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ARTICLE INFO ABSTRACT

Keywords: We develop entropy dissipative higher order accurate local discontinuous Galerkin (LDG)
Local discontinuous Galerkin discretizations discretizations coupled with Diagonally Implicit Runge-Kutta (DIRK) methods for nonlinear
DIRK methods

degenerate parabolic equations with a gradient flow structure. Using the simple alternating

gonlineadr‘defgen-erate parabolic equations numerical flux, we construct DIRK-LDG discretizations that combine the advantages of higher
K;t;(;giit:mpanon order accuracy, entropy dissipation and proper long-time behavior. We theoretically prove the

entropy dissipation of the implicit Euler-LDG discretization without any time-step restrictions
when no positivity constraint is imposed. Next, in order to ensure the positivity of the numerical
solution, we use the Karush-Kuhn-Tucker (KKT) limiter, which achieves a positive solution
by coupling the positivity preserving KKT conditions with higher order accurate DIRK-LDG
discretizations using Lagrange multipliers. In addition, mass conservation of the positivity-
limited solution is ensured by imposing a mass conservation equality constraint to the KKT
equations. Under a time step restriction, the unique solvability and entropy dissipation for
implicit first order accurate in time, but higher order accurate in space, positivity-preserving
LDG discretizations with periodic boundary conditions are proved, which provide a first
theoretical analysis of the KKT limiter. Finally, numerical results demonstrate the higher
order accuracy and entropy dissipation of the positivity-preserving DIRK-LDG discretizations
for problems requiring a positivity limiter. In addition, we can observe from the numerical
results that the implicit time-discrete methods alleviate the time-step restrictions needed for
the stability of the numerical discretizations, which improves computational efficiency.

1. Introduction

Consider the following degenerate parabolic equation [1]

u, =V -(f@WV@Tx)+ H' (), in 2x(0,T], a.1)
u(x,0) = uy(x), in Q, '
with zero-flux boundary condition
V@) + H' W) -v=0, ondR2x(0,T], 1.2)
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where @ is an open bounded polygonally connected domain in R?,d = 1,2, with unit outward normal vector v at the boundary
082, u(x,1) > 0 represents a nonnegative density with time derivative denoted as u, and initial solution uy(x) > 0, ¥(x) is a given
potential function for x € RY, and f, H are given functions such that

f iR RY, H:R'-R,  f@H"@u) >0, (1.3)

where R is the nonnegative real space. Here f(u)H" (1) can vanish for certain values of u, resulting in degenerate cases. The entropy
corresponding to (1.1) is defined by

E(u) = / WP (x) + Hw)dL. 1.4
Q

Multiplying (1.1) with ¥(x) + H'(u) and integrating over Q, with the zero-flux boundary condition (1.2), together with (1.4), we
obtain that the time derivative of the entropy satisfies

%E(u) = —/ S@IVEE) + H' @)’dQ < 0. (1.5)
@

System (1.1) can represent different physical problems, such as the porous media equation [2,3], the nonlinear nonlocal equation
with a double-well potential [4], the nonlinear Fokker—Planck model for fermion and boson gases [5-7].

Recently, many numerical discretizations have been proposed for (1.1); e.g. mixed finite element methods [8], finite volume
methods [1,4], DG methods [9-11] and LDG methods [3]. Regarding positivity preserving discretizations, Liu and Yu developed
in [10,11], respectively, for the linear Fokker-Planck equation a maximum preserving DG scheme and an entropy dissipative DG
scheme, but these discretizations cannot be directly applied to the general case given by (1.1). Liu and Wang subsequently developed
in [9] an explicit Runge-Kutta (RK) time-discrete method for (1.1) in one dimension together with a positivity preserving high order
accurate DG scheme under some Courant-Friedrichs-Lewy (CFL) constraints. For the porous media equation, an LDG discretization
coupled with an explicit RK method was considered in [3], which is similar to the DG method in [9]. Still, it uses a special numerical
flux to ensure the non-negativity of the numerical solution. Cheng and Shen in [12] propose a Lagrange multiplier approach to
construct positivity preserving schemes for a class of parabolic equations, which is different from (1.1), but contains the porous
media equation.

For the time-step r and mesh size h, the condition = = O(h?) is needed for stability in [3,9]. Therefore, these explicit time
discretizations suffer from severe time step restrictions, but there are currently no feasible positivity preserving time-implicit LDG
discretizations for (1.1). In this paper, we present higher order accurate Diagonally Implicit Runge-Kutta (DIRK) LDG discretizations,
which ensure positivity and mass conservation of the numerical solution without the severe time step restrictions of explicit methods.

The LDG method proposed by Cockburn and Shu in [13] has many advantages, including high parallelizability, high order
accuracy, a simple choice of trial and test spaces and easy handling of complicated geometries. We refer to [14-17] for examples
of applications of the LDG method.

For many physical problems, it is crucial that the numerical discretization preserves the positivity properties of the partial
differential equations (PDEs). Not only is this necessary to obtain physically meaningful solutions, but also negative values may
result in ill-posedness of the problem and divergence of the numerical discretization. Positivity preserving DG methods have been
extensively studied by many mathematicians. However, most positivity preserving DG methods are combined with explicit time-
discretizations [9,18-20], for which numerical stability frequently imposes severe time step restrictions. These severe time-step
constraints make explicit methods impractical for parabolic PDEs, such as (1.1).

Recently, Qin and Shu extended in [21] the general framework for establishing positivity-preserving schemes, proposed
in [19,20], from explicit to implicit time discretizations. They developed a positivity preserving DG method with high-order spatial
accuracy combined with the first-order backward Euler implicit temporal discretization for one-dimensional conservation laws. This
approach requires, however, a detailed analysis of the numerical discretization to ensure positivity and it is not straightforward to
extend this approach to higher order accurate time-implicit methods. Huang and Shen in [22] constructed higher order linear bound
preserving implicit discretizations for the Keller-Segel and Poisson-Nernst-Planck equations. Van der Vegt, Xia and Xu proposed
in [23] the KKT limiter concept to construct positivity preserving time-implicit discretizations. The KKT limiter in [23] is obtained by
coupling the inequality and equality constraints imposed by the physical problem with higher order accurate DIRK-DG discretizations
using Lagrange multipliers. The resulting semi-smooth nonlinear equations are solved by an efficient active set semi-smooth Newton
method.

In this paper, we consider a general class of nonlinear degenerate parabolic equations given by (1.1) and aim at developing higher
order accurate entropy dissipative and positivity preserving time-implicit LDG discretizations. For the spatial discretization, we use
an LDG method with simple alternating numerical fluxes, which results in entropy dissipation of the semi-discrete LDG discretization.
For the temporal discretization, we consider DIRK methods, which significantly enlarge the time step for stability. Without any time-
step restrictions, the entropy dissipation of the LDG discretization combined with an implicit Euler time integration method is proved
theoretically. We construct positivity preserving discretizations using the KKT limiter by imposing the positivity constraint on the
numerical discretization using Lagrange multipliers. Under a time-step restriction, the unique solvability of the resulting positivity
preserving KKT system is proved. In addition, we also prove the entropy dissipation of the positivity preserving LDG discretization
when it is combined with the backward Euler time integration method. Numerical results demonstrate the accuracy and entropy
dissipation of the higher order accurate positivity preserving DIRK-LDG discretizations.

This paper is organized as follows. In Section 2, we present the semi-discrete LDG discretization with simple alternating numerical
fluxes for the nonlinear degenerate parabolic equation stated in (1.1) and prove that the numerical approximation is entropy
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dissipative. Higher order accurate DIRK-LDG discretizations, which enlarge the stable time step to a great extent, are discussed
in Section 3. Without any time-step restrictions, the entropy dissipation of the implicit Euler LDG discretizations is proved in
Section 3.1. In order to ensure the positivity of the numerical solution and mass conservation of the positivity limited numerical
discretizations, we introduce in Section 4.1 the KKT system. The higher order DIRK-LDG discretizations with positivity and mass
conservation constraints are formulated in Section 4.2 as a KKT mixed complementarity problem. Under a time-step restriction,
the unique solvability and entropy dissipation of the algebraic system resulting from a time implicit Euler-LDG discretization with
positivity constraint are proved in Section 4.3. In Section 5, numerical results demonstrate the higher order accuracy, positivity and
entropy dissipation of the positivity preserving DIRK-LDG discretizations. Concluding remarks are given in Section 6.

2. Semi-discrete LDG schemes
2.1. Definitions, notations

Let 7, be a shape-regular tessellation of 2 c R?, d = 1,2, with line or convex quadrilateral elements K. Given the reference
element K = [-1,1)¢. Let Qk(lz ) denote the space composed of the tensor product of Legendre polynomials Pk(f )on [—1, 1] of degree
at most k > 0. The space 9, (K) is obtained by using an isoparametric transformation from element K to the reference element K.
The finite element spaces th and WI;. are defined by

VE={ve LXQ): vlx € Q(K), VK €T,},

W) ={we[lX @] wlx €[QK)Y, VK €Ty},
and are allowed to have discontinuities across element interfaces. Let e be an interior edge connected to the “left” and “right”
elements denoted, respectively, by K; and K. If u is a function on K; and Ky, we set u® := (“lKL |, and uR := (ulg )l for the
left and right trace of u at e.

Note that L'(2), L*(2) and L®(R) are Lebesgue spaces, lull 12 is the L*(2)-norm and (-,-),, is the L?*(€2) inner product. For
simplicity, we denote the inner product as (u,v) 1= (4, 0)g.

2.2. LDG discretization in space

For the LDG discretization of (1.1), we first rewrite this equation as a first order system

u =V-gq,
q=/Wws,
s =Vp,
p=Px)+ H' ().
Then, the LDG discretization can be readily obtained by multiplying the above equations with arbitrary test functions, integrating

by parts over each element K € 7;,, and finally a summation of element and face contributions. The LDG discretization can be stated
as: find . p, € V£, 5.5, € W%, such that for all p,p € V¥ and 8,7 € W, we have

(g p) + Ly (@3 0) =0, (2.12)
@1.0) + L2(uy.5,:0) =0, (2.1b)
(Spm) + L (i) = 0, (2.10)
(Ph> @) + Ly ) =0, (2.1d)
where
L@ 0) =@ Vo) = Y, @n- Vs Poks (2.2a)
KeT,
Ly (uy, 55,50) == (f(up)s;,0), (2.2b)
Ly(ppim) :=(pp, Vo) = Y (B v - M (2.20)
KEeTy,
Ly (ups ) == (Y@x)+ H'(uy). @) . (2.2d)

Note that v is the unit outward normal vector of an element K at its boundary dK. The “hat” terms in L}l and Lf‘ are the so-called
“numerical fluxes”, whose choices play an important role in ensuring stability. We remark that the choices for the numerical fluxes
are not unique. Here, we use the alternating numerical fluxes

g, = 457 n= Pﬁ’ (2.3)
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or
dn=4ay. by=ry- 2.4)
Considering the zero-flux boundary condition V(¥ (x) + H' (1)) - v = 0, we take
i]\h v=0, p,= (Ph)in (2.5)

at 002, where “in” refers to the value obtained by taking the boundary trace from the inside of the domain €.
2.3. Entropy dissipation
Theorem 2.1. For u, € th’ s, € W’;l, the LDG scheme (2.1)—~(2.5) with f satisfying (1.3) is entropy dissipative and satisfies

d
EE(M;[) = —(f(up)sp.sp) <0,

which is consistent with the entropy dissipation property (1.5) of the PDE (1.1).

Proof. By taking
p=pp. O==s5 N=q, @=-uy,
in (2.1a)—(2.1d), respectively, and after integration by parts, we have
P x)+ H' (uy), up)

=—(f(up)sp,sp) — (qn, Vpy) + Z @ - v.Prox — Pp V- qp) + Z (Ph-V - dn)ox
KeT), KeT,

== (fp)snsi) = ), @ VsPwhox + D, @nVsPwhox + D, BnoV - ok (2.6)

KeTy, KeT, KeT),

Assume that e is an interior edge shared by elements K; and K, then vR = —v%, and together with the numerical fluxes (2.3), we
obtain

- 2 @n - v:pp)e + 2 @ v pn)e + Z ®n-v - an)e

Kp UKg Ky UKg Kp UKR
=—(q5 -vi.pp).+@F v D+ @f vE D). — (@ vE. PR,
+(q - vhop. — @f - vhipp), = 0. 2.7)

Combining (2.6)-(2.7), using (1.4), boundary conditions (2.5) and the condition on f(1.3), we get
d
EE(M”) = W)+ H (uy),up) = —(fwp)sy,5,) <0. O

Remark 2.1. For brevity, we will only consider in the remaining article the numerical fluxes (2.3) and omit the discussion of the
numerical fluxes (2.4), but all results also apply to the numerical fluxes (2.4).

Remark 2.2. Compared to the spatial discretizations in [3,9], we choose the simpler alternating numerical fluxes (2.3) and (2.4),
which significantly simplifies the theoretical analysis of the entropy dissipation property of the LDG discretization.

3. Time-implicit LDG schemes

The numerical discretization of the nonlinear parabolic Egs. (1.1) using explicit time discretization methods suffers from the
rather severe time-step constraint 7 = O(hzr), with h; the mesh size for the tessellation 7;,. In this section, we will discuss implicit
time discretizations, which will be coupled with positivity constraints in Section 4.

We divide the time interval [0,7] into N parts 0 =1, <t; < -+ <ty =T, with¢" =1, -1, , (n=1,2,...,N). Forn=0,1,..., N,

let u, = u(-,t,) and u}, respectively, denote the exact and approximate values of u at time ?,.
3.1. Backward Euler LDG discretization

Discretizing (2.1) in time with the implicit Euler method gives the following discrete system

u;’IH —u
(o) v im0 @12
(@) 0)+ L2 511:0) = 0, (3.10)
(spHm + Lyptsm = 0, (3.10)
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@y o)+ Lyt ) = 0. (3.1d)

Define the discrete entropy as

Epul) = /Q P (x) + Hul)dx. (3.2)
We have the following relation for the discrete entropy dissipation.
Theorem 3.1. For all time levels n, the numerical solutions u" s uZ“ e th of the LDG discretization (3.1), with boundary condition (2.5)
and conditions on f, H stated in (1.3), satisfy the following entropy dissipation relation

E, ") < Ej(), (3.3)
which implies that the LDG discretization is entropy dissipative without any time-step restrictions.

Proof. By choosing, respectively, in (3.1a)-(3.1d) the following test functions

n+1 n

u —Uu

n+1 _ ol n+1 _ __h h
p=p,, O0=-s"", n=q;,", @= T

n+1 n n+1 n
—u u —Uu
h 1, n+l h h
<?’(x) —+l > + (H (uh ), —Tn+1 )

~n+1
- _ (f(ll;'l+l)sz+l,s;+l) ( n+1 Vpn+l + Z ( n v, p;’,+1)0K

we get

KeT),
(ph+1 V- qn+1)+ z (An+l V- q;l,ﬂ)dk
KeTy,
+1
=— (s s = N @t v e+ D @ v p ok
KeT, KeT,
+ Z(AH] V- q7l+l)‘”<'

KeTy,

Together with (2.7), the numerical fluxes (2.3) and the boundary condition (2.5), we obtain then

[P Wl
h h 1,41 h h )\ _ _ 1y ontl ontl
P, St ) G, S ) == (s s

Because of the following Taylor expansion
H(u;) — H(uZJrl) + H’(ll;Jrl)(uZ _ uz+l) + %H/l(§n+l)(uz+l _ u;l’)Z’ §n+l c (u;l’,u;ll‘Fl),
we have, using the conditions on f, H stated in (1.3) and the definition of E,, in (3.2),
Ep@th) — Eyu) = (Px),ult —u)) + (H(u"“) H@), 1)
_ gntl (f(u;'l“)sz*'l,s;'l“) > (H”(f"“) ( n+l u;'!)z)
<0. O

3.2. Higher order DIRK-LDG discretizations

For higher order accurate implicit in time discretizations of the system (2.1), we use a Diagonally Implicit Runge-Kutta (DIRK)
method [24]. Assuming we know the numerical solution at time level n, we obtain the solution at time level n + 1 with a DIRK
method by solving for each DIRK stage i,i = 1,2, ..., s the following equations.

n+1,i n i
uh B uh n+l,j .
o pl+ Z ,,(q ip) = (3.4a)

j=1

(q2+11 0)+ Lh(un+lz S;ll+ll 0) ’ (34b)
&+ L =0, (3.40)
e o) + L ) = 0. B.4d)

Then the solution at time ¢, ; is

( n+1 p) = (u p)_TnJrl Zb L (q}'l+ll, ). (35)

i=1
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The coefficient matrices (q; ;) in (3.4a) and (b;) in (3.5) for the second, third and fourth order accurate DIRK methods used in this
paper are

« Second order DIRK method [25, Theorem 5]

a 0
(aij)=< | —a a),(b,»):( l-a a),(c,»)=(a 1 ), (3.6)
where a = 1 — \/75
+ Third order DIRK method [26, top of page 2117]
y 0 0

@p=| 172=y2 v o [ep=(1-6-7 6 v ),
1-6—-y &6 vy

)=(vr 1/24y7/2 1), (3.7)

where y = 0.435866521508, & = 0.25(5 — 20y + 6y2).
» Fourth order DIRK method [26, top of page 2118]

1/4 0 0 0 0
—-1/4 1/4 0 0 0
@p=| 1/8 1/8 1/4 0 o |

-3/2 3/4 3/2 1/4 0
0 16 2/3 -1/12 1/4

Gp=(0 1/6 2/3 -1/12 1/4 ),

(e)=(1/4 0 1/2 1 1). (3.8)

For DG discretizations using polynomial basis functions of order k we use a DIRK method of order k + 1.

The above DIRK methods satisfy a,; = b;, i = 1,2,---,s, which implies u;’,“ = u’;l“"‘. The above time discretization methods are
easy to implement since the matrix (g;;) in the DIRK methods has a lower triangular structure, which means that we can compute
the DIRK stages one after another, starting from i = 1 up to i = s. For detailed information about the DIRK time integration method,
we refer to [24].

4. Higher order accurate positivity preserving DIRK-LDG discretizations

The positivity constraints on the LDG solution will be enforced by transforming the DIRK-LDG equations with positivity
constraints into a mixed complementarity problem using the Karush-Kuhn-Tucker (KKT) equations [27]. In the following sections,
we will first define the positivity preserving DIRK-LDG discretization. Next, we will consider the unique solvability and entropy
dissipation of the discrete KKT system.

4.1. KKT-system

For the KKT equations [27], we define the set
K :={U e R | nU) =0, g@) <0}, 4.1)

with equality constraints 4 : R/ — R/ and inequality constraints g : R°/ — R™ being vector-valued continuously differentiable
functions. In the following dof = N, - N,, where N, is the number of basis functions in one element and N, the number of elements
in the tessellation 7}, of the domain . The inequality constraints g in (4.8) are used to ensure positivity. The equality constraint
h in (4.9) ensures that the limited DIRK-LDG discretization is mass conservative. Mass conservation is a property of the unlimited
DIRK-LDG discretization, but one has to ensure that this property also holds after applying the positivity preserving limiter.

We assume that L is a continuously differentiable function from K to R9%/. The function L representing the LDG discretization
for each DIRK stage i = 1,2, ..., s is given by (4.5)—(4.6). The corresponding KKT-system [27] then is

L)+ VghO) u+ Vg a=0, (4.2a)
wT) =0, (4.2b)
03 g(@)Li>0, (4.2¢)

where 4 € R/ and 1 € R” are the Lagrange multipliers used to ensure h(T) = 0 and g((7) < 0, respectively, U € RY/ are the LDG
coefficients in the positivity-preserving DIRK-LDG discretization, and V denotes the gradient with respect to U. The compatibility
condition (4.2c) implies that g(U) <0, 4> 0 and g(U)” 1 = 0, which can be expressed as

min(—gj(ﬁ),/l-) =0, j=1,2,m.
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The KKT-system then can be formulated as
L)+ VghO) u+ Vzg0) 2
hU)

F(z) = min(—g,(0), 4,) =0. (4.3)

min(=g,,(0), 4,,)
Here z = (U, y, A) € RIS H+m_and F : Réo/++m _, Rdof+I+m represents the DIRK-LDG discretization combined with the positivity and

mass conservation constraints. Note, the KKT system (4.3) is nonlinear and F(z) is not continuously differentiable, as is necessary
for standard Newton methods, but semi-smooth. We will therefore solve (4.3) with the active set semi-smooth Newton method

presented in [23].

4.2. Positivity preserving LDG discretizations

In this section, we will provide the details of the higher order accurate positivity preserving DIRK-LDG discretizations (3.4)
coupled with the positivity and mass conservation constraints using Lagrange multipliers as stated in (4.2).
We introduce the following notation for the element-wise positivity preserving LDG solution

Ny

Ni
~ ~K
Ulx = 2, 0F0f. Qi := ZIQ,- oK
p=

j=1

~ ~K ~
with K € T, ¢,’~( the tensor product Legendre basis functions in Q,(K), and LDG coefficients Uj" ER, Qj € R?. We denote U and
0 by

~K, ~K;
Ul Ql
~K, ~K
UNk - QNk
U= : |er®, @g=| : |eR¥%/,
KN, ~Ky,
U, Ql
kNL NI&NE
Uy, 9y,

with K; € 7, forall I = 1. -+, N,.
Taking in each element K € 7, the test function p = ¢/’.< , j=1,2,..., N, in the operator L}I(Qh; p), stated in (2.2a), we can define

L @u:d()

L@y )
L@ := : € RNNe, (4.4)

L @y, )

T K
L@y )
with K; € T, for all / = 1.+, N,. We use similar definitions of ]L’;l for L’;l, k =2,3,4 stated in (2.2b)-(2.2d).

Representing the block-diagonal mass matrices for the scalar and vector variables as M € RNeNeXNeNe and M € RINkNexdNiN, |
respectively, the operator L for DIRK stage i (i = 1,2, ...,s), as stated in (3.4a), can be expressed as

~ . ~ . ~ ! ~n+l,j
LEO™Y) = M@ - 0" + 1Y a, L@ ), (4.5)

Jj=1
-~ ~ntli ~entli
with LDG coefficients U"*!' € RV«Ne, The function L in (4.5) is constructed using Qn+ g K

(3.4b), (3.4c¢) and (3.4d) and are defined as

and P"1i_ which are obtained using

én+1,i __ M‘lLi(ﬁ"“’i, ~n+1,i)’ (4.6a)
§n+1,i __ M’l]Li(}N)"H’i), (4.6b)
13’n+1,i - _ M*l]L;l'(ﬁnJrl,i)’ (4.6¢)

: . . ~n+1,i ~n+L,i ~ ]
with LDG coefficients Q" € RINiNe, §"7" € RINkNe | pr+li g RNkNe,
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The constraints on the DIRK-LDG discretization can be directly imposed on the DG coefficients for each DIRK stage using the
equality and inequality constraints in the KKT-system (4.3). We obtain for each DIRK stage i, with i = 1,2, ..., s, the LDG coefficients
U+l by solving the following KKT system for U"+!,

L(ﬁrlﬁ-lj) + Vﬁh(ﬁ"+l’i)Tﬂ + Vﬁg(ﬁ'ﬁ'l’i)T/l
h(ﬁn+1,i)
min(—g, (U"*19), 4)) =0, 4.7)

min(—g,, (U™, 4,,)

where the positivity preserving inequality constraint g(ﬁ”“"' ) and the mass conservation equality constraint h(ﬁ”“" ) are defined
as follows.

1. Positivity preserving inequality constraint

In each element K € 7}, we define the function g stated in (4.7) as

Ny
gX O = upy = Y O, p=1,00 N, (4.8)
j=1
with N, the number of Gauss-Lobatto quadrature points, and x, the Gauss-Lobatto quadrature points where the inequality
constraints Uy(x,) > Uy, are imposed. The use of Gauss-Lobatto quadrature rules ensures that the positivity constraint is also
imposed in the computation of the numerical fluxes at the element edges where Gauss-Lobatto rules have, next to the element
itself, also quadrature points. Note, the Gauss-Lobatto quadrature points x, are the only points used in the LDG discretization and
the positivity constraint u;, therefore only needs to be enforced at these points. In practice, one only needs to impose the inequality
constraints on quadrature points where the solution is close to the bounds.
2. Mass conservation equality constraint
In order to ensure mass conservation of the LDG discretization when the positivity constraint is enforced, we impose the following
equality constraint, which is obtained by setting p = 1 in (3.4a) and using the numerical flux (2.3) or (2.4).

1
~ . ~ 1,j
h@™y =y /U;;dK+r"+‘2a,., > @ vy
K s

KeT), KeTy,
0KNIR#D
Ny
-y ZU}.K’("“")/ PKx)dK
KeT, j=1 K
i
~ ~ . ~n+l,j
=1"M@" -0+ Y e, Y @, v D (4.9)
j=1 KeTy,
IKNOQAR

with U" the DG coefficients of Uy, the positivity-preserving DIRK-LDG solution at time #,, 1 = (Ly,,...,1 Nk)T € R/ with
1y, =(1.0.....0).
——

Nie—1

Remark 4.1. We compute V5 O™ 1T for the term

i
An+l,j
g D@, v, Dok #0,
Jj=1

KeTy
0KNOQ#H

in (4.9) using the chain rule, the relation between (N)Hl’i and U+l given by (4.6), and the numerical flux (2.3) or (2.4).

For each DIRK stage i, the KKT-system (4.7) for the higher order accurate positivity preserving LDG discretization is now defined.
After solving the KKT Egs. (4.7) for i = 1,...,s, the numerical solution at time "*! is directly obtained from the last DIRK stage,
Ut = U;*! since we use DIRK methods with a,; = b,.

Remark 4.2. In order to ensure the positivity of the discrete initial solution U,?, we use the L2-projection coupled with the positivity
constraint (4.8), which is obtained by replacing U"*! with U°. The equality constraint ensures mass conservation of the positivity
limited initial solution

Ni
0% = z /uo(x)dK— Z Zﬁf’o/qbl’.((x)dK.
KeT, 7K KeT;, j=1 K

The constraints on the L2-projection are imposed using KKT equations similar to (4.3). To prevent pathological cases, we assume
that the limited initial solution satisfies

1
i D /Kuo(x)dK>umm.

KeT,
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Remark 4.3. We emphasize that u,;, must be chosen strictly positive to ensure that errors do not violate the positivity of the
numerical solution due to the finite precision of the computer arithmetic. For more details, we refer to the test cases in Section 5.

4.3. Unique solvability and stability of the positivity preserving LDG discretization

In Section 4.2, we have presented the positivity preserving LDG discretization for (1.1). In this section, we will consider the
unique solvability of the algebraic equations resulting from the positivity-preserving backward Euler LDG discretization. In the
theoretical analysis, we will also consider the entropy dissipation of the positivity preserving backward Euler LDG discretization
and use periodic boundary conditions.

With (4.5)—(4.9), the positivity preserving backward Euler LDG discretization results now in the following KKT system,

L(f]n+l) + Vﬁh(ﬁ”“)r,u”*'l + Vﬁg(f]'ﬁ'l)r/l"*'] =0, (4.102)
— @™y =0, (4.10b)
min(-g(0™), A1) = 0. (4.10¢)
Here L : RN«Ne - RNNe and
LA™Y =M@ - T + o+ o™ (4.11)
Mén+1 =Cd(l~/"+1)§n+l, (4.12)
M3 AP, (4.13)
M P! =p@m). (4.14)

From (4.4)-(4.6), we obtain that

~n+1 ~n+1
BQ" =L1@Q"") e RMNe, (4.15)
Cy@H3"! =121, 3"y e RINNe, (4.16)
APl =—]LZ(F"+1)€RdN“Nf, (4.17)
DU™!) = - L} (0"™!) € RNeNe, (4.18)
where
C(fj”"‘l)
Cd(ﬁnJrl) — e RdeNeXdeNe’ C(ﬁn+l) e RNkNe (4.19)
C(anJrl)

The constraints 4 : RNeNe - R, g : RNeNe — RN»Ne are defined by

Ni
A" =Y /U}jdk— D Uj“"*“/ PF@dK =1"M@° - T, (4.20)
Ker, /K KeTy, j=1 K
~ ~ ~ K ~ K ~
0™ =g @), g (T O, g YT, (4.21)

. . . K;
with the definition of the constraints g, ' 1<p<N
Ly, =(1.0,....0).

——

» 1 < j < N, givenin (4.8), and 1 = (ly,,...,15)" € R%/ with

Nj—1

4.3.1. Auxiliary results used to prove the solvability of the KKT-system
In this section, we will introduce some auxiliary results, which will be used in Section 4.3.2 to prove the unique solvability of
the KKT-system (4.10).

Definition 4.4 ([27, Sections 1.1, 3.2]). Let K be given by (4.1). Given a map L : K — R4/ the Variational Inequality (VI(K, L))
is to find U € K such that

G-0TLO)>0, yeKk. (4.22)
The set of solutions for VI(K, L)(4.22) is denoted by SOL(K, L).

Lemma 4.1 ([27, Proposition 1.3.4]). Let Ue SOL(K, L) solve (4.22) with K given by (4.1). If Abadie’s Constraint Qualification holds
at U, then there exist vectors u € R! and A € R" satisfying the KKT system (4.10).

Lemma 4.2 ([27, Proposition 1.3.4]). If (l~/ , 1, A) satisfies (4.10), and if each function hy 1 <j<Dis affine and each function
g; (1 <i<m)is convex, then U solves VI(K, L) given by (4.22) with K given by (4.1).
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For the inequality constraints (4.8), the set K given by (4.1), with equality constraint 4 = 0, reduces to the following box
constraint problem
K, := (U € R/ | UMM < U; < U™,i € {1,...,dof}}. (4.23)

The values of the LDG coefficients l7im"“ follow from the inequality constraints g in (4.8), where u,,;, depends on the physical
constraint to be satisfied. A similar constraint can also be imposed for U/"** using u,,,, for the maximum allowed physical constraints.
Depending on the problem considered, U™* can be infinity.

Remark 4.5. Abadie’s Constraint Qualification states that the tangent cone at U € K must be equal to the linearization cone of K
at U. This is true for K, since the domain K, is a box (or polyhedral) domain, see [27, Section 1.3.1].

We write K, as

N
Ky =[] K- (4.24)
9=1
N
where K, is a subset of R" with Z ng =dof. Thus for a vector U € K,,, we write U = (Uy), where each Uy belongs to K, .
9=1

Definition 4.6 ([27, Section 3.5.2]). Let K, be given by (4.23). Amap L : K, — R4°f is said to be
(a) a P-function on K, if for all pairs of distinct vectors U and U’ in K,

max (Uy — lNJIQ)T(L,g(F/) — Ly(U") >0,

1<9<N
(b) a uniformly P-function on K, if there exists a constant w > 0 such that for all pairs of distinct vectors U and U’ in K,,

7 _1\T 7y _ U') > 71712
12%2’3\{([]” Uy (Ly(U) — Ly(U") 2z w||lU = U"|I".

Lemma 4.3 ([27, Proposition 3.5.10]). Let K, be given by (4.23).
(@) If L is a P-function on K,, then VI(K,, L) has at most one solution.
(b) If each K, is a closed convex set and L is a continuous uniformly P-function on K,, then the VI(K,, L) has a unique solution.

4.3.2. Existence and uniqueness of LDG discretization with positivity and mass conservation constraints
In this section, we will prove the existence and uniqueness of the KKT system (4.10)—(4.21) using the unique solvability conditions
discussed in Section 4.3.1.

Lemma 4.4. For periodic boundary conditions, the matrices B in (4.15) and A in (4.17) satisfy BT = A.

Proof. In order to prove the symmetry of B in (4.15) and A in (4.17), we define the bilinear function a : (V) xWx(VixWk) - R
by
An+l
a(Pt, Q0,00 =@ Vo) = D (@), V.o
KeTy,
=PV -0+ Y (P v 0).
KeT,

Based on the definition of B in (4.15) using (2.2a), A in (4.17) using (2.2c), we rewrite the above bilinear function a as follows:

0 B ~ ~n+1
a(P,T+‘,Q';,+1;p.0>=(o,@>( 40 >(P”“,Qn )"

with ¢, © the LDG coefficients of p,0 and ﬁ”“,éH

Interchanging the arguments of a, we get

a(p.6: P Q1) =@. VBT~ 3 @ -v. Pk

1 - .
the LDG coefficients of P;:“,QZ“, respectively.

KeT),
= V-Qh+ Y (v Q) ek
KeT,
=— PV -0+ Y @ v, Pt — Y @ v, P i
KeTy, KeTy,
+ @ VD) = Y (v Qi+ Y (v @ ak
KeT, KeT),

10
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Using equality (2.7), the alternating numerical fluxes for 6 and pin (2.3) or (2.4), and the periodic boundary conditions, we obtain

D@ v Pt = Y @ v P = Y (B v 0)k

KeT, KeT, KeTy
~ An+l
=Y v Qi+ Y BV e == Y @, V. P
KeT, KeTy, KeT,
Hence,
a(P’:H'l,QZ'H;p,B) — a(/),a;PZ+1,QZ+1),
which implies
0 B ~ 1 =n+l ~ 1 =n+l 0 B
Pn+1 T _ Pn+l T
(0,9)< o )( O =@0"H( ) ee
0o AT ~.4 mntl
:(p,@)< B o >(P"+‘,Q" ). (4.25)

Since (P;‘“,QZ“) €V} x Wk and (p,0) € V) x W¥ are arbitrary functions, relation (4.25) implies that A = B". []
Using (4.12)—(4.14) and Lemma 4.4, the operator L([7 n+lyin (4.11) can be written as
L(ﬁn+l) — M(Ejn+1 _ ﬁn) + Tn+1BM_ICd(ﬁn+])M_]BTM_lD((7n+]). (4.26)
Lemma 4.5. Given U", the operator L in (4.26) is a uniformly P-function on K, for 0 < o™ g 42, with o the smallest eigenvalue of
~ C
the symmetric positive definite mass matrix M, and ¢ a positive constant independent of U.
Proof. Using relation (4.26) for L, for arbitrary U ;’“, U ;';rl € K,, there holds
LMY - L@ =M@ = U + " BM ™' C, (UM~ BT M~ D)
- " BM ', UM BT M~ D). (4.27)
After subtracting and adding z"*! BM’ICd(ﬁf“)M’1 BT M~! D(ﬁﬁl) in (4.27), we obtain
LMY — LU
=M@ - UMY + o BMT C UM BT MY (D@ - DY)
+ " BM N (C (UMY - Cu U )M BT MY DU, (4.28)
With the definition of D in (4.18) using (2.2d), we obtain that

~ - NN, - NN, N
(D@} = D@}, = /Q <H< ) U;’J%f) —H’( )Y U;;;¢,>>¢,m

j=1 j=1
NN,
=Y @ - u;;;)/g H"@E N, 0,dQ, i € (1, NeN b &t e Uit upth,
j=1
and write
D) - D) = DgEH@ ! - U (4.29)
Similarly, from the definition of C; in (4.16), (4.19) using (2.2b), we obtain that
Frn+l i+l
c@rh -

C (UMY - C (UM = N N ,
curth - cwrth

NN, NN,
C@rh -crhy, = /!2 <f< D ,";‘qsk) —f< D U7;;¢k>>¢,¢id9
k=1 k=1
NkNe
=Y —uy;;>/f’(¢;+')¢k¢,¢ida, ijk € {1, NN &M et upth,
k=1 S Ja
and write

NN,

COY -y == Y IC,5E @ =T, (4.30)
k=1

11
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Assume for arbitrary Ue K, in (4.23), that
IC(O),l <e.  |DO)] <c

I[Cq @)kl e |Dg@)y;l <, ivj.k € {1,....NyN,}, (4.31)

with ¢ a positive constant, independent of . In the remainder of this section, c is a positive constant, but not necessarily the same.
Using (4.29)-(4.30) and assumption (4.31), we obtain the following two estimates

(l7;1+] _ i};l;—l)TBM—ICd(ﬁ;H])M—] BTM—I(D<[7;1+]) _ D(ﬁn+l))
<IBIIM ™ IC, @M BT 1M~ I Dy @ OIT T - T2
<C||fj;l+l Un+1||2

and
O - YT BMN(C, (U - C U )YM ™ BT M~ DU
NkNe

<IBIIM™ D IIC, g @D M BT M D@ DI - T
k=1

<C||l7;'+l Un+l ”2
Then multiplying (4.28) with (17;’“ - ﬁ?;’l)r gives
([7;1+1 _ (7;171)7'(1‘([7;&1) _ L(ﬁ;q;rl)) — ([7;1+1 _ [7;’1‘;1)TM((7;1+1 _ ﬁ;x;rl)
+ Tn+1(l7;,+1 _ (7n+1)TBM—|C (ﬁn+1)M—lBTM—1(D(l7;t+l) _ D(fj;l;—l))
+ Tn+1([71n+1 U"H)TBM l(Cd(U"H) _ Cd(Un+l))MilBTM71D(ﬁ;,;»1)
>ol|UH = U2 = 2™ U - T 1%, (4.32)

where ¢ > 0 is the smallest eigenvalue of the symmetric positive mass matrix M.
Choosing 0 < 7! 41, we obtain that
C

o~ ~ ol o~
O =P @O = L > SN0 - U IR, YO Oy e K, (4.33)

which implies that for «"*! sufficiently small L(ﬁ n+1) is a uniformly function of K, O

From Lemmas 4.1, 4.2, 4.3 and 4.5, we obtain the main result of this section.

Theorem 4.6. Given the DG coefficients U" and the positivity preserving backward Euler LDG discretization (4.10)—(4.21) with equality
constraint h = 0. Given a time step t"*! satisfying 0 < 7"+! < 43 with o the smallest eigenvalue of the symmetric positive definite mass

matrix M. If assumption (4.31) is satisfied, then the KKT system (4.10)—(4.21) has only one solution.

Proof. From Lemmas 4.3 and 4.5, we have that the VI(K,, L) has a unique solution denoted by U"+! with K, given by (4.23) and
L given by (4.11). Then from Lemma 4.1, there exists a solution U"*!, and vectors y € R/ and 4 € R™ satisfying the KKT system
(4.10)—(4.21) with equality constraint 4 = 0.

Since in (4.20)-(4.21), each function hy 1<j<D is affine and each function g; (1 < i < m) is convex (linear), the KKT system
(4.10)—(4.21) has only one solution, Wthh follows from Lemma 4.2 and the uniqueness of the solution for VI(K,,L). [

Corollary 4.7. Given the DG coefficients U". Given a time step t"*! satisfying 0 < z"*! < i, with o the smallest eigenvalue of the
symmetric positive definite mass matrix M. If assumption (4.31) is satisfied, then for the degenerate parabolic Eq. (1.1) with periodic
boundary conditions, there exists only one solution satisfying the higher order accurate in time, positivity preserving DIRK-LDG discretizations
(4.7) with equality constraint h = 0.

Proof. Since the DIRK coefficient matrix (g;;) introduced in Section 3.2 is a lower triangular matrix, the structure of the DIRK-
LDG discretizations is similar to the form obtained for the backward Euler LDG discretization. The analysis therefore is completely
analogous to Theorem 4.6. []

4.3.3. Stability of the positivity preserving DIRK-LDG discretization

Theorem 4.8. Given the numerical solution U ]’l’ S th of the positivity preserving backward Euler LDG discretization (4.10)—(4.21). Given

a time step t"*! satisfying 0 < 7"+ S with o the smallest eigenvalue of the symmetric positive definite mass matrix M, and c a strictly
C

positive constant. If assumption (4.31) is satisfied, then the discrete entropy E, stated in (3.2) satisfies for n=0,1, ...,

E, (U < ER(U)), (4.34)

which implies that the positivity preserving backward Euler LDG discretization is entropy dissipative.

12
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Proof. From Lemma 4.2, we obtain that the LDG coefficients U"*! of the positivity preserving solution U ;:“ solve
y=T"HT'L@"™H >0, VyeK, (4.35)

with L given by (4.26) and K given by (4.1).
From assumption (4.31), we have that there exists a positive constant ¢ > ¢, > 0 such that

0! —eM~' DO € K. (4.36)
Next, we choose y = U"! — e M~ D(@"*!) in (4.35), which implies
—e(M~' DAY L™ > 0. (4.37)
Using (4.26) and the fact that ¢ > 0, we obtain that (4.37) implies the inequality
D(ﬁ"“)r(f]"ﬂ _ ﬁn)
+r™ D@ M~ BM ! C, (UM BT M~ D) < 0. (4.38)

From the definition of C, in (4.16), (4.19) using (2.2b) and the conditions on f stated in (1.3), we obtain that Cd(ﬁ"*") is symmetric
positive definite. Hence using 7"*! > 0, we have

D@ M- BM (0 )M BT M~ DO > 0,
which with (4.38) yields

DO™HT (O™ - U™ <0. (4.39)
From the definition of D in (4.18) using (2.2d) and (4.39), we obtain the bound

(), U —Up) + (H'UHh, Ut - Uy <0. (4.40)

Using the following Taylor expansion

HWU) =HU;*Y+ H' UMW, - Uit

+ %H!/(§g+l)(U;:+l _ U;;I)Z’ ég&l c (U",UZ+1),

we obtain that (4.40) gives

(PG, UM —UT) + (HUMY) - HUD, 1) + % (H"@. (U -up)’) <o,

which implies, using the definition of E, in (3.2), that
ERUH) = E,(UD) = (P, U = UP) + (HWUP) = HU), 1) <0,

since (1.3) gives H”(&;*") > 0. This proves (4.34). [J

5. Numerical tests

In this section, we will discuss several numerical experiments to demonstrate the performance of the positivity preserving DIRK-
LDG algorithm for the degenerate parabolic Eq. (1.1). In the computations, we will consider the porous medium equation, the
nonlinear diffusion equation with a double-well potential and the nonlinear Fokker-Planck equation for fermion and boson gases.
Firstly, we will present in Section 5.1 the order of accuracy of the DIRK-LDG discretizations with and without positivity preserving
limiter to investigate if the limiter negatively affects the accuracy of the discretizations. Next, we will present in Sections 5.2-5.5
test cases for which the positivity preserving limiter is essential. Without the positivity constraint, obtaining a numerical solution
is not possible or only for extremely small time steps.

In the computations, we take r = « - h; with h; the mesh size for the tessellation 7,. For numerical efficiency, it is important
to have a good balance between the number of Newton iterations and the time step size. If the Newton method during strongly
nonlinear stages requires a large number of iterations, it is generally more efficient to reduce the time step to lr and restart the
Newton iterations. When the Newton method converges well, then 7 is increased each time step to 1.2z, till the maximum predefined
time step is obtained.

In order to avoid round-off effects, a positivity bound u,,;, = 107'° is used in the numerical simulations, except for Section 5.1
where u,;, = 107'%. If it is not stated otherwise, the numerical results for 1D problems are obtained on a mesh containing 100
elements and Legendre polynomials of order 2. For 2D problems, a mesh consisting of 30 x 30 square elements and tensor product
Legendre polynomial basis functions of order 2 are used.

13
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Table 5.1
Error in L*®— and L'— norms for Example 5.1 at time T = | without positivity preserving limiter.
Py M e, = up Il Loy Order llu, =il Order minuj,
40 7.33E-003 - 1.03E-003 - —8.87e-005
1 80 1.24e-003 2.56 2.27e—004 2.18 —1.08e—005
160 2.63e—004 2.24 5.44e—005 2.06 —4.41e-007
320 6.05e—005 2.12 1.35e-005 2.01 —-1.57e-008
40 1.70E-003 - 8.73E-005 - —1.60e—005
2 80 1.43e-004 3.57 8.07e—006 3.44 —1.79e-007
160 1.36e—005 3.39 9.40e-007 3.10 —6.24e—009
320 1.34e-006 3.34 1.16e-007 3.02 —2.07e-010
40 1.45e-004 - 6.00e—006 - —2.14e-006
3 80 9.87e-006 3.88 3.11e-007 4.27 —9.56e—-008
160 5.51e—007 4.16 1.76e-008 4.14 —3.51e—009
320 3.50e—008 3.98 1.11e-009 3.99 —1.19e-010
Table 5.2
Error in L®— and L'— norms for Example 5.1 at time T = | with positivity preserving limiter.
P, M llu, = Upll ) Order ll, = Uyl Ly Order min U}
40 7.33E-003 - 1.05E-003 - 2.05e—005
1 80 1.24e-003 2.56 2.27e-004 2.21 8.15e-007
160 2.63e—004 2.24 5.44e—005 2.06 2.77e—008
320 6.05e—005 2.12 1.35e-005 2.01 8.55e—010
40 1.70E-003 - 8.73E-005 - 6.15e—008
2 80 1.43e-004 3.57 8.08e—006 3.43 3.03e—007
160 1.36e-005 3.39 9.40e—-007 3.10 1.08e-008
320 1.34e-006 3.34 1.16e-007 3.02 4.55e-010
40 1.45e-004 - 6.02e—006 - 1.00e-014
3 80 9.87e—006 3.88 3.13e-007 4.27 4.45e—008
160 5.51e—007 4.16 1.77e-008 4.14 1.21e-009
320 3.50e—008 3.98 1.11e-009 4.00 2.55e—011

5.1. Accuracy tests
For the accuracy test, we use a uniform mesh with M elements and positivity bound u,;,, = 1074,
Example 5.1. We consider (1.1) on the domain 2 = (-1, 1) with Dirichlet boundary conditions based on the exact solution and
select the following parameters
fw=u H@w=u’ PYx)=0, x€Q.
Then (1.1) with a properly chosen source term has the nonnegative solution
u(x,t) = exp(-(1 — x*?°, xe Q.

We take « in the definition of the time step as a = 1. Tables 5.1-5.2 show that the DIRK-LDG discretizations with and without
positivity preserving limiter are convergent at the rate O(h’;“) for basis functions with polynomial order ranging from 1 to 3. Note,
for polynomials P, of order k the DIRK methods, see Section 3.2, have order of accuracy k + 1. The errors and orders of accuracy
presented in Tables 5.1-5.2 indicate that the positivity preserving limiter is necessary and does not negatively affect accuracy.

5.2. Porous media equation
For the porous media equation, f(u)H" (1) can locally vanish, resulting in degenerate cases [1]. We test the asymptotic behavior of

the numerical solution and will show that the KKT limiter is necessary. The entropy defined in (1.4), which should be non-increasing,
is also computed.

Example 5.2. In order to test degenerate cases, we choose the following parameters in (1.1) on the domain 2 = (0, 1) with zero-flux
boundary condition (1.2)

f@=u, H'W=

W~

(u ) max (M ) T(X) =0 x €
2 ’ 2 ’ ’ ’
and initial data

u(x,0) = cos(2rx), x € Q.

=
=

14
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Time 3 x10° Time 3 x10° Time 3 %10
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04 08 04 04

03 06 03 03

02 04 02 02
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(a) Py (b) P2 (c) Ps

Fig. 5.1. (Example 5.2) Numerical solution U, for different orders of polynomial basis functions P -P; with the KKT limiter enforced and Lagrange multiplier
4 (red dots).

x10° Entropy

FFFFF R F

0.5 [ il

Fig. 5.2. (Example 5.2) Entropy E, for P; basis functions with the KKT limiter enforced.

During the computations, the value of « for optimal convergence of the semi-smooth Newton algorithm is usually close to 0.1.
We present the numerical solution in Fig. 5.1 for basis functions with polynomial order ranging from 1 to 3 and with the KKT limiter
enforced. Values of the Lagrange multiplier A larger than 10710 are shown in Fig. 5.1, which indicate that the positivity constraint
works well since it is only active at locations where the solution is close to the minimum value. The entropy decay using the KKT
limiter and polynomial basis functions of order 3 is presented in Fig. 5.2, which the result is consistent with the entropy analysis.
In Fig. 5.3, the numerical solution without KKT limiter and for polynomial basis functions with order 3 is plotted. This computation
breaks down due to unphysical oscillations.

Example 5.3. We consider a 2D test case on the domain 2 = (-6, 6)> with zero-flux boundary condition (1.2) by choosing in (1.1)
the following parameters
f@w=u, H@W=2u Yx)=0, xeQ
and initial data
u(x, 0) = exp (—1|x|2), xeQ.
2

In this case, the value of « in the definition of the time step ranges between 0.1 and 1. Fig. 5.4 presents the numerical solution
with the KKT limiter active and also the Lagrange multiplier 1. Considering the position of the non-zero Lagrange multipliers, we
can see that the limiter also works well in the two-dimensional case since it is only active in areas where positivity must be enforced.
The entropy decay is plotted in Fig. 5.5, which is consistent with the stability result of the numerical solution. Without the KKT
limiter, there will be unphysical oscillations, and the computation will break down at some point in the computations.

15
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Time 0.29317

0.8 q

0.6 q

0.2 q

0.2 I * I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Fig. 5.3. (Example 5.2) Numerical solution U, for P; basis functions without KKT limiter just before blow up.

Time 5 Time 5

Fig. 5.4. (Example 5.3) Numerical solution U, for P, basis functions with KKT limiter enforced (Left) and Lagrange multiplier 4 (Right).

5.3. Nonlinear diffusion with a double-well potential

Consider the nonlinear diffusion equation with double-well potential [28] on the domain 2 = (-1.4,1.4), which is obtained by
choosing in (1.1) zero-flux boundary condition (1.2) and the following parameters

fw=u, HW=u WY = ‘l‘x“ - %x{ x € Q. (5.1)

This model is taken from [4]. We will test the evolution of the numerical solution with and without KKT limiter, and also the decay
of the entropy (1.4). The value of a to compute the time step ranges between 0.01 to 0.1.

Example 5.4. We consider (1.1) with (5.1) and the initial data

u(x,0) = 02 exp (_x_2> , x€E Q.
V0.4x
The numerical solution with the KKT limiter enforced and the values of the Lagrange multiplier 4 larger than 10710 are shown
in Fig. 5.6. These results indicate that the numerical solution tends to a steady state and that the KKT limiter is only active at
places where the positivity constraint needs to be imposed. The entropy dissipation is presented in Fig. 5.7, in which uniform decay
coincides with our theoretical analysis. For the numerical solution without the KKT limiter, we observe that violating the positivity
constraint will result in discontinuities in the solution and a computation breakdown, even for a very small CFL number.
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Fig. 5.6. (Example 5.4) Numerical solution U, for P, basis functions with KKT limiter enforced and Lagrange multiplier 1 (red dots).

5.4. Nonlinear fokker—planck equation for fermion gases

Example 5.5. We consider the nonlinear Fokker-Planck equation for fermion gases [1] on the domain 2 = (=10, 10)2, for which
we select the following parameters in (1.1)

u
1—u

fw)=u(l—u), H'(@u)=log , P(x)= %lxlz, x€E 2, (5.2)
together with zero-flux boundary condition (1.2). The initial data is given by

u(x,0) =

— <exp (—%lx —@ 2)|2> +exp (—%Ix - —2)I2>
T

+ exp (—%|x - (—2,2)|2) +exp (—%|x — (-2, —2)|2)) . xeQ
During the computations, the value of « in the definition of the time step ranges between 0.1 and 1, but for most time steps
a = 1. The numerical solutions at several time levels with the KKT limiter enforced and the entropy dissipation are presented in

Figs. 5.8 and 5.9, respectively, showing the time-asymptotic convergence of the numerical solution towards a steady state. Without
the KKT limiter, the computations break down, even for very small CFL numbers.
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Fig. 5.7. (Example 5.4) Entropy E, for P, basis functions with KKT limiter enforced.
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Fig. 5.8. (Example 5.5) Numerical solution U, for P, basis functions with KKT limiter enforced.
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Fig. 5.9. (Example 5.5) Entropy E, for P, basis functions with KKT limiter enforced.

5.5. Nonlinear fokker-planck equation for boson gases

Example 5.6. We consider a nonlinear Fokker-Planck equation for boson gases with zero-flux boundary condition (1.2) on a
domain 2 = (-10, 10), which requires the following parameters in (1.1)

u

2
fw=ul+d), H'(u)=log W(x)= "7 x € Q.

=
(1 +u)3

The initial data is [1,9]

M (x —2)? (x +2)?
u(x,0) = (exp <— > + exp <— >> , XEQ,
2V2x 2 2

where M > 0 is the mass of u(x, 0).

For most time steps, the value of « in the definition of the time step is 1. For the case M = 1, Fig. 5.10 displays the numerical
solution at various times. Also, the locations and values of the Lagrange multiplier A and the entropy with the KKT limiter enforced
are shown. The results in Figs. 5.10 and 5.11 indicate that the numerical solution tends to a steady state, and that the Lagrange
multiplier 4 is needed to ensure that the positivity constraint is satisfied. Without the KKT limiter, the computations break down,
even for very small CFL numbers.

We also compute the entropy for the mass M = 1 using the second order non-algebraic stable DIRK method

0 0
(aij)=< 12 1/2 >’(bi)=( 1/2 172 ).(ep=(0 1), -3

the second order algebraic stable DIRK method

1/2 0
(a,-,->=< ljz 12 ),<b,->=( /2 12 ).ep=(1/2 1), G4

and the second order DIRK method (3.6). Fig. 5.12 shows that the entropy for all three DIRK methods is dissipative.

For this model equation, there is a critical mass phenomenon [5], which states that solutions with a large initial mass blow-up
in a finite time, while solutions with a small mass at an initial time will not. The numerical solutions with sub-critical mass M = 1
at times t = 5 and 7 = 10 and with super-critical mass M = 10 at times r = 0.2 and ¢ = 1 are shown in Fig. 5.13 and Fig. 5.14,
respectively, and agree with the results shown in [5] and the numerical observation in [1,9].

6. Conclusions

The main topic of this paper is the formulation of higher order accurate positivity preserving DIRK-LDG discretizations for the
nonlinear degenerate parabolic Eq. (1.1). The presented numerical discretizations allow the combination of a positivity preserving
limiter and time-implicit numerical discretizations for PDEs and alleviate the time step restrictions of currently available positivity
preserving DG discretizations, which generally require the use of explicit time integration methods. For the spatial discretization an
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Fig. 5.10. (Example 5.6: mass M=1): Numerical solution U, for P, basis functions

with KKT limiter enforced.
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Fig. 5.11. (Example 5.6: mass M=1): Entropy E, for P, basis functions with KKT limiter enforced.



F. Yan et al. Journal of Computational and Applied Mathematics 441 (2024) 115674
Entropy
55 T T T T T
*  Entropy with DIRK method (5.3)
o Entropy with DIRK method (5.4)
Entropy with DIRK method (3.6)
4 . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10
t
Fig. 5.12. (Example 5.6: mass M=1): Entropy E, for P, basis functions with KKT limiter enforced.
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Fig. 5.13. (Example 5.6: mass M = 1): Numerical solution U, for P, basis functions with KKT limiter enforced.
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Fig. 5.14. (Example 5.6: mass M = 10) Numerical solution U, for P, basis functions with KKT limiter enforced.

LDG method combined with a simple alternating numerical flux is used, which simplifies the theoretical analysis for the entropy
dissipation. For the temporal discretization, the numerical results show that implicit DIRK methods enlarge the time-step required
for stability of the numerical discretization. Under a time-step restriction, we prove existence, uniqueness and entropy dissipation
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of the positivity preserving high order accurate LDG discretization combined with an implicit Euler time discretization. Numerical
results are presented to demonstrate the accuracy of the higher order accurate positivity preserving DIRK-LDG discretizations, which
are of optimal order and not affected by the positivity preserving KKT limiter. The numerical solutions satisfy the entropy decay
condition.
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