the properties of the elastic
substrate, a normal load of 𝑊0 = 1.48 N, a rigid sphere of radius
𝑅0 = 10 mm, Poisson ratio of 𝜈𝑐 = 𝜈𝑠 = 0.3, modulus 𝐸𝑐∞ = 108 Pa,
𝑐 𝑐
𝐸∞∕𝐸0 = 10 in the SLS model, a single relaxation time 𝜏 = 0.01 s and
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Fig. A.1. Comparison of the normalized pressure profiles with the data in [46] for the
ontact between a rigid sphere and an elastic layered half-space with layer thickness
f 𝑎0. 𝑎0 and 𝑝H are the Hertzian solution calculated with elastic properties of the

substrate.

Fig. A.2. Comparison of pressure distribution from the present model (lines) with
results of Carbone and Putignano [48] and our previous work [36] for a viscoelastic
half-space at a wide range of rolling velocities. (Note the right side is the rolling
entrance.)

Fig. A.3. Comparison of pressure distribution from the present model (lines) with those
from Zhang et al. [28] for viscoelastic layered contacts at different 𝐷𝑒. (Layer thickness
f 𝑙0 = 𝑎0; the right side is the rolling entrance.)
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the elastic modulus of the substrate 𝐸𝑠 = 2𝐸𝑐∞. Fig. A.3 shows that a
good agreement is achieved for the pressure distribution at different
values of 𝐷𝑒.

Appendix B. Viscoelastic properties

B.1. Fundamentals of viscoelasticity

Viscoelastic materials show significant time-delayed response due to
their time-dependent physical–mechanical properties, thus, the current
state, e.g. the stress or the strain, of a viscoelastic material is the
result of the entire history. Similar to the definition of the compli-
ance and the elastic modulus in the theory of linear elasticity, two
time-dependent functions, the creep compliance function 𝜑𝑐 (𝑡) and
the relaxation modulus function 𝜓𝑟(𝑡), are defined to characterize the
response of viscoelastic materials [49,50] in viscoelasticity. The creep
test with a constant stress as input and the relaxation test with a
constant strain as input are usually carried out to determine the creep
compliance function 𝜑𝑐 (𝑡) and the relaxation modulus function 𝜓𝑟(𝑡),
respectively.

For constant strain and stress inputs, the stress and the strain
response of a specific viscoelastic material can be expressed with
𝜎(𝑡) = 𝜓𝑟(𝑡)𝜖0 and 𝜖(𝑡) = 𝜑𝑐 (𝑡)𝜎0, respectively. While for a time-varying
stress input to linear viscoelastic materials, the strain response can be
obtained by applying the Boltzmann superposition principle [49]:

𝜖(𝑡) = ∫

𝑡

0−
𝜑𝑐 (𝑡 − 𝑞)

𝑑𝜎(𝑞)
𝑑𝑞

𝑑𝑞 (B.1)

Similarly, the stress response to a time-varying strain input can be
expressed as:

𝜎(𝑡) = ∫

𝑡

0−
𝜓𝑟(𝑡 − 𝑞)

𝑑𝜖(𝑞)
𝑑𝑞

𝑑𝑞 (B.2)

The lower limit 0− of the integration in Eqs. (B.1) and (B.2) indicates
hat the discontinuity of applications of the stress and the strain at time
= 0 also should be taken into account. For details of the derivation
f the compliance and relaxation modulus functions, interested readers
an refer to [36,49,50]. Applying the Laplace transform to Eqs. (B.1)
nd (B.2), one obtains

̂ 𝑐 (𝑠)�̂�𝑟(𝑠) =
1
𝑠2

(B.3)

where 𝑠 is the variable in the Laplace transform domain. Using the
convolution theorem yields,

∫

𝑡

0
𝜑𝑐 (𝑞)𝜓𝑟(𝑡 − 𝑞)𝑑𝑞 = 𝑡 (B.4)

Note that the relationship of mutual reciprocal in elasticity between the
compliance and the elastic modulus is not valid in the time domain for
viscoelasticity; instead, it is only valid in the transform domain [49].

Taking Fourier transform of Eq. (B.1), one obtains

̂(𝜔) = 𝑖𝜔�̂�𝑐 (𝜔)�̂�(𝜔) (B.5)

where 𝜔 is the time-related variable in the Fourier frequency domain.
According to the correspondence principle, the relation of the stress
and strain in the frequency domain is 𝜖(𝜔) = �̂�(𝜔)∕�̂�𝑟(𝜔), which is
equivalent to the corresponding elastic one. Hence, the relation of
relaxation modulus function 𝜓(𝑡) and the creep compliance function
𝜑(𝑡) of viscoelastic materials in frequency domain is

̂ 𝑟(𝜔) = [𝑖𝜔�̂�𝑐 (𝜔)]−1 (B.6)

B.2. Frequency response of the SLS model

The frequency response of the material model is obtained by ap-
plying the Fourier transform to the differential constitutive equation,
Eq. (1):

1 +∞ [

𝜎 + 𝛽 𝜕𝜎
]

𝑒𝑖𝜔𝑡d𝑡 = 1 +∞ [

𝐸0

(

𝜖 + 𝜏 𝜕𝜖
)]

𝑒𝑖𝜔𝑡d𝑡 (B.7)

2𝜋 ∫𝑡=−∞ 𝜕𝑡 2𝜋 ∫𝑡=−∞ 𝜕𝑡
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Fig. B.1. Evolution of �̂�′(𝜔)∕𝐸0, �̂�′′(𝜔)∕𝐸0 and 𝑡𝑎𝑛(𝛿) for an SLS model with 𝜏∕𝛽 = 10
(𝑅𝑒 = 9).

Introducing the following functions in both frequency and time space:

𝜎(𝑡) = ∫

+∞

𝜔=−∞
�̂�(𝜔)𝑒−𝑖𝜔𝑡d𝜔, �̂�(𝜔) = 1

2𝜋 ∫

+∞

𝑡=−∞
𝜎(𝑡)𝑒𝑖𝜔𝑡d𝑡

𝜖(𝑡) = ∫

+∞

𝜔=−∞
𝜖(𝜔)𝑒−𝑖𝜔𝑡d𝜔, 𝜖(𝜔) = 1

2𝜋 ∫

+∞

𝑡=−∞
𝜖(𝑡)𝑒𝑖𝜔𝑡d𝑡

(B.8)

the material response in frequency is then:

�̂�(𝜔) = 𝐸0
1 − 𝑖𝜔𝜏
1 − 𝑖𝜔𝛽

𝜖(𝜔) (B.9)

Using this relation, the complex modulus is given as:

�̂�(𝜔) = 𝐸0
1 − 𝑖𝜔𝜏
1 − 𝑖𝜔𝛽

(B.10)

hich can be decomposed in real and imaginary parts

̂ (𝜔) = �̂�′(𝜔) + 𝑖�̂�′′(𝜔) (B.11)

sing this definition, the following expressions are obtained:

�̂�′(𝜔) = 𝐸0
1 + 𝜔2𝜏𝛽
1 + 𝜔2𝛽2

�̂�′′(𝜔) = 𝐸0
𝜔(𝜏 − 𝛽)
1 + 𝜔2𝛽2

𝑡𝑎𝑛(𝛿) =
�̂�′′(𝜔)
�̂�′(𝜔)

=
𝜔(𝜏 − 𝛽)
1 + 𝜔2𝜏𝛽

(B.12)

The evolution of �̂�′(𝜔), �̂�′′(𝜔) and 𝑡𝑎𝑛(𝛿) as a function of 𝜔𝜏 for
𝜏∕𝛽 = 10 (𝑅𝑒 = 9) is given in Fig. B.1. It shows that the material
exhibits changes in behavior with frequency. At a low frequency, the
dashpot does not play any role and the material behaves as a pure
elastic material with a rigidity equals to 𝐸0, �̂�′(𝜔 = 0)∕𝐸0 = 1.
At a high frequency, the dashpot becomes exceedingly rigid and the
material response is governed by the modulus 𝐸∞, �̂�′(𝜔 = ∞)∕𝐸0 =
1+𝑅𝑒 = 10. In these two extreme conditions, the viscoelastic dissipation
is related to the imaginary part �̂�′′(𝜔), which become negligible and
correspondingly the loss angel is close to 0. While, the loss angel
𝑡𝑎𝑛(𝛿) is very large in the intermediate frequency range, and this region
determines the energy dissipation during rolling or sliding contacts, as
reported in [48],

In viscoelasticity, the real part �̂�′(𝜔) and the imaginary part �̂�′′(𝜔)
in Eq. (B.11) are defined as storage modulus and loss modulus, sepa-
rately. And their ratio 𝑡𝑎𝑛(𝛿) is named as loss angel, which are usually
used to characterize the dynamic response of the viscoelastic materi-
als [49]. The dynamic response indicates the response in a dynamic
test, in which the stress (or strain) resulting from a sinusoidal strain
(or stress) is measured [49,51].
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Appendix C. Frequency response of elastic layered half-space

C.1. Displacement and stress components

The elastic displacement and stress components in the frequency
domain can be derived from Eq. (22) as following:

The displacement components are,

̃̃𝑢𝑘1 = 1
2𝜇𝑘

{

𝑖𝑚(𝐴𝑘𝑒−𝛼𝑧𝑘 + �̄�𝑘𝑒𝛼𝑧𝑘 ) − 4(1 − 𝜈𝑘)(𝐵𝑘𝑒−𝛼𝑧𝑘 + �̄�𝑘𝑒𝛼𝑧𝑘 ) + 𝑚2𝛼−1𝑧𝑘

(𝐵𝑘𝑒−𝛼𝑧𝑘 − �̄�𝑘𝑒𝛼𝑧𝑘 ) + 𝑖𝑚𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧𝑘 + �̄�𝑘𝑒𝛼𝑧𝑘 )

−𝑚(𝐵𝑘,𝑚𝑒
−𝛼𝑧𝑘 + �̄�𝑘,𝑚𝑒

𝛼𝑧𝑘 )
}

(C.1)

̃̃𝑢𝑘2 = 1
2𝜇𝑘

{

𝑖𝑛(𝐴𝑘𝑒−𝛼𝑧
𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) + 𝑚𝑛𝛼−1𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧

𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
)

+𝑖𝑛𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧
𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑛(𝐵𝑘,𝑚𝑒

−𝛼𝑧𝑘 + �̄�𝑘,𝑚𝑒
𝛼𝑧𝑘 )

}

(C.2)

̃̃𝑢𝑘3 = 1
2𝜇𝑘

{

−𝛼(𝐴𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) + 𝑖𝑚𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

− 𝑖𝑚𝛼−1(𝐵𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
)

− (3 − 4𝜈𝑘)(𝐶𝑘𝑒−𝛼𝑧
𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝛼𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧

𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
)

−𝑖𝛼(𝐵𝑘,𝑚𝑒
−𝛼𝑧𝑘 − �̄�𝑘,𝑚𝑒

𝛼𝑧𝑘 )
}

(C.3)

The stress components are,

̃̃ 𝑘
11 = − 𝑚2(𝐴𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) + 2𝑖𝑚(𝑣𝑘 − 2)(𝐵𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 𝑖𝑚3𝛼−1𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑚2𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 2𝛼𝑣𝑘(𝐶𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑖𝑚2(𝐵𝑘,𝑚𝑒

−𝛼𝑧𝑘 + �̄�𝑘,𝑚𝑒
𝛼𝑧𝑘 )

(C.4)

̃̃𝜎𝑘22 = − 𝑛2(𝐴𝑘𝑒−𝛼𝑧
𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) − 2𝑖𝑚𝑣𝑘(𝐵𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 𝑖𝑚𝑛2𝛼−1𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑛2𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 2𝛼𝑣𝑘(𝐶𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑖𝑛2(𝐵𝑘,𝑚𝑒

−𝛼𝑧𝑘 + �̄�𝑘,𝑚𝑒
𝛼𝑧𝑘 )

(C.5)

̃̃𝜎𝑘33 =𝛼
2(𝐴𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) + 2𝑖𝑚(1 − 𝑣𝑘)(𝐵𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

− 𝑖𝑚𝛼𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) + 𝛼2𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 2𝛼(1 − 𝑣𝑘)(𝐶𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) + 𝑖𝛼2(𝐵𝑘,𝑚𝑒

−𝛼𝑧𝑘 + �̄�𝑘,𝑚𝑒
𝛼𝑧𝑘 )

(C.6)

̃̃𝜎𝑘12 = − 𝑚𝑛(𝐴𝑘𝑒−𝛼𝑧
𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) − 2𝑖𝑛(1 − 𝑣𝑘)(𝐵𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 𝑖𝑚2𝑛𝛼−1𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑚𝑛𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

− 𝑖𝑚𝑛(𝐵𝑘,𝑚𝑒
−𝛼𝑧𝑘 + �̄�𝑘,𝑚𝑒

𝛼𝑧𝑘 )

(C.7)

̃̃𝜎𝑘31 = − 𝑖𝑚𝛼(𝐴𝑘𝑒−𝛼𝑧
𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑚2𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+
[

2𝛼(1 − 𝑣𝑘) + 𝑚2𝛼−1
]

(𝐵𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
)

− 𝑖𝑚(1 − 2𝑣𝑘)(𝐶𝑘𝑒−𝛼𝑧
𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑖𝑚𝛼𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧

𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 𝑚𝛼(𝐵𝑘,𝑚𝑒
−𝛼𝑧𝑘 − �̄�𝑘,𝑚𝑒

𝛼𝑧𝑘 )

(C.8)

̃̃𝜎𝑘32 = − 𝑖𝑛𝛼(𝐴𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑚𝑛𝑧𝑘(𝐵𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

+ 𝑚𝑛𝛼−1(𝐵𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) − 𝑖𝑛(1 − 2𝑣𝑘)(𝐶𝑘𝑒−𝛼𝑧

𝑘
+ �̄�𝑘𝑒𝛼𝑧

𝑘
)

− 𝑖𝑛𝛼𝑧𝑘(𝐶𝑘𝑒−𝛼𝑧
𝑘
− �̄�𝑘𝑒𝛼𝑧

𝑘
) + 𝑛𝛼(𝐵𝑘,𝑚𝑒

−𝛼𝑧𝑘 − �̄�𝑘,𝑚𝑒
𝛼𝑧𝑘 )

(C.9)

where 𝛼 =
√

𝑚2 + 𝑛2 with 𝑚 and 𝑛 being the Fourier transform vari-
bles corresponding to 𝑥 and 𝑦, respectively. The letter 𝑖 in the above
quations is the imaginary unit.

.2. Coefficients in Papkovich–Neuber potentials

The Fourier transform of Papkovich–Neuber potentials, Eq. (21),
hows that 12 unknown coefficients 𝐴𝑘, 𝐵𝑘, 𝐶𝑘, �̄�𝑘, �̄�𝑘 and �̄�𝑘 with
= 𝑐 or 𝑘 = 𝑠 need to be determined in order to solve the prob-

em. Following the description in [38,39], the analytical expressions
f the coefficients are given in this section. The condition that the
isplacements and stresses should vanish at infinite in 𝑧 direction in the
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i
b

𝛼

t

𝐵

𝐵

𝐵

w
a
a

𝐴

𝐴

𝐶

𝐶

𝐴

𝐶

w

𝑆

𝑆

𝑆

𝑆

𝑆

𝑘

𝑘

𝑘

𝑘

𝑘

𝑘

𝑘

𝑘

substrate indicates that �̄�𝑠 = �̄�𝑠 = �̄�𝑠 = 0. And the rest nine coefficients
n Eq. (21) can be obtained by solving the boundary conditions given
y Eqs. (19) and (20).

With the following definition,

=
√

𝑚2 + 𝑛2

𝜃 = 𝑒−2𝛼𝑙0

𝜇𝑐𝑠 =
𝜇𝑐

𝜇𝑠

(C.10)

he 𝐵 components and its related derivatives are

̄ 𝑐 = −
̃̃𝑞𝑥𝜃(𝑡4𝜇𝑐𝑠 − 𝑡1)

2𝛼(1 − 𝜇𝑐 )
[

(𝑡4𝜇𝑐𝑠 + 𝑡1) − 𝜃(𝑡4𝜇𝑐𝑠 − 𝑡1)
] (C.11)

�̄�𝑐,𝑚 =
̃̃𝑞𝑥𝑚𝜃(𝑡4𝜇𝑐𝑠 − 𝑡1)

[

(1 + 2𝛼𝑙0)(𝑡4𝜇𝑐𝑠 + 𝑡1) − 𝜃(𝑡4𝜇𝑐𝑠 − 𝑡1)
]

2𝛼3(1 − 𝜇𝑐 )
[

(𝑡4𝜇𝑐𝑠 + 𝑡1) − 𝜃(𝑡4𝜇𝑐𝑠 − 𝑡1)
]2

(C.12)

𝐵𝑐 = �̄�𝑐 −
̃̃𝑞𝑥

2𝛼(1 − 𝜇𝑐 )
(C.13)

𝑐
,𝑚 = �̄�𝑐,𝑚 +

̃̃𝑞𝑥𝑚
2𝛼3(1 − 𝜇𝑐 )

(C.14)

𝑠 =
𝑡4(1 − 𝜇𝑐 )(𝜃 − 1)

1 − 𝜇𝑠
�̄�𝑐𝑒𝛼𝑙0 −

̃̃𝑞𝑥𝑡4𝑒−𝛼𝑙0
2𝛼(1 − 𝜇𝑠)

(C.15)

𝐵𝑠,𝑚 = −
𝑡4(1 − 𝜇𝑐 )
(1 − 𝜇𝑠)

𝑚𝑙0(1 + 𝜃)
𝛼

�̄�𝑐𝑒𝛼𝑙0 +
𝑡4(1 − 𝜇𝑐 )(𝜃 − 1)

(1 − 𝜇𝑠)
�̄�𝑐,𝑚𝑒

𝛼𝑙0

+
̃̃𝑞𝑥(1 + 𝛼𝑙0)𝑡4𝑚𝑒−𝛼𝑙0

2𝛼3(1 − 𝜇𝑠)
(C.16)

here ̃̃𝑞𝑥 is the Fourier transforms of shear traction with respect to 𝑥
nd 𝑦. Note that all 𝐵 items will be zero for frictionless rolling contact,
s reported in [28].

The 𝐴 and 𝐶 components are

𝑐 =
𝑆2 + 𝛼�̄�𝑐 − (1 − 2𝜈𝑐 )𝐶𝑐 − (1 − 2𝜈𝑐 )�̄�𝑐

𝛼
(C.17)

̄𝑐 = 1
2𝛼

[

(𝑆1 − 𝑆2) − 𝐶𝑐 − (4𝜇𝑐 − 3)�̄�𝑐
]

(C.18)

𝑐 =
𝑆𝑐 − 𝑘16�̄�𝑐

𝑘15
(C.19)

̄ 𝑐 =
𝑘15𝑆𝑑 − 𝑘17𝑆𝑐
𝑘15𝑘18 − 𝑘16𝑘17

(C.20)

𝑠 =
𝑡1
𝜇𝑐𝑠

(𝑒−𝛼𝑙0𝐴𝑐 + 𝑒𝛼𝑙0 �̄�𝑐 + 𝑙0𝑒−𝛼𝑙0𝐶𝑐 + 𝑙0𝑒𝛼𝑙0 �̄�𝑐 −
𝜇𝑐𝑆3
𝑡1

) (C.21)

𝑠 = 1
2(1 − 𝜇𝑠)

{

𝑡6𝛼𝑒
−𝛼𝑙0𝐴𝑐 + 𝑡6𝛼𝑒𝛼𝑙0 �̄�𝑐 + 𝑡6[2(1 − 𝜇𝑐 ) + 𝛼𝑙0]𝑒−𝛼𝑙0𝐶𝑐

−𝑡6[2(1 − 𝜇𝑐 ) − 𝛼𝑙0]𝑒𝛼𝑙0 �̄�𝑐 − 𝛼𝐴𝑠 − 𝑆6
}

(C.22)

where

𝑘15𝑆𝑑 − 𝑘17𝑆𝑐 =
(

𝑘10 −
𝑘9
2𝛼

)(

𝑆𝑏 −
𝑘5
𝛼
𝑆2 −

𝑘12
2𝛼

(𝑆1 − 𝑆2)
)

−
(

𝑘13 −
𝑘12
2𝛼

)(

𝑆𝑎 −
𝑘1
𝛼
𝑆2 −

𝑘9
2𝛼

(𝑆1 − 𝑆2)
) (C.23)

The 𝑆 components are

𝑆1 =
𝑖
𝛼

[

𝑖 ̃̃𝑝 − 2𝑚(1 − 𝜇𝑐 )(𝐵𝑐 + �̄�𝑐 ) − 𝛼2(𝐵𝑐,𝑚 + �̄�𝑐,𝑚)
]

(C.24)

here ̃̃𝑝 is the Fourier transforms of pressure.

2 =
𝑖
𝛼

[

−𝑚(𝐵𝑐 − �̄�𝑐 ) − 𝛼2(𝐵𝑐,𝑚 + �̄�𝑐,𝑚)
]

(C.25)

𝑆3 =
𝑖
𝛼

[

𝑡1𝑚𝑙0
𝜇𝑐

(𝐵𝑐𝑒−𝛼𝑙0 − �̄�𝑐𝑒𝛼𝑙0 ) −
𝑡1𝛼
𝜇𝑐

(𝐵𝑐,𝑚𝑒
−𝛼𝑙0 + �̄�𝑐,𝑚𝑒

𝛼𝑙0 ) + 𝛼
𝜇𝑠
𝐵𝑠,𝑚

]

(C.26)
18
𝑆4 =
𝑖
𝛼

[

−
𝑡3𝑚𝛼𝑙0
𝜇𝑐

(𝐵𝑐𝑒−𝛼𝑙0 + �̄�𝑐𝑒𝛼𝑙0 ) +
𝑡3𝑚
𝜇𝑐

(𝐵𝑐𝑒−𝛼𝑙0 − �̄�𝑐𝑒𝛼𝑙0 )

+
𝑡3𝛼2

𝜇𝑐
(𝐵𝑐,𝑚𝑒

−𝛼𝑙0 − �̄�𝑐,𝑚𝑒
𝛼𝑙0 ) − 𝑚

𝜇𝑠
𝐵𝑠 − 𝛼2

𝜇𝑠
𝐵𝑠,𝑚

]
(C.27)

𝑆5 =
𝑖
𝛼
[

−(1 − 𝛼𝑙0)𝑡4𝑚𝐵𝑐𝑒−𝛼𝑙0 + (1 + 𝛼𝑙0)𝑡4𝑚�̄�𝑐𝑒𝛼𝑙0

−𝑡4𝛼2(𝐵𝑐,𝑚𝑒
−𝛼𝑙0 − �̄�𝑐,𝑚𝑒

𝛼𝑙0 ) + 𝑚𝐵𝑠 + 𝛼2𝐵𝑠,𝑚
] (C.28)

6 =
𝑖
𝛼
[

−2𝑡6𝑚(1 − 𝜇𝑐 )(𝐵𝑐𝑒−𝛼𝑙0 + �̄�𝑐𝑒𝛼𝑙0 ) + 𝑡6𝑚𝛼𝑙0(𝐵𝑐𝑒−𝛼𝑙0 − �̄�𝑐𝑒𝛼𝑙0 )

−𝑡6𝛼2(𝐵𝑐,𝑚𝑒
−𝛼𝑙0 + �̄�𝑐,𝑚𝑒

𝛼𝑙0 ) + 2𝑚(1 − 𝜇𝑠)𝐵𝑠 + 𝛼2𝐵𝑠,𝑚
]

(C.29)

𝑎 =
𝜇𝑐

2(1 − 𝜇𝑠)𝑡3
𝑆4𝑒

−𝛼𝑙0 −
(1 − 2𝜇𝑠)𝜇𝑐𝑠
2(1 − 𝜇𝑠)𝑡3

𝑆5𝑒
−𝛼𝑙0 +

𝜇𝑐𝑠
𝑡3
𝑆6𝑒

−𝛼𝑙0 (C.30)

𝑆𝑏 =
𝛼𝜇𝑐

𝑡1
𝑆3𝑒

−𝛼𝑙0 −
(1 − 2𝜇𝑠)𝜇𝑐𝑠

𝑡1
𝑆5𝑒

−𝛼𝑙0 +
2(1 − 𝜇𝑠)𝜇𝑐𝑠

𝑡1
𝑆6𝑒

−𝛼𝑙0 (C.31)

𝑐 = 𝑆𝑎 −
𝑘1
𝛼
𝑆2 −

𝑘9
2𝛼

(𝑆1 − 𝑆2) (C.32)

𝑑 = 𝑆𝑏 −
𝑘5
𝛼
𝑆2 −

𝑘12
2𝛼

(𝑆1 − 𝑆2) (C.33)

The intermediate variables are

1 =
(

𝑡6𝜇𝑐𝑠
𝑡3

− 1
)

𝛼𝜃 −
1 − 2𝜇𝑠

2 − 2𝜇𝑠

(

𝑡4𝜇𝑐𝑠
𝑡3

− 1
)

𝛼𝜃 (C.34)

2 =
(

𝑡6𝜇𝑐𝑠
𝑡3

+ 1
)

𝛼 +
1 − 2𝜇𝑠

2 − 2𝜇𝑠

(

𝑡4𝜇𝑐𝑠
𝑡3

− 1
)

𝛼 (C.35)

3 =[2(1 − 𝜇𝑐 ) + 𝛼𝑙0]
𝑡6𝜇𝑐𝑠𝜃
𝑡3

− (3 − 4𝜇𝑐 + 𝛼𝑙0)𝜃

−
(1 − 2𝜇𝑠)𝜃
2 − 2𝜇𝑠

(

(1 − 2𝜇𝑐 + 𝛼𝑙0)
𝑡4𝜇𝑐𝑠
𝑡3

− (3 − 4𝜇𝑐 + 𝛼𝑙0)
) (C.36)

4 = − [2(1 − 𝜇𝑐 ) − 𝛼𝑙0]
𝑡6𝜇𝑐𝑠
𝑡3

− (3 − 4𝜇𝑐 − 𝛼𝑙0)

−
1 − 2𝜇𝑠

2 − 2𝜇𝑠

(

(1 − 2𝜇𝑐 + 𝛼𝑙0)
𝑡4𝜇𝑐𝑠
𝑡3

− (3 − 4𝜇𝑐 − 𝛼𝑙0)
) (C.37)

𝑘5 = 𝛼𝜃 +
𝜇𝑐𝑠𝛼𝜃
𝑡1

[(1 − 2𝜇𝑠)𝑡6 − 2(1 − 𝜇𝑠)𝑡4] (C.38)

6 = 𝛼 +
𝜇𝑐𝑠𝛼
𝑡1

[(1 − 2𝜇𝑠)𝑡6 + 2(1 − 𝜇𝑠)𝑡4] (C.39)

7 = 𝛼𝑙0𝜃+
(1 − 2𝜇𝑠)𝜇𝑐𝑠𝜃

𝑡1

{

[2(1 − 𝜇𝑐) + 𝛼𝑙0]𝑡6 −
2(1 − 𝜇𝑠)(1 − 2𝜇𝑐 + 𝛼𝑙0)𝑡4

1 − 2𝜇𝑠

}

(C.40)

𝑘8 = 𝛼𝑙0 −
(1 − 2𝜇𝑠)𝜇𝑐𝑠

𝑡1

{

[2(1 − 𝜇𝑐) − 𝛼𝑙0]𝑡6 +
2(1 − 𝜇𝑠)(1 − 2𝜇𝑐 − 𝛼𝑙0)𝑡4

1 − 2𝜇𝑠

}

(C.41)

9 = 𝑘1 + 𝑘2 (C.42)

10 = 𝑘3 −
𝑘1
𝛼
(1 − 2𝜇𝑐 ) (C.43)

𝑘11 = 𝑘4 −
𝑘1
𝛼
(1 − 2𝜇𝑐 ) (C.44)

𝑘12 = 𝑘5 + 𝑘6 (C.45)

𝑘13 = 𝑘7 −
𝑘5
𝛼
(1 − 2𝜇𝑐 ) (C.46)

𝑘14 = 𝑘8 −
𝑘5
𝛼
(1 − 2𝜇𝑐 ) (C.47)

𝑘 = 𝑘 −
𝑘9 (C.48)
15 10 2𝛼
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w
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d
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𝑤
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r

𝑘16 = 𝑘11 −
𝑘9
2𝛼

(4𝜇𝑐 − 3) (C.49)

17 = 𝑘13 −
𝑘12
2𝛼

(C.50)

18 = 𝑘14 −
𝑘12
2𝛼

(4𝜇𝑐 − 3) (C.51)

ppendix D. Green’s function analysis

The correspondence principle proposed by Alfrey [43] implies that
he viscoelastic solution to a problem can be derived from an appropri-
te elastic solution. Taking the point contact problem on a half-space
s an example, the elastic deformation equation can be calculated by
he Boussinesq equation,

(𝑥, 𝑦) = ∬ 𝐺𝐸 (𝑥 − 𝑥′, 𝑦 − 𝑦′)𝑝(𝑥′, 𝑦′)d𝑥′d𝑦′ (D.1)

here 𝐺𝐸 (𝑥, 𝑦) =
1−𝜈2
𝜋𝐸

1
√

𝑥2+𝑦2
is the elastic Green’s function. As reported

in [48,52] and also our previous work [36], the deformation equation
for a viscoelastic half-space can be derived from Eq. (D.1), which is

𝑢(𝑥, 𝑦, 𝑡) = ∫

𝑡

−∞ ∬ 𝐺𝑉 𝐸 (𝑥 − 𝑥′, 𝑦 − 𝑦′, 𝑡 − 𝑞)
𝜕𝑝(𝑥′, 𝑦′, 𝑞)

𝜕𝑞
d𝑥′d𝑦′𝑑𝑞 (D.2)

where 𝐺𝑉 𝐸 (𝑥, 𝑦, 𝑡) =
(1−𝜈2)𝜑𝑐 (𝑡)

𝜋
1

√

𝑥2+𝑦2
is the viscoelastic Green’s function.

The above two equations, Eqs. (D.1) and (D.2), show that the time-
dependent viscoelastic Green’s function 𝐺𝑉 𝐸 can be easily derived
from elastic Green’s function by replacing the compliance, 1∕𝐸, with
compliance function, 𝜑𝑐 (𝑡), in 𝐺𝐸 . Furthermore, the time-dependent
viscoelastic deformation equation, Eq. (D.2), can be used to describe
the steady-state response under rolling/sliding conditions with the
following relations

𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑥 + 𝑣𝑚𝑡, 𝑦) (D.3)

𝑝(𝑥, 𝑦, 𝑡) = 𝑝(𝑥 + 𝑣𝑚𝑡, 𝑦) (D.4)

Applying double Fourier transform to Eq. (D.1), which gives

̃̃𝑢(𝑚, 𝑛) = ̃̃𝐺𝐸 (𝑚, 𝑛) ̃̃𝑝(𝑚, 𝑛) (D.5)

where ̃̃𝐺𝐸 (𝑚, 𝑛) =
1−𝜈2
𝜋𝐸

1
√

𝑚2+𝑛2
is the Fourier transformed elastic Green’s

function, and 𝑚 and 𝑛 being the transformed variables with respect
to 𝑥 and 𝑦, respectively. Applying triple Fourier transforms to Eqs.
(D.2)∼(D.4) with respect to 𝑡, 𝑥 and 𝑦, respectively, leads to the
following
̃̄̃(𝑚, 𝑛,𝑤) = ̃̄̃𝐺∗

𝑉 𝐸 (𝑚, 𝑛,𝑤)
̃̄̃𝑝(𝑚, 𝑛,𝑤) (D.6)

̃̄̃(𝑚, 𝑛,𝑤) = 2𝜋𝛿(𝑤 − 𝑚𝑣𝑚) ̃̃𝑢(𝑚, 𝑛) (D.7)

̃̄̃𝑝(𝑚, 𝑛,𝑤) = 2𝜋𝛿(𝑤 − 𝑚𝑣𝑚) ̃̃𝑝(𝑚, 𝑛) (D.8)

here ̃̄̃𝐺∗
𝑉 𝐸 = 𝑖𝑤 ̃̄̃𝐺𝑉 𝐸 in Eq. (D.6) is Fourier transformed viscoelastic

reen’s function, 𝛿(𝑤 − 𝑚𝑣𝑚) in Eqs. (D.7) and (D.8) being the Dirac
elta function and 𝑤 being the time-related variable in transformed
omain.

Substituting Eqs. (D.7) and (D.8) into Eq. (D.6), the following
quation is obtained

̃̃𝑢(𝑚, 𝑛) = ̃̄̃𝐺∗
𝑉 𝐸 (𝑚, 𝑛, 𝑚𝑣𝑚) ̃̃𝑝(𝑚, 𝑛) (D.9)

his equation shows that the time-dependent viscoelastic deformation
an be transferred to a speed-dependent problem with the relation

= 𝑚𝑣𝑚. And the viscoelastic problem can be readily solved by
eplacing 𝐺𝐸 (𝑚, 𝑛) with ̃̄̃𝐺∗

𝑉 𝐸 (𝑚, 𝑛, 𝑚𝑣𝑚) in the corresponding elastic
olution. In addition, the steady-state viscoelastic Green’s function in
he transformed domain ̃̄̃𝐺∗

𝑉 𝐸 (𝑚, 𝑛, 𝑚𝑣𝑚) can be directly obtained by
eplacing the elastic modulus 𝐸 with relaxation function 𝜓𝑟(𝑤 = 𝑚𝑣𝑚)

̃̃

19

in elastic Green’s function 𝐺𝐸 (𝑚, 𝑛).
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