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HYPERBOLIC PREDATORS VS. PARABOLIC PREY*

RINALDO M. COLOMBO! AND ELENA ROSSI#

Abstract. We present a nonlinear predator—prey system consisting of a nonlocal conservation law
for predators coupled with a parabolic equation for prey. The drift term in the predators’ equation is
a nonlocal function of the prey density, so that the movement of the predators can be directed towards
regions with high prey density. Moreover, Lotka—Volterra type right hand sides describe the feeding. A
theorem ensuring existence, uniqueness, continuous dependence of weak solutions, and various stability
estimates is proved, in any space dimension. Numerical integrations show a few qualitative features of
the solutions.
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1. Introduction
Consider the following predator—prey model

{atu+V-(uv(w))=(aw—5)u’ (1.1)

Ow—pAw=(y—du)w,

where u=u(t,x), respectively w=w(t,x), is the predator, respectively prey, density at
time t € Rt and position x € R”™. Prey diffuse according to a parabolic equation, since
1> 0. Here, ~ is the prey birth rate and § the prey mortality due to the predators. The
predator density evolves according to a hyperbolic balance law, where the coefficient «
in the source term accounts for the increase in the predator density due to feeding on
prey, while 3 is the predator mortality rate. The flow uv(w) accounts for the preferred
predators’ direction. The velocity v is in general a nonlocal and nonlinear function of
the prey density. A typical choice can be

v(w) =k V(w+n) : (1.2)

L+ V (wsn)|*

meaning that predators move towards regions of higher concentrations of prey. In-
deed, when 7 is a positive smooth mollifier with fRnndx:l, the space convolution
(w(t)*n) (x) has the meaning of an average of the prey density at time ¢ around posi-

tion . The denominator \/14 ||V (w#n)||* is merely a smooth normalization factor, so
that the positive parameter x is the maximal predator speed.

Two key features of the model (1.1) are the following. First, while prey diffuse in
all directions due to the Laplacian in the w equation, predators in (1.1) have a directed
movement, for instance drifting towards regions where the prey density is higher. This
allows, for instance, to describe predators chasing prey. Second, predators have a well
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370 HYPERBOLIC PREDATORS VS. PARABOLIC PREY

defined horizon. Indeed, the radius of the support of 1 in (1.2) defines how far predators
can “feel” the presence of prey and, hence, the direction in which they move.

The aim of this paper is to study the class of models (1.1) under suitable assumptions
on v. We prove below existence, uniqueness, continuous dependence from the initial
datum, and various stability estimates for the solutions to (1.1). Here, solutions are
found in the space L' NL>®NBYV for the predators and in L' NL> for the prey. Thus,
solutions are here understood in the distributional sense, see definitions 2.1, 2.3, and 2.6.
Moreover, all analytical results hold in any space dimension, the explicit dependence of
the constants entering the estimates being duly reported in the proofs below. Besides,
qualitative properties of solutions are shown by means of numerical integrations.

With reference to possible biological applications, the words prey and predator
should be here understood in their widest sense. The diffusion in the second equa-
tion may well describe the evolution of a chemical substance or also of temperature.
Indeed, setting for instance d =0, the second equation decouples from the first, and the
first one fits into [18, Formula (0.1)], see also [6, 7]. In this connection, we recall that
the interest in nonlocal hyperbolic models is increasing in several fields.

Various multi D models devoted to crowd dynamics are considered in [7, Section 4]
and in [6] in the case of a single population, in [8] for several populations. In these works,
solutions are understood in the weak sense of Kruzkov, see [19], and well posedness is
proven in any space dimension.

Nonlocal models for aggregation and swarming are presented in [14, 15], where the
existence of smooth or Lipschitz continuous solutions is proved in 1D and in 2D, the
n dimensional case being considered in [16]. Due to the biological motivation, in these
papers only one population is considered.

In structured population biology, the use of nonlocal models based on conservation
laws is very common, also in a measure valued setting, see for example [1, 5, 12] and
the references therein.

On the other hand, the use of purely parabolic equations in predator—prey models
with spatial distributions is rather classical, see for instance [24, Section 1.2]. With
respect to these models, the use of a first order differential operator in the predator
density allows to describe the directed movement of predators and ensures that they
have a finite propagation speed. Indeed, if the initial distribution of predators has
compact support, then the region they occupy grows with finite speed and remains
compact for all times, as proved below.

As analytical tools, in this paper we consider separately the equations
Ou+V - (c(t,x)u)=b(t,z)u and Ow —pAw=a(t,r)w. (1.3)

For the former, we exploit the classical results by Kruzkov [19] and the more recent
stability estimates proved in [9, 21]. The literature on the latter equation in (1.3) is vast;
however, our considering it in L' "L on all R™ seems to be somewhat unconventional,
hence we provide detailed proofs of the necessary estimates. The two equations (1.3) are
here studied following exactly the same template and analogous results are obtained.
Once the necessary estimates for the solutions to (1.3) are proven, a fixed point argument
allows us to prove the well posedness of (1.1) and several stability estimates.

The next section presents the analytical results: first the main theorem and then
the propositions at its basis. Section 3 is devoted to sample numerical integrations
of (1.1). All technical details are deferred to the final Section 4.
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2. Analytical results

This section is devoted to the well posedness theorem that constitutes the main
result of this paper. All proofs are deferred to Section 4.

Our first step is the rigorous definition of solution to (1.1).

DEFINITION 2.1. Let T >0 be fized. A solution to the system (1.1) on [0,T] is a pair
(u,w) € C°([0,T]; L' (R™;R?)) such that

o setting a(t,x) =~v—o0u(t,z), w is a weak solution to dyw — pAw=aw;

o setting b(t,x) =aw(t,z)—F and c(t,x)=(v(w(t)))(z), u is a weak solution to
Ou+V - (uc)=bu.

The extension to the case of the Cauchy problem is immediate. Below, in Definition 2.3,

respectively in Definition 2.6, we state and use different definitions of solutions to the

parabolic equation dyw — pAw=aw, respectively to the hyperbolic equation d;u+V -

(uc) =bu, and prove their equivalence in Lemma 2.4, respectively in Lemma 2.7.
Throughout, we work in the spaces

X = (L'NL*NBV)(R"R) x (L'NL*®)(R"R) and
X+ = (L'NL®NBV)(R";R) x (L' NL*®) (R™;R+)

with the norm

(w0l = [l g ry + 0l 1 @ gy - (2.2)

System (1.1) is defined by a few real parameters and by the map v, which is assumed
to satisfy the following condition:

(v) v: (L*NL®)(R™";R) — (C2NW1L°)(R™;R") admits a constant K and an increasing
map C € L (RT;RT) such that, for all w,w;,ws € (L*NL®)(R™;R),

loc
||U(w)||Loo(Rn;Rn) SKHw”Ll(Rn;R)’
HVU(W)HLOO(Rn;Ran) SKHw||Loc(1Rn;]R<)a
[[v(w:) *U(w2)||Loo(Rn;Rn) < K|lwy *w2||L1(Rn;R)a
V(V "U(w))HLl(Rn;Rn) <cC (Hw”Ll(R";]R)) ”w”Ll(R";R)v
IV () = 0(2)) s n gy < C (Iallgom gy ) 101 = w3l oy
Above, the bound on the L norm of v(w) by means of the L' norm of w is typical
of a nonlocal, e.g. convolution, operator. Indeed, Lemma 4.1 below ensures that under

reasonable regularity conditions on the kernel 7, the operator v in (1.2) satisfies (v).
Relying solely on (v), we state the main result of this paper.

THEOREM 2.2. Fix «,,7,0 >0 and u>0. Assume that v satisfies (v). Then, there
exists a map

R: Rt xxt s x+

with the following properties:
1. R is a semigroup: Ro=1d and R, o R, =Ry 41, for all t1,ta eRT.



372 HYPERBOLIC PREDATORS VS. PARABOLIC PREY

2. R solves (1.1): for all (uy,w,)€X™, the map t— Ri(uo, w,) solves the Cauchy
Problem

Ou+V - (uv(w))=(aw—B)u
Ow—pAw=(y—du)w
u(0,2) =uo(x)

w(0,2) =w,(x)

in the sense of Definition 2.1. In particular, for all (ue,w,)EXT the map t—
Ri(uo,wo) is continuous in time.

3. Local Lipschitz continuity in the initial datum: for allT >0 and for allt eR™T,
there exists a positive L(t,r) such that for all (uy,w1), (uz,w2) € XT with

||uiHL°°(Rn;R) < T, vV (ul) < T, ||wiHL°°(R";]R) < r, ||wiHL1(]Rn;R) <r
for i=1,2, the following estimate holds:
[Re(ur,w1) = Re(ug,wa) || <L) [[(ur,w1) — (uz,w2)]| -

4. Growth estimates: for all (uy,w,) €X' and for all teRT, denote (u,w)(t)=
Ri(uo,w,). Then,

et

-1
Hu(t)HLl(Rn;R)§||Uo||L1(Rn;R)eXP O‘THU}OHLN(R";R) )

evt—1

Hu(t)HLOO(R”;R) < ||u0||L°°(R";R) exp ((OH‘K) ||w0||L°°(R";R)) )

Hw<t)||L1(]R”;R) < ||w0||L1(R”;]R) e,

[w(E) g0 (&) < 1Wollg,00 (rn.R) et

5. Propagation speed: if (uo,w,) € X is such that spt(u,) C B(0,p,), then, for all
teRT,

Spt®) CBO,p(t)  where  p(t) = pot Kt |l pa ooz

An explicit estimate of the Lipschitz constant L£(t,r) is provided at (4.37).
Theorem 2.2 is proved through careful estimates on the parabolic problem

Opw—pAw=a(t,z)w
S m— 23
and, separately, on the balance law
Ou+V - (c(t,x)u)=b(t,x)u (2.4)
w(to, ) =uo(x). '

Our approaches to both the evolution equations (2.3) and (2.4) are identical. We recall
below the key definitions, prove the basic well posedness results, and provide rigorous
stability estimates, always referring to the spaces in (2.1) and with reference to the L!
norm.

To improve the readability of the statements below, we denote by O(t) an increasing
smooth function of time ¢, depending on the space dimension n and on various norms of
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the coefficients a,u in (2.3) and b,c in (2.4). All proofs are deferred to Section 4, where
explicit estimates for all constants are provided.
Throughout, we fix t,,7 € RT, with T'>t,, and denote

I=[t,,7] and J={(ti,t2)€l’:t1<tr}. (2.5)

For completeness, we recall the following notions from the theory of parabolic equa-
tions. They are similar to various results in the wide literature on parabolic problems,
see for instance [2, 23, 25], but here we are dealing with L! solutions on the whole space.

Inspired by [25, Section 48.3], we give the following definition, where we use the
notation (2.5).

DEFINITION 2.3. Let a€ L™ (I xR™;R) and w, € L'(R™;R). A weak solution to (2.3)
is a function w e CO(L;LY(R™;R)) such that, for all test functions ¢ € C* (I;C2(R™;R))

T
//(w8t<p+uwA<p+awga)dxdt:O (2.6)
tO n

and w(ty,x) =wy(x).

The following lemma is similar to various results in the literature, see for in-
stance [25, Section 48.3], and is here recalled for completeness. The heat kernel is

denoted by H,,(t,z)= (47 ut)~"/% exp (—Hx||2/(4ut)>, where t >0, x € R™, and x>0 is
fixed.

LEMMA 2.4. Let a€ L*°(I x R™;R). Assume that w, € L*(R™;R). Then,

1. any function w satisfying

W(f,w)Z(Hu(t—to)*wo)($)+/t (Hy(t=7)(a(r)w(7))) (x) dr (2.7)

o

solves (2.3) in the sense of Definition 2.3;
2. any solution to (2.3) in the sense of Definition 2.3 satisfies (2.7).

The well posedness of (2.3) is now proved.

PROPOSITION 2.5. Let a € L (I x R™;R). Then, the Cauchy problem (2.3) generates a
map P: J x LY(R™;R) — LY (R™;R) with the following properties:

1. P is a Process: Pyy=1d for all t€l and Pi, ;0P 1, =Pt, s for all t1,t2,t3€1,
with tl St? Stg.

2. P solves (2.3): for all w, € L'(R™;R), the function t — Py, 1w, solves the Cauchy
problem (2.3) in the sense of Definition 2.3.

3. Regularity in w,: for all (t,,t) € J, the map Py, +: L' (R™;R) — L (R™R) is linear
and continuous, with

[Pt, twoll g1 (o ry < O) lwoll 1 (rnsry -
4. L*™ estimate: for all w, € (L*NL>®)(R™;R), for all (t,,t) € J,

||Pt07tw0||Loc(Rn;R) <O(t) HwOHLOO(]R";R) :
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5. Stability in a: let aj,as €L®(I xR™R) with a; —as € LY (I xR™;R) and call
PL,P? the corresponding processes. Then, for all (to,t)€J and for all w, € (LN
L>)(R™;R),

||7Dt1,,,two*7)t20,tw0||L1 R™:R §O(t)”w0”Loo Rn;R Ha17a2||L1 to,t] xR™;R)"
(R™;R) ( ) ([tost] )

6. Positivity: if w, € (L' NL>®)(R™;R) and w, >0, then Py, sw, >0 for all (t,,t) € J.

7. Regularity in (t,z): if w, € (L'NCY)(R™;R), then (t,z)— (P, 1w,)(x) € CH(I x
R™R).

8. Regularity in time: for all w,€L'(R™;R), the map t—Py, 1w, is in
(o (I;LI(R”;R)), and, moreover, for every ¥€l0,1] and for all T,t1,to €1 with
to>t1 >27>1,

n J
1Pttt =P ol ey < 0ol ey |+ 00t o=t
o

9. WHl estimate: for all w, € L'(R™;R), for all (t,,t) € J,

o(t)
m ”wOHLl(R”;R)'
We now follow the same template used in the preceding proposition and lemma, but
referring to the hyperbolic problem (2.4). Similarly to [11, Section 4.3] and [27, Sec-
tion 3.5], we give the following definition, where we used the notation (2.5).
DEFINITION 2.6. Let be L*°(I x R™;R), ce L™®(I x R";R") and u, € (L' NL*>®)(R™;R).
A weak solution to (2.4) is a function u € C°(I;L' (R";R)) such that for all test functions
peCL(I xR™;R)

||V(Pto,tw0) HLl (R”;R”) S

T
/ / (uworp+uc-Vo+bup)dxdt=0 (2.8)
t, JRn

and u(ty, ) =uy(x).
The following Lemma is analogous to Lemma 2.4, with the usual integral for-
mula (2.7) replaced by integration along characteristics, see (2.9).

LEMMA 2.7. Let ¢ be such that c€ (CONL*®)(I x R™;R"), c(t)e CL(R™;R™) Vtel,
VeeL®(I x R™R™ ™). Assume that be L>®(I xR™R) and u, € (L' NL®)(R™;R).
Then

1. the function u defined by

t
u(t,x) =uo(X (to;t,x)) exp (/ (b(r, X (15t,2)) — V~C(T,X(T;t,x)))d7> , (2.9
to
where the map t+— X (t;t,,2,) solves the Cauchy Problem

(e

is a Kruzkov solution to (2.4), i.e. for all k€R and for all p€ CL(I x R™;R"),

/T/ [(u—k)(Orp+c-Vo)+ (bu—kV-c)p]sgn(u—k) dzdt >0 (2.11)

and u(ty, ) =wuo(x), hence, u solves (2.4) in the sense of Definition 2.6;
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2. any solution to (2.4) in the sense of Definition 2.6 coincides with u as defined in (2.9).

Above, our choice of the Kruzkov definition is motivated by our using the L' bounds
in [9, 19, 21] in the proofs of 3. and 5. below.

PropPOSITION 2.8.  We pose the assumptions:
(b) be (C*NL>®)(I xR™;R); Vbe L}(I x R™;R™);
(c) ce(C?2NL>®)(I x R™";R"); Vee L®(I x R";R"™*"); V(V-¢) € L1 (I x R*;R™).

Then, the Cauchy Problem (2.4) generates a map H: Jx (L'NL*NBV)(R™;R)—
(L'NL>*NBV)(R™;R) with the following properties:

1. H is a process: H;;=1d for allt €l and He, r, 0 He, ty = Hey t, for all t1,t2,t3 €1,
with tl StQ Stg.

2. H solves (2.4): for all u, € (L'NL®NBV)(R™R), the function t—H;, su, solves
the Cauchy problem (2.4) in the sense of Definition 2.6.

3. Regularity in uy: for all (t,,t) €J the map He, 12 (L'NL®°NBV)(R™R)— (LN
L>*NBV)(R™R) is linear and continuous, with

”,Hto,tUOHLI(]Rn;R) < O(t) HuOHLl(R";]R)'
4. L estimate: for all u, € (L'NL>®NBV)(R™;R), for all (t,,t)€J,
H%taJUOHLoo(]Rn;R) <O(t) HUOHLOO(R";R)'

5. Stability in b,c: if by, by satisfy (b) with by —by € L1 (I x R™;R) and c1,cq satisfy (c)
with V- (c1 —cz) €LY (I x R™;R), call HY,H? the corresponding processes. Then, for
all (to,t) €J and for all u, € (L*NL*NBV)(R™R),

1 2
”Htmtuo _Hto,tUOHLl(]Rn;R)

< O) (ol oy + TV (o)) e = 2l g, ey

+O(t)||u0||L°°(R";R) (”bl - b2||L1([tO,t] xR™;R) V- (e — CQ)”Ll([to,t] ><]R";]R)> :

6. Positivity: if u,€(L'NL°NBV)(R%R) and u, >0, then Hi, 1uo>0 for all
(to,t) € J.

7. Total variation bound: if u, € (L'NL®NBV)(R™;R), then, for all (t,,t)€J,
TV (M1, 110) SO() (1t oo gz + TV (1))

8. Regularity in time: for all u, € (L'NL®°NBV)(R™;R), the map t — Hy, 1u, is in
C%! (I;L*(R™;R)), moreover for all ty,ty € J,

HHto,QuO - Hto,tl uo”Ll (R™;R)

< O(t2) (ol gy + kol oo gy + TV (1) ) It = .

9. Finite propagation speed: let (t,,t)€J and u, € (L'NL*NBV)(R™R) have
compact support sptu,. Then, also, sptH,, cu, is compact.
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3. Numerical integrations

To illustrate some qualitative properties of the solutions to (1.1), we present the
result of a few numerical integrations.

To integrate both equations we use the operator splitting algorithm to combine the
differential operators and the source terms. The balance law is integrated by means of
the Lax—Friedrichs scheme with dimensional splitting [22, Section 19.5], while its source
term is solved using a second order Runge-Kutta method. For the parabolic equation,
we use the forward finite differences algorithm and the usual Euler forward explicit
method on the source term. We leave the proof of the convergence of this algorithm to
the forthcoming work [26].

Notice that the numerical integration of (1.1) requires a convolution integral to be
computed at each time step. This puts a constraint on the space mesh, which should
be sufficiently small with respect to the radius of the support of the convolution kernel
to allow a good approximation of this integral.

Here, we focus on the two-dimensional case, that is n =2, and use the vector field
v in (1.2) with the compactly supported mollifier

3
n(x)=1 (62 - ||J;||2) XB(O,E)(x) with 7 € R™ such that /R2 n(x)de=1.  (3.1)

The analytical theory developed above is referred to as the Cauchy problem on the
whole space R?. In both examples below, the numerical domain of integration is the
rectangle [—1,1] x [—2,2]. The necessary boundary conditions are different in the two
cases and are specified below. The time step (At)p for the parabolic equation and the
one (At) g for the hyperbolic part are chosen so that (At)p is of the order of ((At)g)>.
The time step for the hyperbolic equation complies with the usual CFL condition.

Below, we constrain both unknown functions u and w to remain equal to the initial
datum all along the boundary, which is acceptable in the first equation since no wave
in the solution to the balance law ever hits the numerical boundary. Concerning the
second equation, the choice of these boundary conditions amounts to assume that the
displayed solution is part of a solution defined on all R? that gives a constant inflow
into the computational domain.

3.1. Predators chasing prey. We present a situation in which the effect of
the first order transport term in the predator equation is clearly visible, as well as the
well known Lotka—Volterra type effect in which a species apparently almost disappears
and then its density rises again.

We set v as in (1.2), n as in (3.1) and

:i? gi; 22(1).5 ¢=0.15 (3.2)
with initial datum (see figure below)
uo(z,y) =4x ,(z,y)
wo(z,y)=1.5y maX{O,x2+y2—0.25}XB(ac,y)
where (3-3)
A={(z,y) €R?: (22)>+(1.25 (y+1))* <1}
- y B—{(r.y) R: y>0}.
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2 u; t=0.24 20 w; t =024 2 u; t=047 20, w; t=0.47 2 u;t=0.70 20 w; t =0.70
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Fic. 3.1. Numerical integration of (1.1)—(3.1)—(3.2) with initial datum (3.3) at times t=
0.24,0.47,0.70,0.94,1.17,1.41. In each couple of figures, the predator density u is on the left
and the prey density w is on the right. The colors range as in (3.3) in the interval [0, 15] for
u and [0,14] for w. First, predators decrease due to lack of nutrients. Thanks to diffusion,
prey reach the zone where they are “seen” by predators. Then, clearly, predators are attracted
towards prey and their density starts to increase. This solution was obtained with space mesh
Az =Ay=0.005.

The result of the numerical integration is in Figure 3.1. At first, the prey are outside
the horizon of predators. Hence the latter decrease. Thanks to diffusion, some of the
prey enter the region where predators feel their presence. This causes predators to move
towards the highest prey density. Therefore, predators immediately increase and their
effect on the prey population is clearly seen, as shown also by the graph of the integrals
of v and w in Figure 3.2.

N
S

.
@

Integral of u
©
Integral of w

"
)

14

%.0 02 04 06 08 10 12 14 1%).0 02 04 06 08 1.0 12 14
t t

F1G. 3.2. The integrals of u, left, and w, right, over the computational domain versus time;
u and w are the numerical solutions to (1.1)—(3.1)-(3.2).
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We remark that, in the present setting, as time grows, undesired effects due to the
presence of the boundary become relevant.

3.2. A dynamic equilibrium. In this case, the numerical solution displays an
interesting asymptotic state in which the diffusion caused by the Laplacian in the prey
equation counterbalances the first order nonlocal differential operator in the predator
equation. The outcome is the onset of a discrete, quite regular, structure, see Figure 3.3.
We set v as in (1.2), n as in (3.1) and

a=1 B =02 k=1

{=0.25 3.4
v =04 §=24 f=0.5 (3.4)
with initial datum (see figure below)
2 u; t = 0.00 2 w; t = 0.00
ug(z,y)=0.25x _(2,y) +0.2x , (z,y)
10 ® 10] C D
05 05 wo(x’y) 202
° * where
e C={(z,y)eR?: (z+0.4)2+(y—1)2<0.01}
D={(z,y)eR?: (x—0.3)?+ (y+1.2)2<0.04}.
2. ut=0.75 2 w;t=0.75 2 uit=150 2. wit=1.50 2 u; t =3.00 2 w; t =3.00
10 10 10 10 10 P 10
s o8 s os o8 : os
1.5 =15 1.5| 1.5 =1.5| : 1.5]
72710 —0.5 Dxﬂ 0.5 10727 0 —0.5 OXD 0.5 1.0 Y 0 —0.5 DXD 0.5 10727 0 —0.5 DXD 0.5 1.0 #0 0 —0.5 DXD 05 10727 0 —0.5 QXD 0.5 1.0
2. u; t=4.50 P w; t=4.50 2 u; t =6.00 w; t=6.00 2 u; t=12.00 2 w; t=12.00
10 E 10 10 10 10 o 10
os : os - = . os 2% =
I Y LR :2
1o . S 10 10 e 10 10 10
1.5 1.5 1.5] . 1.5] ~1.5| = 1.5]

25 o5 00 o5 10285 o5 00 o5 10 2% —os oo 05 10 °%0 05 oo 05 10 Y0 05 o0 05 10°%0 -05 00 05 10
x x x x x X

Fic. 3.3. Numerical integration of (1.1)—(3.1)—(3.4) with initial datum (3.5) at times t=
0.75,1.50, 3.00,4.50, 6.00,12.00. In each couple of figures, the predator density u is on the left
and the prey density w is on the right. The colors range as in (3.5) in the interval [0,0.40] for
u and [0.20,0.24] for w. First, predators decrease due to lack of nutrients and move towards the
central region. Then, a discrete periodic pattern arises with predators focused in small regions
regularly distributed along 4 columns and, at a later time, along 5 columns. This solution was
obtained with space mesh Ax= Ay=0.005.

In this integration, predators first almost disappear, move towards the central part
of the numerical domain and then start to increase. Slowly, a regular pattern arises.
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u;t=9.01 w; t=9.01 u;t=9.01 w;t=9.01 uit=9.01 wit=9.01

2% =65 00 05 10 2%05 -05 00 05 10 2% o5 00 05 10 2%0 -05 00 05 10 200 65 00 05 10 2%0 -05 00 05 10

Fic. 3.4. Solutions to (1.1)—~(3.1)—(3.4) with initial datum (3.5) computed at time t=9.01
with different values of ¢, i.e. left £=0.5, middle £=0.25 and, right, £=0.1875. As £ decreases,
also the distance among peaks in the u density decreases and more peaks are possible. The color
scale is as in Figure 3.3. These solutions were obtained with space mesh Ax=Ay=0.0075.

w; t = 9.01

u;t=9.01

” SIS L
12 ’ - 12] o & 1l g . \
5 , 4 e 54 . . :
ol e st ol .
” . o EBED ol | .
oo wff @ 8 . - :
02 . : 02 ) & ) ° ) :2 : » : . ’ N

Fic. 3.5. Zoom of Figure 3.4, restricted to the intervals x € [—0.5,0.5] and y€|0,1.5].
Colors are as in (3.5), ranging in [0,0.4] for the u wvariable and in [0.225,0.229] for the w
variable.

Predators focus in small regions regularly distributed. These regions display a fairly
stable behavior while passing from being arranged along 4 to along 5 columns, see
Figure 3.3, second line.

From the analytical point of view, this pattern can be explained as a dynamic
equilibrium between the first order non local operator present in the predator equation
and the Laplacian in the prey equation. Where predators accumulate, their feeding on
prey causes a “hole” in the prey density, see figures 3.4 and 3.5. As a consequence, the
average gradient of the prey density, which directs the movement of predators, almost
vanishes by symmetry considerations. Hence, predators almost do not move. At the
same time, the diffusion of the prey keeps filling the “holes”; thus providing a persistent
amount of nutrient to predators.

Coherently with this explanation, numerical integrations confirm that the above
asymptotic state essentially depends on the size of the support of 7. Indeed, the mean
distance between pairwise nearest peaks in the density of u is slightly smaller than £,
see figures 3.4 and 3.5.

4. Technical details

4.1. Proofs related to dyw—pAu=a(t,x)w. We use below the constant:

I'((n+1)/2)

T(n/2) (4.1)

In=
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where I' is the Gamma function. Moreover, recall the classical estimates

HHu(t)”Ll(Rn;R):l (4.2)
1 I((n+1)/2)  Jn

VH,(t oy = = 4.3
|| / ( )”Ll(R ,]R) \/[H F(TL/Z) \//ﬁ ( )
_ 1 Jal*—2npt [Ell&

O H,(t,x)= Arpt) 2 e exp| — Il
n
||8tHH(t)||L1(R";]R) S ? (44)

Proof of Lemma 2.4.

1. Since H,(t) € C>*(R™;R) and w satisfies (2.7), clearly w(t) € C*°(R™;R) for all t > ¢,
If o€ C' (I;C2(R™;R)) then [;, pwApdr= [, pAwepdz. Note first that pAH,(t) =
0:H,(t), and compute preliminarily

pAw(t,z)=pA((Hy(t - t)*wo)(x))Jr/t pA((Hy(t=7)*(a(T)w(r)))(2)) dT

= (A, (=t s00) @)+ [ (A=) alr) () @) dr

o

= (O Hu(t — t)*wo)(x)Jr/t (0iH,,(t—7)* (a(T)w(7))) () dT

o

=0y (Hu(t—to)*w,) (x)+ [ O(Hu(t—7)*(a(r)w(r)))(x)dr.

to

¢
Setting 7 (t,x) :/ (H,(t—7)*(a(r)w(r)))(x)dr, the line above becomes
to

pAw(t,x) =0, (H,(t—t,)*w,)(x)+ %%(t,x) —a(t,x)w(t,z).

We are now able to prove (2.6):

/tj/n(wat‘P+MAw<P+awgo)dxdt
/ / 0) ¥wo) () Bpp(t,x) + () Dyp(t, )

Ot 1) r100) (0) plt.0) +  3,0.0) ) p(t0) - ) ultn) plta)

Fa(t,z)w(t, x)go(t,x)} da dt

//ndt (b= to)vwy) (2) + A (1,2)) (b, 2)] da dt

It is immediate to verify that if w satisfies (2.7), the initial condition holds.

2. Let w satisfy (2.7) and w, be a weak solution to (2.3). Then, by the step above,
the function W =w —w, is a weak solution to the linear Equation (2.3) with zero initial
datum. By [13, Theorem 2.24], it follows that W =0.



R.M. COLOMBO AND E. ROSSI 381

Proof of Proposition 2.5.
For all t €I denote A(t) =exp (ft la(T)l|Loc (g )dT) The proofs of 1.-2. are well

known in the parabolic literature, see [2, 23]. By Lemma 2.4, recall that the solution
w(t,x) = (P, 1wo)(x) to (2.3) satisfies (2.7).
3. Standard computations, using also (4.2), lead to:

G —— / / H(t— 1~ €) [wo(€)] dé
t
[ ] w9l u(nedsirds
R™ Jt, JR®
t
S p—— / Ja(r) () 1 gy A7
;
A / 007 o iy 1)1 gy 7
An application of Gronwall’s lemma yields the thesis:

[w(®) L2 (nr) < AE) [wollp1 (me;R)-

4. By (2.7) and (4.2),
o)l o ey < ol o st / a(r) ()| g ey A7

§||w0||L°O(R”;R)+/t l[a(T) Lo @ gy 1w (T) | Loo ) AT -
An application of Gronwall Lemma gives the desired result:
[w(@)l|Loo @ im) < A®) lwoll oo (mn ) -

5. Denote wi(t)zpti!two and A;(t)=exp (fti llai(7) I ®nx) d7'>7 for i=1,2.
Use (2.7), (4.2) and 4. above:

[[wi () = w2 (1) l,1 (g w)
t
< / / Hy (=72 — ) |1 (7,€) w1 (7,€) — a3 (7, € ws () | d€ dr da
n ]Rn
/ V(=) oy s (7)1 (7) = 2 (7)) s oy 7
/||a1 T)ws (T a2(7_)w2(7—)||L1(R";R)dT
t
S/Hal(T)wl(T)*az(T)wl(T)HLl(Rn;R) dT+/ l[az(T)w1(7) — a2 (T) wa (7)1 (g ) AT
to to
t
|a1(T) — a2 (T)HLl(R";R) ||w1(7)||Loo(Rn;R) dr

to

t
+/t a2 (T) [l e (g ) 101 (T) = w2 (T) | L1 (o my AT
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t
S — / A7) a1 (7) = a7l g ey A7
to

t
+/ lla2(T) | oo npy [lw2 (7) = wi(T) |l (mn gy A7 -
to
An application of Gronwall’s lemma yields the estimate:

w1 () = w2 (t) l,1 (g m) < A1(E) A2 () [|Woll 00 (mr ) |01 — @2l L1 (1, 41 xR ) -
6. Thanks to the L estimate at 4., we can apply [17, Chapter 2, Section 4, Theo-
rem 9], regularizing the coefficient by means of point 5. above.

7. Asis well known, note that (2.7) immediately ensures that w is of class C*.
8. By (2.7),

||’U)(t2) _w(tl)HLl(R";R) S ||(Hu(t2 _to) _Hu(tl _to)) *wO”Ll(Rn;R)

[ L= )~ H b =3)) # (0(s) (5D e 05

ta
+ / | (s — 8) % (a(s)e0($)) oy s
t1

and we compute the three terms separately. The first one is the usual term of the heat
equation, so that using (4.4),

ta—to
[(Hyu(t2 —to) = Hu(t1 — o)) *'WOHLl(Rn;]R) < HU’OHLl(R";R)/t ||atHu(5)||L1(Rn;R) ds
-

o

n
< H Hwo”Ll(R";R) |t2 —t1|.

Concerning the second term, use (4.4), point 3. above and follow the proof of [23,
Proposition 4.2.4]: for every ¢ €]0,1[ we have

/tt [(Hyu(ta = 5) = Hyu(tr = ) # (a(8)w(5)) | Ly oy A5
[ anea

ds
L!(R";R)

/ t”atﬂmdg) c(als)u(s)

1—S

o

t1
</

la(s)w(s)ll 1 @n.g) s

o 1—S LI(R";]R)
t1 ta—s
S/t (/ ”atHu(ﬂllmmn;R)d") () o iy 19(5) 1 gy I
o 1—S
t1 t275n
S/ (/ - dO') Ha’(s)”LOC(]R";R)||w0||L1(R";]R)A(5)dS
to t1—s g
t n to—s 1
= = n; o oy At o R
S el e ) xmmszy vell e imy (1)/to (t1—s)? /tls —i=p dods

t1
n 9 9
<lalloo (it 4] xrmsm) 1ol oy At1) 5 m[(h—s) —(t1—5)"] ds
t1 n 9
< oo n. o 1 n. A t -, .~ a t _t d
<llally, ([to,t1] xR ,]R)Hw L (R™;R) (t1) . Ot —s)? ta—t1|" ds

o
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n(ts—to)" " 9
< el oy AC) 52— o=l

where we used the inequality (t2 —s)” — (t; —s)? < (tz —t1)”. Concerning the third term,
use (4.2) and point 3. above:

/ 2 [y (t2 = 8)  (a(s)w(s)) L1 (gn gy I8

ty

to
= / HHu(t2 - S)”Ll(Rn;R) ||a(8)w(3)||L1(R";R) ds

t1

< ”aHLOO([tl,tg]x]R";]R) ”wO”Ll(R";R)A(tQ) |t —t1].
Summing up the above expressions, we obtain

||U)(t2) - w(tl)HLl(Rn;R)

n n(ty —ty) =7
< [woll 1 (g ) |:T_to+< 19(1_019) 1) llallnoe g, t0] xrmim) Alt2) | [t2— 11

9
|

3

and the Holder estimate at point 8. is proved. To prove the continuity in time, we
are left to check the right continuity in t,. To this aim, use (4.2) and point 3. above,
introduce the variable ¢ =¢/(ut)™/?, and compute

Hw(t)_wO”U(Rn;R)S/Rn R"Hu(t_toafﬂw()(x_g)_w0($)|d§dx
t
4 / =5 )03 iy 09

< [ mO Jwalo= () ¢) ~wa(o)] dods
Rn R‘n
+A(t)||a||L°°([to,t] XR™;R) HwOHLl(R";R) |t—1,.

Both terms above vanish as t —t,, (in the first use the Dominated Convergence Theo-
rem), completing the proof of continuity in time.

9. Using (4.3), (2.7), the properties of the convolution and point 3. above,

||Vw(t>||L1(R";]R)
< IV H(t— to)llga oy 100 e
t
4 / IV (6= ) gy 100 g iy 10007 s ey A
to
In b, A(T)
< ———|lwollp1 (gnr) + |l Lo (1 xRn & ———||Wo || y,1 gy AT
Vilt—to) - ED ), ult—7) (R"R)

I
m ||wo||L1(JR";R) (1 +2(t—t,) A(t) ”a”LOC(Ian]R)) )

4.2. Proofs related to d,u+V-(c(t,x)u)=>b(t,x)u. We use below the constant

T'((n+1)/2)T(1/2)
2T ((n+2)/2)

/2
In:n/ (cos®)"d¥= (4.5)
0



384 HYPERBOLIC PREDATORS VS. PARABOLIC PREY

Proof of Lemma 2.7.

We recall [3, Section 3] and follow the proof of [7, Lemma 5.1].
1. Let u,,€C'(R™R) approximate u, in the sense that ||u07”_u0HL1(]R";R) —
0 as n—+oo. Call w, the corresponding quantity as given by (2.9). Then,
l[tn —ullpo0 (7,01 (R my) — 0 as n— 00, so that we L (L; L (R™R)). Concerning the
continuity in time, by (2.9) u, € C°(I;L}(R™";R)) and u is the uniform limit of the
sequence uy,, hence u€ C°(I;L!(R™;R)).

Using the flow generated by (2.10), introduce the change of variable y= X (t,;t,x),
so that @ = X (¢;¢,,y). Denote its Jacobian by J(t,y) =det(V, X (¢;0,y)). Then, J solves

dJ (t,y)

T =V-c(t,X(t;t0,y)) J(t,y) with  J(t,,y)=1.

Hence
t
J(t,y) = exp ( / v~c<r,X(r;to,y>>dr) ,
to

so that (2.9) can be written as

ult,r) =~ () B(ty)  where B(t’”:e"p(/tob“’X(”O’y”dT) (46)
7(6:9) 2= X(tit0.p)

Let k€R and ¢ € CL(I x R";R*). We prove (2.11) for u given as in (2.9):
T
/ / [(u—k)(Orp+c-Vo)+ (bu—kV-c)p]sgn(u—k) de dt

" uo(y) B(t,y) , , _
_/to /n[(w_k> (Orp (t, X (tito,y)) +c(t, X (t5t0,y)) - Vo (t, X (Eit0,y)))

uo(y) B(t,y)
J(t,y)

- k) J(t,y) dydt

+ (b(tX(t;to,y))
X san <uo(y)5’(t,y)

—k:V-c(t,X(t;to,y))) so(t,X(t;to,y))}

J(t,y)

T d q
:/t / [“o(y)B(t»y)@w(t,X(t;to,y))—kJ(t,y)&go(t,X(t;to,y))

d
d

D)=~k T(t0)
~ [ 3 Bt~k 50X o)
s (o1 (4) Blt,9) ~ kT (1,9)) dy

/ / 7 (o) B(t.y) =k J(t.y)l¢ (1. X (t:0,))) dy dt

o1, X (1510,)) - (0o (9) B ) — koo (1, X (t5t,)) 2T (0]

—kJ(t,y))dydt

H-

x sgn (u,(y) B(t,

It is immediate to verify that for w as in (2.9) the initial condition holds. By [19,
Section 2], u is also a weak solution.
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2. Let u be defined as in (2.9) and u. be a weak solution to (2.4). Then, by the step
above, the function U =u—u, is a weak solution to (2.4) with zero initial datum.

Fix 7 €]t,,T], choose any ¢ € CL(I x R™;R) and let 4. € C(I;R) such that 8.(t) =1
for t€fto+e,7—¢l], BL(t) €[0,2/¢] for t € [to,t,+¢], BL(t) € [—2/€,0] for t € [T —e,7], and
Be(t)=0 for t € [r,T]. Using the definition of weak solution,

0:// (Udi(pB:)+Uc-V(pB)+bUppB)dx dt
I n

T tot+e
:/ / U((')tgo—l—ngo-l—bgo),Bsda:dt—i—/ BL Ucpdatdt—f—/ ﬁ;/ Updzdt
to n t R™ T Rn

o —&

:/ B | UOrp+c-Vo+byp)dxdt
t R™

o

1

s [Cepetrtn) [ Ulettton)plet+tna) dedr
0 n

+/T ﬁé(t)/ U(t,x)p(t,z) dadt.

As £—0, the first term converges to [ [o, U(dyp+c-Vo+byp)drdt. By the Domi-
nated Convergence Theorem, the second term tends to 0, since U(t,)=0. Concerning
the third term, note that

/TTsﬂé(t)/nU(t,x)w(t,x) dxdt+/ U(r,2)o(r,z) dz

n

/i Bg(t)/"(U(t,x)ga(t,z:)—U(T,x)cp(T,z))dzdt‘—>O as e—0

by the continuity of U in time and the smoothness of ¢.
Choose n € CL(R™;R) and compute ¢ integrating backward along characteristics in

{8tg0+c~Vg0:—b<p
o(T)=n

as in 3. in the proof of [7, Lemma 5.1]. Then,

0:/ U@Orp+c-Vo+bp)dedt— [ U(r,z)p(r,x)de=— [ U(r,z)n(z)dx
to JR® R™ R™

proving that U(7) vanishes identically. By the arbitrariness of 7, u=u,.

Proof of Proposition 2.8.
Define g(t,x) =b(t,x) — V- c(t,z). The equation in (2.4) fits into the general form

Ou+V- f(t,x,u)=F(t,x,u) with

Points 1. and 2. follow, for instance, from [19, Theorem 1 and Theorem 2].

3. Start from [19, Formula (3.1)], since 0 solves the equation in (2.4), we get

Pttt ey < ekl oy 50 (IBlloe g, iy (= )
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4. From (2.9) it easily follows that

[Heo,ttollp o0 (g ) < 1tholl oo (rn r) €XP <H9HL°°([tO,t]><]R";]R) (t*to)) :

5. We refer to [9, Theorem 2.6], see also [10], as refined in [20, Proposition 2.10]
and [21, Proposition 2.9]. Indeed, compute preliminarily

S () = c(t, ) V-flt,x,u) = (V-c(t,x)) u
Oy Vf(t z,u) = Ve(t,x) V2 f(tz,u) = (Ve(t,z)) u
OuF (t,z,u) = b(t,x) VFE(t,x,u) = (Vb(t,x)) u (@.7)
F(t,z,u)—V- f(t,z,u) = (b(t,x) = V-c(t,z))u = g(t,z)u '
Ou (F(t,x,u)—V- f(t,x,u)) = b(t,x) —V-c(t,x) = g(t,x)
V(F(t,z,u)—=V- f(t,z,u)) = (Vb(t,x) =V (V-c(t,x)))u = Vg(t,x)u

and introduce the quantities

=2n+D[|Verllpso (gt g xrn sy 101l (1, 4 xrm )
=161 llpec (2, 4 xrm Ry IV - (1 = C2) Lo (11, 4] xRAR)
Hbl||L<>o( t]xR7; R)"‘HV (cl_CQ)HLm(to,t]xR” R)+(2”+1 chluLw(to,t]an RXMY)

For i=1,2, let b; satisfy (b) with b; —by € L}(I xR™;R) and ¢; satisfy (c) with
V- (c1 —cg) € LY(I x R™;R). Then, it is immediate to check that the requirements in [20,
Section 2] and in [21, Section 2] hold. Indeed, with obvious notation,

¢; €EL®(I x R™;R™); ¢; € C2(I x R™;R™); b; € CL(I x R™;R) .
(bi—V.e)eL=(I xrmR) [~ (HL)
Ve € L (I x R™;R™ ™); by e L°(I x R™;R); ~ (H2%)
Vb, —V(V-c1) €LY x R™;R")
Cl—CQGLOO(IXRn ]Rn) *
(by —be) € L (I X RiR); ((by — ba) V- (e1 — c2)) € LI (I x R;R) | ~ (H5Y)

Note also that

* k¥t * Rkt * (K5t Kt

KR,e°" —K € el —e * * *

o X - _enot_’_ ( - - ) g(l—l—/s*t)e“ltge” temlt.
Ro — R Ro— R

Applying [20, Proposition 2.10] and [21, Proposition 2.9] we now obtain

1 2
||7'lto,t“0 =M, 1o

< e(®"+nr1) (t=to) ller —e2 ”Ll([to,t];LOO(]R";R"))

HLl (R™;R)

[TV(uO)H / =

! 77—UOHLOQ(RTL;R)||V91(T)HL1(R";R")dT
fen (tto / 91(7) = g2(7) | 11 (g, R)maXHHt TUOHLOO(]R";R)dT

where H”H,t +(uo is estimated in 4., g;=b; — V -¢;, I, is as in (4.5).

||Loo R™: R)
6. Directly follows from (2.9).
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7. By assumptions, b satisfies (b) and ¢ satisfies (c), hence, by (4.7), both (H1%*)
and (H2*) hold. From [9, Theorem 2.5] or [21, Theorem 2.2], it directly follows that

t
V (Mo, ptt0) STV (up)e™ (00) 11, / e T (1) s s
t

Hta,TUOHLoc(Rn;R) dr

o

(4.8)
where ||7-ltmt(uo)||Loo(RnAR) is estimated in 4., I, is as in (4.5) and
Ko = (2n+1)||VCHL°°([tD,t]XR”;R"WL) + ||bHL°°([to,t]><]R";R)'
8. Assume that t; <ts. From Definition 2.6, we have that
T
/ / (u3t<p—|—uc~V<p—|—bu<p)dxdt—|—/ o(t;,z)u(t;,x)de=0. (4.9)
t’L n n

Following the proof of [11, Theorem 4.3.1], let o(t,z)=x(t)¢(z) with y € CL([;R),
x(t)=1 for t € [t1,t2], ¥ € CL(R™;R) with |1(x)| <1 for 2 € R™. Subtract (4.9) for i=1
from (4.9) for i =2, use [4, Proposition 3.2] and the estimates at 3., 4., and 7. to obtain:

[u(t2) —u(ti) g gnr)
= sup Y(z) (u(te,r) —u(ty,r))dr

YpeCL, |¢(z)|<1JR™

sup /t /n (t,z)e(t,x) - Vp(z)+b(t, z)u(t,z)Y(x))dedt

wGCl |[(z)|<1

T vectivt) I<1/tl /n e(t,2)) 9 (@) +b(t, z)u(t,x)y (z)] dadl
S/tl /n“m“(t’x)c(t@))ll+|b(t7m)u(t,x)l]dtdx
< [*[[ meaowetaass [ jeeoiacune+ [ peoueids]d
S/t 2 a8}l en [l|b(t>||L"°(R”;R) + ch(t)HL“(R”;RnX”)] dt

+/ 2 ()| (zngmy TV (u(t)) dt

ty

S ||uo|| e”b”LOO([to,tz]xR";R)(t2_tO)

L1 (R™R)

% (18 1V e | 2
t *
llell g g 1) /t TV () e te)
' ts pt
+In||CHL<>0([t1,t2]an;Rn)/t /teHO(tiT)”v.g(T)HLl(]R";]Rn)HU(T)”LOC(]R";R)det
1 o
S‘tQ_t1| [||C||L&([t1,t2]xw";R")TV(UO)e o (t2=to)

||b
lltoll 1 g = et im 2= [ Il ey g ey
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1 [ || c

L°°(]R";]R)|| Lo ([tq,t5] XR™;R™)

ta
g (b2 =T)F 19l Loo (124,71 xR R) (T T0)
x/ ||Vg(7')||L1(Rn;W)e ° L ([to,7] XR™R) dr
to
proving point 8.

9. Directly follows from (2.9), since, by (c), the speed of characteristics is bounded.

4.3. Proof of Theorem 2.2.
We are going to construct a solution to (1.1) as limit of a Cauchy sequence of
approximate solutions. For r >0, we introduce the domain

X, = {(u w)eEXT: [l oo (R ) < 7 TV(u) < r}
W] poo mrry ST lwllpgsgngy <7
Choose an initial datum
(o, wo) €X,  with moreover w, € (C'NWH1)(R™RT), (4.10)

and set, for t €[0,T7], (ug(t),wo(t)) = (1o, w,). For i €N, define for (¢,z)€[0,7] x R™,
ait1(t,x) =y —0u;(t,x), bip1(t,z)=aw;(t,r)—F, and cip1(t,z)=v(wi(t))(z),
and let (u;41,w;+1) be such that

Opthip1 + V- (Cip1Uiv1) =biy1Uiv1
8twi+1 - MAUJH-l = Q41 Wi41
u;i11(0) =1,

wH_l(O) =Wyp-

Claim 0: For all ieN,

CO0.1 (u;,w;) is well defined and in L*([0,T]; X*);

C0.2 w; € C([0,T] x R™;R) and Vw; € L1([0,T] x R™*;R");

Co0.3 A1 € LOO([O,T] X Rn,R),

C0.4 b, satisfies (b) with I=[0,7;

CO0.5 ¢;11 satisfies (c) with I=[0,T].

Proof of Claim 0. We prove it by induction.

Case i=0: is immediate by (4.10) and by the above definition of a,b1,c;.

From i—1 to i: Assume now that CO0.1, ... , C0.5 are all satisfied up to the i-th
iteration. Then, Proposition 2.5 and Proposition 2.8 can now be applied, proving CO0.1.
Moreover, by 7. and 9. in Proposition 2.5, also C0.2 holds. Furthermore, the estimate
at 3. and 4. in Proposition 2.8 ensure that C0.3 holds. Moreover, C0.1 and C0.2 directly
imply C0.4 and, together with (v), also C0.5, completing the proof of the present claim.

Hence, thanks to (v), it clearly follows that:
Qi1 — Ay, bi+1 — bi, V- (Ci+1 *Ci) € Ll(I X RR,R) (411)

In the next two claims we particularize the L' and L> estimates in 3. and 4. of
Propositions 2.5 and 2.8, thanks to the explicit expressions of a, b and c.



R.M. COLOMBO AND E. ROSSI 389

Claim 1: For all i €N, if w; is defined up to time 7', then for all ¢ € [0,77],

t

||wi(t)||L1(Rn;R) < ||7~U0||L1(]Rn;R) e’ and Hwi(t)”Loc(Rn;R) < ”wr)”Loo(Rn;R) s

Proof of Claim 1. Assume i >0, the case i =0 being obvious. By (2.7),
t
wi(t7x): RnHu(tvx_é-)wo(é-)dE—i_/o RnHu(t_T7x_§) (7_6ui71(77£))wi(T7£)d€dT
t
< [ Huta-gui©act [ [ am-ra-guineacar.

R

By Gronwall’s lemma and (4.2):

wi(t,7) < ( (43— €)w, (€) df) exp (/Ot/anu(t—T,w—g) dgdr)

R™

:eW H,u(tax*g)wo(g)df
R™

The proof of the claim follows.

Claim 2: For all i €N, if u; is defined up to time 7', then for all ¢t € [O,T],

e
ot () oy < et ey €5 (a ||wo||Lw(Rn;R>)

< ol gy 30 (@t [ g o

et —1

||ui(t)HL°°(lR";R) S ||u0||L°0(R";]R) €xXp <(OK+K) wO|L°°(R”;R)>

<t oy €30 (@ Kt 1 g ey ) -

Proof of Claim 2. Assume >0, the case i=0 being obvious. By (v) and Claim 0,
we can apply Lemma 2.7, and by (2.9) we obtain

t
w;(t,x) <uo (X (0;t,2)) exp/ (cwi—1 (1,X (13t,2)) =V -¢; (1, X (15t,2))d7).  (4.12)
0
To obtain the L! estimate, we adopt the notation in (4.6) with t,=0, b=aw;_; and
c=¢;, so that, using Claim 1 above, we have

[ ()l (e ey < /0 ﬁuo(y)B(T,y) J(ry)dr

t
< Mol ey €5 ( J R — dr)

it

e
=|uo|Ll(Rn;R)exp<a ||wo||Lw(Rn;R>)-

The L estimate is obtained from (4.12) using (v) and Claim 1:

t
Hui(t)HLOO(R";R)S HuO”LOO(]R";R) eXP/O (aHwi*l(T)HL°°(]R";R)+K||wi71(7_)||L°°(R”;R)>dT
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t
< ol oy 50 | (@ E) [0 7

et —1

ol ey 50 (@4 ) - [l ey )

completing the proof of Claim 2.

Claim 3: For all i€N, if u; is defined up to time T, then for all te [O,T] we have
TV (u;(t)) < F(t), where F € C°([0,T];RT) depends only on the hypotheses and on the
initial data, being in particular independent of 3.

Proof of Claim 3. Apply 7. in 2.8 in the explicit form (4.8) to obtain

t
TV (u;(t)) < {TV(Uo)ﬂLIn/O IV (0 = V- ¢i)(T) I ) |16 (7) [ oo (e ) dT] el
< TV (u,)erot
+Ip |:||Vbi||L1([0,t]><R";R") + ||VV'C¢||L1([o,t]xw;w)} 12l .00 ([0, x Y€

All terms in the right hand side above are estimated by means of quantities independent
of i. More precisely, using (v) and Claim 1:

Ko = (2n+1)[|Veillpe0 (o, xrmmnxm) F 10illLoc (0,6 xR7:R)
<(2n+ 1)K +a) [wol g (o pye™ +5-

Observe that ||Vbi|ly (g xrnrn) = Vwiztllg (o xrnrn)- Recall the proof of 9. in
Proposition 2.5. Note preliminarily that, since a;(7,2) =~ —du;—1(7,2), by Claim 2

[|a; HLoo([o,t] xR™;R) <y+6lui-1 HLOO([O,t] xR™;R)

et —1
S’Y—F(SHU,oHLw(Rn;R) exp ((a+K) 7|

ol
<+ |tollpec (rnsr) eXP((OH'K) ”onLOO(]R";]R)tew)' (4.13)
Use Claim 1, (4.13), and the expression (4.1) of .J,, in the proof of 9. in Proposition 2.5:

[Vwi—1(7)||11 (R™;R™)

< ”VHM(T)”Ll(]R";R) ”wO“Ll(R";R)

[ I H =) s ey oo 5y i 5 ey
< HVHM(T)”Ll(]Rn;R) ||wo||L1(]Rn;]R)

+Hai—1HL°°([0,T]><R";R)/O ||VH#(T*5)HL1(R7L;R)€75||wo||L1(]Rn;R)ds
5”VHH(T)”LWRH;R)”U’OHLl(Rn;R)*”wo”Ll(R";R)ew/o IV Hyu(7 = 8)ll s oy 5
(@) ool 77

x (74 8lltoll g oy ©

n

J, T a+K)||we |00 gn.gy 7€
SIlelLl(Rn;R)[W+eW (7+6||UO||LN(Rn;R)6( +E)llwollpoo (mnmy

=
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JIn

T a+K)||wollg,00 gn.ryTe" "
§||wo‘|L1(RnR)r[1+2767 O T s e |

Therefore

Vb ||L1( [0,t] xR™;Rn)

aJ \[ « w., e'vt (414)
< = Il e (142107 (34 8t g ey e i) ]

Recall that V(V-¢;) =V (V-v(w;—1)). By (v) and Claim 1,

IV (V- Cz)”Ll([Ot]an iR7) <HC(||"U1 1||L1(JRn R)) [Jwi— 1HL1(R R)‘

L1([0,];R)
< HC (”wi*IHLl(R";R)) HLO@([O,t];R) ||wi*1||L1([0,t]><R";]R)
<C (||wz'—1 ||L°°([0,t];L1(R";R))) lwi—1llg1 (0,4 xr )
<O (lwolla g zy €™ ) o s oy te™ (4.15)
Concerning [|w; ||, (0,4 xrn;r) it is bounded by Claim 2, completing the proof of Claim 3.
The sequence of approximate solutions we construct belongs to the set

X ={(u,w) eL*([0,T];X"): TV (u(t)) <F(t) for all te[0,T]}, (4.16)

which is a complete metric space with the distance
d((u1,w1), (u2,w2)) = lluz —ull o 70 i) T w2 —willp o, rpse meimy)
:/OT/" (un(t,2) — un (£,2)| + Jwa (t,2) — wy (¢,2)]) dard
We now prove that there exist positive 7' and K(T,r) such that for all €N,

d (i1, wiv1), (wi,wi)) ST KT, ) d((wi,wi), (ti-1,wi-1)). (4.17)

By (4.11), recall the proof of 5. in Proposition 2.5 and apply the L>° estimate in Claim 1:
t
[wit1(t) _wi(t)HLl(R";]R) g/o llaivi(7) _ai(T)”Ll(Rn;R)HwiJrl(T)“Loc(R";R) dr
t
+/0 Hai(T)”Lx(Rn;R)Hwi+1(7') _wi(T)”Ll(Rn;]R) dr
t
< HonLoo(Rn;R)/O err HaiJrl(T)_ai(T)HLl(Rn;R) dr

t
+/O llai (7)o () Wit 1(T) = wi(T) || 1 (g ) AT -
Apply Gronwall Lemma:
[wit1(t) —wi(t) g1 o ;m)

< g oy €7 i1 = il o g mn ) €50 (Nl ogizom i)



392 HYPERBOLIC PREDATORS VS. PARABOLIC PREY

< HonLw(Rn;R) " [lait —ai||L1([o,t]an;R) exXp (t Hai||L°°([0,t]><R";R)> .
Hence, recalling (4.13), we obtain

[wit1(t) —wi(t) 1 gnsm)

< ”wOHLOO(]R";]R) 0 ||ui _uiflnLl([O,t];Ll(R";R))

et —1
X exp (27t+5t||u0||Lw(Rn;R) exp ((OH'K) 5 |w0|L°°(R";R)>) 3

lwitr = willpa o, ;e (v imy)

<oT HwOHLOO(R”;]R) llws —wi1 ”Ll([O,T];Ll(R";R))

e’ —1
X exp <27T+5T||Uo||Loo(Rn;R)9Xp <(04‘|‘K) ~ ||w0||L°<>(R";R)>)

S TKw (T,T) ||uz —Uj—1 ”Ll([O,T];Ll (Rn;R)); (418)

since (up,w,) € X, where

T _
ICw(T,r)—érexp{?yT—H;Trexp ((a—i—K)e 1r>} . (4.19)
Y

We now pass to estimate ||ui+1—uillp1 (o 711 ®eir))- T this aim, by (4.11), we
start from 5. in Proposition 2.8 and use Claim 2 above:

i1 (8) = wi () |1 ()

<em te e — ¢ L1 ([0, 47510 ®mmmY)
t

X [TV (uo) +In/0 €77 ([ i1 (7) | e oy || Vi1 (7) —V(V'Ci+1(7))||L1(Rn;Rn)dT]

t
+e"~*t/0 [bi41(7) = bi(7) = V- (i1 (T) = ¢i (7)) |11 (g Ry
XIl’laX{Hui_Fl(T)”Loo(]Rn;]R)a||ui(7_)HL°°(]R”;R)}dT
< e ess —lluagouos oy [TV (00) + Fn ol e
x /Ote(MK)lelLocmn;mTew [Vbi1(7) = V (V- i1 (7)) | 1 e ) dT}
+6H*t”u0”L°®(R";R)

t
x/ elotE)llwollpoo mn ) Te” [bi1(7) = bi(7) = V- (cig1 () = (7)) |1 () AT -
0

We proceed estimating all terms appearing in the inequality above. Begin by 5. in
Proposition 2.8, (v) and Claim 1:

K" = [1bit1 |00 0, xR r) T 1V - (Cit1 =€) [ Lo (0,4 xr7 R)
< allwollg, mn;r) '+ B+V i Lo (0,4 xR ;R) F IV Cill Lo (0,61 xR 5R)
< al[woll g0 (n ) €7+ B+ 2K [[wo | g, gz €7

=A where A= (a+2K) [|wol| g, g x) et 4 B; (4.20)
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K1 = [1bit1llpee 0, xR ) F IV * (it = €)oo (0,41 xmm Ry T (2R + DIV Citt [l pe0 0,1 xR7 )
< (a+2K) ||[woll g« & x) e+ B+ (2n+ 1) K [|woly,c0 (k) et
=)\ where A=(a+(2n+3)K) ||wo||Lw(R,L;R)eWt+5. (4.21)

By (v) and Claim 1,

leitr = Cilla o, gm0 nieny) =10 (ws) = v(wia)llgs o w0 nsny)
S K||wi —wi—1ll g po,4:01 (7 R))- (4.22)

By (4.14) and (4.15), we obtain

t
/ elet O lwelioe w7 Wb,y (1) = V (V- €041 (7)) g ey A7
0

< et B lIwollpee @nz te” [Vbit1 =V (V- cit1)lp o, xR m)
a+K)||we||t,00 gn. et
< @ woll o en gt [Hvz)mHLl([O,ﬂan;Rn)+HV(V.ci+1)\|L1([0,ﬂan;Rn)].

t
< () ol ey €7 [c(llwollmn;m@”) [wollpa g ey te™

Vit

Felwollg eniey T (1+2te (v+5||uo||Lm<Rn;R)e<a+K>'”““LWW‘))]
=M (uo,w,), (423)
where, for brevity, we set

Mt(uo»wo)
= ||wo||L1(R”;R)€(a+K)IwOle(Rn;R)te’Yi\/E|:C<||U}O||L1(Rn;R)e’Yt) \/ie»yt
(4.24)
a »
= (14267 (Bt g oy O N0t ))}
N R
< pelotB)ree™ {C’(reﬁ) \/ZeerJn% (1+2t67t (7+5T6(Q+K)Ttew)):|7 (4.25)

since (uq,w,) € X,.. Pass to

t
/6(a+K)”onLoo<Rn:R>T€W||bi+1(7')—bi(7)—V'(Ci+1(7)—Ci(T))HLl(Rn;R)dT
0
t
Se(oﬁK)Hwo”Lw(mn;R)tew// [bi1(7) = bi(7) = V- (€ig1 () = (7)) |2 () A7 - (4.26)
0
In particular, by the definition of b;, (v) and Claim 1, we have
t
[ 17 =) = Ve () = sy 7

t t
S/O I\bi+1(7)*bi(T)IILl(Rn;deJr/O IV (cia () = (7))l gn gy A7

t
<a / i (7) = w31 (7l g ey A7
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t
+/0 C(Hlvi—l(T)HLoo(Rn;R)) [ (7) = wia ()| g1 (g ) AT
<aflwi —wi—1 g qo,q00 @ r))
—|—‘ C’(HW—l(T)HLw(R";R))
< (a+c(”wi—lHLOO([O,t]XR";R))) llwi —wi-1llg1(j0,4:11 n3R))
< (0 (Il oy €71) ) = 0i-1 is ops ny: 20

Use (4.20), (4.21), (4.22), (4.23), (4.26), and (4.27) to bound [Juj11(2) — ui(t)lly1 (ge )

llwi = wi-1llys 0,401 @nmy)

HL‘”([O,t];R)

llwi+1 () = ui (0|1 (e gy
< wi —wis1llpa o, 2 i2) {Keht [TV (t0) + L 1t o iy M t00,105) |
Fllttol oo (mrm) (OH_C (HonLw(Rn;R) e‘*t)) elet ) [wollLoo n i) tew]
and then, recalling (4.20), (4.21), and (4.24),

i = villLa o, s (remy)

STHU)Z _wi_l”Ll([&T];Ll(R";R)) exp ((a+2K) ||w0||L°0(Rn;R)Te’YT+/BT>
e esp (o 0n49)0ly  Te T 457) {10

L [ttoll g -2 [Woll 1 ey VT @ T T Mol i T

) [J”a (1 +2Te" (’Y+5 ||UO||Loc(]Rn;]R)€(°‘+K) ”onLw(R";R)TQWT))

\/ﬁ
e A

Fllvoll oo (rniw) <Q+C (”wo||L°°(R";R) ew)) (@K wo oo zn ) Te™ }
STRWT ) wi =il o rms enim), (4.28)

where, by (4.25),
Ku(T,7) —re(<2a+3K>”W+ﬁ)T{Ke(2<n+1)Kre7T+ﬁ)T
(a+K)rTe™ M ~T (a+K)rTe’T
x{l—H’nr\/Te [\/ﬂ (1+2Te (7+6re ))
stemyignmscion)

Therefore, the above definition of IC,,(T,r), together with (4.18), (4.19) and (4.28), yields

d((wiv1,wit1), (wi,w;))
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=i = till g o, Rery) T Wi = willLa o, 77,00 2w
STHlaX{ICu(T,’/‘), ICw (T,T)} [”uz —Ui—1 ||L1([0,T]:L1(R";R)) + ”wl —Wi—1 ||L1([0,T];L1(RW;R))

=TK(T,r)d((us,w;),(wi—1,wi—1))
where
K(T,r)=max{K,(T,r), Kw(T,r)}, (4.30)

proving (4.17).

For any positive r, we can now choose T, so that T,.K(T;,r)<1l. The sequence
(us,w;) converges in the space X defined in (4.16) to a limit, say, (u.,w.). By con-
struction, see Claim 0, both u, and w, attain non negative values. We now check that
(us,wy) solves (1.1) in the sense of Definition 2.1.

Clearly, (s, ws)(0)=(u,,w,). Moreover, by the above construction, we have that
for any ¢ € C(]0,T,.[ x R™;R)

Ty
/ / (w; Opp 4 pw; Ap =+ (7 = dui—1) wi ) dedt=0
O n

T,
/ / (u; Orp+u;v(wi—1) - Vo + (qw;—1 — B)u; ) dedt=0.
O n

Thanks to the L® bounds proved in claims 1 and 2, we can apply the Dominated
Convergence Theorem, ensuring that (u.,w,) is a weak solution to (1.1) for ¢ €[0,7}].
For all t€[0,T;], we define R ¢ (to, wo) = (s, ws)(t).

Consider now a couple of initial data (u1,0,w1,6), (U2,0,w2,,) satisfying (4.10). For
te[0,7,], we know that (u;,w;)(t)=Ro:(Ui0,Wwie) solves (1.1) with initial datum
(Ui,0,W;,0) In distributional sense. For (¢,z) € [0,T;] x R™ we define for i=1,2

ai(t,x) =v—"0u;(t,x), b;(t,x)=aw;(t,x)—LF, and ¢(t,z)=v(w;(t))(x).

Using the operators P of Proposition 2.5 and H of Proposition 2.8, observe that
w;(t) ="P§ ywi,o and w;(t) =H 4ui 0, for i=1,2. Moreover, note that Pj,ws, is the
solution to (2.3) with a; in the source term and initial datum ws,, while ’Héytulo
is the solution to (2.4) with coefficients b1,¢; and initial datum us,. We compute
[Ro,t(t1,0,1,0) = Ro,t(U2,0,W2,0)|  as defined in (2.2):

||Ro,t(’u1,o,w1,o) - RO,t(UQ,oawZo) HX

= HHé,t“LO - Hg,tu?voHLl(R";R) + HP&twl:O - 7’3¢w2,o HLl(R";]R)

< HH(%,tul,o - H(l),tu2,OHL1(Rn R) + HH(%,tUQ,o - Hg,tu27oHLl(Rn R) (4.31)
+H77&7tw1,0 — P&ytwg,o ||L1(]R”';R) + ||P&’tw270 — 'Pg’tu)gyo HLl(]R";]R) . (432)

Compute each term of (4.31) separately. Since H(l)’t is linear, by 3. in Proposition 2.8
and its particularization in Claim 2, the first term in (4.31) is estimated by

||H(1J,tu1,o _H(l),tu270||Ll(Rn;]R) < Hul,o _uQ;UHLl(R";]R) €xXp (04 le,OHLW(Rn;R) te’”)

<lur,o — 20l gn gy eXP (arte). (4.33)
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Concerning the second term in (4.31), recall 5. in Proposition 2.8 and adapt the estimates
above for |luiy1(t) —ui(t)||g1(gn ), using M as defined in (4.24)—(4.25) and

6 = ((at K) w1 ollg e oy + K 1020l e ey ) €7+ B,
0,= (a+2(n+1)K)||w1,o||Lw(Rn;R)+K||w270\|Lw(Rn;R)>evt+5.
obtaining

HHé,tU‘QaU - Hg,tu2g0 HLI (Rn;R)

t
Se@t‘/o H'])éﬂ_wl’o_Pg"rw27o”Ll(Rn§R) dT

X [Ke@t {TV (u2,0) + I [[u2,0ly,00 (g ) Mt(ul,o,wlp)]

t
(a+K)te” g?é”wi“’”Lo"(W":R)

+||u270||L(x>(Rn;]R) (a+C (||w2,0||Loo(]Rn;R) e’Yt)) €
t
<Ku(t,r) / 1Py w10 = Pg w20 .4 P (4.34)
o ;
where K, (¢,7) is defined in (4.29).
Pass to (4.32). Since the map P(},t is linear, by 3. in Proposition 2.5 and its partic-
ularization in Claim 1, we have the following estimate for the first term in (4.32):
Hpol,tw:o - Pl%,th,O HLI(R";R) S ||w1,o - w2)0||L1(R";]R) 6'yt. (435)

Concerning the second term in (4.32), recall 5. in Proposition 2.5 and adapt the estimates
above for [|w;11(t) —w;(t)[|,1 g r) to obtain

HP(%,thO - Pg,tho ||L1(R";R)

eVt
:5||w2,o |Lc>0(]Rn-R) exXp (27t+5t||u2,0|Loo(]Rn.R)€(a+K)|w2-0|L°°(R":,1R) ¥ 1)

¢
[t 0= s ey
t
< Ky (t,7) / D 1.0~ H3 2.0 gy A7 (4.36)
0 ;
with K, (t,r) as in (4.19). We rewrite (4.31)(4.32) using (4.33)(4.34)(4.35)(4.36):
R0t (t1,0,1,0) = Ro,t (U2,0,w2,0)| 5
t
=exXp (O['I"te’yt) ||U170 _U270HL1 (R™;R) +Ku(t7r)/ ||Pé,7'w170 _PathvOHLl(]R”'R) dT
0 ;
¢
¢ 1 2
+e” le,o _w2,0||L1(Rn;R) ‘ch(tar)/o ||H0,fr“1,o _Ho,tu270||L1(Rn;R) dr
< 6("/+are’Y )t (HULO _u210||L1(]R";1R) + ||’LU1,0 _wQ»OHLl(R”;R))

t
(1) / [Ror (t1.0001.0) — R (tg,009.0) | dr
0
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and KC(¢,r) is as in (4.30). An application of Gronwall Lemma yields: for all t € [0,7;]

R0t (11,0,W1,0) = Ro,t (U2,0,W2,0) ||y <L) [(U1,0,W1,0) = (U2,0,W2,0) || 15

4.37
where L(t,r)=exp|(y+are?+K(t,r))t] with K(tr) as in (4.30), (4.37)

proving point 3. under condition (4.10).
Denote (u(t),w(t)) =Ro,(uo,w,) and define

a(t,z)=~y—o0u(t,x), blt,x)=aw(t,x)—F, and c(t,x)=v(w(t))(z). (4.38)
Then, with the notation in Proposition 2.5 and Proposition 2.8, by construction
u(t) =Houo and w(t) =Py 1wy, so that Ro ¢(Ue,We) = (Po.1We, Ho,1Uo) - (4.39)
We now extend the map ¢ — R ¢(uo,w,) to the whole time axis. Indeed, define
T, =sup {TER+: Ro,t(uo,w,) is defined for all t e [O,T]}.

The previous construction ensures that Ro ¢(uo,w,) is defined at least for all t€[0,T;],
hence the supremum above is well defined. Assume now that T, < +o0o0. By 8. in Propo-
sition 2.8, the first component of the map ¢t — R ¢(wo,w,) is Lipschitz continuous with
a constant uniformly bounded by a function of r on any bounded time interval. By 8. in
Proposition 2.5 the second component of the map ¢ — Rg (%o, w,) is uniformly contin-
uous on, say [0,7)./2] and Holder continuous with exponent ¥=1/2 for t € [T}./2,T,],
the Holder constant being bounded by a function of r. Hence, the map t — R+ (uo,w,)
is uniformly continuous for ¢ €[0,7%[ and the pair (U,W)=lim, - (u(t),w(t)) is well
defined and in X, for a suitable r.. Moreover, since W =w(Ty)="Py r, w,, we have
that (U, W) also satisfies (4.10) by 7. and 9. in Proposition 2.5. Repeating the construc-
tion above, we show that the Cauchy problem consisting of (1.1) with initial datum
(u,w)(Ty) = (U,W) admits a solution defined on [Ty,T,+T,, ], which contradicts the
choice of Ty, unless T, =-+o0. Define a,b, and ¢ as in (4.38). Then, by 8. in Proposi-
tion 2.5 and 8. in Proposition 2.8, (4.39) directly ensures the continuity in time of R,
for all t € R™. This completes the proof of point 2. under condition (4.10).

Choose now a general initial datum (u,,w,) € X, so that (u,,w,) € X, for a suitable
r>0. Let p, be a sequence of mollifiers with p, € C®*(R™;RT) and [p, pn(z)dz=1.
Then, the sequence of initial data (u,,w,*p,) is in A, satisfies (4.10), and con-
verges to (ue,w,) in X. By (4.37), we can uniquely extend R through the limit
Ro.t(UosWo) =1imy—s oo Ro,t(Uo,Wo x pn) to all X, and for all t€RT, completing the
proof of point 2. and of point 3. for all #€RT. Note that the positivity of the solution
follows from Claim 0. The L' and L* estimates at point 4. now follow from Claims 1
and 2. Again, the continuity in time of the map R so extended directly follows from
8. in Proposition 2.5 and 8. in Proposition 2.8.

We now prove that R is a process. For any (u,,w,)€ X ™, use the notation (4.38)
and observe that 1. in Proposition 2.5, 1. in Proposition 2.8 and (4.39) ensure that the
map R is a process. Note however that (1.1) is autonomous, hence definitions 2.3, 2.6,
and 2.1 ensure that R is a semigroup, proving point 1.

Point 5. follows from 9. in Proposition 2.8, (v), and the L' estimate in 4. above.

LEMMA 4.1. Let n be such that Vne (C2NW2INWL)(R™;R™). Then, the map v
defined in (1.2) satisfies (v) with

48
K= { 20 [Vl 26Vl BVl s e [Vl o (440
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C)=K(1+K¢) forallEeRT,

In the proof below we use the Euclidean norm ||v||g. =+/>_;—,(v;)? on vectors in R™
and the operator norm ||A||gaxn =Sup,y. v, =1 [[Av[lgs on nXxn matrices.

Proof. The bound on [[v(w) ||« g~ ) is ensured by

Hv(w)”LW(R";R") SK”VnHLOO(]R";R") wHLl(R";R)7 (4.41)
see also [6, Lemma 3.1]. To estimate Vo(w), use the identity V(fv)=fVo+v@Vf:
1 1
. 1/2V(w*V77)+/<;(w*V77)®V i
(14w vnl1*) (14w V)
wxV2n (w=V2n) (w=Vn)

—k(w*xVn)®
1/2 3/2
(1+||w*V77||2) (1+||w*V77H2)

Vo(w)=k

Recall that [v; & va]lgae < 01l 02/l and [ A0llg < [[Allgn 0]}z, hemee

2] —

Hw*VQ’nHLN(Rn;R”X“)

1+ |Jw=Vn||®

wxVn w*V3n wxVn
Vi+lws vl 14wl 1+ s Vn)?

SHH’UJ*VQ

Loe (]Rn ;Rn X 'n,)
77HLoo (R7 ;R X 1)
w*xVn

T L T P,
1+ ||w= V||

w*xVn
1+ Hw*Vn||2

Loe (Rn;Rn) Loe (Rn;Rn)

S2”Hw’“v277||L<>o(Rn;1Rnxn)

|w||L°°(]R";R)7 (4.42)

§2K||v2n”L1(R”;R”X")
proving also that v(w) € WH°(R";R"). Pass now to
v(wr) —v(wsz)
(w1 —w2)*xVn 1 1

+ 1 (we x V) —
L+ [lwy + V] V1wVl /1w v

Using the elementary inequality }(1 +a2)V2 — (14y?)1/?

|<\a: y| we obtain:
v(wi) —v(ws)
2 2
(i —w2)2 ¥y | wprvy Tl Vol /14 eVl

\/1+Hw1*Vn \/1+Ilwz*V77||2 \/ 1+ wr+ V|®
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[[o(w1) = v(w2)l| oo (e mm)

< b ll(wr = w2) * Vil iy + 6| w1 Villpoe n iy = w2 Villpoe o g

<2k ||(w *w2)*V77||Loc(Rn;Rn)

S 2K ||’LU1 - w2||L1(R";R) an“Loc(Rn;]Rn) . (443)

Compute the divergence of v(w) as follows:
A A
w+ (Ar) (L_wwvwxw*vm>zﬂﬂ wrBn)
I

V-v(w)=k n 5 7
1+ ||lw*Vn +[lw = V|| (1+Hw*V77||2)

We now compute the gradient of (4.44):

V(o)) = VA 573 — 3k (wx An) weVy S
(14w vn)?) (14w Tnl*) "/ 1+ e T
so that
||V(V'U(w))||L1(1Rn; R™)
SHHW*VA??HU(RH;W)+3“||W*A7I||L1(]Rn;n§)Hw*v277HLoo(R;an)
< Allwlls ey [V 280 s 4 318Dl V2l e s [0l | - (4:45)
Consider now
V- (v(wr) —v(ws))
(w1 —wa)*xAn 1 1

=K 57 + k(wax An)
2
(14 oy < 9]

Using the inequality |(1+x%)73/2 = (1+y%)~%/2| < %kﬂ—yl,

N\3/2 2\ 3/2
(14w 7n?) ™ (14 V)

||V‘(U(wl)—ﬂ(wg))HLl(Rn;R)
48
<kl[(wr —w2) * Anllg gn gy + 725\/5n||w2 # AT oo (g 1 (W1 —w2) % VN[ L1 (g ey
SK/H'LUl _w2HL1(R";R) ||A77HI.41(R";R)
48
+25\/5M|w2”L°°(R"?R)||A77HL1(R“;R)||w1 — wa|p1 gy IVl g

48
<kljw _wQHLl(R";R)”AnHLl(R";R) <1+ m ||V77||L1(R";R")”wQHLOO(]R";R)) - (4.46)

Setting K as in (4.40), the inequalities above become:

||U(w)HLoo(Rn;Rn) < K”w”Ll(R";R) from (4.41)

IVo(w)llgee @y < K l|wllgoo gn gy from (4.42)

[[v(wy) *U(WZ)HLoo(Rn;Rn) < Kjw *w2||L1(]Rn;]R) from (4.43)

HV(V'U(U’))HLI(R";W) <K 1+KHw”L1(R“;R)) Hw”Ll(R”;]R) from (4.45)

[V (v(w1) —v(w2))]|p,: Rn;R) = K(1+K|wa|ly, R™;R) w1 —wally, R™;R from (4.46)
(R™;R) ( (R™;R)

completing the proof. 0
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