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Abstract: Symmetry properties of the Brownian motion and of some diffusion processes are useful
to specify the probability density functions and the first passage time density through specific
boundaries. Here, we consider the class of Gauss-Markov processes and their symmetry properties.
In particular, we study probability densities of such processes in presence of a couple of Daniels-type
boundaries, for which closed form results exit. The main results of this paper are the alternative
proofs to characterize the transition probability density between the two boundaries and the first
passage time density exploiting exclusively symmetry properties. Explicit expressions are provided
for Wiener and Ornstein-Uhlenbeck processes.

Keywords: Symmetry functions; transition probability density function; first-exit-time; two-sided
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1. Introduction

Due the wide range of applications, from those of the financial context to those in biology,
computational neurosciences, genetics, and physics, the Gaussian processes have always been of
great interest (see, for instance, [1-3]). The theory of diffusion processes has extensively developed
and many interesting mathematical results, particularly useful for applications, were obtained
(see, for instance, [4-7]). Indeed, even if accurate models were designed to describe and investigate
real phenomena, often these models are too complicated to be treated mathematically; in most of
these cases the diffusion approximation provided the solution that was the right compromise between
the need to have more realistic models and a simple and effective mathematical description. Some
instances can be found in the field of computational neuroscience, such as in [8-11], or in the field of
queueing theory ([12,13]).

In the last two decades, also the Gauss-Markov (GM) processes ([14]) are often involved in a
similar way to specialize existing models; they constitute a simplified mathematical tool respect to
stochastic process that are Gaussian but do not have the Markov property. Under specific hypotheses,
the Gauss-Markov processes are also diffusions, hence, they are called Gauss-Diffusion processes; in
this case, their transition density function solves the Fokker-Planck partial differential equation (pde),
typical of diffusion processes ([15-17]), but with specified coefficient functions. Here, we will focus
our attention on these kind of processes.

The central interest is the determination of the probability density function (pdf) of the first
passage time (FPT) of these kind of processes through boundaries (constant or time-dependent).
Some results were already obtained for diffusion processes, even if most of them were obtained by
transformation methods of the Bachelier-Lévy formula (see, for instance, [18-22]) for the Brownian
motion and a linear boundary. Then, for GM processes, in [14,23,24] can be found contributions in
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the direction of determination of closed forms and for the approximations of the FPT pdf in presence
of specified boundaries. Also in these case, some space-time transformation between the involved
processes were used. Specifically, we can recall that in [25] Daniels, by using the method of images,
provided an expression for the transition pdf of the standard Wiener process in the presence of a
particular time-dependent absorbing boundary. On the other hand, in [26] (for diffusion processes)
and [14] (for Gauss-Markov processes) the strategy to solve a Volterra integral equation for the FPT
pdf was developed. Along this approach, in very few cases can the integral equation be solved, with a
closed form result derived; in all other cases, numerical procedures have been specialized ad hoc to
obtained very accurate approximations of the solution.

An alternative analytical approach particularly effective is that based on the exploiting of some
special features of the densities, such as the symmetry of the transition pdf. Indeed, in [27], in order
to derive closed forms for FPT pdf for diffusion processes, the authors studied special symmetry
conditions on the transition pdf in presence of particular time-dependent boundaries. Then, in [28],
a careful investigation was carried out for diffusion processes and their first exit time of these processes
through two-sided region delimited by an upper (respect to the initial position of the process) boundary
and a lower boundary.

Here, we are aimed to exploit the symmetry properties of the transition pdf specifically for
GM processes. Indeed, the symmetry approach has the advantage to allow discovering particular
expressions (characterizations) for the involved probability functions and consequentially a more
specific investigation of the process itself. It is worth remarking that the investigation of such symmetry
properties differ from the study of symmetry properties of diffusion processes (as done in [28]),
because essentially our results are derived only by using specific functions involving mean and
covariance of the Gauss-Markov processes. In particular, this paper is devoted to new characterizations
of the transition pdf of GM processes taking into account its symmetry properties. It is shown,
indeed, that some of these representations reveal to be particularly useful for the determination
of the closed form of first-exit-time (FET) from an open set confined between two boundaries.
A large number of papers is devoted to investigate first passage problem of diffusion processes
restricted between two boundaries, in the past but also recently, (see, for instance, [29-38]), also for
possible applications ([39,40]). Here, we focus on Gauss-Markov processes between Daniels-type
boundaries ([25]) for which the closed form can be derived also by the proposed symmetry approach.
The alternative proofs to determine specific closed forms for the transition pdf and for the FET pdf are
the main results of this paper. Some specific examples for well-known processes are also provided.

The paper is organized in following way: in Section 2 we give some preliminary definitions and
conditions under which it is possible to have FET pdf in closed form. In Section 3, the symmetry curves,
the corresponding symmetry functions and the symmetry properties of GM processes are considered.
Furthermore, the Daniels-type curves are defined in (21) and a two-sided region is defined as the open
set (subset of the process state space (R x T)), with such curves as lower and upper boundaries. Hence,
the transition pdf in the specified two-sided region is defined. In Theorem 1 and in Section 4 specific
expressions for the transition pdf between the two boundaries are provided, highlighting relations
with symmetry functions. In Proposition 1 it is proved that the transition pdf in the two-sided region
solves a Fokker-Planck equation. Section 5 is devoted to the characterization of FET pdf and the proof
of the second main theorem (Theorem 2) is provided. Specifically, in Proposition 2 the distribution
function of FET is given, whereas in Lemma 3 a preliminary representation of the FET pdf is given in
order it can be exploited in the proof of the Theorem 2. Finally, in Section 6, for useful comparisons,
two GM processes, Wiener and Ornstein-Uhlenbeck processes, are considered and the corresponding
results are specified for them.

2. Essentials on Gauss-Markov Processes and FET

From [14,23,24,37], we take the following definitions for GM processes and first passage times
random variables.
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Let T C R be a continuous parameter set and (Q, F, { F; }re1, { X(t) }1e1, P) be a stochastic process
with state space S = R. The process {X(t),t € T} is a real continuous Gauss-Markov process if it
is normal and it has a continuous mean function m(t) := E[X(#)] in T and a continuous covariance
function (s, t) := E{[X(s) — m(s)][X(t) —m(t)]} in T x T. Moreover, {X(t)} is non-singular process
except at the end points of T, ie, if T = [a,b] (a,b € R), then {X(t)} is non-singularly normal
distributed except possibly in t = a or t = b, where X(t) could be X(t) = m(t) with probability 1.

More specifically, the covariance function c(s, t) of a GM process is typically such that

c(s,t) = hy(s)ha(t), s<t, st €T 1)

with k1 (t), hy(t) we call the covariance factors. The ratio function of the covariance factors, i.e., r(f) =
Z;—Eg is a monotonically increasing function; note that iy (t)hy(t) > 0, Vt € T due the process is

non-singular in the interior of T. The transition mean and variance of the process X(t) are

BX(OIX(T) =y = )+ 120y~ n(o)
VarlX(01X(1) =3] = ha(t)[In(1) = 22 @

for t,7 € T, T < t, and the normal transition pdf f(x,t|y, T) remains completly specified by the
above quantities.
Now, we consider two C!(T)-class functions, i.e., Si(t) and S,(t) such that

(i) Sl(f) < Sz(f), VieT
(i1) S](to) < X(to) =x9 < Sz(fo), toeT.

We call S1(t) the lower and S, (t) the upper boundary, respectively.
We define the following random variables, Vt > ty, t,ty € T,

T,) = inf{t: X(0) < $i(1);X(6) < $2(0), Y0 € (to, )}, X(to) = %o
T = Inf {#: X(1) > Sa(1); X(8) > $1(0), V0 € (t0,1)}, X(to) = x0 3)
Iy = mf{f X(t) & (51(t),52(t))},  X(to) = xo.

t>to
Spec1f1cally, ,EO) is the lower FPT through the boundary S (¢), T JEO) is the upper FPT through S (t) and
, is the FET from the R x R open subset (S1(t), Sz(t)), respectively. Furthermore, the respective pdfs
are the following

9 d
altlxot) = PTG <t), gltlxot) = 5T <),
P)
g(t|x01 t) = &P(Txo < t) = gl(tle,to) +g2(t|x0/ to). (4)

We note that, for X(ty) = x, if we consider the events, ,
& = {3t € (to, +00) : X(t) < S1(#); X(0) < S2(0),V0 € (to, 1)}

and
& = {3t € (tg, +o0) : X(t) > Sp(t); X(0) > S$1(0),V60 € (to, 1)}
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the pdf g;(t|xo, to), for i = 1,2, are such that

/Jroogl(ﬂxo, to)dt = P{&} = P{&HU&} - P{&}

fo

+00
= P{é[)l ng} _/t gz(t|x0,t0)dt.
0
Consequently, we can denote the probability that X(t) firstly attains Sq(t) [S2(t)] by t without crossing
Sa(t) [S1(t)] with P(Té;) < t) [P(T,gg) < t)], and with P(Ty, < t) we denote the probability that X(t)
firstly attains either Sq(t) or S,(t) by time t. We recall that the pdfs gi(t|xo, fp) and g»(t|xo, t9) are
solutions of the two coupled non-singular second kind Volterra integral equations ([23]):

gi(t|xo, to) = 2¥1(t|xo, to)
t
- Z/t {g1(7|x0, to)¥1[t[S1(7), T] + g2(T|x0, to) ¥1[t[S2(T), 7]} dT,
0
$2(tlxo, t0) = —2%¥2(t|xo, to) 5)

+ 2 ./tt {g1(t]x0, to)Y2[t|S1(T), T] + §2(T|x0, to) ¥2[t]S2(7), T] } dT,

with
Si(t) —m'(£)  Si(t) — m(t) W (H)ha(T) — I ()ha (T
¥ltyT) = {] R R 0GR @
y— m(x) WO (8) — o)A (1) -
) e /SO AT G=1.2)
and
lim (S (1), £15(7), 7] = 0 (ij =1,2), @)

recalling that f[x, t|y, 7] is the transition pdf of X(t). By solving the system (5) it is possible to evaluate
g from (4). Closed form results for (5) are known in only a few cases (cf., [14,23]).

Closed-Forms Results

From [23] we recall that integral equations (5) can be reduced to a single equation under some
conditions. Indeed, under specific assumptions on the process and the boundaries, the first-exit time
pdf ¢(t | xo, to) solves a single non-singular Volterra integral equation in place of Equations (5).

In addition to all previous assumptions, if the following conditions are satisfied, i.e.,

lim r(t) = +oo, P{S1(t) < X(t) < Sao(t) | X(tg) =x0} #1 VteT,

t—+o0

we have:

—+o00
/t ot | xo.to) dt =1, ®)
0

andif Vit > tg €T
S1(t) + Sa(t) =2m(t) +2chy(t), (ceR), 9)

then the system (5) reduces to the following integral equation
g(t | xo,t0) = Z[Tl(t | x0,t0) — ¥2(t | xo, to)} (10)

2 [ gl 1 x0,t0) {Halt | $1(0), 7]~ ot $1(0), 1}
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Finally, if (9) holds for all f > ¢y and the initial state x( satisfies the following relation
xo = m(ty) + cha(to), (c eR), (11)

then one has
g1(t | xo0,t0) = g2(t | x0,to). (12)

Hence, in this case, the solution g(t | x0,t0) of the integral Equation (10) is given by

g(f | X0, to) = 2g1(i’ I X0, to) = 2g2(i’ | X0, t()). (13)

In [23], solutions of (10) are given as series of functions when the two boundaries are specific
functions of the mean and covariance of the GM process. Successively, such solutions are specialized
for some GM processes and boundaries in [39]. In any other case, the system (5) can be solved by
numerical procedures providing reliable approximations of the solutions.

3. Symmetry Properties

In the state space of the process {X(t),t € T}, consider the following curves:

y(t) = m(t) + dyhy (t) + daha(t),  (the symmetry curve or mirror)
u(t) = m(t) + dihy (t) + dihy(t), (an assigned curve) (14)
o(t) = 2y(t) —u(t), (the symmetric curve of u(t) respect to the mirror y(t))

such that v(f) < y(t) < u(t) Vt > tgwith t,tg € T, dy,dy,d}j, d; € R, and the corresponding symmetry
functions denoted by
Po(x,t), ¢o(x,t), (associated with y(t))
P1(x,t), ¢1(x,t), (associated with u(t)) (15)
Po(x,t), ¢a(x,t), (associated with v(t))

with v(t) = o (u(t),t).
The symmetry properties of GM processes ([28]) are such that for a general curve z(t) = m(t) +
ahy(t) + bhy(t), (a,b € R), with the associated symmetry functions

B B 2afx — z(t)]
P(x,t) =2z(t) — x, p(x,t) = exp{—hz(t)}, (16)
the following relations hold
o tiso o) = AL flpGa ), G to), 7)

) o)t o] = vt o) exp{ =2 S IEAZZ00 L )

We point that the above relations written for the couple of functions (¢, ¢) hold for the symmetry
functions (¢;, ¢;), fori = 0,1,2, for symmetry curves y(t), u(t), v(t) of (14), respectively.

3.1. Transition Distribution Function in a Two-Sided Region

Assuming that
P{X(1) =y(1)} =1
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for a fixed T € T, we denote by S; (¢, T) and S, (¢, T) the C!(T) functions such that, for t € Tand t > T,
verify the following conditions

(i)  S1(t, 1) < Sa(t,7) VYt > T;
(ii) limtw— S1(t, 1) < ]/(T) < limt“ Sa(t, 7).

Furthermore, Vt > Tand x € (S1(t,7), S2(t, 7)), we define
B(x, tly(t), 7) = P{X(t) < x;51(6,T) < X(0) < S2(6,7),V6 € (7,t)|X(T) =y(1)} (19)

and 5
Blx,tly(7), 7) = 5-B(x, tly(7), 7) (20)

the transition probability distribution function of X(t) between the two boundaries S (¢, T), S2(¢, 7),
and its density, respectively.

Now, in the next theorem, we give our first main result in which we give a closed form expression
for B(x,t|y(T), T) when the boundaries S1 (¢, T), Sz(t, T) are of Daniels type ([20,25]). (Note that we can
also consider these boundaries as absorbing boundaries.)

Theorem 1. For a fixed ty € T, let the lower and upper boundaries be

— _ hi(H)ha(to) — hi(to)ha(t) . [14/Alt o)
s =20 = o
_ hy (B (to) — ha(to)ha(t) . [14 /At to)
sat0) = ule) + MG e 1)
with u(t), v(t) as in (14), ;, a2 € RY, limy 7 A(t, tg) > 0
and
Y expd _ Alito) = y(to)][u(t) — y(1)]
(i) =1~ smezexp -2 TR 22

Then, the transition probability density function of the process X (t) between the two boundaries Sy (t, ty) and
So(t, tg), for t > to, has the form

B(x, tly(to), to) = f(x, tly(to), to) — aap1(x, ) f[1(x, t), tly(to), to]
— a2 (x,t) f[2(x, 1), ty (o), to]

for S1(t, tg) < x < Sa(t, to) and v(tg) < y(to) < u(to).

(23)

We will give the proof of the above theorem in Section 4.1, but before we need some preliminary
results about some representations and properties of the transition probability density B(x, t|y(to), to)-

4. Characterization of the Transition Density in a Two-Sided Region

For ty € T, let us define D = (S1(t, ty), S2(t, to)) C (R x T) as the two-sided region. Consider
B(x,tly(to), to) the right-hand-side of (23) defined on (D x T)?.

Lemma 1. The function B(x,t|y(ty),to) is such that

B(x, tly(to), to) = f(x,tly(to), to) — argp1[2u(to) — y(to), to] f[x, t|2u(te) — y(to), to)
—aaa[20(tg) — y(to), tol f[x, t20(t0) — y(to), tol, (24)

with

247 [u(to) — y(to)] } (25)

P1 [2M(t0) — y(tO)/ tO] = exp{ hz(fo)
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and
nl2olto) — vl to] = exp{ -2 Zy (0L @)
Proof. Note that, referring to (15), y(tp) can also be written as follows
y(to) = 2u(to) — [2u(to) — y(to)] = 1[2u(to) — y(to), to] = 2[20(to) — y(to), to]- (27)

Hence, using (27) in the right-hand-side of (23), we have
B(x, tly(to), to) = f(x,tly(to), to) — arepr (x, ) fp1(x, ), tip1 (2u(to) — y(ko), to), o]
— o (x, 1) f[ha(x, 1), t2(20(to) — y(to), to), to].  (28)

Then, referring to the general symmetry relation (17) and setting xo = y(fo), one obtains

o(x, ) flp(x, 1), t{p(y(to), to), to] = p(y(to), to) f(x, tly(to), to)- (29)

Finally, (24) is obtained by using (27) and (29) in (28). Furthermore, (25) is the second of (16) for the
symmetry function u(t) = m(t) + dihy(t) + d;hy(t). Again by using the second of (16) for v(t) and
recalling that v(t) = 2y(t) — u(t) = m(t) + (2dy — dj)hi(t) + (2dy — d5)ha(t), the (26) is obtained
as follows

¢ [2U(t0) - y(to), tO} _ eXp{Z[Zdl - dik] szlit()) — y(tO)) — U(i’o)] } (30)
2(to)
B 42d; — ][U (to)— y fo)]
B e o
_ Ald] —2dq][u(to) — y(to)]
a eXp{ ha(to) } 2
O
Remark 1. We can also note that the function B(x,t|y(t), to) can also be rewritten as
B(x,tly(to), to) = f(x,tly(to), to) — e [2u(to) —y(to), tol flx, t2u(to) — y(to), to]
—a2[20(to) — y(to), tol fx, |3y (to) — 2u(ko), to],
being 20(ty) — y(to) = 4y(to) —2u(to) — y(to) = 3y(ty) — 2u(to).
The last form will be useful in the next section.
Proposition 1. The function B(x,t|y(t), to) solves the Fokker-Planck partial differential equation:
9B(x, , 0 02
P o) t0) _ 2 14, (1B Hy(), 1)) + 2 [ Aa(DBCs vt 1)) (B9
where )
Ant) =i (6 + [ = mO]ED, 4a(t) = 1B (1) )

with the initial delta-type condition, i.e.,

gfgtlﬁ(x/th/(fo),fo) = d(x —y(to))-
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Proof. We note that from (24) of Lemma 1

B (x, ty(to), to) _ 3f(x,ty(to), to)

ot ot
—ar¢1[2u(to) — y(to), to)] %f[x, tH2u(to) — y(to), to

~ wxa20(t0) — y{to), fol 5 Flx 20 (ko) — y(to), ol. 39

Hence, § is a linear combination of f(x, t|-,ty). We recall that the transition pdf f(x,t|-, to) of the GM
process X(t) solves the following Fokker-Planck pde

. 2
UCLI0) _ 94y e )] 10)] + g s [ A2(0)F - )] 36

with corresponding initial delta-type conditions and Aq(x,t), Ax(t) as in (34). Then, taking into
account (36), Equation (35) can be explicitly written as

OBty lo) to) 3 (4, (1)), Hylto) o))+ & g Aol x, Hr(ho), )

—ayp1[2u(to — y(to), to)]
2

x { - % [A1(x, 1) £, H20(ty) — y (ko). to]] + ;aa 5 [Aa(0) £l t2u(to) — y(to), o] }
— aa¢2[20(to) — y(to), to)]

« { _ % (A1 (1), H20(t0) — (to), o] + ;aazz [4a(t)f[x, t120(t0) = y(to), o) }

Finally, rearranging the last equation, we obtain Equation (33) with the corresponding initial condition.
Hence, the thesis holds. O

Lemma 2. For Si(t,tg) < x < Sy(t,to) and Vt > tg € T, setting

_J [u(to) — y(to)][u(t) — x]
U(x,t,fo)—{hl() ha(to) — hy (to)h (t)}

and

(u®) — y(8)]lult) — y(to)]
Rit:to) = { i (Dia(ty) — I () D) }

the function B(x,t|y(ty), to) has the following expression:
B(x’ t|y(t0), tO) _ —f[x, f\y(to), to]eZU(x,t,to) [alefélu(x,t,to) _ e72U(x,t,tg) + 0(2674R(t,t0)]' (37)

Proof. Coming back to the expression (23) of B(x, t|y(to), to) and by using the symmetry relation (18)
we have

B(x, tly(to), to) = f(x,tly(to), to)

2[x — u(t)][y(to) — u(ty)]
—a1f(x, tly(to), to) exp { I (Dha(ty) — sl(fo)hzz) t) }
2[x — o

estnes Sl o
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Recalling that y(tg) — v(to) = y(to) — 2y(to) + u(to) = u(to) — y(tp) and v(t) = Plu(t), t], i-e., 2y(t) —
u(t) = v(t), and by using the symmetry property of the symmetry curve z(t) such that z(t) — x =
P(x,t) —z(t) and ¢(x, t) — x = 2[z(t) — x|, we can write that x — v(t) = x — 2y (t) + u(t) = x —u(t) —
2[y(t) — u(t)]. Hence, the last term in (38) becomes:

~ 2x—o(t)][y(to) —v(to)] | _ N 2([x —u(t)] = 2[y(t) —u(t)

P { hy(t)ha(to) — hi(to)ha(t) } P { hy(t)ha(to) — ha(t
— ex 2[u(to) —y(to)][u(t) — x| oxp d 4fu(t) —y ()] [u(t
- { h(H)ha(to) — b (fo)ha(f) } ) P{

Therefore, from (38) and (39), we have

:B(xrth/(tO)/tO) = f[xlt|y(t0)/ tO]{l — exp{ [1() E )])[ (t]/(l)l)(m;/lh(zt?))} }

2[u(to) — y(to)][u(t) — x] 4u(t) —y(t)][ulto
_azeXp{ hy(t)ha(to) — hi(to)ha(t) }X eXp{_ hy(t)ha(to) — ha(

) —y(to)]
to)ha(t) }}
that is the (37). O

4.1. Proof of Theorem 1

Proof. To prove the thesis, i.e., B(x, t|y(to), to) = B(x, t|y(to), to), we have to prove that the function
B(x,tly(to), to) is the effective transition probability density of X(t) in the two-sided region D. To do
this we have to verify that B(x, t|y(t), to) is such that

(i) B(x,tly(ty),to) = 0 for x = S;(t, tg) (i = 1,2), Vt > to;
(ii)  B(x, tly(to), to) > 0,Vx € (S1(t, to), Sa(t, to)), Vt > to;
(iii)  PB(x,t|y(to), to) satisfies the delta condition Vx € (S1(t, to), Sa(t, to)), i-e.,
ltiftfolﬁ(x/ﬂy(fo)rfo) = 6(x —y(to))

with y(to) € (hmtito Sl(t, tO)rlimt¢t0 Sz(t, to)).

We firstly prove i) and ii). From (37), we note that B(x, t|y(t), to) = 0 < ajap < 0 or ajay > 0 and
lim 5,7 A(t, tg) > 0 with A(t, tg) =1 — 4oqape~*R(E0) Indeed, under these conditions, the zeros of

[ale—4u(x,t,to) _ e—ZU(x,t,to) + “26—4R(t,t0)]

with U and R as in Lemma 2, are:

1 A -
+tVAL) g 1= VA(LE)
20(1 20&1

Hence, we can write

B(x, tly(to), to) = —ar flx, tly(ko), to]e?H (¥H10)
(i) 1+ VAl o) } { Uty _ L= VAl k) (40)
5 :

2001 o1

More specifically (in the case a; > 0 that implies ap > 0 and lim; 7 A(t,f0) > 0),
B(x,t|y(to), to) is such that
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- 2 — _
Bl ly(to), o) = s Tyt o] exp { 2t IR0
» {exp { _ 2[u(to) — y(ko)][u(t) — x] } _ 1+ VA, to)}
h1(t)ha(to) — ha(to)ha(t) 201
_ 2[u(to) — y(ko)][u(t) — x] } 1= VAL to)}
- {eXp { ha(t)ha(to) — b (to)ha(t) 2m
and
B(x, tly(to), to) = 0 & e~ 2U(xbbo) — _ 1 szl L+ vAalht) 2t — 1= VAL o) zﬁl(t' tO).
We note that
—2U(x,t ty) = In [H EA(”O)}
0y
N _2{ [u(to) — y(t )Hu(t) x| } [1+\/A(t,to)]
h1(t)ha(to) — 1 (to)ha(t) 201
__Im(O)ha(t) — m(t)ha(t) | [1+ V/Alt o)
) —x = [
that gives a first solution:
_ hy(t)ho(to) — hi(to)ha(t) , [1+ \/ (t, to
O e “
And similarly, we also note that from the condition e~2U(xtt0) — PTAEMO) another solution is
_ hi(t)ha(to) — ha(to)ha(t) . [1— /At to)
w100 =)+ [
that we discard because it is a not continuous solution.
Furthermore, an equivalent representation of (37) of B(x, t|y(t), to) holds:
,B(X/fh/(to),fo) _ _f[x,th/(to)’t0}672v(x,t,to)[al€74R(t,t0) o eZV(x,t,tO) —|—0c2e4v(x’t't0)], (42)

with

V(e ) = (80 ¥l loe)

[u(t 0)]
hl(f)hz(to) ha(to)ha(t)’
Indeed, in (38), being x — u(t) = x —u(t) + v(t) — v(t) = [x — v(t)] + [v(t) — u(t)], one has:

o ~ 2[y(to) — u(to)][x — u(
PUT mOha(to) = i ()2

- op{ - r=20)

(

]+ [o(t) —u(®)]][v(to) — u(to)}}
hy (t)ha(to) — hi(to)ha(t)

[ u

1
o] 2R =xlulte) —y(t))\ [ 2[o(t) = u(t)]ly(to) — u(to)]
‘ep{ hl()hz(to) hl(to)hz(t)}ep 1 (D) (ko) — ha (to) B (F) }
oxp { ~2[o(t) — 2 [u(to) — y(to)] }exp {4{y<t> — u(1)][u(to) — y(to)] }
hy (t)ha(to) — hi(to)ha(t) ha(t)ha(to) — by (to)ho(t

— e—ZV(X,t,fo) €—4R(t,f0) .
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From (42), in the case a1, 2, € R* and limygyp7 A(t, tg) > 0, we can again write

B(x, tly(to), to) = —aaf[x, ty(to), tole 2V (¥Ht0)

{EZV(x,t,tU) 14+ VA(, fO)] [ezv(x,t,to) 1= VA(L, to)]
2

2 2000

and

B(x,tly(to), to) =0 &

2V(x,t,to) = In {W] or 2V(x,tt)) =1In |:1_\/m] .

20(2

Hence, in this case, the solutions of equation B(x, t|y(ty),tg) = 0 are

hi()ha(te) — hi(to)ha(t) . [1+ /At to)
e R e )

x(t, to) = o(t) —

and

x(t ) = o(t) — Dh2(te) = nlto)a(t) | [1 - ZA(t, to)}

2[u(to) — y(to)] @
the last one has to be discarded being a not continuous solution.

Hence, for a1 > 0 and ap > 0 and lim; ;7 A(f, tg) > 0, the function B(x,tly(to), to) verifies
the conditions 7) and ii); specifically, we have that, from (41) and (43), it is equal to zero on the
continuous functions

Sl(tf tO) = Z)(t) -

I (8)a(to) — hy (fo)ha (1) | {1 + M}
2(u(to) — y(to)) 20,

and

Sa(t o) = u(t) + i (ha(to) — I (ko)ha(t) | - {1 + VA, fo]
2(u(to) — y(to)) 20
and it has positive values for x € (S1(t,t9), Sa(t, to))-
Furthermore, iii) also holds. Indeed, B(x, t|y(to), to) satisfies the delta condition due the result of
PI'OPOSitiOl"l 1 with y(to) c (limtuo Sq (t, to), limtuo Sz(f, l’o)).
We finally claim that B = B, i.e., B is the transition pdf of the process X(t) in presence of the two
boundaries (21). O

5. Pdf of FET

Here, exploiting the form and the properties of the transition pdf (x, t|y(to), tp) in the presence
of the boundaries (21), we can obtain the first-exit-time probability density from the above two-sided
open set in closed form. First, we provide an expression of the distribution function of the FET density.

Proposition 2. Under the hypotheses of Theorem 1, for the two-sided region delimited by the boundaries (21),
for t > to, we have the following result for the distribution function of FET as the integral of g(t|y(to), to):
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/t:g[9|}/(fo)/f0]d9 =1— [F[Sa(t, to), t|y(to), to] — F[S1(t, to), t[y(to), to]]
+ayexp { = 2D =IO iy 1), t2u(t) — o), o] — 1510, o) 200 — w00, 1]

4[dy — 2dq][u(to) — y(to)]
+a2eXp{_ 1 1hz(fos : }

[ Fl5a(t 10 H3y(00) = 2ut0) 1l = [F[51 (1 o) 3 (r0) ~ 2u(t0),

Proof. Recalling that the following relation between the transition density B(x, t|y(to), tp) and the FET
density g[t|y(to), to] holds

Sa(t,to) t
[ dzB ty(to), o) + [ doglely(to), to] = 1. (44)
S1(tho) to
Using here Remark 1, and proceeding to integrate B(x, t|y(to), to) between the two boundaries (21),
the thesis holds, with F|x, t|y, T] the transition probability distribution function of the process.

O
We now need to prove a preliminary lemma about an integral representation of FET density.

Lemma 3. Under the hypotheses of Theorem 1, for the two-sided region delimited by the boundaries (21), taking
into account the functions U and R of Lemma 2, for the GM process X (t), for t > tg, we first obtain the FET
pdf such as

2(t o)
sllytio) o] = [ a2 { )l o) o] = 5 3 [A2(01 T vt ] |

Sz(t,to) a 1 a
_ dz—1 A1(z,t) flz, tly(to), to]le 2 (& HHo) —
" /Sl(t,to) Zaz{ 1(z,t)flz tly(to), tole

5 3, 42(1)f [z tly(to), toJe 240

S (t,tg) 0 Wiztho) 19 Wietto)
a2 /SIWO) dzaz{A1<Z,t>f[z,tly(to),to}e — 53, A2()f [z tly(to), tole }

(45)

Proof. From (44), by differentiating, we obtain

o) to] = =2 [ Bz (o) to)d
8ltly(to). to] = —5; Sl(t’to)ﬁZ, y(to), to)dz

in which we will insert B(x, t|y(ty), o) such as from Remark 1. Furthermore, from Proposition 1,
we know that B(x, t|y(to), tp) solves the Fokker-Planck pde (33). Hence, we can write:

Sa(tto)
sty il = [° | = S tytto) )] dz
2( 7 0)
[ Sttt ] = avnl2ut0) =yttt H2ntn) ~ () 1

— aaa[20(to) — y(to), tol fz, t[3y(to) — 2u(to), fo]} dz



Symmetry 2020, 12, 279 13 of 20

Sa(tto)

= [ ( - a% (412, 0)f 2 Hy (o), o] + ;aaz [Aa(t )f[z,t|y(t0),t0]]>

2
~ a9 (i), 1), o] = o [A2(z T s (o)), o]+ o [ A0 T2ttt ] )

 xagalyay(to), o) ] = 52 [ A )Tz t1galyto)) ol + 3 (A2 () ]

(46)

Sa(t,to)

_ Sl“’:) iz ;’Z{[Al(z DF (e, y(to) )] —5 o [Aa(0)f t|y(t0),t0)]}

Sa(tto) 9 P
9z

— a1 [P1(y(to), to), to] /

Jsy(tt0) 423, [A2(t)f[zzf|¢1(y(t0)/to)rfo]] }

{[Al(z ) flz, tlp1 (y(t ))/to]] %
1
2

—

2(tto)
— aaa[2(y(to), to), tol /S g 2 e [Az(t)f[zrﬂllfz(y(to),to)ffo]]

dz A t t ,i’
JS1(tto) E)z{[ 1z iy 0]]

Now, taking into account

oty ) = T gt )ty )7

and

Ylp(xt),t] = x,

we obtain

P1[91(y(to), to), tol fz, 1 (y(to), to), to] = P1(z,t) fP1(z, 1), tl1[¥1(y(to), to), tol, to]
= ¢1(z, 1) f[Y1(z, ), tly(to), to]

- 2[u(t) — 2)[u(ty) — y(to)] (47)
= flz:tl(y (o). ol eXP{ = I ((i0) = Mo a ) }

= flz, t|(y(to), to]g—zu(z,t,to)'
Similarly, it can be proved
D2 (y(t0), to), tol 1z, H2 (y(to), o), to] = flz, t|(y(to), to]e?¥ o).

Indeed, taking into account that v(ty) = 2y(tg) — u(ty) — y(to) = y(to) — u(tp), one has:

$2[2(y(to), to), tol f[z, tg2(y(to), to), to] = Pa(z, ¢

— flal(ylto) tlexp { - A0
t
)

fl2(z,t), ty(to, to]
t
)

x][v(to) — ()}}

)
o(t)
t 2( ) h1(f0 Yha(t

(48)

= flz, t{(y(to), to] exp{ [ZEE 312 h1 to) hz }

= flz/t(y(to), to]e®” FH0).

Finally, by inserting (47) and (48) in (46), the lemma is proved. O

Theorem 2. Under the hypoteses of Theorem 1, for the two-sided region delimited by the boundaries (21), taking
into account the result and the functions U and R of Lemma 2., for the GM process X(t), for t > to, we have the
following closed form for the FET pdf

B(0)ulto) —y(to)] _ dr(t)
Slily(t0): o] = (i) — (i) e Y 20710 (w9)

< [ £181(t, o), Hy(to), ko] + £182(t, to), Hy (to), ol .
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Proof. Taking into account Lemma 3, in order to evaluate the right-hand-side of (45), we first calculate
the following derivatives:

: o [u(t) — 2][uto) — y(to)] | _ y(to) — ulto)
actl(& o) = a{m(t)h (o) — I (fo)ha(t) }‘ {h1(f)h2(t0) hl(to)hz(t)}

and

: 3 [ o) —lulto) — v \_ [ ylto) —ulto)
3" (@t = az{ I (Dia(ty) — I (o) 1) }‘ {hl(t)hz(fo) (o)) }

Hence, by integrating the right-hand-side of (45), by using Lemma 2, Equation (38), Theorem 1, and

the above expressions, by exploiting the symmetry properties of the process in the presence of the
boundaries (21), we have

gltly(to), to] =

FISa(t, to), tly(to), t0)] {Al[sz(t, to), t] — a1 Aq[Sa(t, tg), Hle 2U[S2(bt0) bl

- [y(to) — u(to)] —2U([Sy (£,t0) ko]
A B (o) — I (b)a(5)°

— a2 A1[Sa(t, to), t]e?V [S2(tho) ol

(

(

[y(to) — u(to)] 2(tt0) it
Tada(t ) hy (t)ha t(())) hl(io)hz(f)ew[s o ]}

—f[S1(t, to), tly(to), to)] {Al [S1(t,to), 1] — a1 A1[S1(t, to), tle~2UIS1(Hho) kol

—a Ay(t ) [y(foi - Zl(lé(;())]b( )e—zu[sl(t,to),t,to}

—062A1[51(f t()) 2V Sl ttg tto]

ha(t
t]
[y(to) — u(to)] 1(Bt) bto
+ ay Ay (t ) I (t )h2(t2) hy(to)hy (t)EZV[S o ]}

{1 —_ alefzu[SZ(trtO)/t/tO] — aze2v[52(trt0)rtrt0] }

e

1 9

WO f[z,t|y<to>,to]
2 aZ ZZSz(t,tO)
1
2

a0 Zpeyn] 1w v
dz z=51(t,to)

— f15alt o)yt i) { a( s L =20l

(mae2V 52t tt] _ gy ettt toh it }

St ttto) o) {Az“) hlw[zng :Zfi(;g])hz(t)

<D(262V[Sl (t,to),t,to] — lxleizu[sl(t'to)ft'to]) }

B ly(to) — u(to)]
*AZ(t) hl(t)h2(t0) — hl(to)hZ(t)

{f[sz(t, tO)/ t|y(t0), fo)] (azeZV[Sz(t,to),t,tO] - ale—ZU[Sz(t,to),t,tg})

— f[S1(tt0), tly(t0), to)] (age® 1 (W00 — gy 251 (Ao} o] }
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Recalling that:

2ViSa(to)ttel — L= VAT)  avisitag)a) _ 1+ VA )
207 ! 207 !

7

—2UlSa(tho)t] — LT VAMT) s o)t _ L= VA )
20(1 !

20(1

one has

g[t|y(t0)rt0] = AZ(t) hl(t)}EZ(tO) _Z Ié

1
{f[Sz(t, to), t[y(to), to)] [“2 (W) M (W)]
— fIS1(t o), tly(to). to)] [“2(W> M (1_231(”0)” }

= Aol =) {f[szu,to),t|y<to>,to)1< (t,10))
~ FIS1(E to), Hy (o), o)) A(nm)}

= ap(t) W) Zy(to) A(m){f[szu,to),ﬂy(to),to]

T flsie, to>,t|y<to>,to>1}.
(50)

By using the following relation

(51)
and inserting this in (50) the proof is completed. [

Remark 2. We note that

Iy (£)ha (ko) — hy(to)ha(t) = ha(t)ha(fo) [28 N Zlﬁ:ﬁi

} = hy(t)ha(to)[r(t) — r(to)].

Hence, by using also (51), we can write

As(t) _ dr(t) h5(t)
hy(t)ha(to) — hyi(to)ha(t) dt  hy(t)ha(to)[r(t) —r(to)]

and finally, by substituting the last relation in (50), we obtain the following expression (comparable with that

of [24])

gltly(to) to] = Mr((t;)))_—ry(i(t)(;) :22((:0)) d;(tt) A(t, o) (52)

{f[sza, to), Hy (ko). to] + £1S1(t, to>,t|y<to>,to>1}. 53)
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6. Two Specific Examples

Only for explanatory purposes and comparisons with known results (see, for instance, [28,34]),
we give some explicit expressions for the above functions of two GM processes such as Wiener and
Ornstein-Uhlenbeck processes, due their central rule in the class of GM processes ([14]).

6.1. The Wiener Process

Consider the Wiener process {X(t),t > 0} with mean function m(t) = ut, (u € R"), covariance
function c(s, t) =s, (s,t € RT,s < t), covariance factors hy(t) = t, hp(t) = 1,and r(t) = t,Vt > 0.
According (14), we set the following symmetry curves:

u(t) =put+n
y(t) = pt
o(t) = pt =1

with 7 € R™. The symmetry functions are

Po(x,t) =2ut —x, ¢o(x,t) =1, (associated with y(t))
P1(x,t) =2ut+2y —x, ¢1(x,t) =1, (associated with u(t)) (54)
Po(x,t) =2ut —2n —x, ¢a(x,t) =1 (associated with v(t)).
Please note that from (2) the transition mean and variance functions are

EX(®)|X(t) =y] = ut+[y—ut]
Var[X(H|X(t) =y] = t—t

fory € R, t,t € RT, T < t, and the free transition pdf f(x,t|y, T) remains specified as the
corresponding normal density with the above mean and variance. Setting ty = 0, y(0) = 0, we have,
from (22)

A(t0) =1 — 4ayap exp{—4n>/t},

with ay,ap € RT and such that lim¢_, 1« A(t,0) > 0, whereas the Daniels-type boundaries from
(21) are

S1(£,0) = ut —ny — %In

207

1+ +/1—4ajap exp{—4172/t}]

t
Sz(t,O)—yt+17+Zln 2

1+ /1 —4ajap exp{—4772/t}]

Please note that for instance, choosing # > 0, one has 51(0,0) < y(0) < 5,(0,0), with y(0) = 0,
$1(0,0) = —n and S2(0,0) = . From (23), the transition pdf between the two Daniels-type boundaries
is, for 51(+,0) < x < Sy(t,0),

05100 = o S} np (TR f Gt mRY]
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Finally, from (52), the FET pdfis Vt > 0

g[t0,0] = %/1 — dayar exp{—4n2/t) (56)
1 [S1(t,0) — pt]? [Sa(t,0) — pt]?
x\/ﬁ{exp [_Zt} + exp [_Zt} } (57)

6.2. The Ornstein-Uhlenbeck Process

Consider the well-known Ornstein-Uhlenbeck process { X (t),t > 0} with X(0) = x, that is the
GM process with mean

and covariance, fors < t,
o2y
c(s,t) 5 (e e )

where 0,9 > 0, and with covariance factors

ot _ _
() = 5 (&0 =™/}, ha(t) = oo™,

Moreover, we note that the variance is Var(X(t)) = # <1 —e2t/ 19) , and the ratio function r(t) is

such that r(t) = § (€2t/l9 - 1) with 7(0) = 0. Then, according to (14), and with xy = 0, we set the
following symmetry curves:

_ ) a8 4o
u(t)—yﬂ(l e )+172€
y(t) = ud (1 - e_t/ﬂ)
_ e t/8) _ 90 0
v(t)fyﬂ<1 e ) e
with 7 € RT. From (15) and (16), the symmetry functions are
Po(x,t) =2ud (1 - e*t/ﬂ> —x, ¢o(x, 1) =1,

P1(x, t) =2ud (1 - e*t/ﬂ) +notdet’® —x, ¢1(x,t) = exp{—%et/ﬂ[x —u(t)]}, (58)

Pl 1) = 28 (1—7/0) —yorte!’® — x, ol 1) = exp{Le!*x — o(0)]).
Please note that from (2), with y(7) = 0 and T = 0, the transition mean and variance functions are

E[X(1)[X(0) =0] = m(t)=p (1-¢7?)

VarlX(0]X(0) = 0] = Var(x()) = 2 (1-e /%)

for t € RT, and the free transition pdf f(x,t|0,0) remains specified as the corresponding normal
density with the above mean and variance. Setting again ty = 0, y(0) = 0, we have, from (22)

2529
A(t0) =1 —4oc1oczeXP{—1_Z_2m9}’

with a3, a; € RT and such that lim;_, 1« A(t,0) > 0, whereas the Daniels-type boundaries from
(21) are
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[ 25729 |
t/8 _ —t/0 14+4/1—4marexpy ——=7s
9 o (e e ) \/ 1—e—2t/0
_ 1 t/8) _ 00t/ _ 1
S1(t,0) yﬂ( e ) e 2 n TS
- 2 =
» oo » - (et/ﬁ B e—t/ﬂ) 1+ \/1 —4ujap exp {—%}
S5(t,0) = ud (1 - ) +e’t + o In o

Please note that for instance, choosing 7 > 0, one has 51(0,0) < y(0) < $,(0,0), with y(0) = 0,
51(0, 0) = *170'19/2 and 52(0, 0) = 110'19/2.

Finally, by using all above specified functions, from (23) and from (52), the transition pdf B(x, t|0,0)
between the two Daniels-type boundaries is, for S1(#,0) < x < S;(t,0), and the FET pdf g[t|0, 0] can
be explicitly obtained, respectively.

As last remark, we note that the Ornstein-Uhlenbeck process X (t) here considered is also solution
of the following stochastic differential equation (SDE):

aX(t) = {—Xl(;) + y] dt +c*dW(t), X(0)=0,

with W(t) is a standard Wiener process. The determination of the first passage time density of
X (t) from a region is the central problem for very large number of models based on the above SDE.
The symmetry strategy and the obtained expressions in presence of Daniels-type boundaries can
be useful also in such modeling contexts, because, under specific assumptions, some (piecewise)
approximations can be derived.
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