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Abstract. In this paper we present a general construction of frames, which allows one
to ensure that certain families of functions (atoms) obtained by a suitable combination of
translation, modulation, and dilation will form Banach frames for the family of L2%-Sobolev
spaces on R of any order. In this construction a parameter « € [0, 1) governs the dependence
of the dilation factor on the frequency parameter. The well-known Gabor and wavelet frames
(also valid for the same scale of Hilbert spaces) using suitable Schwartz functions as building
blocks arise as special cases (o« = 0) and a limiting case (o — 1), respectively. In contrast to
those limiting cases, it is no longer possible to use group-theoretical arguments. Nevertheless,
we will show how to constructively ensure that for Schwartz analyzing atoms and any
sufficiently dense but discrete and well-structured family of parameters one can guarantee
the frame property. As a consequence of this novel constructive technique, one can generate
quasicoherent dual frames by an iterative algorithm. As will be shown in a subsequent
paper, the new frames introduced here generate Banach frames for corresponding families
of ¢-modulation spaces.
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1. Introduction and motivations

The theory of frames or stable redundant nonorthogonal expansions, introduced
by Duffin and Schaeffer [12], plays an important role in wavelet theory [9,10]
as well as in Gabor analysis [36,25]. Many relevant contributions, among them
[1,5,6,10,9,19-21,42-45], describe Gabor and wavelet analysis as two parallel
theories with similar but different structures and typically different applications.
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We shall propose a general construction of suitably structured frames and its
application to present a unified theory for L?-Sobolev spaces of Gabor and wavelet
frames, usually treated separately. We intend our results to be a further answer
to the theoretical need of a common interpretation and framework and to define
more general intermediate time-frequency tools for applications. To fix notations,
consider the following unitary operators on L?(R) of modulation, translation, and
dilation, respectively:

M, (f)(1) = 2™ f(1), (1)
T.(f)(1) = f(t — x), 2)
D (f)(0) = lal”'? f(t/a). 3)

In particular, we shall study families of functions given by:
[7(x, o, Na(@)g] = Mo Ty Dy 18, for (v, w) € R?, )

where ny(w) = (1 + |w|)?, for a € [0, 1], and the corresponding flexible Gabor-
wavelet transform:

VE() & @) = (f, MyT: D, ()-18), V(x,0) € R, (5)

We shall show that for suitable discrete sampling of (4), one can generate Banach
frames for L2-Sobolev spaces H*(R) once g is sufficiently well localized in the
time-frequency plane. One can easily verify that for o = 0 the family (4) is just
a Gabor family, while for « — 1 the family tends to the situation encountered in
the wavelet context, in a very natural (geometric) sense.

Cordoba and Fefferman [7], Folland [28], and Holschneider and Nazaret [42]
introduced such families and transforms as new time-frequency tools to study
certain pseudodifferential operators. Moreover, L2-Sobolev spaces are both mod-
ulation spaces [14,17,36] whose natural atomic decompositions provide (Banach)
Gabor frames as well as Besov spaces [34,47,46], for which wavelet expansions
are atomic decompositions. Hence, L>-Sobolev spaces appear to be natural com-
mon spaces for which one can develop an intermediate theory. Furthermore, they
are special instances of the more general family of a-modulation spaces [13,35]
for each o € [0, 1]. Although interesting group-theoretical approaches in gener-
alizing Gabor and wavelet frames are presented in [1,2,41,43,44], as a matter
of fact, classical unified (coorbit-space) theories [19-21,37] cannot be applied to
generate discrete flexible (parametric) Gabor-wavelet frames. Our approach over-
comes these difficulties. We mention, however, that a recent generalization of the
coorbit-space theory [8] may open up an alternative approach.

In approximation theory, one might use the parameter « as a funing parameter
in analyzing signals. In audio signal encoding, for example, one can use different
bases to model different components of signals. The nonlinear approximation of the
transient component (shock waves) is very effective using wavelet decompositions,
but the fonal component (harmonic or stationary signal) is much better represented
by Gabor type frames (or by local Fourier bases) [11]. Presently it is claimed that
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possible hybrid versions of Gabor and wavelet expansions can achieve better and
more efficient representations of signals. In particular, the almost complementary
quality and capability of approximation of Gabor and wavelet expansions has been
shown in [11]. This is a further motivation to investigate possible intermediate
frames, to introduce more flexible tools of approximation.

The paper is organized as follows. Section 2 lists the elementary properties
of frames and a few notational conventions. In Section 3 we briefly recall the
coorbit-space theory and the unified approach to Gabor and wavelet Banach frames
developed by Feichtinger and Grochenig [19-21,37]. We explain why it cannot
be applied directly to derive any intermediate theory and time-frequency tool. In
Section 4 we collect the relevant tools and technical results we need. The concept of
admissible coverings of RY and BAPUs (bounded admissible partitions of unity),
decomposition spaces, in particular Wiener amalgam spaces, and results on series
expansions for band-limited functions are presented. In Section 5 we introduce
a new constructive technique to generate admissible (discrete) coverings from
certain continuous coverings of the real line. In particular, each interval of an
admissible covering is identified by a function P, parameterizing the position of
the interval, and a function S, governing the size of the interval. Next we study how
to check the Bessel condition for a family of functions of the type (4) associated
to such admissible coverings. Finally, we state the definition of «-admissibility for
an analyzing function g. In Section 6 we combine the results and tools established
in Sections 4 and 5 to give unified sufficient conditions for the existence of flexible
Gabor-wavelet (discrete) frames for L>-Sobolev spaces.

The main result can be formulated as follows.

Theorem 1. Letra € [0, 1), s € RY, and g € H*(R) be a-admissible. Denote by

1
Pu(j) =sgn(N(A+ A =) -b-|jhie —1)
and .
Se(N=0b-0+A—=a)-b-(jl+ 1)
position and size functions, respectively, where sgn(-) is the sign function. Then,
Sfor all b > 0 and all sufficiently small values a > 0, the set of functions

J.k
{80as = Mpo(p Tas, () 14Dy 181 1 ier (©)

has the property that any f € H® can be written as the unconditionally convergent
series in H*(R)

F=33 "k gt (7)
jez kez
113 = S [l yHP A+ (=) b1, ®)
k. j

or a suitable set of linear functionals cj‘k . In particular, the renormed sequence
B ¢ o.a.b p q

LS ik L . j k .
{4+ —a)-b-|j]et - gé,a,b}/ﬁkez is a frame, while {gé,a,b}j,kez is a Banach
frame for H*(R). Thus, the space H*(R) can be interpreted as a generalized coorbit
space with respect to (4).
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The strategy of the proof has already been introduced in [29] and applied for
the Gabor frames case only in [30]. It is essentially inspired by the fundamental
works of Frazier and Jawerth [34] and Feichtinger [17], and it works as follows:

e Decompose the space into suitable subspaces of band-limited functions.

e Construct a local family of atoms of translates for each subspace.

e Show that the union of these local families is a Bessel sequence.

e The global system so built is a frame.

Then, one can apply a perturbation result to extend the frame property to larger
classes of generating atoms. In fact, under suitable decay-smoothness conditions
on g (v-admissibility), one starts to construct a local family of atoms by translates
of a band-limited approximation g, of g, which generates global frames. Then, by
means of the Neumann series inversion of certain synthesis operators, one proves
that the frame property applies also for g.

The a-admissibility condition essentially involves only the upper frame bound
condition (Bessel condition) of the system, while the lower bound condition, typ-
ically harder to check, is automatically fulfilled by a quite large class of analyzing
functions as a consequence of the general and unified construction. This result
is an improvement over earlier contributions, for example [5,9,41], where it was
necessary to check the lower bound condition, separately, for Gabor or wavelet
frames and it is a generalization of the results of [3, Section 3.6]. Moreover, since
the developed techmque is constructive, we provide a method to calculate suitable
coefficients {ca ()} by means of the choice of (approximated) dual families.
A constructive technique for deriving explicit formulas of suitable time-frequency-
scale sampling points (x§ ., @%) for family (4) to define the corresponding discrete
frames is also presented. Hence, our approach should be distinguished from those
results, see, for example, [41] Theorem 7.1 and [19-21], where the points were
required to be just sufficiently dense. The construction is also generalizable to
describe irregular Gabor and wavelet frames [32].

The present paper is the third of a series [29,30] on constructive methods to
generate structured Banach frames for function spaces. We have also developed
([31, Chapter 5]) the extension of these expansions as Banach frames for all classes
of a-modulation spaces as a generalization of the known coorbit-space theory.
These results will be detailed in a subsequent paper [32], and they will make use
of the present L?-Sobolev theory, combined with a novel generalization [33] of the
theory of localization of frames recently developed by Grochenig [38].

2. Preliminaries

Definition 1. A sequence { f, }nen in H is a frame for the Hilbert space H if there
exist two positive constants A, B > 0 such that

AP <Y WA P <B-ISIP, VfeH. 9)
neN
The upper bound in condition (9) is also known as the Bessel condition for the
sequence { fu}nen, and whenever it holds, the sequence { f, }nen is called a Bessel
sequence.
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Condition (9) ensures that the frame operator S : H — H given by

Sf=Y_(f fi)fa (10)

neN

is an invertible operator. This implies that

f=88"f=> (£5"fu)fu (11)

neN

The sequence (S7! fulnen is again a frame and is called the canonical dual frame
with frame operator S~!. For a frame the coefficient functionals {c, },cx such that

f=> "l (12)

neN

are in general not unique. Typically many dual Bessel sequences { f;, }nen in H exist
such that for all f € H

f=Y AR fo (13)

neN

Such redundancy of a frame can play an importantrole in practical problems where
robustness and error tolerance are fundamental as, for example, denoising, irregular
sampling problems [22-24], pattern matching, data transmission, and communi-
cation. We refer the reader to [6] for a recent book on frames and nonorthogonal
expansions and to [3,8,37,38] for the more general notion of Banach frame.

We write R* for the nonnegative reals. For a given function or tempered
distribution f, we denote the Fourier transform of f by f or ¥ f. Moreover, f is
called band-limitedif spec(f) := supp(f) C £2,for some 2 compact subset of R?.
We write 4 = 8(R?) for the Schwartz space. If B(R?) is a Banach space of functions
on R?, sometimes we write simply B instead of B(R?). For positive quantities F
and G, we will write F < G whenever F(x) < C - G(x), for some universal
constant C > 0 and for all arguments x. If F < G and G < F, then we will write
F = G. By convention we write w for the weight function w,(x) = (1 + |x|?)*/?
and LY := LY, , the space of functions f such that f-w; € L”, and in the following
discussion we assume s > 0. Let us also denote by «+ the regular Banach algebra
4 1= FL" and, finally, by M the space of bounded measures, the topological dual
space of the continuous function space C°.

3. The coorbit-space theory: Gabor and wavelet frames

A number of interesting papers in the field suggest a parallel description of Ga-
bor and wavelet decompositions. Let us mention just a few names here, such as
Christensen [6,5], Daubechies [9,10], and Triebel [47]. Inspired by the work of
Grossmann et al. [39], Feichtinger and Grochenig have presented a unified group-
theoretical approach in [19-21,37]. In those works one can switch between the
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Gabor and the wavelet context by exchanging the reduced Heisenberg group for
the affine ax + b group.

Let us recall their approach and then introduce a common presentation for these
two types of coherent frames. In the sequel G is some (Hausdorff) locally compact

group.

Definition 2. A strongly continuous representation of G on H is a mapping w from
G into the bounded linear operators on H for which

(i) mw(xy) =nmax)m(y), forallx,y € G.

(ii) Forall f € H, the mapping x — w(x) f is continuous from G to H.
We further say that

(iii) 7 is unitary if all the operators {w(x)} e are unitary.

(iv) m is irreducible if the only closed subspaces of H that are invariant under all
the operators {m(x)} e are {0} and H.

(v) m is integrable if there exists g € H\{0} such that

/G [{mr(x)g, g)ldu(x) < oo,

where | is the Haar measure on G. The set of all g € H for which the above
integral is finite will be denoted by A or A.

Definition 3. Let X be a locally compact space. A sequence of open, relatively
compact subsets O = {§2;}ie; C X is called an admissible covering of X if

(CI) (Covering) X =, $2i;
(C2) (Uniformly locally finite) sup;.; #{j € I : £2; N §2; # ¥} < N < oo.

Theorem 2. Let w be an irreducible, unitary, and integrable representation of G
on H. Then, there exists subspace B C A, which is dense in H, such that for all
g € B\{0} there exists a relatively compact subset 2 of G with nonvoid interior
with the following property: for any admissible countable covering {x;2} jc; of G
there exists a bounded operator

AH = P, Af = (3()jer
for which
f=> r(Pmxpg. Vf eH (14)
jel
Moreover, {m(x;)g}jer is a frame for H.

This theorem is just a special case of the general Feichtinger—Grochenig theory,
based on a discretization of convolutions and iterative approximations of a repro-
ducing formula. To a large class of Banach function spaces Y (including weighted
LP-spaces) one can associate a sequence space Y, and a Banach space Co,(Y)

(coorbit space) such that the result holds with H replaced by Co,(Y) and [>(I)
by Y. In particular, Theorem 2 can be applied to obtain Gabor and wavelet frames:
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Examples 1. We collect a few relevant examples of atomic decompositions for
coorbit spaces:

e (Gabor expansions and modulation spaces) For H,.; = R x R x T, the (reduced)
Heisenberg group with a suitable group law, and the Schrodinger representation
on L2(R) given for (z, y, x) € H,.q by

[7(z, y, )gl(t) = x - T,Myg(H) = x - ¥ Dg(t —7), gel? (15

the resulting frames are called Gabor frames and the corresponding coorbit
spaces are Co,(LY),) = M;, ,. belonging to the family of modulation spaces
[17,36].

e (Wavelet expansions and Besov—Triebel spaces) For Ay = R x R*, the affine
group, one can define the representation on L*(R) given for (b, a) € A rf by

D’

[7(b, a) f1(1) = T Do f(1) = 1 f(t b), fel’ (16)
Ja a
Hence wavelet expansions appear by appropriate sampling of the representation.
For the weight function w(b, a) = |al’, s € R, the corresponding coorbit spaces
are Co,(L%) = BZTPI/ZH/I’, the homogeneous Besov spaces [34,46,45].
e (L?-Sobolev spaces) Fractional L?-Sobolev spaces H* defined by

H'R) ={f €8 : flo)(l+|w?)? € LAR)}, (17)

endowed with the scalar product (f, g)gs := ( f ,8) 12_» are Hilbert spaces, and
H'=M;, = B;qz = Cox (L2 ), for all s, since they belong to both families.

The Feichtinger—Grochenig approach does not suggest any way to move from
the Gabor to the wavelet decomposition theory and any possible intermediate time-
frequency tools. In fact, Torresani [43,44] investigated the existence of subgroups
G of the affine-Heisenberg group G,wy = R x R x RT x T, such that they admit
mixed-square integrable, unitary representations

[7(b, ®, NG (@)g] = MuTyD, (18, forall (b, w) € R?, (18)

giving as a unique solution n¢g (@) = N, (®) = (1 +Aw). For A # 0t gives a trivial
modification of the standard wavelet theory, and for A = 0 it gives the standard
Gabor theory. Hence the Feichtinger—Grochenig theory cannot be used to provide
an intermediate theory between Gabor and wavelet decompositions. However,
as we shall show below, an intermediate theory is still possible (see also [41])
with a corresponding coorbit-space theory [31,32] by using the decomposition of
Hilbert space method illustrated in [29] and already used in [30] for generating
Gabor frames only. Such an intermediate theory provides a new flexible tool
that potentially combines the advantages of the two time-frequency techniques to
represent signals and operators in a parametric way.

In the construction of intermediate frames we follow the approach of Cordoba—
Fefferman [7] and Folland [28] for the representation of functions as continuous



112 H.G. Feichtinger, M. Fornasier

superpositions of modulated, translated, and dilated wave packets. They introduced
such a family of functions to study classes of pseudodifferential operators, which
are generated by the action of a mixed family of operators given by

[7(x, 0, Na(®))8] = My Ty D, (,)-18. forall (x, ) € R?, (19)

where 1, (w) = (1 4 |o|)¢, for « € [0, 1], producing a new transform that we wish
to call the flexible Gabor-wavelet transform or «-transform:

V() @) = (f, MuTiD,y0)18),  forall (x, ) € R (20)

Note that, for o = 0, Vé?‘ is just the short time Fourier transform (STFT) or the
windowed Fourier transform and, for o = 1, V' is just a slight modification of the
continuous wavelet transform (CWT). Further interesting results in this direction
were also proposed by Holschneider and Nazaret in [42], and we briefly assemble
some of them in what follows.

Theorem 3. For g € 8(R) define

G, () = /R 12((1 + 16D (0 — ©)P(1 + [E])“dE. 21
Assume that there exists A > 0 such that
0<A™'<6i(w) <A<oo, forae weR. (22)
Then
feH®R) ifandonlyif V{fe L?1+|w|2>5 R?). (23)

In particular, for s = 0, the system {M,TD, (,)~18}w xer is a continuous frame

[2], and forall f € L?

7= [ st DML D1 dxdo and News Pz, = 1112
R
(24)
A representative function satisfying (22) is the Gaussian.
It can be interesting to the reader to compare the previous theorem with Theo-

rem 1, which can be considered its discrete version. Similar results are reported in
[41] and [1, Proposition 15.2.1].

4. Wiener amalgams, series expansions of band-limited functions

We wish to assemble in this section those tools that we need for a better and self-
contained presentation. For more details we refer the reader to [ 13,35, 15,16,40,23].
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Definition 4. Given an admissible covering O = {§2;}ic; of R, we call a family
@ = {@;}ics in A := FL" [13, Theorem 4.2] an O-BAPU (bounded admissible
partition of unity) subordinate to O, if @ fulfills the following properties:

(i) sup;e; llgilla = Co < 00;
(ii) supp(p;) € §2;, Vi € I;

(iii) Y ;e 0i(x) = L.
Definition 5. For a Banach space (B, || - ||g) continuously embedded in §', an
O-BAPU @ = {@;}ics in A acts boundedly on (B, || - ||p) if

lei fllis < leillall flls. Vi € I, f € B.

Definition 6. Given a Banach space (B, || - ||g) continuously embedded in 8, let
D = {pi}icr C A bean O-BAPU acting boundedly on (B, || - || g) and w a discrete
(weight) strictly positive sequence on 1. We define the corresponding decomposition
space as

D(0.B.l5)R) ={f e 8 : fo € B VielL(lfeilpie €D}

Moreover, one can define the natural norm:

1/q
IfID] = (Z ||f<ol-||‘gw<i)4> ,

iel
for 1 < q < oo. The usual modification applies for ¢ = oo.

With such a norm the space (D(O, B,[3), | - |D||) is a Banach space. If,
in addition to the already mentioned assumptions, the @-BAPU is a Q-BUPU
(bounded uniform partition of unity), i.e., if there exists (x;);c; C R such that 2, =
x; + Q, with Q C R4 relatively compact, we call D(0O, B, 1) a Wiener amalgam
space, and we will write W(B, I,) := D(O, B, I},). Then the definition does not
depend on the particular BUPU @ taken whenever the weight function w is assumed
submultiplicative, thatis, w(x+y) < w(x)w(y) forallx, y € R, e.g., ws fors > 0.
Moreover, there exist characterizations of equivalent general decomposition spaces
by means of equivalent coverings, see [13,35]. The properties of Wiener amalgams
with respect to inclusions, Fourier transform, and convolutions were described and
studied by Feichtinger [15, 16]. We refer the reader to [40] for further information.

We must also recall and develop some technical tools on expansions of band-
limited functions by translates of a single band-limited function g.

Proposition 1 (Regular case). Given a band-limited function g € L'(R?) such
that § # 0 on a relatively compact set 2 C RY, there exists 8o > 0 such that
Jorall 0 < § < 8¢ {g(- — 8k)}repa is a local family of atoms [27] (see also [29,
Definition 3]) for Lé(Rd) ={fel?: supp(f) C $2}. This means that for all
feLL@®Y)

f=Y aNTwg and Y ([ Tug)l> < B- I fI15,

kezd kezd

for suitable bounded functionals ¢y such that ) ;_a |ck(f) 2<B-| f||%.
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Proof. Tt is well known that {§%2¢*"%x}, ; is an orthonormal basis for
L2([=1/(26), 1/(28)]%). For 8 > 0 small enough £ C [—1/(28), 1/(28)]. By
Wiener’s lemma there exists band-limited function g; € L' such that g; - § = 1
on £2. Hence, for all f € L% (R?)

f@) =[(F21)3)@) = > 8(f2r1. ™)™ g (w). (25)
kezd
By applying the inverse Fourier transform,
[=) 8 * gDl g, (26)
kezd
where * is the convolution operator. Observe now that, by Young’s inequality,

DU eGP = I1f x g3 < £ 1511115 27)

kezd

Let us denote cx(f) = 8%(f * g1)(8k); then one has

D le (O < (88 l) 1L£15- (28)
kezd
In particular, 3y z0 10/, Tag) > = Yyeza (f, )2 < 67| FI3112113- By

formula (25) one has that {T8?g, }ycza is a dual for the local family of atoms
{~T5kg} wezd (see [29, Remark]). Moreover, by (28) there exists a universal constant
B > 0 depending only on the behavior of g on £2 such that for all 0 < § < o,

> wend lek(F)I> < Bl I

Similarly, the more general translation irregular sampling case is given by the
following theorem.

Theorem 4 (Irregular case). Let 2 C R? be a relatively compact set, and
g € L' (R?) a band-limited function such that g(w) # 0 on $2. Then there exist
a relatively compact set Uy C R? and a constant C = C(g, 2, Uy) > 0 such that
for any subset {yi}rez C RY for which {yi + Uo}rez is an admissible covering for
R? there exist linear mappings f +— cy(f) such that

1/p
f=Y alNHTye and (Z|ck<f>|l’> <C-lflp, (29
keZ keZ
forevery f e LY (]Rd) = {f € LP(R?) : spec(f) C 2}and p € [1, 00).
Proof. [23].

For p = 2 the set {y) = T}, g}ez is a local family of atoms for Wy = L2, (R?)
in the sense of [29, Definition 3]. In particular, the projection of this family onto
L%,(R?) is a frame for that subspace. Constant C in (29) depends only on the
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behavior of g on §2 and on the density [23, Definition 2.2] of nodes {yi }xcz. In fact,
there exists 6 = §(Up) > 0 such that

C= el e, 20lAl < 1. “
L=, oy, & c@- @l < (30)

where

(1) g1 is aband-limited function g; € L', with supp(g;) C supp(g) and g;-g = 1
on §2;

2) h e l:1 is a band-limited function such that 7 = 1 on supp(g) and £2; :=
supp(h);

(3) c(8, £21) := inf |joscsp|l1, oscsp(x) = (supzeBa(x) |p(z) — p(x)|), where the
infimum ranges over all functions p € L', with p = 1 on £;.

Remark 1. Observe that ||i||; in (30) is independent of the size |supp(g)|. In fact,
for any band-limited function & € L' such that h = 1 on £2 and for all band-limited
g € L' there exists p > 0 such that hy(t) = p% - h(p-1 e L'is a band-limited
function, ﬁp = 1 on supp(@), and ||A,|l; = [|A]];.

Lemma 1. Let U be a relatively compact subset of RY. Then there exists an in-
creasing function Cy(€) on RT, Cy (&) — 0 for & — 0 such that, for all constants
8> 0andp >0,

c@,p-U)=Cy@-p). (€19

Proof. Consider some band-limited function p € L'(R?) with p = 1 on U. Hence
ppo(x) = p? - p(p - x) is a band-limited function with p, = 1 on p - U and
¢(8, p-U) < |loscsp,lli. By the mean-value theorem, one has

08Cspp(x) < 8- [Vp,lhx), (32)

where ﬁs#(x) 1= SUP_p, (v | f(2)] is the local maximal function of f. Observe now
that Vp,(x) = p®*! - Vp(p - x) and

IVpoli) = o™ sup [Vp(o-2)l=p""- sup |Vp(p-2)l.
2€Bs(x) PzEB.5(px)

Thus one has
#
losespoln < 8-+ ||Vl | (33)
Let us choose Cy(§) =& - |||Vp|§||1.

Remark 2. By the previous lemma, for any ¢ > 0 and p > 0, for the dilation of
a fundamental domain £2 by p there exists § > 0,8 =< p~! suchthat ¢(8, p-2) < e.
Hence, a fixed constant C in (30) can be used for all pairs of functions g and
sampling sets {yx}x, as long as the product of maximal gap size of {y;}; and the
size of supp(g) is uniformly bounded.
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In order to develop a constructive approach, we present a method to calculate
a possible dual {lﬂ,?}k for {%?}k (also valid for the irregular case).

Remark 3. ([LDA], Local Dual Algorithm). Under the assumptions and notations
of Theorem 4, let @ = {@;}rez be a Up-BUPU associated to {y; 4+ Up}rez. One can
define the discrete measure Dg f in W(M, [?) by the operator

Do : L*> - W(M,I?), Dof = Z(f, Pr) 28y (34
keZ

Observe that for all g € W(C°, I?)

(8 Do f) = (g ) _(frou28y) = D _(fr o280 = (f, Y g)ei) 2

keZ keZ keZ
(35)
Hence, one can also define
So : W(C" 1) —> L?, Seg=)_ ()¢ (36)
keZ
and (g, Do ) = (f, Spg) ;2. Let us consider the convolution operator:
Cnf = f=h. (37)

Denote Cig = hY x g = Cy(hY), where h¥ = h(—x). By the proof of
[23, Theorem 2, formula (64)], one has that the coefficients {cx(f)}xez can be
calculated by means of the Neumann series:

oo

c(f) = (@, Z (Ch(I = Do))" fo), (38)

n=0

where fo = Cy, f. Hence, for p = 2, a dual sequence {lﬁ,?}kez for the local family
of atoms {7y, g}rez satisfying ci(f) = (f, Iﬁ,?)Lz can be constructed by

vy =Cy, (Z ((r - S@C;:)”) r. (39)

n=0
This construction can be implemented by the following algorithm:
V=g W = (1w 9) =Y (Y =) (v)ej. YneN, Vkel,

jez
(40)

' Here the symbol o(g) = (g, o) is the action of the distribution o on the function g as an
extension of the bilinear form (g, 0);2 = fRd g(x)o(x)dx when g and o are both functions.
This notation is in fact the one used in [22,23].
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and

o
00— o7« (Z w,y). @1)
n=0
For the regular case, yy = § - k and ¢ = Ts.x @0 imply
[So, Tsx] = [Cy, . Tsul = [Cjy, Tox]l =0, (42)

where [A, B] = Ao B — B o A is the commutator operator of A and B. These
commutator equations, together with (39), imply that

VY = Tsa), (43)

where

v = Cs, (Z ((r - qu)cz)”) %o. (44)

n=0

In this case we will say that the dual is (locally) coherent because it preserves the
structure of the original local family of atoms.

5. Admissible coverings and «-admissibility

Let us assume in what follows d = 1. The multidimensional theory will be the
subject of subsequent contributions. We want to show how to define suitable
decompositions ([29, Definition 2], [30]) of H* as a Hilbert space in order to
construct frames derived for sampling of (19) in the time-frequency-scale domain.
This will be done by suitable partitioning of the frequency line and corresponding
decomposition of H* into suitable subspaces of band-limited functions. For that,
the following technical results are useful.

Lemma 2. Let P,S : RY — R"T be two positive nondecreasing (unbounded)
functions, P € C'(RY), such that

dP
(w) = S(w), P0O)=0. (45)
dw

Forallb > Oand j € N, denote by .Q][»J’S the interval P(b- j) 4+ [0,b-S(b(j+ 1))].

Then O = {.Q}D‘S}jeN is an admissible covering for RY. We call P the position
function and S the size function of the covering.

Proof. By the mean-value theorem, one has
Pb(j+1)—=Pb-j)=b-S0b-§),
for some &; € (j, j + 1). Since S is nondecreasing, one has also

P(b(j+1)) = P(b- j) +b-S(b(j+1)).
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Moreover, P is also nondecreasing, and then

P(b(j+1)) < P(b- j)+b-S(b(j+ 1))
< PO+ 1) +b-S0(G+1) = PO +2)).

PS but no further successive elements of the

. P,S .
Hence, for all j, £2 ;' intersects 2 faup

covering and

sup#{i € N: 2% (M| 2[° £ 0} <3. (46)

jeN
Lemma 3. Forall @ € [0, 1), the functions
Pu@) = (1 + (1 —a)w) v — 1, Se(@) =1+ —aw)1’e  @47)

are position and size functions. Then, for each fixed constant b > 0, denote

9;?:((1+(1—a)-b.j)1ia —1)+[0,b-((1+(1—a)-b~(j+1))13a].

(48)
Hence O% = {Q?‘}jeN is an admissible covering of RT.
Proof. Consider the functions
P) =0, S =1 =1+ (49)

They are position and size functions only for « = 0. In order to generate some
position and size functions, it suffices to show that there exists a positive smooth
parameterizing function /() such that

Pa(@) = P(h(®)).  Su(@) = S(h(w)) (50)
satisfy (45). This means that one has to solve the following differential equation:
P'(h(@)h'(@) = S(h(w)). (51)
In our particular case one has to find 4 such that
B (w) = (14 h(w))". (52)
The general solution of (52) is given by
he(@) = (C+ (1 — a)w) 1o — 1. (53)

We should choose C such that P,(0) = 0 and hence C = 1. One concludes by
using Lemma 2.

Remark 4. Observe that, for « = 0, @0 is a regular covering of positions b - j
and fixed size b. But for « — 1, O tends to an exponential covering O', where
position and size are of the type ¢”. In particular, for b = In(2), @' is a dyadic
covering of R*. Moreover, up to mirroring, O defines an admissible covering for
all R.
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Remark 5. We will say that a couple of functions (P,S) are an admissible parame-
terization of the frequency axis if there exists a smooth, increasing, and nonnegative
function 4 such that lim,_, o, #(x) = oo and

P(w) = P(h(w)), S(®) = S(h(w))

are position and size functions. In particular, let us observe that, for o« > 1, there
exists no h satisfying the requirements.

The following results, up to suitable modifications, will hold also for more gen-
eral admissible parameterizations of the frequency axis, and equivalent admissible
coverings are defined as in [18, Definition 3.3].

In [6,5,3] sufficient conditions to have Gabor or wavelet L>-frames are pre-
sented separately. In what follows we generalize those sufficient conditions (see
in particular [5, Theorem 5.1]) to check the frame upper bound (Bessel) condition
for a more general class of sequences in L2-Sobolev spaces [3] related to suitable
positions and size functions.

Lemmad. For o € Rand j € 7Z, write §, j = (“’S(Ijgf))

s € R, afunction g € H*(R) has the property that, for almost all » € R,

1 2\’
Zzg(éw,)g<éw, )'( *lel )sBc<oo; (54)

‘ez vz L+ |P()I?

If for some ¢ > 0 and

then the system
j ke TN
{gp5.c=A+IP(DID"2 - Mpy D1 Tex8) ez (55)
is a Bessel family for H* with Bessel bound B./c.

Proof. We first assume that f € 4 is band-limited. The general case follows later
by a standard density argument.

[Step 1] For a fixed j € Z one has

S(/e .
A M G A o [

keZ
= A | F (@& )| (1 + |0]?) do

2\ §
)da)

1/2
<\ flls - ( : + |w|2)5dw)
R

S SO+ SGN A+ PG - 1f s - g llas-

Therefore, the periodic function

A S(Hk k S(NHk
Fw =3 f(o= " Ye (- 1) (140
keZ

y
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is in L'[0, S(j)/c], and one can show that it is also in L>[0, S(j)/c]. Moreover:

S0
'/l;f(w)g(%-wqj)e2ﬂims(j)7lca) . (1 + |a)|2)sda) — /(; ¢ Fj(w)eQHimS(j)flca)da). (56)

By Fourier series, one has also

S(j)

2
c . N1
/ Fj(a))emeS(j) gl =

S (J)

() / |Fj(w)[*dew. (57)

2

meZ
[Step 2]
S bl = D A+ IPGRD™ - [(F. Mowsiyo Ty Dsp@)ez, |
J.keZ j.meZ
2
Z ST+ PG /f(w)g(é HerimS(~lew . (1 4+ |]*) do
Jj,meZ
By (56) and (57) one has
Z | f gPSc HS
J.keZ

=Y A+ PGP

=4
sm Sk X S(j)k 20 5|2
A e )
keZ
S(/) S( ')l /
<c 'Y A+[PGHD / > ( ’ )g(éw,,-— ) x
JEZ leZ ¢ ¢
SO\ |-  SGK\. k
x(1+ w="" ) kEZZf(w— . )g(sw,j—c) x
AN
X (1+'a)— S(Z)k ) dw
~ S(Hl l
¢! Z(l + PGP Z/ f( v )§ <§w,j - c) x
JEL leZ

2

keZ

. 2 . .
y (1 N ‘w_ S f<w_ S(J)k>g ( o k)‘ (1 N 'w_ S(k
C C C c

=c 'Yy A+ PGP /|f(w)g(sw,)}<1+|w| )

JEL

2 N
) dw
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>

. a2\ S
f(a)— SU)k)é’ (‘é“w,j - k)‘ <1 + 'a)— Sk ) dw
ez C C C

=t [1F@PA+ 10RO 2 (1 + 0P do

jez.

—1 NVAR r 7 _ S(J)k 2\s
+ T Y S A+ PGP -/R‘f(w)f<w i )'<1+|w|) X

k#0 jeZ
k S( ')k 2\ ¢
26008 (sw,,-— )‘ (1+‘w_ j ) o
C c
N 2 N _
2G| I +wdo+c 'R

=c! /R |F@PA A+l Y A+[P(HI)

jez.

X

We now estimate the second term R. Using Cauchy—Schwarz first on the integral
and then on the sum over k& as in the proof of [5, Theorem 5.1], we obtain

N k
R < Amw)ﬁ(l F1lo Y Y A+ PO - (308 (sw,,- — C)

X
k#0 jeZ
x (1 + |o|*) dw.
Hence, using property (B) one finally has
j 2 Bc
PV P Vi (58)

k2
This concludes the proof.

On the basis of the previous lemma we give the following definition.
Definition 7. Let P,(j) = sgn(}j) ((1 +(0—a)-b- |j|)lla - 1) and S,(j) =

b- 1+ —-a-b-(jl+ 1))'511, where a € [0, 1), and s € RT. A function

g € H°(R) is called a-admissible with respect to (Py, Sy) if

(ADI) g € L' and g # 0 on 2 = [—1, 1] or g is band-limited, § € L™ and § # 0
on spec(g), §2 C spec(g);

(AD2) g satisfies condition (B) of Lemma 4 for all a € (0, 1]:

v . a)—Pa(j))A<w—Pa(j)_k)‘< 1+ |of? )S
%sa(®) ZZg( sy )5\ suy )|\ 1R

jeZ keZ
< Bga < 00, (59)

fora.e. weR;

(AD3) for all p,a > 0 and all g, band-limited approximations of g, i.e., g, =
8%Vp, wherey € & is a band-limited function, withy = 10n 2 and y,(t) =
oly(p - 1), there exist Bg,a > 0 and Bg_g, o > O such that agpqa(a)) <

o .
Bg, < 00 and ag_gpya(a)) < Bgg,a <00 forae. weR

(AD4) Ifa = a(p) = cglp_‘, thena™' - Bg_¢,.a = 0, for p — +o00.
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Lemma 5. For s > 0 and a € [0, 1), write (s; @) = 12;. Then every function

g € H*(R) N L' (R) such that [g| < h;, with hy(w) = (1 + |a)|2)_§, t>2+(s; ),
and g(w) # 0 on £2, is a-admissible with respect to (Py, Sy).

Proof. Assume for simplicity b = 1. By assumption g(w) # 0 for w € £ (AD1).
Let&, ; = “<"* and, since [g| < h, and &, is a symmetric decreasing function,

Sa (J)
one has
| k
8 (sw,] - a)

where K is uniform with respect to a € (0, 1].
Hence, one also has

2

keZ

< Kl := bg,a < o0, (60)

2 N
1+ |o| ) . 1)

0% (@) S bga Y [3En)) (1 PR

JEZL

By standard analysis and calculations one can check that [g(&, ;)| <
hi((Jo| + 1) — 1 — sgn(j)(1 — @) j). This implies that

sup o (@) < Kibg - suth, (ol + D' =1 —sgn(H(1 — @) j) x

weR weR jez

( L )S
X .\ 12
L+ [P (I

. NAESIAGRIAY
Ki byq- he (€] — 1— .
1D, ;gﬁgjeZZ (1€] — sgn(j)( am( L+ PO

T IPGEDPY
Ky byq- he (€ — (1 — . )
< Ky by, ;g}gjezz &~ ( am( L inop ) @

Observe that i, € W(C°, [j.,); hence ) jen (11 Pu( DD 80 a)j € WM, IY,)
and

hi (§ = (1 —a)j) N (2)—s
> o= DA P DD 8wy | * B
S a+1ROPr T\

Applying standard results concerning the behavior of Wiener amalgams under
convolution and pointwise multiplication [15, 16,40] may recall
W(M, I35,) * W(C° 1l;.q)) € W(C%13,)

(s;00) (s;00)

and
W(C,1%,.q) - W(C°,1%2,)) € W(CO,1™).

(s;00) (s;0)

In particular, (1 + |Pa(lfa)|2)s e W(CY, 1% ), which implies (AD2):

Y= (s;a)

(%) < KZbg,tl : ||ht||w(c0,1251a)) = K3 - [|h]l1 - ||ht||w(c0,1251a)) = Bg,a- (62)
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In the same way, one shows that, for g,, and denoting g* := g — g,

sup 0% (@) = O (Il - Nyl ) = Beya

weR

sup 0%, (@) = O (Il 10 oy ) = Bera (63)

welR

i.e., (AD3) is valid. Moreover, for a = a(p) = ¢, 'p!

follows:

, one achieves (AD4) as

a Byra =0 (o 1N 1h] o)) = O™ = 0 for p— oo,

Remark 6. 1f g € W(C?, I>), then [g(w)| S hy(w). Moreover, F (W(FL?, ")) C
W(FL', 1,2) c W(FL', >)yn L,z. Hence, if t > 2+ (s; @), g € W(J”-'Ltz, 1" and
2(w) # 0 on £2, then g is a-admissible with respect to (Py, Sy).

Remark 7. Assume t > 2 + (s; ), g € W(}'L,z, 1", and 2(w) # 0 on £2. Then
g is a-admissible with respect to (P,, S,) (in the sense that (AD1-4) are valid

substituting (P, S,) for (P, S¢)) whenever P, < P, and S, < S,. In fact,

o’ Ta
following the proof of the previous lemma, it will be sufficient to check that

i — / j . . . . .

h,(“’gp("}()’)) = h (¢ S,P(“jg’)) uniformly with respect to w and j. Hence, in this case,
o o

we will say that “g is «-admissible” instead of “g is «-admissible with respect to

(P, Sa)”

Example 1. By the previous remark it is not hard to show that all g € §(R) such
that g(w) # 0 on §2 are w-admissible for any & € [0, 1) and s > 0. Obviously the
Gaussian function g(x) = ¢~™ is an ideal candidate for an a-admissible function
foralls > Oand @ € [0, 1).

6. Proof of Theorem 1

Denote 29 = [0, 1]. Let Vo = H ?20 be the closed subspace of H*(R) of the band-
limited functions f such that spec(f) C £2p and b > 0 are a fixed positive constant.
Assume, for example, for j > 0 (for j < 0 is analogous, up to mirroring),

D} = Mp,()Ds, (1. W; = Dj(Vo) = Hge.

Since O is an admissible covering of the frequency domain, by application of the
Fourier transform identification of H* with Lf, one easily has that (Vy, {D‘J’?} jez)
is a decomposition of H* in the sense of [29, Definition 2]. Moreover, for any
BAPU {(p‘}‘} jez C 48 associated to @%, one can consider the system of bounded
quasiprojectors P* = {P}'} jez, in the sense of [29, Definition 4], ;" mapping H*
into W;, given by

f;‘(f) = fx* f‘”’l(p;‘, forall f € H®. (64)
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In fact, (P; f. g) = (¢} f8 = f</)7'A (f. Pjg). Hence P} = (P])".
f=1-f= (Z‘P)f Z (ij)1mphesz Pi=1

S leerl’ = ZAw?(w)2lf(w)l2(l + o) do =
J j
= ZA¢?(w)zﬁffoo(w>|f(w>|2(1 1 o)) do <
J

< [ K@ 17@P0 + o) do < (max K@) 69
R we

where D = T 1 D i « = FD% and
/ sgn()((A+(1=a) bl jh 1=e =1)  b-(+1=a)b-(j]+1) 1=« J

K@) =Y ; DY xa,(@).
Finally, 2% (xw, (f)) = ¢4 - f)\;?xgo - f =99 f = FPL(f). By (AD1) and

Proposition 1 (or Theorem 4), one has that, forall p > 1 and 0 < a = a(p) =

cy ! o~ ! small enough, {1//,9 = Tu8p}kez 1s alocal family of atoms for Vy, where g,

is a band-limited approximation of g in the sense of Definition 7 (AD3). Observe
now that the assumptions on Dj.‘ of [29, Theorem 1] hold if one takes as lower

constante; = mingege (1 +|w[?)* and upper constant 8; = max e e (1 +|w|?)s.
In fact, for all f € V

D2 = f DN @)1+ lol?) do

2

< (masa+16r) - [ D7D do
£eQ Q‘j’.‘

— (max(1+ 16%) [ 1/ @)Pdo
%'EQJ 90

2ys\ . 2
< (ar)xéggé(l + lol) ) IS Vs -
In the same way:

1 N
oo - ((min(1+1g77) / [f @1+ ) do
§e825 20
< (mig(l + |s|2>3) / |/ (@)Pdo
e 20
5fm DX D@ + [y

= [ D% -

Moreover, making use of the fact that

2s
max (1 + ||*)* < min (1 + |o>)* < 1+ (1 —a)b - |j])1-e
weﬂ;‘? a)e.Q;’.‘
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one achieves by application of [29, Theorem 1] that for all f € H*

F=Y 3 (DL, (66)
JEZ kel
I =< Z e N+ (=) b (67)

Due to condition (AD2), consider the well-defined linear bounded operator

Sf chaabp(f)gaab (68)

JEZ keZ

By Lemma 4 and (AD3)

1= S S = | D bt s D&V [

keZ

<a™ By Zlcaabp(f>|2<1+<1—a>-b~|j|>12—“a

=1,
=a g/’a‘ ”f”HY

By the proof of [29, Theorem 1] and of Proposition 1 and by Remark 2, constant
C can be chosen uniformly with respect to p (perhaps at the cost of increasing the
density of the translation sampling points). Moreover, by (AD4) a™! - Bgo , — 0,
and therefore one has

I = Splllas—ns <n <1, for p > pg > 0. (69)

Hence S, is invertible by using the Neumann series expansion S;l =y, —
S,)", and

f SS f Z aabp gotab (70)

keZ

Furthermore, |||S;1|||HsﬁHs < lln’ and one has
1 2 . 2s 2
Z|caabp (S," NP A+ =) b 1= = 11 (71)

This concludes the proof.

Remark 8. Theorem 1 holds for « — 1 (and for exponential coverings), but, in this
case, one should modify the admissibility condition, which becomes a pure wavelet-
type condition, and the proof also should be adapted. Since Theorem 4 works for
irregular nodes {yx}xez and Theorem 1 does not depend on the particular choice
of equivalent covering @“, up to suitable modifications of (56-57), Theorem 1
can be extended to irregular (Gabor and wavelet) cases where the frame is of
the type {Mp () Tyks&(j)—l DS&(j)—l 8} j.kez [32]. In fact, the a-admissibility does not
depend on (small) perturbations of P,(j) and S,(j) in the sense of Remark 7,
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nor does Theorem 1 depend on the particular choice of equivalent position and
size functions. The multidimensional case can be treated in an analogous way by
suitable geometrical decomposition into coronas of the frequency space centered
in P, (j) and with width S, () or by suitable stretching of multidimensional regular
coverings by means of the function P, (w), see for example [18,13,35,47,46,34].

6.1. Computing and approximating duals

If g € H* is an a-admissible band-limited function, then {7}, g}icz is a local family
of atoms for Vj for any sufficiently small § > 0, and one considers {lﬁk}kez as
its (local) dual. Then, by [29, Theorem 1] (see also [30]), for any BAPU {¢ ]} jez
associated to O* and for all f € H®

=3 (A (D)) 90) % F19%),. D9 T, 8. (72)

J.keZ

Hence, calculating the local dual, perhaps using the [LDA]-algorithm (Remark 3),
one can completely analyze and recover any H* function by means of flexible
Gabor-wavelet frames (for all « € [0, 1)!). One example of a band-limited analyz-
ing function g is given by

1

2(x) = e i x| < 1 +e, (73)
0, otherwise

which is an a-admissible function (Fig. 1) for every choice of « € [0, 1).

1 0.06
0.8
0.04
0.6 0.02
0.4 ;
O‘é ~0.02
~0.04
~0.2
ol ~0.06
51530 510 15 20

Fig. 1. Real and imaginary part of a band-limited analyzing function

Moreover, a dual frame for { gé]; b} j.kez can be provided by

~j.k
2ot = (D)« F g (74)

Hence (74) expresses adual in a guasicoherent form (with respect to the same family
of operators {D$} jez). If there exists @y such that Sy (H~2. DY@y = F~ 1(/)"‘,
then the dual frame is coherent with respect to the local construction (Vy, {D }i )
and can be written as

got = DUy, (75)
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where Jf,f = 1&,9 * @y. Moreover, in the regular case (Proposition 1), for all f € H?,
one has, in the sense of an unconditional convergent expansion,

=Y (f DYTi) D Thag. (76)

J.keZ

When o = 0 or @ = 1, there exist always coherent BAPUs (regular and e’-adic
resp.) such that S, (j)~ 12 D"‘@o = F 9% but, in general, one cannot expect
that this will be true for arbltrary aec0,1) because no group structure is available
anymore.

If the function g is not band-limited, one can consider for p large enough the
dual given by

2, = (S, (D) = 7%, (77)

where 1&,? is a dual of the local family of atoms generated by a band-limited
approximation g, of g and §,, is the operator defined in (68). Since

o0
=> (1-58)" (78)
n=0
one has that
— n
= 5 M=, )

where 7 is as in (69). Moreover, because of Definition 4(i),

| @ost s = &s e = (1= (S,1)) (D50)  F7'0%) | o
n o .7 - — o
R (CA TR 1

O s

IA

IA

n o
1—1p H‘pj ||}’L§|

C s ~
N LT |1 |7 { P C)

Hence, up to choosing n > 0 small enough and, as a consequence, p large enough,
a dual for the L2-frame (i.e., for s=0) { ga “ b} .k can be approximated by a dual of
the type (74) of a band-limited approximation g, of g.

Corollary 1. Under the assumptions of Theorem 1 and using the notations of its
proof. for f € L? the following conditions are equivalent:

(i) feH
(i) Y 1 (D2 + F o) 2P (A 4+ (L =) - b |1 < oo;
(iii) Y 10 (S5 (D2F0) # F ) 2P (A4 (1 =) -b- |j])1 7 < co.
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S
Moo Gabor Gabor-Wavelet

Wavelet

HS

Fig. 2. «-modulation spaces

6.2. L2-Sobolev spaces as a-modulation spaces

Theorem 3 by Holschneider and Nazaret [42] completes the analysis of the charac-
terization of H* by means of the (continuous) flexible Gabor-wavelet transform V;‘ ,
and it represents the continuous version of Theorem 1. In particular, condition (22)
corresponds to condition (AD2) and the reconstruction formula (24) to formulas
(7-8).

Fractional L?-Sobolev spaces are just particular instances of a more general
class of spaces.

Definition 8. Related to the covering O% one can fix an O*-BAPU {(p;‘} jez in
S(R), and, for1 < p,q < oo, s € Randa € [0, 1) (« = 1 as limit case), one can
define the spaces

1/q
ma@® =1 fes | Y |Perta+a—wb-1jhi ] <ot @1
JEZ
where JPJO‘ is defined as in (64). Endowed with the norm
1/q
Lraee ] = [ [ 2er]ea+a—ab-lince | . ®2)

jez

they are Banach spaces. The usual modifications apply for p - g = oo.
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One can prove that M7 (R) does not depend on the particular value of b > 0,

nor on the particular @*-BAPU chosen. These spaces, introduced by Grobner and
Feichtinger in [18,13,35], are called «-modulation spaces, and they appear to be
the right spaces in which to study flexible Gabor-wavelet analysis as generalized
coorbit spaces related to the Stone—Von Neumann representation (19) (restricted
on a suitable homogeneous space, see [1,43,44,8]) as it has been discussed in [31,
Chapter 5] and is detailed in the later paper [32]. In particular, note that

M;g =H* foralls e Randwx € [0, 1]. (83)

Hence L2-Sobolev spaces are a-modulation spaces for any exponent s € R and
any « € [0, 1]. Moreover, for « = 0, these spaces are just modulation spaces M‘I‘,’ q
[17,36] (Gabor analysis) and for & — 1 are just Besov—Triebel spaces B;, , [47,
46,34] (wavelet analysis).

7. Conclusion

Theorem 1 can be seen as a unified approach to Gabor and wavelet frames and
introduces new classes of intermediate frames. It gives unified sufficient conditions
for the existence of such frames, which are satisfied by a quite large class of inter-
esting functions. The construction improves the flexibility in the possible choice
of coefficients for the decompositions obtained by duals that depend essentially on
the choice of suitable BAPUs. The duals built in this way are typically nice smooth
functions that are well localized in time and in frequency and show a “quasicoher-
ent” behavior. The calculation of this kind of dual is also possible in the “irregular
case” and can be done iteratively by means of the proposed algorithm.
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