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Abstract We characterize the relative compactness of subsets of the space BC™ ([0, 400
[; E) of bounded and m-differentiable functions defined on [0, +o0o[ with values in a Banach
space E. Moreover, we apply this characterization to prove the existence of solutions of a
boundary value problem in Banach spaces.
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1 Introduction

One of the most celebrated results on compactness characterization for continuous functions
is the Ascoli-Arzela Theorem for continuous functions defined on a compact topological
space Q. It has extensively been applied to many fields of mathematical analysis, such as
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408 F. Cianciaruso et al.

functional analysis, operator theory, nonlinear analysis, differential, and integral equations.
Moreover, this compactness theorem has been extended to more general settings.

Bartle [3] characterized, in several ways, the relatively compact subsets of the space
BC(Q) of real bounded and continuous functions defined on a topological space Q. For
example, we have the following result.

Theorem 1.1 [3]. The following statements are equivalent for a bounded subset
F C BC(Q):

(1) F is conditionally (strongly) compact;

(2) F is equicontinuous on Q;

(3) If Fy is a denumerable subset of F and if {q,} is a sequence in Q for which {f(qn))}
converges for each f € Fy, then the convergence is uniform on Fy;

(4) For any positive € there is a partition Q = U!_| A;, such that if q’, q" belong to the
same A; then | f(q)) — f(q")| <€, f€F.

Avramescu [1] considered the space C; ([0, +o0o[; R") of the continuous functions defined
on [0, +oo[ with values in R”, which admit finite limit at infinity.

More recently, De Pascale, Lewicki, and Marino [5] gave sufficient conditions for relative
compactness of subsets of the spaces BC(Q) and BC(Q; R") with some applications to
boundary value problems.

On the same line of [1], Xiao, Kim, and Huang [7] gave a necessary and sufficient condition
to characterize the relative compactness of the subsets of the space

C™ ([0, +oo[; E) = {x € C™ ([0, +oo[; E) : IEmeW(r) =0 forallk=0,...,m},
where FE is areal Banach space. Moreover, they gave an application to a class of second-order
boundary value problems in Banach spaces.

It is the purpose of this paper to characterize the relatively compact subsets of the space
BC™ ([0, +o0[; E) of bounded and m-differentiable functions defined on [0, +oo[ with val-
ues in a Banach space E. Moreover, we shall use this characterization to prove an existence
theorem of solutions of a second-order boundary value problem in Banach spaces.

2 Preliminaries

In this paper, we shall denote by E a Banach space and by BC™ ([0, +o0o[; E) (m > 0)
the space of all functions that are continuous and bounded with their derivatives up to (and
including) the m-th order, from [0, +oo[ to E, i.e.,

BC" ([0, 4o00[; E) := {f € C([0, +o0l, E) : Yk =0, ..., m,
% is bounded and continuous}

We equip BC™ ([0, +oo[; E) with the norm:

I¥lloo ;== sup [y®lg, ifm=0,
t€[0,4o00[
Iyllgen =1 &
Z 1y ® oo, if m > 0.
k=0
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A compactness result for differentiable functions 409

It is worth noting that (BC™ ([0, +oo[; E), || - |l) is a Banach space. For a subset H of
BC™ ([0, +o0[; E), we define

HO =g H® = {y(k) tye H] c BC" ([0, 400[; E), (1 <k < m);
HOW =[O0 ye ) cE O<k<m, 10, +ooD.

In the sequel, we shall denote by «, 8, and y the Kuratowski, Istratescu, and Hausdorff mea-
sures of noncompactness, respectively. Namely, if M is a bounded subset of a Banach space
X, then

o(M) := inf{e > 0 : there exists My, ..., M,, C M, diamM; < e,

n
i=0,....n, M C UMk}§
k=0
B(M) := sup{e > 0 : there exists (x,)°2; C M such that ||x, — x|z > €, n #m};

n
y (M) := inf (e > 0 : there exist balls By, ..., B, of radius € such that M C U Bk] .
k=0

It is well known (see for example [2]) that

o y=<a=<p=<2y;
e M is relatively compact if, and only if, ¢(M) = 0 for ¢ € {«a, B, v}.

For a fixed element / € E, let C;([0, +oo[; E) be the space of all continuous functions from
[0, +o0[ to E, converging to [ as t — oo. For this space, compactness can be characterized
as follows:

Proposition 2.1 Let E be a Banach space. A subset G C C;([0, +oo[; E) is relatively com-
pact if and only if the following conditions are satisfied:

(1) G is bounded;

(2) G is equicontinuous;

(3) forany ty € [0, +oo[, G(ty) is a relatively compact set in E;
(4) ast — +oo, x(t) converges to | uniformly for x € G.

Proof The proof is essentially given in [1] for functions with values in R". Condition (2.1)
ensures its validity on C; ([0, +o00[; E), where E is a general Banach space. m}

We need the following lemma in the last section. Here and throughout the paper, the
integral which appears is the Bochner integral.

Lemma 2.2 [6] Let E be a Banach space and H C C([0, 4ool; E). If H is a countable
set and there exists a positive function p € £1(0, +00) such that lu()le < p(t) for all
t € [0, 4ool, u € H, then the function

t—>o{u(): ueH})
is integrable on [0, +o0o[ and
+00 +00

o / u(t)dt: ue H <2 / o ({u(t) :u € H})dz. 2.1)
0 0
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3 A compactness result

In this section, we introduce our main result. In particular, we shall prove a compactness
result for bounded functions with bounded derivatives on unbounded sets.

Theorem 3.1 A subset H C BC™ ([0, +00[; E) is relatively compact if, and only if, the
following conditions are satisfied:

(C1) H g relatively compact in BC([0, +oo[; E);
(C2) forallk =0,...,m — 1and forall € > 0, there exists M = M¢ > 0 such that

k
PBC(M,+00[; E) (H( ) ) <€ forgela, B, v}

| (Mool

Proof If H is relatively compact in BC™ ([0, +oo[; E), then H® is relatively compact in
BC([0, +oo[; E) forany k = 0, ..., m; therefore, (C1) and (C2) follow.

To prove the converse, we assume that (C1) and (C2) hold. In order to show that H is
relatively compact in BC™ ([0, +o0o[; E), we will use induction over j to prove that H (m—Jj)
is relatively compact in BCj([O, +oo[; E).

If j = 0, the statement follows by assumption (C1). Assume that H™~/*D s relatively
compact in BCI~1([0, +00[; E). We now show that H™~/) must be also relatively com-
pact in BCI ([0, +oo[; E). Suppose on the contrary that H 0m=J) is not relatively compact in
BCI ([0, +o0[; E); then, since H™~7) is either unbounded or ﬂBCj([0,+oo[;E) (H(m_j)) > 0,
there exists a sequence ( f;;)nen such that, for all p # ¢,

J
1 = fallser = 2| 150 = 1m0 =4 G.1)
k=0

for some fixed n > 0.

From the inductive hypothesis, it follows that there exists a subsequence (fy,)ren C H
such that (f,l(:"_'Hl))reN is a Cauchy sequence in BC/~1([0, +00[; E). Therefore, there
exists 7o € N such that

Jj—1
Vo = Foglserr = 2 [ 070 = =0 < forall pgzro.  (32)
k=0

It follows from (3.1) and (3.2) that

(m—j) (m—j)
J T
S te[0,+o00[

forall p,q > ro, p #4.

OOl IEEY

Then, for every p # g, there exists ,, € [0, +00[ such that

i g = fi )| = 20

We note that the sequence {¢,,} C [0, oo[ is bounded. Indeed, let My € [0, +oo[ be such
that

(m—j)
. H 3.3
BBc(IMo.+00l: E) ( ][M0,+oo[) <7 (3.3)
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A compactness result for differentiable functions 411

and suppose the existence of a subsequence (tp;g;)jen C [0, +o0[ such that 7,5, > iMy.
Then,

oo

which contradicts (3.3). Thus, there exists a constant N > 0 such that #,, < N for any p
and q.
On the other hand, by choosing a further subsequence if necessary, we have

Therefore,

St =t e | = 21

< nforanyn, # ny.

—f )| =

(m D pm=j) H
n

n=2n-n
< | fm=D (m—J) i Em=D gy — p =Dy
”fn,, (tpq) fnq (tpq)”E ”fi ( 0) fnq ( O)HE

= (5 ) = £ Mo)) = (i ) = £ M) )|
M

= / O(f,f;”‘f“)m — 0w ) dr
rq E

j+1 —j+1
< [Mo — tpglIl fit =70 — =70
1 1
< (Mo + N) | fur=+D — pim=I+0)

A

It turns out that { fnm J+l )} contains no convergent subsequences in the space B¢~ U~ ([0,
+oo[; E). O

Corollary 3.2 A subset H C BC™ ([0, +o0[; E) is relatively compact if, and only if, there
exists L > 0 such that the following conditions are satisfied:

(C3) H‘([YZ'))L] is relatively compact in C([0, L]; E);

(C4) forallk =0,...,m, H|([kL) el is relatively compact in BC([L, +o0; E).
, 00

Proof For the “if” part, note that conditions (C3) and (C4) imply condition (C1) of
Theorem 3.1. Furthermore, (C4) is stronger than (C2). The converse “only if” part is indeed
trivial. O

4 An application to boundary value problems
In this section, we apply Theorem 3.1 to a second-order boundary value problem in a Banach

space E. More precisely, we shall prove the existence of a solution y € C2([0, +-o0[; E) for
the second-order boundary value problem

b v +m?y = f(t,y) ae.on [0, +o0[
P po=¢ dim yoer

wherem € R, f :[0,40o[xE — E, £ € E, L CE.
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Our approach consists in converting (P) to an equivalent fixed point problem that involves
upper semi-continuous multivalued operators. To this end, let us recall some results on these
operators we shall use in the sequel.

Definition 4.1 Let E, F' be Banach spaces and ¥ # D C E. A multivalued operator T :
D — 2F\@ is said to be upper semi-continuous (usc briefly) if T-1(A) is closed in D
whenever A C F is closed. Equivalently, T is usc if (y,)pey C D, A C F is closed,
yo—ye€Dand Ty, N A # @foralln € N, thenalso Ty N A # (.

We need the following characterization of the upper-semicontinuity for multivalued opera-
tors:

Theorem 4.2 (see, for example, [4, Proposition 1.2]) Let D # () be a subset of a Banach
space E and T : D — 2E\@ have closed values. Then, if graph(T) is closed and T (D) is
relatively compact, T is usc.

Now, we can state the following fixed point theorem for multivalued operators:

Theorem 4.3 (Bohnenluest—Karlin (1950) [8]) Let D be a nonempty closed convex subset
of E and let T : D — 2P be a multivalued usc operator. Suppose that

(1) T (x) is nonempty, compact and convex for all x € D;
(2) T (D) is relatively compact.

Then, there exists at least one 'y € D such thaty € Ty.

We begin to transform the boundary value problem (P) into an equivalent fixed point
problem for a multivalued operator.

Lemma 4.4 Let f : [0, +00[X E — E be a continuous function and assume that

(1) there exist two positive functions p, q € £1(0, +00) such that:

IF@E e <p@)+qOlyle foreveryt >0,y € E; 4.1)
2
t
lim e ™! / e’ p(s)ds = 0, 4.2)
t——+00
0

1

lim e / e’ g(s)ds = 0.

t—-+00
0

Define the multivalued operator T on C' ([0, +-00, E) by

+00
1
(Ty)() = [l + (& —De™ — ) / f (s, y(s))ds
t

_2
e~ Mt

“+o00 t

/f(s,y(s))ds— 5 /e’"zsf(s,y(s))ds:leL].
m

0

0

2
e~ m’t

+

m2

Then, problem (P) is equivalent to the fixed point problem:
Find yo € C'([0, 400, E) such that yo € Typ.
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A compactness result for differentiable functions 413

Proof Setting u = y’ in the second-order differential equation
y' +m?y = f(t,y) ae. on [0, +00[,

we obtain
t

u +mPu = f t,/u(a)da + £
0
which admits the general solution

t s
u(t) = ek +/em25f s,/u(a)do + & ds, keR.
0 0
By integrating again, we derive
t

k f )
y(@) = —fzefmzt +/e’m2f/emzif(s, y(s))dsdt + ¢
m
0 0
t

t
k
=c— Te_mZt _i_/enﬂsf(s7 y(S))/e_mzfdfds
m
0 s
t

k 1
—c— ey / (1= 670) £ (s, y(s))ds

0

—m?t

t
/ ¢ (s, y())ds.

0

=c— ﬁe_m t /f(s v(s))ds —

Imposing the boundary conditions and by (4.1) and (4.2), we obtain

-ty =
1 oo
c+— / f(s,y(s)ds, e L
m
0

which finally yields

7"’[ l

) e [1+<s et - / s y(s)ds + S / Fs. y(s))ds

—m?t

t
- / "™ (s, y(s))ds, | € L] = Ty ).
0

Now it is not hard, proceeding backward in the argument above, to see that the inclusion
y € Ty implies that y solves Problem (P). O

Theorem 4.5 Assume that [ : [0, +0o[xXE — E is continuous and f(t, B,) is relatively
compact for any r > 0 and for any t > 0, where B, C E is the closed ball centered at O and
with radius r. Moreover, we suppose that
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414 F. Cianciaruso et al.

(1) L is a nonempty convex compact subset of E;
(2) there exist two positive functions p, q € £1(0, +00) such that:

@ If e < p@ +q(t)||2y||Ef0reveryt >0,y€kE;

m
® 0 :=qllz10+00) < a3
(3) there hold the relations:

t

lim e~ /emz‘yp(s)ds =0, 4.3)

t—+00
0
t

lim e~ /emzsq(s)ds =0.

t—+00
0

Then, there exists at least a solution of Problem (P).

Proof Set
P =Pl £1(0,400)>
maxier (g + 1§ = 112) +m? maxier 1§ = 1z + (24 ) P
rg = - (2 N %) o
and

= {y € BC'([0, +ool; E) : Iyl get < ro}-

The idea of the proof is to use Theorem 4.3 to ensure the existence of a fixed point yq for the
multivalued operator 7 introduced in Lemma 4.4, so that yq solves the problem (P).
We shall divide the proof into four steps.

Step 1 T maps D to 2P, so that {T'y} is uniformly bounded for all y € D.

Proof of Step I Let'y € D and z € Ty be fixed; then, there exists / € L such that

20 =14 ¢ —De ™ — / Fls. y(s))ds

2

—mt —m-t

/ e’ £(s, y(s))ds. (4.4)

0

/ S (s, y(s))ds —
Then, for fixed ¢ € [0, +o0[,

+00
1
lz®Olle = Hl +E—De T~ ) / f (s, y(s))ds

2

—mt —m-t

/ "™ £ (s, y(s))ds

0

/ f(s,y(s))ds —

E
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+00
3
= e +1g = tle + 7 / ILf (s, y(s))lleds
0

+00
3
= e +1E—tle+ -3 / (p(s) +rogq(s))ds
0

3
< Wle+115E—1UEe+ ) (P + Qro) .
From this last relation, it follows that
3
lzlloo < e + 11 = UIE + ) (P + Qro) .

Moreover,

t

12O = [m2( = &)™ 4 / &5 £ (s, y(s))ds
0

+00
—e / £(s. y(s))ds
0

E

+00
<m?|§ —1lp +2 / I (s, y(s)lleds
0

+00
< m2E — g +2 /(p<s>+roq(s)>ds
0

< m?||& =g +2(P + Qro),
which implies that
17 lloo < m*1& =l £ +2(P + Qro). 4.5)

Finally, we get

3
— 2 — =
I2lser < max (1l + 1§ =11l ) +m® max 1§ =[] + (2+ mz) (P + Qro)

3 3
=ro— (2+j) Qr0+(2+ j) Qro=ro
m m
forany z € D. O
Step 2 For any fixed y € D, Ty is compact and convex.
Proof of Step 2 Let (z,)nen be a sequence in Ty and let (I,),en C L be such that

2
emt

+00
) =l € = e == [ o+
m m
t

+00
/ f (s, y(s))ds
0

forall € [0, +o0].
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Since only the first two terms depend on {/,,}, we can rewrite this last expression as
—m?t
(@) =1l + (& —lye + (Fy)(©),
where

m

2[ —+00
3 / f(s, y(s))ds. (4.6)
0

e

m

+00
1
FN@) == / F(s. y(s)ds +
t

By compactness assumption on L,, we may extract a subsequence (I, )ren such that

lim [, =1/ € L, thus obtaining
k——+00

lim zp (1) =1+ (§ — l)efmzt + (Fy)(@) =:z(1) € (Ty)(0),
k—+00
for any fixed ¢ € [0, 4-o0[. It turns out that
lzn, — 2llger < @+ m*) |y, —1g — 0 ask — oo.

This verifies that Ty is compact.
The convexity of Ty easily follows from (4.6) and the convexity assumptionon L. O

Step 3 T (D) is relatively compact.

Proof of Step 3 To prove this step, we shall apply Theorem 3.1, i.e., we have to show that

(a) Theset A:= {7 :z € T(D)}is relatively compact in BC([0, +oc[; E);
(b) For every € > 0 there exists M > 0 such that

YBC(M. 4ol E) ((T(D))|[M,+oo[) =€
@) Let (2))nen © T(D), (yn)nen € D and (I)nerw S L be such that

(@) =1y + (€ = 1L)e™™ " + (Fy)(0).

hence

t

+o00
(1) =m0y — E)e " e / &5 £ (5, ya(s))ds — e / (5, ya(s))ds.
0 0

Using Proposition 2.1, we will prove that (z),),en is relatively compact in BC([0, +oo[; E).
Note that the boundedness of A follows from Step 1. Moreover, {z),, n € N} is equicontin-
uous. Indeed, for fixed € > 0 and n € N, we have
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A compactness result for differentiable functions 417

2 2 2
lzy, (1) = 2, () lE < m* ||l — €l E ‘e e

3l

/ e £ (5, yu () £ds

0

+ ’efmztl _ efmztz

5]
7"12
+e /Ilf(s,yn(S))llEds
1

+o0
e e / 1£ (5. yu ()]l s
0
< m>max |l — £l \e*’"z’l —emn
leL
—+00
s2femn e / 1£ (5. y(s) 1 £ds
0

15)
4 / 1 £ 52 yn ()]s
n

2

2 —m-n

2
<m"max |l — &g ‘e’m —e
leL

) — 2
+2‘e mh _ emmh

5]
(P +100)+ / (p(s) + rog(s))ds|
1

Set

C := max{m? max |1 = £, 2(P + 10 Q0)}
€
and choose § > 0 such that, for any 7, t, € [0, +o0o[ with [t — f2]| < §, we have

2 2 €

1
e _ gmmin| ic and /(p(s) + rog(s))ds| < %
1

Consequently, we obtain
Iz, (t1) — z ()|l < € foralln € N.

Now, we verify the condition (2.1) of Proposition 2.1, that is, for any fixed 7y € [0, 1],
the set {z),(fp), n € N} is relatively compact in E. Let o be the Kuratowski measure of
noncompactness. Then, we have

o ({z; (tg),n € N})

fo

—a | {m2@, — gm0 4 gm0 / S £ (s, yu(s))ds
0

@ Springer



418 F. Cianciaruso et al.

+00
e / £(s, yu(s))ds, n € N
0

fo
2

<a ({m2(ln — S)e*’"z“’ ‘n e N}) +oaf| e / e’"zsf(s, ya(s)ds :n e N
0

+oo
to e‘mZ’O/f(s,yn(s))ds,neN
0

By compactness of L and Lemma 2.2, we obtain

a ({z,(t0),n € N})

fo

< 20 / o ({emsz(s, Ya($)), 1 € N}) ds

0
+00
1260 / o ((f (5. yu()) n € N}) ds
0

fo

<26 [ ({75, w < B, ) i

0
+00
+267'”2’0 / o ({f(s, w),w € Bro}) ds.
0

Since by hypothesis « ({ f (¢, By,)}) = 0 for any € [0, +00[, we can conclude that
o ({z;,(to), ne N}) =0,

i.e., (z},(to))nen is relatively compact in E for any fixed 7.
Finally, from (4.3), it follows that lirll z,,(t) = 0 uniformly on .
n——+0oo

n
(b) Lete > Obefixedand !y, ..., [, be suchthat L C U B (li, %) . By (4.2), there exists
i=1

M, > 0 such that for any t > M,

| +00
o
max ¢~ e+ [ () +roq ) ds
leL m
t

e—m’t oo e—m’t 5 €
m-s
o [ 00 +raeas+ o [ () +roands < 5. 47
0 0
Letz € T(D)}[M ool be fixed and let/ € L and y € D be such that

26 =1+ & —De™™" + (Fy)(®).
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A compactness result for differentiable functions 419

Leti be such that ||l — ;|| < %; then for every t > M, we have
lz@®) —lLille < llz@®) =g+ —lLillEe

1 b
2
<lg=llee™ " +— [ IIf(s, y()leds
m
t

)
e Mt e

+

—m2 | ) ¢

) /em NG y6DIEds + 5
m 2
0

m2

+00
/ IfCs, ys)lleds +
0

+o00
1
< max s~ e+ [ (p6) 4 ng(o)ds
leL m
t

2

—m?2 —
e—mt m-t

+00
+E / (p(s) + roq(s))ds + =
0

/ " (p(s) + rog(s))ds + %
0

m? m2

Then, from (4.7), it follows that

sup  lz(t) = LillE <,
te[Mc,+oo[

YBC([M.,+ool; E) ((T(D))|[M€,+oo[) <€

Step 4 T is upper semicontinuous.

Proof of Step 4 Using Theorem 4.2, we need to show that Graph(T (D)) is closed, that is,
if (yn)nen € D is a sequence converging to an element y € D, (z,),eN 1S @ sequence con-
verging to z and such that z,, € Ty, forany n € N, then z € T'y.

For this purpose, let (/,;),en such that

2
(@) =1, + (& —1ye mi + (Fyn)(t)
Let (I, )ken be a subsequence of (/,),en converging to !l € L. Let Z € T'y be defined by
2t) =1+ ( — De ™™ + (Fy)().

We claim that 7 = z.
To see this, fix € > 0. Since z,, — z by hypothesis, there exists kg € N such that if
k > ko, then

iz — 2lloo < €/3. (4.8)

Moreover, by following the proof of Step 2, we can fix k; € N such that for any k > k|

sup =+ (€ - L)e ™™ 4 (Fy)(6) — (L + (¢ — De™ " + (Fy) (0|l < €/3. (4.9)
tel0,400
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420 F. Cianciaruso et al.

On the other hand, for any fixed ¢ € [0, +o00[ and by (4.6), we get

I (Fyn) (@) — (Fy)®lE

1 +oo 2y FTo°
€
= 2 /f(s,yn(s))ds+ e /f(s,y,,(s))ds
! 0
+00 5, 400
1 efmt
(o [ rovenas+ S [ resenas
t 0 E
L
= W/ I1f (s, yu(5)) = £ (s, y(s)) | £ds
t
7
by [ 176D = £ 56Dl
m
0
It turns out that
2
IEyn = Fylloo < —5 1 G 3n() = £C YD £10,400)- (4.10)

Note that
im £, yu (1) = f(£, y())
k—+00

and that, by Step 1 and by hypothesis (2)(a), f(:, y,(-)) is dominated by p(-) + rog(:) €
£(0, +00). Hence, we can apply the Lebesgue dominated convergence Theorem and (4.10)
to deduce that there exists k» € N such that

1 Fyn, — Fylloo < €/3, 4.11)
for any k > k.
To put an end to this step, we observe that if k> max{kg, k1, k2}, then for any k > k and
for any ¢ € [0, +o0[ fixed, we get, by (4.8), (4.9) and (4.11),

lz(®) = ZDllE = llzn, — 2lloo + llzn, (1) = 2Dl

<3+ sup |y + & —le ™!
t€[0,4o00[

FED@) — A+ E=De™™ + F)O)E + I Fyn, — Fylloo

< €.

Since € > 0 is arbitrary, we getthenz =z € T'y. O

To bring us to a conclusion, we observe that Theorem 4.3 ensures the existence of a fixed
point yg of the multivalued mapping 7', and yy is a solution to the boundary value problem
P). ]

Remark 4.6 Note that the hypothesis that f (z, B,) be compact for any choice of t € [0, +-o00[
and r > 0 can be weakened by assuming only that f (¢, B,,) is compact for any ¢ € [0, +o0],
where r is given in the proof of Theorem 4.5.
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