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Abstract

Motivated by spatial problems of allocations, we give a proof of the existence of an optimal
solution to a set-indexed formulation of the bandit problem. The proof is based on a compactiza-
tion of collections of fuzzy stopping sets and fuzzy optional increasing paths, and a construction
of set-indexed integrals. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Formulation of the problem

The aim of this paper is to present a formulation of the Bandit problem in the
framework of set-indexed processes, and to prove the existence of an optimal solution to
this problem. The multi-armed bandit problem was already studied by several authors.
We refer to Mandelbaum (1987, 1988) in which time is replaced by a partially ordered
set, or, more recently, Kaspi and Mandelbaum (1998) for motivation and description
of the state of art.

In this section, we give the notation and state the main existence result. In order to
prove it, we need two kinds of tools: the first one are fuzzy stopping sets and fuzzy
optional increasing paths that will be the subject of the next section. The other tool
is a kind of set-indexed integration; it will be developed in Section 3. In Section 4,
we study an extension of the Baxter—Chacon topology (see Baxter and Chacon, 1977)
and we prove that fuzzy sets and fuzzy optional increasing paths are compact. The last
section is devoted to the proof of the main theorem.
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Our framework can be applied to many different examples. A simple motivation in
which a natural model is provided by processes indexed by a collection of subsets of a
general space was already suggested by Gittins (1989) in the following close example:
A prospector looking for gold in some region, has to decide where to look and if he
prospects for any size of piece of land must repeatedly take further decisions in the
light of his successes to date. His decision problem is how to allocate the prospection of
the region in a sequential manner, so as to maximize his likely reward. This problem is
spatio-temporal since at each “instant”, the prospector has to decide where to excavate.
Another kind of example is concerned with the theory of optimal search for the location
of a specific object. Another example is related with aerial photography (see Ivanoff
and Merzbach, 2002), in which at each time, an airplane pilot must decide what is the
optimal direction permitting better pictures. The instantaneous decisions maker has to
take into consideration different random constraints like clouds, draughts, etc.

Our notation follows that of Ivanoff and Merzbach (2000).

Let (7,d) be a compact complete metric space. Throughout the whole paper, if .o7*
is any class of subsets of 7', .«7*(u) denotes the class of finite union of elements in .o7*;
“C” indicates strict inclusion and “(-)” and “(-)°” denotes, respectively, the closure and
the interior of a set. .o/*(u) denotes the class of countable intersections of elements in
o/*(u). Under an assumption that is always satisfied when 7' is a metric space, it is
proved in Aletti (2001) that .o/*(u) is equal to the class of the closures of countable
unions of elements in .&/*(u), when .o/* is an indexing collection as defined below.

Definition 1. A nonempty class ./ of compact, connected subsets of T is called an
indexing collection if it satisfies the following:
(1) 0,Te.o/,and A°#A if A#D or T and A€ .o/.
(2) o is closed under arbitrary intersections and if 4,B#() and 4,B € .oZ, then 4 N
B#0. If (4;)ien is increasing and 4; € <7, then |J, 4; € /.
(3) o(of)=B7, where B7 is the collection of all Borel sets of 7.
(4) Separability from above
There exists an increasing sequence of finite subclasses .o/, C o7, o/ ,={A41,... ,AZ"}
closed under intersections with (), T € .«7,,, and a sequence of functions ¢, : &/ —
/(1) such that:
(a) g, preserves arbitrary intersections and finite unions (i.e. g.((\yc. 4) =
Muc.y gn(A) for any /' C .o/, and if Uf.‘:lA,- = U?ZIA;, then Uf.‘:l gn(4;) =
U;n:1 gn(A_;'))a
(b) for each 4 € .7, A C (gu(4))°,
(©) gn(4) C gm(A) if n=m,
(d) for each 4 €., A=, gn(4),
(e) if A€ .o/ and A’ € .o/, then g,(A)NA € .o/,
(f) gn(@) - @ Vn.

Remark 1. Denote 0=, (\4c.s, 420 A=sc.s. 4404 (The second equality is a result
of separability.) We have that (' € o/ and (' # (), by the finite intersection property for
compact sets.
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Remark 2. Since ¢, preserves finite unions, 4 C B = g¢,(4) C g.(B). As well, g,
has a unique extension to .o/(u#) which is defined as follows: for B € </(u), g,(B) =
Usewsacp 9n(B). If B€ o/ (u), we define g,(B) =\ ey pcp 9n(B'). In Ivanoff and
Merzbach (2000) it is proved that g, : /(1) — .o/,(u) is well defined. It preserves
countable intersections and finite unions and B C (g,(B))".

We define the Hausdorff metric on the nonempty compact subsets of 7 : dy(4,B)=
inf{e: B C 4° and 4 C B}, where A°={t € T: d(t,4) < ¢}, for any ¢ > 0 and d(t,4)=
inf{d(t,s): s € A}.

We require that .o/ be compact in the Hausdorff metric.

Remark 3. For the sake of simplicity, we required that 7 is compact and 7 € .<Z.
Using Alexandroff compactification, all our results will still hold supposing only that
T is locally compact.

Let (2,7 ,P) be a complete probability space. A set-indexed filtration is a family
{F4, A€ o/} of sub-g-algebras of F# which is:
e complete (Zy contains all the P-null sets);
e increasing (if A C B, A,B€ .o/, then ¥4 C Fp);
e outer-continuous (F e 4, =(o; Z4,, where {4,} is a decreasing sequence in /).

Remark 4. Let 7 = ﬂn Vaes,4Cg,B) F4. In Ivanoff and Merzbach (2000, Lemma
1.4.1) it is stated that {ZF%, B€ ./(u)} is (complete) monotone outer continuous and

F' =y, for any A€ o/. This allows us to naturally speak about a filtration indexed
by o/ (u).

Definition 2. A random set ¢ : Q — o/(u) is called a stopping set if {4 C &} € Fy,

for any 4 € .o/. A random set & : Q — .o/(u) is called a generalized stopping set

if {4 C ¢} ey, for any A€ o/. An optional increasing path (o..p.) is a family

&={¢&, t€[0,1]} of generalized stopping sets s.t.

(1) & =0,

(2) & =T,

(B) &ECE ifs<t as,

4) VoeQ, (o) C gugu&(@))=1g7(E) @), if s<t<s + 277", where
lim, .. f(n) = 0 as.

The set of all o.i.p.’s will be denoted by =.

Remark 5. Following Ivanoff and Merzbach (2000), our definition is “opposite” to that
of Kurtz (1980) and Hiirzeler (1985),% and hence this paper is not a direct extension of
Dalang (1990). The formulation of the bandit problem will be done here for set-indexed
processes.

Condition 4 relates to |Z,| = u in Dalang (1990). It states that the speed of o0.i.p.’s
growing is bounded. It will be necessary in Lemma 18 as |Z,| =u is in Dalang (1990).

2 We require that {4 C ¢} € #, instead of requiring {& C A} € 7.
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Following the formulation of the bandit problem given in Dalang (1990), let X =
{Xy: A€ o/ (u)} be a real-valued set-indexed process defined on (2, 7, P) with upper-
semicontinuous sample paths such that E[sup 755 [X4[] < 0o and let V'={V, s €[0,1]}
be a bounded nonnegative right-continuous process with nondecreasing sample paths
(««Z is an indexing collection).

Main Theorem 1. For each &€ E, set R(&) = E(f[m]Xé,th). Then there exists an
optional increasing path & € E s.t. R(§") = supeczR(&), i.e., & is an optimal o.i.p.

This theorem will be proved in the last section.

2. Fuzzy stopping sets

Definition 3. Let % be the Borel sets of [0,1]. A map 7: Q x [0,1] — &/(u) will be
called a fuzzy set if it is F ® #-measurable and
(i) nondecreasing in the second variable: s < ¢ implies ©(-,s) C ©(-,1);
(ii) inner continuous in the second variable: if ¢, — ¢, t, < t, then
U T('a tﬂ) = T('a t))
(iii) outer continuous at 0:7(-,0) =(),~,7(-,1);
and will be called a fuzzy stopping set if it is a fuzzy set and

{(0,r): A C (,r)} € T4 © B
for any 4 € .o/.

Also, any function on Q will be considered defined on 2 x [0, 1] in the obvious way.
This implies that a stopping set # may be seen as a fuzzy stopping set (where

w,v) =n(w)).
Let £: Qx[0,1] — .o/ be nondecreasing, inner continuous and outer continuous at 0.
We denote for every v e [0, 1]

év Q- &/(u)> év(w) = f(CO,U).

Proposition 1. Let & : Q x [0,1] — ./(u) be nondecreasing, inner continuous and
outer continuous at 0. £ is a fuzzy stopping set iff &, is a generalized stopping set for
each v€|[0,1]. In particular, taking 4=, ¢ is a fuzzy set iff &, is F-measurable
for each ve[0,1].

Proof. If 4 £ &(w,r), then there exists ¢ > 0 s.t. 4 & &(w,r + ¢) by inner continuity.
Hence we have that

{(w.r):4 ¢ Qo= |J ({ord g o)} x[0,0])

ve@N[0,1]

= U ({w: 4 & ()} x [0,0]). O

veQn[0,1]
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Given a fuzzy set &, define the “probability” Pz(w,-) on o/(u) by

Pe(o,A) = { inf{o €[0.1):4 € ({@.0))} i 4C (& 1)), 0
1 if 4 & (&, 1)) .
Remark 6. By inner continuity, when ¢ > 0 we have that
BC (&w,t))’ & t>P:{w,B), BeE./(u) (2)

and hence

J{deos: Po(w.a) <1}y if t>0,
S(a,t) = 3)
(J{de: P(w,4)=0} if t=0

by Definitions 1(1) and 3(iii).

Proposition 2. P: satisfies the following properties:

e takes values in [0, 1]: P:(w,0) =0, P:(w,T) =1,

e is nondecreasing: If A C B, then Pz:(w,A) < P:(w,B),

e is outer continuous: If 4 =, 4,, then P:(w,A,) — P:(w,A4). (In fact, if A C B°,
then there exists ko s.t. Ay C B° for any k = ky.)

Denote by 9B (resp. B’) the set of the all nondecreasing, outer continuous processes
as {P(-,4), A€ o/} taking values in [0, 1] which are measurable (resp. adapted).

Proposition 2 states that P: € B (resp. P: €B’) when ¢ is a fuzzy (stopping) set.
The following proposition states the converse:

Proposition 3. Let P € B’ (resp. P€B’). Then the random set
Leve, if t>0,

é(wa t) = n Levw,s lf t = 0, (4)

where
Lev,,, = U{A €. P(w,4) <t}
is a fuzzy (stopping) set and P[P:(-,A) = P(-,A), any A] = 1.

Proof. It is a consequence of (2). [
Corollary 4. P €8’ corresponds to a stopping set iff P(-,4) € {0,1}.

The conditions that make a family of stopping sets be an optional increasing path
may be transported on H[O’l] B’ to fuzzy optional increasing paths in the following

way:

Definition 4. A fuzzy optional increasing path is a family P = {P', t€[0,1]} €
[0, B s-t.



132 G. Aletti, E. Merzbach! Stochastic Processes and their Applications 101 (2002) 127—142

(1) Pre® Viel0,1],

(2) P(w,4)=1, for any A € .</,

(3) PY(w,4)=0, for any A€.o/, A#T,

4) P(w,") = Pl(w,-) if s < ¢,

(5) P'(w,g%(A)) = PS(w,4) if s <t <s+27Fm,

We denote by B’ the set of all the fuzzy optional increasing paths.

Lemma 5. {P', t€[0,1]} €P’ corresponds to an optional increasing path iff P'(-,A)
€{0,1} for any t<[0,1].

Proof. It is a consequence of Corollary 4. [

Remark 7. We only underline that, if s <7 <s+ 2-F) | we have

Pl(w,4) < P’(w,4) < P'(w,g*(A)). (5)

3. Integration on .o/(u)

The set-indexed bandit problem is expressed here as the maximization of a function
¢x defined on the set of the optional increasing paths by

CE oy — E {/ X, th] ,
R,

where {Xj, A€ .o/(u)} is an (sufficient regular) integrable set-indexed stochastic pro-
cess and {V;, t€[0,1]} is a bounded process with nondecreasing sample paths.
We note that

e[ mo] e ([, rew)or):
R, R4 [0,1]

since the fuzzy set obtained by a stopping set is constant.
We give a definition of integration on .o/(u) s.t.

[ s - /[Ouf(é(-,v))dv,

so that ¢y : £ — R will be extended to an affine function @y : P’ — R by setting:

(P )ecro11 — E {/R <//XAP’(~,dA)> dV,} )
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Let f be any bounded Borel function on .o/ and ¢ be a fuzzy set. We denote

F @)= A (L0 d

[y = [ max(—/[&w,0)],0)dv.

[0.1]

Definition 5. We say that a function f : .o — R is integrable (and we denote it by
S € Ly[/]) if, for any fuzzy set ¢, F(E)(w) < + o0 and f(E)w) < + oo, and we
define

f(E)(@) = f(E)@) = f(E)w). (6)

Let A,B € .o/(u). We define
XB(A):{O if BC (4)°, lA(B):{l if BC A4,
1 otherwise, 0 otherwise

so that, for any B € .o/
0 if BC (&))",

1 otherwise,

1 if B C (&w,0))’,

0 otherwise.

1(&(w,v)) = { Lisoye (B) = {

Following this definition and (2), we have that

P, B) = / 150, )) do = / (1 = Lo (B)) do
[0,1] [0,1]

Remark 8. Let 7 be an interval of R, of the form [0,s]. It is natural to denote

wu(t) = { 0 IS0, 1(t) = { 1 if [0,/]C 1

1 otherwise, 0 otherwise

and this fact explains our choice.

Let /' : o/ — R, U{+oo} be a nonnegative extended real function on .o/. Let
7R — oA (u),

() = J{a e f(a) <1}
We have J,(s) C Jy(t) when s < 1.

Definition 6. We say that a bounded nonnegative real function f : o/(u) — R is
regular iff f(A4)=lim, f,(4), for any 4 € .o/(u), where
n2"—1

fn(d) = Z 27" [ta, v 12-m(A) = x3,i2-(A)]-
=0
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We denote by #[.</] the monotone class generated by the linear combinations of
regular functions which are integrable.

Proposition 6. C(o/(u))NLy[/]1 C L[] (C(A(u)) is the set of continuous function
on o/ (u)).

Proof. 1t is sufficient to prove that, given a set B € .o/(u), the function 15(4) belongs to
L[</] (in fact, the monotone class generated by linear combinations of 1z, B € .o7(u)
contains both C(.«/(u)) and £y[.+/]).

For any n e N, we define

fa )= min y4-(gu(4))
A"l ()

A" E(gn(B))
=1- _max [1— y4+(ga(4))]
A" e y(u)
A" &g,(B)
=1- f3(4).

We note that, if 4 C B, then 4* & g,(4), for any A* & g,(B), and hence y4-(g,(4))=1
and fB(4)=1, for any ne N.

If A ¢ B, there will be an n€N s.t. g,(4) & gu(B). Then fB(4)=0 and so
1z =inff2=1—supf’2.

Since o7, C 7,1, then {f f, neN} is a monotone sequence of functions on .o/
and then we have only to prove that f/5 € #[.o/], for each n€N. Since y4- is a
regular function, then (/2 € #[/]. O

Proposition 7. The space L[.</] is the space of the integrable functions on </(u).

Proof. The proof follows by Proposition 6 and the fact that

r(4)=sup f(4)
SEC(A (u))
0< /<1

f(4)=0 when B C 4°
since S}B[&i] is a monotone class. [
e Let f be a bounded positive regular function on .o and ¢ be a fuzzy set. We define
[ 1.
n2"—1

= lim Y 27"[Pe(e, 3y([i + 1127")) — Pe(w, 3,(127"))].
i=0
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We have
fex@ = [ (tim f&@.on) do
[0,1]

n2"—1

“lim 3 2 /[0 U (G0 0) = 73, (o)) do
i=0 4

n2"—1
= lim > 27" [Pe(w, 3(li + 1127")) — Pe(w, 3p(127"))]
=0

- / SAP(w,d4). (7)

e It is not difficult to show that the extension (via linear combinations and mono-
tone class, as usual) of the integral operator to #[.</] gives coherent definitions
and all those definitions are well posed. We only underline that, for any f € Z[.</],
SO (w)= [ f(A)P:(w,d4) and [ f(A)P:(w,d4) is a linear function on B’.

e If £ does not depend on the second variable for some g (&(wg,v) = A, for any
ve[0,1]), we have

F(E)0) = /[Ollf(é(wo,v))dv=f(/l)-

Then &y : P’ — R, where

Sy (P cton) = E [ /R ( /MX(A)PMA)) dn]

is an affine function on P’ that extends ¢y : £ — R.

4. Compactness of fuzzy stopping sets and fuzzy o.i.p.

We wish to study the convergence of generalized stopping sets and of the associated
stopping variables, as in Baxter and Chacon (1977).
Let 4 be a fixed o-algebra contained in .

Definition 7. Let {£,, n€ N} and ¢ be fuzzy sets. &, will be said to converge weakly

to &on9 (<§,,:g> &) if the distribution of &,(w,v) on G x [0,1] converges weakly to
that of &(w,v) on G x [0,1] for any G € 4. That is, if we define f(&,) and f(&) as
in (6),

G2 e E(f(E)9)SES(E)|%) when n — oo

for each f € C(oA(u)) N L[], where C(o/(u)) is the set of continuous functions on
o (u).
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Let I'=I'({Z4}) be the set of all fuzzy stopping sets. For any Y € £,(Q,%,P) and
any f € C(e(u)), let (Y, f): ' — R be defined by (Y, f)() =E[Yf(&)]. Let I the
collection of all such 1 and J = .7 (%) be the topology on I' generated by all 1 in /.

Proposition 8. .7 is generated by 1(yg, f), obtained as G runs over an £,-dense
subset of G and [ runs over a sup-norm-dense subset of C(./(u)) N L[A].

Corollary 9. f,,:%é if and only if fnigf

For any Y € £/(2,7,P) and f € L[], let
2e(Y, f) =Y, f)(E) = E[Yf ()]

oz will be called the distribution map for £. By (7), we have

(Y, [)=E[Yf ()]

—E [Y ( mf(@)dv)]
ol ()]

For H € # write ae(yu, f) as az(H, f) and similarly for K € o/(u) let az(Y, xx) =
2 (Y, K).

Proposition 10. Let [ € L[o/] such that f(4)#0 only if A C B (we will also
write that [ = 0 on (B,T)). If & is a fuzzy stopping set, then [ f(A)Ps(-,d4)
is F g-measurable. Conversely, if P€®B and [ f(A)P(-,d4) is F gp-measurable for
every function f € L[N C(L(u)) with support on [0,B], then P € B’

Proof. It is a consequence of Proposition 1 and the fact that

PA(.B") = /[OI]XB*@(-,v))dv. 0

Remark 9. For any fuzzy set &, let us temporally restrict the distribution map o to
L1(Q2,7,P) x {Z[+4]N C((u))}. Then o has the following properties:
(i) o is a bilinear function on £;(2, #,P) x {ZL[]1N C(/(u))}.
(i) oY =0, f>=0imply as(Y, f)>=0.
o o:(1,1)=1.
o 0¥ )| < Y|t/ ]l for all ¥, /.
(iii) az(Y, f)=a:(E[Y|ZFp, f) for any ¥ € £,(Q,F,P) and any function f € L[N
C(</(u)) with support on [0, B].

Lemma 11. Let o be a map satisfying (i)—(iii) in Remark 9. Then there exists a
unique (P x Ajo,17) fuzzy stopping set & s.t. oz =o. (Note: A1) denotes the Lebesgue
measure on [0,1].)
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Proof. For any Y € £(Q, #,P) with 0 <Y < 1,
Y+l =Y[h=1=(l,1)=a(¥,1) + (1 = Y, 1)

and ||Vl = (Y, 1), ||l = Y| =a(l — Y, 1). Hence a(Y,1) = ||Y|;. By continuity,
o(Y,1)=E[Y] for any Y € £,(Q2,7,P).

For any Y € £,(Q,Z,P), the map «(Y,-) is linear on Z[./]N C(Z(u)) and hence
w(B)=0o(Y,1p) defines a bounded Borel measure on #7y. w(T)=E[Y], and if Y =0
then pu(-) = 0. One may extend o to all ¥ € £,(Q, %,P), and all functions f € L[]
by defining a(Y, ) = fT f(A)au(Y,dA). Clearly o is bilinear, ¥ >0, f >0 imply
(Y, )= 0, a(¥,1)=E[Y] and [a(¥, /)] < [V ]}1 [|f]loc-

Using the outer continuity of {%,} and the fact that «(Y,-) is continuous
under bounded pointwise limits, it is easy to see that (iii) in Remark 9 holds for
all Y € £/(Q2,%,P) and any bounded Borel function f s.t. f =0 on (B, T].

For B in a countable base of .«7(u), let ¢(B) be a bounded .# z-measurable function
such that a(Y, B)=FE[Yc(B)] for any Y € £,(2,%,P). We may choose ¢(B) s.t. ¢(T)=1,
c¢(B) = 0. Clearly, c(B) < c¢(B*) whenever B C B* (P-a.s.), so we may assume that
¢(B) < ¢(B*) everywhere, by replacing ¢(B*) by sup{c(B): B C B*}.

Let P(w,-) be the probability on .o7(u) such that

P(w,B) = inf{c(B*,w): B C B*}

for each Be .o/(u) (P(w,T) =1, P(w,0) = 0). By outer continuity, P(-,B) is Z z-
measurable for any B€ .o/ and hence P < %B’. By Proposition 3, there exists & s.t.
Pe(w,B)=P(w,B). For any Y € £/(2,7,P) and B € o/(u)

Y,B)= inf Y,B*
«Y,B) BCB*,};I}edn(u)“( -B%)

= inf E[Yc(B*
BCB*,llg‘E&x/n(u){ [Ye(B)1}

=FE|Y inf B*
BCB*,IBIleyfn(u){C( )}

= E[YP¢(-, B)]
= (Y, B).

Hence o= ae. ¢ is unique by Lemma 12, so the lemma is proved. [J

Let I' = I'({Z4}) be the set of fuzzy stopping sets, and let 4 = A({F4}) be the
set of maps o satisfying (i)—(iii) in Remark 9. There exists a natural map @ : I' — A
which takes each member of I to its distribution map

O(¢) = (8)

Lemma 11 says that if {#,, A€ .9/(u)} is outer continuous then © is an onto map,
and O is one-to-one (P x Ao 1-a.s.).
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It is easy to check that &(w,v) is the intersection of the largest sets B such that
[ f(A)P:(w,d4) < v+e for some nonincreasing f in C(.o/(u))NL[/] with0 < f < 1
and /=0 on [B,T]. Let { be another fuzzy set. Clearly the following statements are
equivalent:

e {(w,r) Clw,).
o [f(A)P:(w,d4) > [ f(4)Py(w,dA), for all nonincreasing functions f € {C(/(u))

N L]}

Lemma 12. Let ¢ and ( be fuzzy sets. Suppose a:(Y, f) = ay(Y, ) for every ¥ =0
in £1(Q,7,P) and every nonincreasing f in {C(</(u)) N L[A]}. Then £ C { (P x
)v[(), 1]-4.S. )

Proof. Choose a countable dense set D of nonincreasing functions in C(.o/(u))N.ZL[/].
For any f €D,

/Y |:/f(A)Pg((1),dA):| dIPZ/Y [/f(A)Pg(w,dA)] dpP
for all ¥ >0 in £,(Q,%,P). Hence
/f(A)Pé('adA) = /f(A)Pg(~,dA), P-a.s.
Let Q; € 7 with P[Q\ ,]=0 s.t.
[rrwanz [ rarioan
for all f €D, we Q2. Then the same inequality holds on €; for all nonincreasing

fe{C(L(u))N L[L]}. Then, as stated above, £ C { on @y, so the lemma is proved.
[l

Lemma 13. Let & and { be fuzzy sets. Let 9 be a sub-o-algebra of 7. The following
conditions are equivalent:

(1) oY, f)=oy(Y, [), for all Y € £1(Q,%,P), f € {C(A(u))N L[A]}.

(i) E(f(O|9) =E(f(O|9), for any f € C(L(u)) N L[]

The proof is immediate.

Lemma 14. Let ¢ be a fuzzy set. Let G be a sub-c-algebra of % . Then there exists
a unique (P x A, 11-a.5.) 9-fuzzy set { for which (ii) in Lemma 13 holds.

Proof. Restrict o to £1(2,%9,P)x C(T). Apply Lemma 11 with # =%,=% to obtain
{. Apply Lemma 13 to conclude that (ii) holds. Uniqueness follows also from Lemma
11 with #F =%, =9.

It is easy to check that if ¢ happens to be a fuzzy stopping set then { can be chosen
to be a {F,N%}-fuzzy stopping set provided that {F,, 4 € o/(u)} is outer continuous
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and

E[E[-|9]| Z41=E[-|9,4N¥] forall Ac Z(u). O
Theorem 15. If {4, A€ o/ (u)} is outer continuous then (I',.T) is compact.

Proof. Let @ be the map defined in (8). For each Y € £,(Q, % ,P) and f € C(T), let
Y : A — R be defined by ¥(Y, f)(«) =a(Y, /). Let ¥ be the set of all such . Let ¥
be the topology on A generated by all  in V. It is easy to see that 7 = @~ 1(%). €
is compact, by the same argument used to prove that unit ball in the dual of a normed
linear space is compact. Since © is onto by Lemma 11, J is also compact. [J

Theorem 16. The set B (resp. B') has the following properties:
(i) B (resp. B') is convex.
(ii) The set of the extremal elements in B’ is the set of those which correspond to
the set of the generalized stopping set.
(iil) B (resp. B') is compact in the topology induced by (I',T).

Proof.

(i) The convex combination of two (adapted) increasing outer continuous processes
with values in [0,1] is an (adapted) increasing outer continuous process with
values in [0, 1].

(ii) Suppose that there exists 4 s.t. P[{w: 0 < P(w,4) < 1}]> 0. Then we may
choose a convenient 4 such that if

Pl(w.B) = P(w,l?) AL
A

and
(P(w,B)—24)VvO0

1-4
for any B€ .o/, then P’ and P” are distinct. We have P = AP’ + (1 — 2)P".
Moreover, P’ and P” are nondecreasing, compatible and outer continuous, since
P is. By Corollary 4, if P does not correspond to a stopping set, it cannot be one

of the extremal elements of B’.
(iii) It is a consequence of Theorem 15. [

P'(w,B)=

Proposition 17. The set B’ has the following properties:
(i) P’ is convex.
(ii) The set of the extremal elements in 3’ is the set of those which correspond to
the set of the optional increasing path.
(iii) B’ is compact for the product topology.

Proof.
(i) It is a consequence of Theorem 16 and the fact that a convex combination is a
linear function.
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(ii) If P={P!, t€[0,1]} € P’, we can define two elements 'P and *P by the formulas
LP!(w,4) = min(2P'(w, 4), 1),
2P (w,4) = max(2P'(w,4) — 1,0).
It is easy to check that 'P,?P €’ and 2P="'P+'P and so P can be an extremal
element in P’ only if P='P=2P. Then P/(w,4) € {0, 1} and the proof is finished
via Lemma 5.
(iii) It is sufficient to note that P’ is a closed subset of ] o1 B’ and thus is compact

(as in Dalang, 1990, this set is closed since it is defined by (1)—(5) of Definition
4). O

5. Proof of the Main Theorem

Let .# denotes the deterministic elements of ', i.e., m = {P’, t€[0,1]} € .# pro-
vided each n’ : .&/(u) — [0,1] is a nondecreasing outer continuous function such that
n'(T)=1 and

o () =7() if s <
o (g3(A)) = n°(4) lfS t<s+2700,
As in (5), we may affirm that if s <7 <54 2750,
n'(4) < 7'(4) < T(g(A)). %)
Let x be an integrable function on ./(u), and let m(x) : [0,1] — R be defined by
/x(A)n’(dA) when ¢ €[0,1),
r()(0) =4 Jr
x(T) when ¢ = 1.

Lemma 18. If x : «/(u) — R is a continuous function on </ (u), then {n(x), n € .4}
is an equicontinuous set of functions on [0,1], i.e., for all ¢ > 0, there exists 0 > 0
such that if |t — | < & then

[n(x)(t) — m(x)(F)] <& (10)
for any me M.

Proof. Since a continuous function on a compact set is uniformly continuous, then
(10) has to be checked for all fixed # € [0, 1]. The case t =1 follows immediately from
the continuity of x at 1, so we assume ¢ € [0,1). Now

|m(x)(2) — m(x)(D)] =

y/x(A)[n’(dA) —~ nf'(dA)]’

= ’/ [x(&'(v)) = x(E'(v))] dv (11)
[0.1]
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We must prove that for any n € N, there exists k € N s.t.

lt—7 <27% meu = /x(A)[n’(dA)—n‘_(dA)] <2
T

Since x is uniformly continuous on a compact set by Remark 3, then d(4,B) < J,
implies |x(4) — x(B)| < & and hence, by (11), we can prove that |t — 7| < 27% implies
d(E(v), &(v)) < & for any ve[0,1].

First, let us choose N € N s.t. sup,d(4,g%(4)) <. By (9) and (4), if k = B(N),
|t — 7] < 27% implies d(&(v), & (v)) < d for any ve€[0,1]. [

The proof of the following result will follow that of Dalang (1990). We will write
it for completeness.

Lemma 19. Suppose E[sup 5 [Xal]l < oo. Then @x is continuous on B’

Proof. Let V¥ denote the increasing process defined by
2k
Vtk = ZAV]k[{jZ" <} where AVJk = ij—k — V(j*l)2*k'
j=1

Since E[supc7qs [X4]] < 0o, it is not difficult to see using Lemma 18 that
sp | [ mCox0ar - [ weonart
[0.1] [0.1]

— 0 P-as.
neEE, k—oo

Fix ¢ > 0. Again since E[sup, - [Xa|] < oo, it follows that we may choose k€ N
S.t.

E [sup

neE,

/ ~(X)(0)dV, - / R(X)(1) dV}
[0,1] [0,1]

] < § (12)

Fix P9, and define an open set ¢ of P’ by
0= {f) e’ |E[BX)(j275) — P2 )ArH] < gz—k, Ji=1,... ,2"} .

Using (12), we see that for Peco,

p dv,| — dv,
‘E {/[O’I]P(X)(t) V} E{/[O,I]P(X)(t) V]

e N
22 P drk| — P drvk
< 3+’E [ /w @00 m] E[ /M X0 V;}

<é

by the definitions of ¢ and V'*. This completes the proof. [

Proof of the Main Theorem. This proof is now similar to that of Dalang (1990);
Mazziotto and Millet (1987).

Note that (.<7(u),d) is a metric space s.t. its topology has a countable space (and
hence, by Bourbaki (1966, IX, Section 2.8 Proposition 12), it is homeomorphic to a
subspace of IV, where I is the interval [0,1] in R).
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Then, by the proof of Dalang (1989, Proposition 7.1), there is a nonincreasing
sequence of processes (X])nen (Where E[sup g [Xi[] < 00) sit.

Xi(w)= lim | X{(w), VA€ (u), YoeQ.
Since dV; is a nonnegative measure, we obtain
lim | @x.(P)= @x(P), VPP

By Lemma 19, this shows that @ is upper semicontinuous on 3’. Hence @ attains
its maximum on P’ and since @ is affine, this maximum is attained at an extremal
element of B’ (see Bourbaki, 1981, I1.58, Proposition 1). Proposition 17 completes the
proof. [
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