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vertex-switching reconstruction problem.
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1. Introduction

A linear code is a linear space over Z2 (the binary field). Given a code V a vector v 2 V is a codeword. For any finite
dimensional code Z

N
2 the weight MðvÞ of a codeword v 2 Z

N
2 is the number of ones in v. The use of codes in graph

theory is prompted by the fact that as long as a graph G of order n is recognized by looking at its edge set, G may be
identified with a codeword in Znðn�1Þ=2

2 and jEðGÞj (the number of edges of G) is the weight of that codeword. Precisely,
let Gn be the set of all graphs on the vertices fx1; � � � ; xng. Let Kn 2 Gn be the complete graph on fx1; � � � ; xng and let us
denote the edges of Kn by EðKnÞ ¼ fe1; � � � ; eNg where N ¼ jEðKnÞj ¼ ð n

2
Þ ¼ nðn� 1Þ=2. Then the map

k : Gn ! Z
N
2 ; kðGÞ ¼ �EðGÞðe1Þ; � � � ; �EðGÞðeNÞ

� �
; G 2 Gn;ð1Þ

is a bijection, thus providing the identification mentioned above. Here �EðGÞ : fe1; � � � ; eNg ! Z2 is the characteristic
function of the edge set of G 2 Gn (thought of as Z2-valued, rather than real valued).

The code Z
N
2 may also be thought of as a finite graph GN whose vertices are the codewords X 2 Z

N
2 and two

codewords X; Y are joined by an edge if the Hamming distance HðX;YÞ is 1. We adopt the notations and conventions
in [8] and [7] (see also our Section 2 for a supply of definitions and basic results used throughout the paper). There is a
natural Z2-analog to the Fourier transform (cf. [7], p. 325) i.e. an invertible linear map F : DðGNÞ ! DðGNÞ (where
DðGNÞ is the space of all functions f : ZN

2 ! R) which possesses many of the properties of the classical Fourier
transform e.g. transforms the convolution product of functions on Z

N
2 into the ordinary product of the transformed

functions (cf. e.g. Lemma 2 in [4], p. 15). P. Diaconis & R. L. Graham, [7], used F to characterize the invertibility of
the Radon transform RS : DðGNÞ ! DðGNÞ based on translates of a set S � VðGNÞ: RS is invertible if and only if
F ð�SÞ 6¼ 0 everywhere. This is the Diaconis-Graham lemma, cf. Lemma 6 in Appendix A to this paper. It also turns out
that F transforms finite differences D� f ðXÞ ¼ f ðX þ e�Þ � f ðXÞ (cf. Section 2.2 below) into products with a�ðXÞ ¼
ð�1ÞX� � 1 of the transformed function, thus making F suitable for applications to combinatorial PDEs on GN (in a
way similar to the use of the classical Fourier transform). Indeed the discrete Fourier transform on GN was used (cf. [4])
to solve the initial value problems for the combinatorial analogs to the heat, wave and Cattaneo equations on a
Hamming graph. As a continuation of the ideas in [4] we address two types of applications of the Fourier transform on
Z
N
2 . One is to discuss discrete analogs to the notion of fundamental solution for the combinatorial Laplacian � defined

by (5) below. In particular we start a calculus (Fourier transforms, convolution products, etc.) with distributions on a
Hamming graph i.e. linear maps T : DðGNÞ ! R (cf. Section 3). Another application concerns reconstruction problems
in graph theory (cf. [5]).

Let G 2 Gn. If x 2 VðGÞ is a vertex let GðxÞ be the graph obtained from G by switching at x i.e. by deleting all edges
of G incident to x and inserting all possible edges incident to x originally not in G

VðGðxÞÞ ¼ VðGÞ ¼ fx1; � � � ; xng;
EðGðxÞÞ ¼ ½EðGÞ n NGðxÞ� [ ½NKn ðxÞ n NGðxÞ�;

where NGðxÞ ¼ fe 2 EðGÞ : x 2 eg is the set of all edges of G incident to x. The vertex-switching reconstruction
problem (cf. [17]) is: can G be reconstructed from Gðx1Þ; � � � ;GðxnÞ? That is, if H is another graph on fx1; � � � ; xng
such that GðxiÞ � HðxiÞ (graph isomorphisms) for any 1 � i � n then are G and H isomorphic? This is a variation
of the Kelly-Ulam conjecture (cf. [5]) where vertex-deletion is replaced by vertex-switching. A technique introduced
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by R. P. Stanley, [16], led him to a positive solution when n 6� 0 (mod 4Þ cf. Corollary 1 below. Remarkably a
key ingredient in Stanley’s proof of Corollary 1 is the discrete Fourier calculus on Z

N
2 and the Diaconis-Graham lemma

mentioned before. Let U : L2ðGnÞ ! L2ðGnÞ be the unlabelling operator (see Section 4.1) where L2ðGnÞ is the space
of all functions F : Gn ! R (which turns out to be isomorphic to DðZnðn�1Þ=2

2 Þ). The usefulness of the unlabelling
operator (due to [17], p. 134) comes from the fact that Uð�fGgÞ ¼ Uð�fHgÞ if and only if the graphs G and H are
isomorphic (cf. (4) in [17]). We show that when GðxiÞ � HðxiÞ for any 1 � i � n then

U �fHg
� �

¼ U �fGg
� �

þ FGHð2Þ

where F ¼ FGH : Gn ! R is given by

FðgÞ ¼ 2�nðn�1Þ=2
X

F ð�SÞðXÞ¼0

ð�1ÞX�kðgÞ
X
�2�n

ð�1ÞX�kð��HÞ � ð�1ÞX�kð��GÞ
� �

for any g 2 Gn. Cf. our Theorem 2. Here S 	 Z
nðn�1Þ=2
2 corresponds under the isomorphism (1) to the set of all claws

K1;n�1 on the vertices fx1; � � � ; xng. It follows that

Corollary 1. (R. P. Stanley, [17]) Let G;H 2 Gn be two graphs on the vertices fx1; � � � ; xng so that GðxiÞ � HðxiÞ
for any 1 � i � n. If n 6� 0 (mod 4Þ then G � H.

Proof. Stanley’s arguments show that fX 2 Z
nðn�1Þ=2
2 : F ð�SÞðXÞ ¼ 0g is empty when n 6� 0 (mod 4Þ. Then (by (2)) G

and H have the same unlabellings. Q.e.d.

Any X 2 Z
nðn�1Þ=2
2 may be thought of as an upper triangular matrix X ¼ ½Xij�1�i; j�n 2 MnðZ2Þ (with Xij ¼ 0 for

1 � j � i � n). Let

An ¼ X 2 MnðZ2Þ : Xij ¼ Xji; Xii ¼ 0;
Xn
i¼1

Yn
j¼1

ð�1ÞXij ¼ 0

( )
:ð3Þ

One novelty brought by us (within the vertex switching reconstruction problem) is the explicit form of F in (2).
It implies that

Corollary 2. Let G;H 2 Gn be two graphs on the vertices fx1; � � � ; xng such that GðxiÞ � HðxiÞ for any 1 � i � n. If

jIGj
X

g2OrbðGÞ
ð�1ÞX�kðgÞ ¼ jIHj

X
g2OrbðHÞ

ð�1ÞX�kðgÞ

for any X 2 An then G � H.

Here OrbðGÞ is the orbit of G 2 Gn with respect to the natural action on Gn of the group of permutations of order n!
and IG is the isotropy group of G.

The paper is organized as follows. In Section 2 we recall the needed notions of graph theory, as they apply to
Hamming graphs. Section 3 continues the work in [4] and solves the problem

�u ¼ � in BNð0Þ; u ¼ 0; on @BNð0Þ:

Section 4 is devoted to a generalization (cf. Theorem 2) of a result by R. P. Stanley, [17]. The linear algebra methods
introduced in [16] and [7] were the source of inspiration for both [4] and the present paper. The observation (cf. (2))
that when n � 0 (mod 4Þ (the case not covered by [17], cf. Corollary 1) it is true at least that �fHg � �fGg lies in the fibre
U�1ðFGHÞ of the unlabelling operator U suggests that an application of the theory of Hilbert spaces with a reproducing
kernel (as developed by N. Aronszajn, [2], and S. Saitoh, [14]) may shed light on the vertex switching reconstruction
problem. Section 4.3 takes a step in this direction by showing that the general theory in [14] can indeed be applied to
organize (cf. Proposition 7) the range of U as a (finite dimensional) Hilbert space HK with a reproducing kernel. Then
(by a result in [14]) there is a unique element fGH 2 U�1ðFGHÞ of smallest norm (coinciding with kFGHkHK

). However
the role of fGH (in the reconstruction of G from the GðxiÞ’s) is unclear as yet.

Acknowledgements. The Authors are grateful to the anonymous referee whose comments led to the improvement
of the present paper.

2. Definitions and Basic Results

2.1 Graphs.

Let G ¼ ðVðGÞ;EðGÞÞ be a connected, finite graph, without multiple edges, where VðGÞ is the vertex set and
EðGÞ � ½VðGÞ�2 the edge set. Let DðGÞ be the space of all functions f : VðGÞ ! R endowed with the inner product

ð f ; gÞ ¼
X

x2VðGÞ
f ðxÞgðxÞ; f ; g 2 DðGÞ:ð4Þ
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Let A � VðGÞ. The average of f 2 DðGÞ over A is given by MAð f Þ ¼ ð1=jAjÞ
P

X2A f ðXÞ where jAj denotes the
cardinality of the set A. The combinatorial Laplacian is

ð� f ÞðxÞ ¼ f ðxÞ �
1

mðxÞ

X
y2NðxÞ

f ðyÞ; f 2 DðGÞ; x 2 VðGÞ:ð5Þ

Here mðxÞ ¼ jNðxÞj and NðxÞ ¼ fy 2 VðGÞ : dðx; yÞ ¼ 1g is the set of all neighbors of x. A function f 2 DðGÞ is
harmonic if � f ¼ 0. Of course any such f satisfies the mean value property f ðxÞ ¼ MNðxÞð f Þ for any x 2 VðGÞ and
many results in potential theory carry over to this discrete setting (cf. e.g. M. Kanai, [9], p. 231–234, P. M. Soardi,
[15]). We set H0ðGÞ ¼ f f 2 DðGÞ : �f ¼ 0g. The dimension b0ðGÞ ¼ dimR H0ðGÞ is the first Betti number of G.

A distribution on G is a linear map T : DðGÞ ! R. Let DðGÞ� be the space of all distributions on G. If A � VðGÞ
then any function f : A ! R defines a distribution (of function type) ~ff 2 DðGÞ� given by

~ff ð’Þ ¼
X
x2A

f ðxÞ’ðxÞ; ’ 2 DðGÞ:

If L : DðGÞ ! DðGÞ is a linear map then LT is the distribution on G defined by ðLTÞð’Þ ¼ TðL�’Þ for any ’ 2 DðGÞ,
where L� is the adjoint of L i.e. ðL�’; Þ ¼ ð’; L Þ. We often write hT ; ’i ¼ Tð’Þ. The product of a function f 2 DðGÞ
and a distribution T is given by h f T ; ’i ¼ Tð f’Þ.

Let �ðGÞ be the spectrum of � i.e. � 2 �ðGÞ if �u ¼ �u for some u 6¼ 0. The magnification of G is

hðGÞ ¼ inf
j@Xj

VolðXÞ
: X � VðGÞ; jXj <1

� �
where @X ¼ ffx; yg 2 EðGÞ : x 2 X and y =2 Xg and VolðXÞ ¼

P
x2X mðxÞ. The Cheeger estimate is that

�ðGÞ 	 ½1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� hðGÞ2

p
; 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� hðGÞ2

p
� 	 ½0; 2�;

cf. [1]. New Cheeger type estimates were obtained by H. Urakawa, [19]. See also [3]. Eigenvalue problems for the
combinatorial Laplacian occur in a natural way. For instance let

ih�@n� ¼ �
h�
2

2m
��þ VðxÞ�ð6Þ

be the combinatorial Schrödinger equation with the unknown function � : VðGÞ 
 Zþ ! C (the discrete wave
function) where @n�ðx; nÞ ¼ �ðx; nþ 1Þ ��ðx; nÞ for any x 2 VðGÞ and n 2 Zþ. Also V : VðGÞ ! R is a given
function (the discrete potential), m > 0 and h� are constants (h� ¼ h=ð2�Þ and h is Planck’s constant), and
Zþ ¼ f0; 1; 2; � � �g. The following result is then immediate:

Proposition 1. Let E > 0 be a constant and y : VðGÞ ! R a solution to

�
h�
2

2m
�yþ ðVðxÞ þ EÞy ¼ 0:ð7Þ

Then the discrete wave function

�ðx; nÞ ¼ C 1þ
Ei

h�

� 	n

yðxÞ ðC 2 RÞ

is a solution to (6).

Let us look for a solution of the form �ðx; nÞ ¼ yðxÞuðnÞ where y : VðGÞ ! R and u : VðGÞ ! C. Substitution into
(6) and separation of variables lead to

ih�
@nu

u
¼ �

h�
2

2m

�y

y
þ VðxÞ

hence there is a constant E > 0 such that

ih� @nuþ E uðnÞ ¼ 0ð8Þ

and yðxÞ satisfies (7) (the Zþ-independent Schrödinger equation). The Zþ-part (8) is a recurrence relation yielding
uðnÞ ¼ ð1þ Ei=h� Þnuð0Þ. Finally when VðxÞ ¼ 0 the equation (7) becomes �y ¼ �y (where � ¼ 2mE=h�

2), thus leading
to an example of eigenvalue problem for the combinatorial Laplacian. A detailed study of the solutions to (6) is
relegated to a further paper.

2.2 Hamming graphs.

Let us specialize the discussion to the case of Hamming graphs, our main example through the present paper.
Let GN be the Hamming graph of order 2N i.e. VðGNÞ ¼ Z

N
2 and two vertices X;Y 2 VðGNÞ are adjacent if HðX;YÞ ¼ 1.

Here Z2 is the binary field and HðX; YÞ is the Hamming distance between X and Y i.e. the number of coordinates where
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X and Y disagree. The Hamming ball of center X0 2 VðGNÞ and radius r > 0 is BrðX0Þ ¼ fX 2 VðGNÞ : HðX0;XÞ < rg
and its boundary is @BrðX0Þ ¼ fX 2 VðGNÞ : HðX0;XÞ ¼ rg. Also we set BrðX0Þ ¼ BrðX0Þ [ @BrðX0Þ. Then
VðGNÞ ¼ BNð0Þ. If fe� : 1 � � � Ng is the canonical basis in Z

N
2 then @B1ðX0Þ ¼ fX0 þ e� : 1 � � � Ng. Note that

@BrðXÞ ¼ ; unless r 2 f1; � � � ;Ng. Clearly in a Hamming graph mðXÞ ¼ N, i.e. GN is N-regular. The combinatorial
Laplacian on GN may be written as

�’ðXÞ ¼ ’ðXÞ �
1

N

XN
�¼1

’ðX þ e�Þ; X 2 VðGNÞ;

for any ’ 2 DðGNÞ. Then H0ðGNÞ ¼ R (see Corollary 4). Given ’ 2 DðGNÞ we set

D�’ðXÞ ¼ ’ðX þ e�Þ � ’ðXÞ; X 2 VðGNÞ:

The (discrete) gradient of ’ is the function D’ : VðGNÞ ! R
N given by D’ ¼ ðD1’; � � � ;DN’Þ. By a result of E.

Barletta et al., [4]

�’ ¼ �
1

N

XN
�¼1

D�’:

Note that

ðD�
�’;  Þ ¼ ð’;D� Þ ¼

X
X

’ðXÞðD� ÞðXÞ

¼
X
X

’ðXÞ½ ðX þ e�Þ �  ðXÞ�

¼
X
Y

’ðY � e�Þ ðYÞ �
X
X

’ðXÞ ðXÞ ¼ ðD�’;  Þ

because of �e� ¼ e� in Z2. In particular the combinatorial Laplacian is self-adjoint i.e. �� ¼ �. Also given T 2
DðGNÞ� the derivative D�T is the distribution given by ðD�TÞð’Þ ¼ TðD�’Þ for any ’ 2 DðGNÞ.

We end this section with a comment on discrete wave functions �ðX; nÞ on a Hamming graph. It is a natural question
whether X

X2VðGN Þ
j�ðX; nÞj2 ¼ const.ð9Þ

as a function of n when � satisfies

@n� ¼
ih�

2m
��ð10Þ

(the free combinatorial Schrödinger equation). We establish the following negative result:

Proposition 2. Any discrete wave function �ðX; nÞ satisfying ð9Þ–ð10Þ is constant as a function of n.

We shall use the inner product

ð f ; gÞ ¼
X

X2VðGN Þ
f ðXÞgðXÞð11Þ

for any f ; g : VðGÞ ! C (coinciding with (4) on real valued functions). Then Proposition 2 follows from

Lemma 1. For any solution �ðX; nÞ to ð10Þ

@n
X

X2VðGN Þ
j�ðX; nÞj2 ¼ k@n�ð�; nÞk2; n 2 Zþ:ð12Þ

Here kfk ¼ ð f ; f Þ1=2. Indeed if (9) holds then the left-hand side of (12) vanishes hence @n�ðX; nÞ ¼ 0 i.e. �ðX; nÞ ¼
�ðX; 0Þ for any n 2 Zþ. Q.e.d.

To prove Lemma 1 we compute

@n
X
X

j�ðX; nÞj2 ¼

(by adding and subtracting �ðX; nÞ�ðX; nþ 1Þ)

¼
X
X

fð@n�ÞðX; nÞ�ðX; nþ 1Þ þ�ðX; nÞð@n�ÞðX; nÞg

¼
ih�

2m

X
X

fð��ÞðX; nÞ�ðX; nþ 1Þ ��ðX; nÞð��ÞðX; nÞg
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¼
ih�

2m
f ��ð�; nÞ;�ð�; nþ 1Þð Þ � �ð�; nÞ;��ð�; nÞð Þg:

As � is a real operator its (C-linear) extension to C-valued functions is self-adjoint with respect to (11) as well. Thus

@n
X
X

j�ðX; nÞj2 ¼
ih�

2m
��ð�; nÞ; @n�ð�; nÞð Þ

and (10) implies (12).

3. Fundamental Solutions

3.1 Discrete electrostatic fields.

Given q > 0 the potential of the (discrete) electrostatic field created by the point charge q at X0 2 VðG3Þ is the
function U : VðG3Þ n fX0g ! R given by

UðXÞ ¼
q

RðXÞ
; RðXÞ ¼ HðX0;XÞ; X 2 VðG3Þ n fX0g;

and the (discrete) electrostatic field created by q is

E ¼ �DU:ð13Þ

A priori the definition (13) lacks of rigor. Indeed given f : A � VðG3Þ ! R the derivative D� f is only defined
when X þ e� 2 A for any X 2 A. As in the classical theory of electrostatics the rigorous formulation is in terms of
distributions. The potential U defines a distribution ~UU on G3 given by

~UUð’Þ ¼
X
X 6¼X0

UðXÞ’ðXÞ; ’ 2 DðG3Þ:

Then (13) may be correctly written as E ¼ �D ~UU and E is an R
N-valued distribution on G3.

Let � 2 DðG3Þ� be a fixed distribution on G3 referred to as the density of electric charge and let us postulate that

�U ¼ �4��:ð14Þ

Then (13)–(14) are combinatorial analogs to the fundamental equations of electrostatics (cf. e.g. [10], p. 197).
In particular (14) is the (combinatorial) Poisson equation. Can one solve (14) (say in DðG3Þ�)? The classical solution
(in continuous mathematics) is written as a convolution among the fundamental solution for the Laplace operator and
the given density �. As we shall shortly see, on a Hamming graph there are several discrete analogs to the notion of a
fundamental solution, none of which is entirely satisfactory. We close this section by showing that

Proposition 3. Let U : VðGNÞ n fX0g ! R be the function given by UðXÞ ¼ 1=HðX0;XÞ for any X 6¼X0 and let ~UU be
the distribution (of function type) determined by U. Then � ~UU ¼ ~ff where

f ðXÞ ¼

�1=N; X ¼ X0

ð2N � 1Þ=ð2NÞ; X 2 S1ðX0Þ
ðN � 2ÞRðXÞ2 � N

ðRðXÞ2 � 1ÞRðXÞ
; X 2 BNðX0Þ n B1ðX0Þ

ðN � 2Þ=½NðN � 1Þ�; X 2 SNðX0Þ

8>>>>><>>>>>:
for any X 2 VðGNÞ where SrðX0Þ ¼ @BrðX0Þ.

Proof. For any ’ 2 DðGNÞ

� ~UUð’Þ ¼ ~UUð�’Þ ¼ �
1

N

X
X 6¼X0

UðXÞ
XN
�¼1

ðD�’ÞðXÞ

¼
X
X 6¼X0

UðXÞ’ðXÞ �
1

N

X
X 6¼X0

UðXÞ
XN
�¼1

’ðX þ e�Þ:

Note that

Lemma 2. For each � 2 f1; � � � ;Ng

RðX þ e�Þ ¼ RðXÞ � 1; X 2 A�
� ;

where Aþ
� ¼ fX 2 VðGNÞ : X� ¼ X0;�g and A�

� ¼ VðGNÞ n Aþ
� . Also X0 þ e� 2 A�

� and X0 þ e� 2 Aþ
� for any � 6¼�. In

particular i) [N
�¼1ðA�

� n fX0 þ e�gÞ ¼ VðGNÞ n B1ðX0Þ and ii) [N
�¼1A

þ
� ¼ BNðX0Þ.
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Proof.

[N
�¼1 A�

� n fX0 þ e�g
� �

¼ [�A�
�

� �
n @B1ðX0Þ

¼ VðGNÞ n fX0g
� �

n @B1ðX0Þ

and (i) is proved. Moreover codewords with at least one coordinate coinciding with a coordinate of X0 are at Hamming
distance � N � 1 from X0 thus proving (ii).

Let us go back to the proof of Proposition 3. We haveX
X 6¼X0

UðXÞ
XN
�¼1

’ðX þ e�Þ ¼
X
�

X
Y 6¼X0þe�

UðY � e�Þ’ðYÞ

¼
X
�

X
Y2A�

� nfX0þe�g

’ðYÞ
RðYÞ � 1

þ
X
�

X
Y2Aþ

�

’ðYÞ
RðYÞ þ 1

¼
X

X2BN ðX0ÞnB1ðX0Þ

’ðXÞ
RðXÞ � 1

þ
X

X2BN ðX0Þ

’ðXÞ
RðXÞ þ 1

hence

� ~UUð’Þ ¼ �
1

N
’ðX0Þ þ

2N � 1

2N

X
X2S1ðX0Þ

’ðXÞ

þ
X

X2BN ðX0ÞnB1ðX0Þ

ðN � 2ÞRðXÞ2 � N

ðRðXÞ2 � 1ÞRðXÞ
’ðXÞ

þ
N � 2

NðN � 1Þ

X
X2SN ðX0Þ

’ðXÞ:

3.2 Fundamental solutions.

Let G ¼ ðX [ @X;E [ @EÞ be a finite graph-with-boundary i.e. 1) E � EðX;XÞ, 2) @E � EðX; @XÞ, and 3)
fx 2 VðGÞ : mðxÞ ¼ 1g � @X, cf. [11]. Here for any A � VðGÞ and B � VðGÞ we denote by EðA;BÞ the set of all
edges e ¼ xy 2 EðGÞ such that x 2 A and y 2 B. Let O 2 VðGÞ be a fixed vertex. A discrete analog to the Dirac
distribution (concentrated at O) is �O : VðGÞ ! R given by

�OðxÞ ¼
1; x ¼ O

0; x 6¼O

�
x 2 VðGÞ:

Then a fundamental solution for � is a solution u to the problem

�u ¼ �O in X,

u ¼ 0 on @X.

�
ð15Þ

Following the ideas in [4] we shall solve (15) on GN which is a graph-with-boundary SNð0Þ ¼ f1Ng where
1N ¼ ð1; � � � ; 1Þ 2 Z

N
2 . We may state the following:

Theorem 1. There is a unique solution E to

�u ¼ � in BNð0Þ,
u ¼ 0 on @BNð0Þ,

�
ð16Þ

given by

EðXÞ ¼
N

2N

X
Y 6¼ 0

1þ ð�1ÞX�Y
� �

1� ð�1Þ1N �Y
� �

N �
PN

�¼1ð�1ÞY�
;

for any X 2 VðGNÞ. Here � ¼ �0.

Here X � Y ¼
PN

�¼1 X�Y� 2 Z2. The convolution product on DðGNÞ is given by

ð f � gÞðXÞ ¼
X

Y2VðGN Þ
f ðX � YÞgðYÞ; X 2 VðGNÞ;

for any f ; g 2 DðGNÞ. To give an example let v 2 Z
N
2 and let us consider EvðXÞ ¼ ð�1Þv�X . Then

ðEv f Þ � ðEvgÞ ¼ Evð f � gÞ; f ; g 2 DðGNÞ:

As another example let a 2 Z2 and faðXÞ ¼ ð�1Þ�aX2

(the binary analog of a Gaussian distribution). Here X2 ¼ X � X.
Let us set �0 ¼ fX 2 VðGNÞ : X � X ¼ 0g (the null cone in Z

N
2 ). Clearly �0 ¼ fX 2 Z

N
2 : MðXÞ 2 2Zg. Here for any
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Y 2 Z
N
2 we set MðYÞ ¼ jf� 2 f1; � � � ;Ng : Y� 6¼ 0gj (the weight of Y as a codeword). Also we consider �1 ¼ fX 2

VðGNÞ : X � X ¼ 1g (so that �0 ¼ VðGNÞ n�1). We have (as 2a ¼ 0 in Z2)

ð fa � fbÞðXÞ ¼
X
Y

faðX � YÞ fbðYÞ

¼ faðXÞ
X
Y

ð�1ÞðaþbÞY2

¼ faðXÞ j�0j þ
X
Y2�1

ð�1Þaþb

 !
or

fa � fb ¼ ðj�0j þ ð�1Þaþbj�1jÞ fa:

As an elementary byproduct we may state

Proposition 4. j�0j ¼ j�1j ¼ 2N�1.

This is an immediate consequence of the fact that �0 is a subgroup of Z
N
2 of index 2. However, it may also

be derived by using the previously introduced techniques. Indeed, as the convolution product is commutative
ðj�0j � j�1jÞð f1 � f0Þ ¼ 0 hence the conclusion follows (otherwise f1ðXÞ ¼ 1, a contradiction for X 2 �1).

A simple application of Theorem 1 is

Corollary 3. Let g 2 DðGNÞ and u ¼ g � E. Then

�uðXÞ ¼ gðXÞ � gðX � 1NÞ

for any X 2 VðGNÞ.

To prove Theorem 1 we need to recall the discrete Fourier transform F : DðGNÞ ! DðGNÞ given by

ðF f ÞðXÞ ¼ f̂f ðXÞ ¼
X

Y2VðGN Þ
ð�1ÞX�Y f ðYÞ; X 2 VðGNÞ:

See [7] and [17]. Among its properties the discrete Fourier transform is invertible and F �1 ¼ 2�N F . Also F ð f � gÞ ¼
f̂f ĝg for any f ; g 2 DðGNÞ, cf. e.g. Lemma 2 in [4], p. 15.

Proof of Theorem 1. Let u be a solution to the problem (16). Then �uð1NÞ ¼ c where we set c ¼
�ð1=NÞ

PN
�¼1 uð1N þ e�Þ 2 R. Consequently �u ¼ f where

f ðXÞ ¼
�ðXÞ; X 2 BNð0Þ
c; X 2 @BNð0Þ

�
X 2 VðGNÞ:ð17Þ

Then

f̂f ðXÞ ¼ ð�1ÞX�1N cþ
X

Y2BN ð0Þ
ð�1ÞX�Y�ðYÞ ¼ 1þ ð�1ÞX�1N c

for any X 2 VðGNÞ. By a result in [4] (cf. Lemma 3, p. 17)

F ð� f Þ ¼
1

N
a f̂fð18Þ

where aðXÞ ¼ N �
PN

�¼1ð�1ÞX� . By applying the Fourier transform to �u ¼ f

1

N
aðXÞ ûuðXÞ ¼ 1þ ð�1ÞX�1N c

hence for X ¼ 0 it follows that c ¼ �1. Thus f̂f ðXÞ ¼ 1� ð�1ÞX�1N so that

ûuðXÞ ¼ N
1� ð�1ÞX�1N

aðXÞ
X 6¼ 0,

� X ¼ 0,

8<:
where � ¼ ûuð0Þ. Applying the inverse Fourier transform

uðXÞ ¼ 2�N
X
Y

ð�1ÞX�Y ûuðYÞ

¼ 2�N � þ N
X
Y 6¼ 0

ð�1ÞX�Y
1� ð�1ÞY�1N

aðYÞ

( )
hence for X ¼ 1N
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� ¼ N
X
Y 6¼ 0

1� ð�1Þ1N �Y

aðYÞ
:

Q.e.d.

Proof of Corollary 3. We compute h ¼ �ðg � EÞ. Applying the Fourier transform (by (18))

ĥh ¼
1

N
aF ðg � EÞ ¼

1

N
a ĝg ÊE ¼ ĝgF ð�EÞ ¼ ĝg f̂f

where f is given by (17) with c ¼ �1. Applying F �1

hðXÞ ¼ ðg � f ÞðXÞ ¼
X
Y

gðX � YÞ f ðYÞ ¼ gðXÞ � gðX � 1NÞ:

Q.e.d.

With the same methods we reobtain the following result (well known to hold for any connected regular graph)

Corollary 4. �0ðGNÞ ¼ 1.

Proof. Let u 2 H0ðGNÞ. Applying the Fourier transform to �u ¼ 0 gives ð1=NÞ a ûu ¼ 0 i.e. ûuðXÞ ¼ 0 for any X 6¼ 0.
Then applying the inverse Fourier transform gives uðXÞ ¼ 2�Nûuð0Þ for any X 2 VðGNÞ. Q.e.d.

There is yet another combinatorial analog to the notion of fundamental solution, suggested by the form of
the fundamental solution to the Laplacian on R

3 namely 1=r where rðXÞ ¼ X � X for any X 2 VðGNÞ n�0, i.e. r ¼ ��1
.

We may state the following:

Proposition 5. Let H : VðGNÞ ! R be given by

HðXÞ ¼
1; X 2 �0

�1; X 2 �1

�
X 2 VðGNÞ:

Then �ð1=rÞ ¼ �H in distributional sense. Moreover given g 2 DðGNÞ if u ¼ ð1=rÞ � g then �u ¼ �H � g.

Proof. For any ’ 2 DðGNÞ

�1=r
� �

ð’Þ ¼
X
X2�1

�’ðXÞ
rðXÞ

¼
X
X2�1

’ðXÞ �
1

N

XN
�¼1

’ðX þ e�Þ

( )
and since X þ e� 2 �1 if and only if X 2 �0 (providing another proof of Corollary 4)X

X2�1

XN
�¼1

’ðX þ e�Þ ¼
X
�

X
Xþe�2�1

’ðXÞ ¼ N
X
X2�0

’ðXÞ

hence �ð1=rÞ ¼ � ~HH.

The convolution product on the second statement of Proposition 5 is in distributional sense. Precisely, we introduce
the following notions. The tensor product of the distributions T 2 DðGNÞ� and S 2 DðGMÞ is given by

ðT � SÞð’Þ ¼ hT ; X 7! Sð’ðX; �ÞÞi; ’ 2 DðGNþMÞ:

The convolution product of the distributions T ; S on GN is given by

ðT � SÞð’Þ ¼ hT � S; ’�i; ’ 2 DðGNÞ;

where ’�ðX;YÞ ¼ ’ðX þ YÞ. For distributions of function type the two notions of convolution product coincide i.e.

~ff � ~gg ¼ gf � gf � g

for any f ; g 2 DðGNÞ. Indeed

h ~ff � ~gg; ’i ¼ h ~ff � ~gg; ’�i ¼
X

X2VðGN Þ
f ðXÞ ~ggð’�ðX; �ÞÞ

¼
X
X;Y

f ðXÞgðYÞ’ðX þ YÞ ¼
X
X;Z

f ðXÞgðZ � XÞ’ðZÞ

¼
X
Z

ð f � gÞðZÞ’ðZÞ ¼ h gf � gf � g; ’i:

Q.e.d.
We shall also need the Fourier transform on distributions F : DðGNÞ� ! DðGNÞ� given by

hF ðTÞ ; ’i ¼ T̂Tð’Þ ¼ Tð’̂’Þ; ’ 2 DðGNÞ:
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Again for distributions of function type

hF ð ~ff Þ; ’i ¼ h ~ff ; ’̂’i ¼
X

X2VðGN Þ
f ðXÞ’̂’ðXÞ

¼
X
X

f ðXÞ
X
Y

ð�1ÞX�Y’ðYÞ ¼
X
Y

f̂f ðYÞ’ðYÞ ¼ h gF ð f ÞF ð f Þ; ’i

i.e. F ð ~ff Þ ¼ gF ð f ÞF ð f Þ for any f 2 DðGNÞ.

Lemma 3. For any T 2 DðGNÞ�

F ðD�TÞ ¼ a�T̂T ; 1 � � � N;ð19Þ

where a�ðXÞ ¼ ð�1ÞX� � 1. In particular F ð�TÞ ¼ ð1=NÞ a T̂T . Moreover

F ðT � ~ff Þ ¼ f̂f T̂Tð20Þ

for any f 2 DðGNÞ.

Proof. To prove (19)

hF ðD�TÞ; ’i ¼ hD�T ; ’̂’i ¼ TðD�’̂’Þ:

On the other hand (by Lemma 3 in [4], p. 17)

F ðD�’̂’Þ ¼ a�F ð’̂’Þ ¼ 2Na�’

hence

D�’̂’ ¼ F ða�’Þ:ð21Þ

Finally (by (21))

hF ðD�TÞ; ’i ¼ hT ;F ða�’Þi ¼ hT̂T ; a�’i ¼ ha�T̂T ; ’i:

In particular

F ð�TÞ ¼ �
1

N

XN
�¼1

F ðD�TÞ ¼ �
1

N

X
�

a�T̂T ¼
1

N
a T̂T :

To prove (20)

hF ðT � ~ff Þ; ’i ¼ hT � ~ff ; ’̂’i ¼ hT � ~ff ; ’̂’�i ¼ hT ;  i

where

 ðXÞ ¼ ~ff ð’̂’�ðX; �ÞÞ ¼
X

Y2VðGN Þ
f ðYÞ’̂’�ðX;YÞ

¼
X
Y

f ðYÞ’̂’ðX þ YÞ ¼
X
Y ;Z

ð�1ÞðXþYÞ�Z f ðYÞ’ðZÞ

¼
X
Z

ð�1ÞX�Z’ðZÞ
X
Y

ð�1ÞY�Z f ðYÞ ¼
X
Z

ð�1ÞX�Z’ðZÞ f̂f ðZÞ

i.e.  ¼ F ð’ f̂f Þ. Hence

hF ðT � ~ff Þ; ’i ¼ hT ;F ð’ f̂f Þi ¼ hT̂T ; ’ f̂f i ¼ h f̂f T̂T ; ’i:

Q.e.d.

At this point we may prove the second statement in Proposition 5. Let us set T ¼ �ðð1=rÞ � gÞ. Then (by (20))

T̂T ¼
1

N
aF

1

r
� g

� 	
¼

1

N
a ĝgF

1

r

� 	
¼ ĝgF ð�ð1=rÞÞ ¼ �ĝgF ð ~HHÞ ¼ �F ð ~HH � ~ggÞ

i.e. T is the distribution determined by the function �H � g. Q.e.d.

4. The Vertex-Switching Reconstruction Problem

4.1 On a result by R. P. Stanley.

Let Gn be the set of all graphs on the vertices fx1; � � � ; xng. There is a natural action of the permutation group �n (of
order n!) on Gn. Indeed let � 2 �n and G 2 Gn. We define a graph � � G on fx1; � � � ; xng by indicating its edge set i.e.

Discrete Fourier Calculus and Graph Reconstruction 171



Eð� � GÞ ¼ f� � e : e 2 EðGÞg

where � � e ¼ fx�ðiÞ; x�ð jÞg for any edge e ¼ fxi; xjg of G. Let L2ðGnÞ be the linear space of all functions F : Gn ! R.
Note that the characteristic functions f�fGg : G 2 Gng form a basis in L2ðGnÞ over the reals. The action of �n on Gn

induces an action of �n on L2ðGnÞ given by

ð� � FÞðGÞ ¼ Fð��1 � GÞ; G 2 Gn; � 2 �n:

Then

� � �fGg ¼ �f��Gg:ð22Þ

Of course the relation (22) (followed by R-linear extension) could be taken as the definition of the action of �n on Gn.
We shall need the unlabelling operator U : L2ðGnÞ ! L2ðGnÞ given by

UðFÞ ¼
X
�2�n

� � F; F 2 L2ðGnÞ:

Also Uð�fGgÞ is called the unlabelling of the graph G 2 Gn. The scope of this section is to establish the following:

Theorem 2. Let G;H 2 Gn such that GðxiÞ � HðxiÞ (a graph isomorphism) for any 1 � i � n. Then

U �fHg
� �

¼ U �fGg
� �

þ FGHð23Þ

where FGH : Gn ! R is given by

FGHðgÞ ¼ 2�nðn�1Þ=2
X

�̂�SðXÞ¼0

ð�1ÞX�kðgÞ
X
�2�n

ð�1ÞX�kð��HÞ � ð�1ÞX�kð��GÞ
� �

for any g 2 Gn. Here S ¼ kð�Þ 	 Z
n=ðn�1Þ=2
2 and � is the set of all claws K1;n�1 on the vertices fx1; � � � ; xng.

The explicit expression of FGH in (23) is new and Theorem 2 may be considered as a generalization of R. P.
Stanley’s result (Corollary 1 in the Introduction).

To prove Theorem 2 we need some preparation (based on the ideas in [17]). The Stanley morphism is the map
given by

� : L2ðGnÞ ! L2ðGnÞ; �ð�fGgÞ ¼
Xn
i¼1

�fGðxiÞg;

for any G 2 Gn (followed by R-linear extension). The bijection k : Gn ! VðGNÞ (N ¼ nðn� 1Þ=2) defined in the
Introduction induces the R-linear isomorphism

k� : L
2ðGnÞ ! DðGNÞ; k�ðFÞ ¼ F  k�1; F 2 L2ðGnÞ:

Next let

Ei ¼ fe 2 fe1; � � � ; eNg : xi 2 eg; 1 � i � n;

i.e. Ei consists of all edges in Kn which are incident with the vertex xi. Now let Gi 2 Gn be the graph on fx1; � � � ; xng
whose edge set is EðGiÞ ¼ Ei

Gi ¼ k�1ð�Ei
ðe1Þ; � � � ; �Ei

ðeNÞÞ:

Here �Ei
is thought of as Z2-valued. Then Gi is a claw K1;n�1 ¼ K1 � Kn�1 on fx1; � � � ; xng. As in Theorem 2 we set

� ¼ fG1; � � � ;Gng 	 Gn:

We need the following:

Lemma 4. Let S ¼ kð�Þ 	 Z
N
2 . Then the diagram

L2(Gn) Φ−−−−→ L2(Gn)

k∗



�



�k∗

D(GN ) RS−−−−→ D(GN )

is commutative.

So the Stanley morphism is, up to an isomorphism, the Radon transform (see Appendix A) based on translates
of S 	 Z

N
2 (the set of all codewords corresponding to all possible claws in Kn).
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Proof of Lemma 4. For any 	 2 Z
N
2

ðk� �FÞð	Þ ¼ ð�FÞðk�1	Þ ¼ �
X
G2Gn

FðGÞ�fGg

 !
ðk�1	Þ

that is

ðk� �FÞð	Þ ¼
X
G2Gn

FðGÞ
Xn
i¼1

�GðxiÞðk
�1	Þ:ð24Þ

On the other hand

ðRS k� FÞð	Þ ¼
X
z2Sþ	

ðk�FÞðzÞ ¼
X
z2S

ðk�FÞðzþ 	Þ

¼
Xn
i¼1

ðk�FÞðkðGiÞ þ 	Þ

that is

ðRS k� FÞð	Þ ¼
X
G2Gn

FðGÞ
Xn
i¼1

�fGg k�1ðkðGiÞ þ 	Þ
� �

:ð25Þ

We adopt the notations

G	 ¼ k�1ð	Þ 2 Gn; Gi
	 ¼ k�1ðkðGiÞ þ 	Þ 2 Gn;

i.e. G	 is the graph on fx1; � � � ; xng corresponding to the codewords 	 and Gi
	 is obtained from Gi by deleting all edges in

common with G	 and by inserting all edges of G	 initially not in Gi. Then

EðGi
	Þ ¼ EðGiÞ�EðG	Þ

(symmetric difference). By (24)–(25) the diagram in Lemma 4 is commutative if only ifX
G2Gn

FðGÞ
Xn
i¼1



�fGgðGi

	Þ � �fGðxiÞgðG	Þ
�
¼ 0:

This follows by observing that G ¼ Gi
	 if and only if GðxiÞ ¼ G	. For instance let us check the sufficiency. The

hypothesis is equivalent to

�EðGðxiÞÞðe�Þ ¼ 	�; 1 � � � N;

while the conclusion reads

�EðGÞðe�Þ ¼ �Ei
ðe�Þ þ 	�; 1 � � � N:

This may be checked as follows

�Ei
ðe�Þ þ 	� ¼ �Ei

ðe�Þ þ �EðGðxiÞÞðe�Þ

¼
1þ �EðGðxiÞÞðe�Þ; xi 2 e�

�EðGðxiÞÞðe�Þ; xi =2 e�

�

¼

1; xi 2 e� and e� 2 NGðeiÞ
0; xi 2 e� and e� =2 NGðxiÞ
1; xi =2 e� and e� 2 EðGÞ
0; xi =2 e� and e� =2 EðGÞ

8>>><>>>: ¼ �EðGÞðe�Þ:

Q.e.d.

Proof of Theorem 2. By (iii) in Lemma 7 in Appendix B

ð�UÞð�fGgÞ ¼ ðU�Þð�fGgÞ ¼
Xn
i¼1

Uð�fGðxiÞgÞ ¼ ðby (i) in Lemma 7Þ

¼
Xn
i¼1

Uð�fHðxiÞgÞ ¼ ðU�Þð�fHgÞ ¼ ð�UÞð�fHgÞ

so that

Uð�fHgÞ � Uð�fGgÞ 2 Kerð�Þ:ð26Þ

Then Uð�fHgÞ ¼ Uð�fGgÞ þ F for some F 2 Kerð�Þ which we need to compute. Let us apply k� to this identity.
Yet k�F 2 KerðRSÞ, S ¼ kð�Þ (by Lemma 4) and then (by the Diaconis-Graham lemma, see Appendix A)
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k�Uð�fHgÞ ¼ k�Uð�fGgÞ þ 2�N
X

�̂�SðXÞ¼0

�XEX

for some �X 2 R. Applying the Fourier transform we get (by (36))

F ðk�Uð�fHgÞÞ ¼ F ðk�Uð�fGgÞÞ þ
X

�̂�SðXÞ¼0

�X�fXg:ð27Þ

On the other hand

F ðk�Uð�fGgÞÞðXÞ ¼
X

	2VðGN Þ
ð�1ÞX�	ðk�Uð�fGgÞÞð	Þ

¼
X
	

ð�1ÞX�	Uð�fGgÞðk�1	Þ ¼
X
	

ð�1ÞX�	
X
�2�n

ð� � �fGgÞðk�1	Þ

i.e.

F ðk�Uð�fGgÞÞðXÞ ¼
X

	2VðGN Þ
ð�1ÞX�	

X
�2�n

�f��GgðG	Þ:ð28Þ

Let us apply (27) to a zero X of �̂�S and use (28). We obtain

�X ¼
X
	

ð�1ÞX�	
X
�

�f��HgðG	Þ � �f��GgðG	Þ
� �

hence

Uð�fHgÞ ¼ Uð�fGgÞ þ
þ2�N

X
�̂�SðXÞ¼0

X
	

ð�1ÞX�	
X
�

�f��HgðG	Þ � �f��GgðG	Þ
� �

EX  k:

Assume that G 6¼H. Finally for any g 2 Gn

FðgÞ ¼ 2�N
X

�̂�SðXÞ¼0

X
�

X
	

ð�1ÞX�ð	þkðgÞÞ �f��HgðG	Þ � �f��GgðG	Þ
� �

¼ 2�N
X

�̂�SðXÞ¼0

X
�

X
	

ð�1ÞX�ð	þkðgÞÞ
1; G	 ¼ � � H
�1; G	 ¼ � � G
0; otherwise

8<:
¼ 2�N

X
�̂�SðXÞ¼0

X
�

ð�1ÞX�ðkð��HÞþkðgÞÞ � ð�1ÞX�ðkð��GÞþkðgÞÞ� �
:

Q.e.d.

At this point we may prove Corollary 2. To this end we compute kFGHk2L2ðGnÞ
¼
P

g2Gn
FGHðgÞ2. Let

f ðXÞ :¼
X
�2�n

fð�1ÞX�kð��HÞ � ð�1ÞX�kð��GÞg; X 2 VðGnðn�1Þ=2Þ:

If fX1; � � � ;Xmg is an enumeration of the zeros of F ð�SÞ then

X
�̂�SðXÞ¼0

ð�1ÞX�Y f ðXÞ

" #2

¼
Xm
i¼1

f ðXiÞ2 þ 2
X
i<j

ð�1ÞðXiþXjÞ�Y f ðXiÞ f ðXjÞ

so that (as i < j implies Xi þ Xj 6¼ 0 and then
P

Y ð�1ÞðXiþXjÞ�Y ¼ 0)

kFGHk2 ¼ 2�2N
X
g2Gn

X
�̂�SðXÞ¼0

ð�1ÞX�kðgÞ f ðXÞ

" #2

¼ 2�2N
X

Y2VðGN Þ

X
�̂�SðXÞ¼0

f ðXÞ2

i.e.

kFGHk2L2ðGnÞ ¼ 2�N
X

�̂�SðXÞ¼0

f ðXÞ2

hence FGH ¼ 0 if and only if f ¼ 0 on Zð�̂�SÞ. Finally

f ðXÞ ¼ jIHj
X

g2OrbðHÞ
ð�1ÞX�kðgÞ � jIGj

X
g2OrbðGÞ

ð�1ÞX�kðgÞ

and one may use the description of Zð�̂�SÞ at the end of Appendix A.
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4.2 The vertex-switching spectral reconstruction problem.

As two isomorphic graphs have the same spectrum a natural weakening of R. P. Stanley’s problem is the following
vertex-switching spectral reconstruction problem. Let n � 4 and let Gnð�Þ be the set of all graphs on the vertices
fx1; � � � ; xng such that for any G 2 Gnð�Þ the degree of each vertex x of G satisfies 2 � mGðxÞ < n� 1. Given G;H 2
Gnð�Þ let us assume that �ðGðxÞÞ ¼ �ðHðxÞÞ for any x 2 V . Then is it true that �ðGÞ ¼ �ðHÞ? As well as in the case
of the vertex-switching reconstruction up to graph isomorphisms the problem is easily seen to possess no solution
for n ¼ 4. Indeed

�ðK4Þ ¼ f0g; �ðC4Þ ¼ f0; 2; 4g;

while the graphs got by switching at some vertex have the spectrum of a claw �ðK1;3Þ ¼ f0; 1; 4g. The combinatorial
Laplacians of G and GðxiÞ are related by

Proposition 6. For any G 2 Gnð�Þ and for any vertex x 6¼ xi one has

ð�GðxiÞ f ÞðxÞ ¼

1

mðxÞ � 1
mðxÞ �f ðxÞ � Qi f ðxÞ

 �

; x 2 NðxiÞ

1

mðxÞ þ 1
mðxÞ �f ðxÞ þ Qi f ðxÞ

 �

; x =2 NðxiÞ,

8>><>>:
ð�GðxiÞ f ÞðxiÞ ¼

n� 1

n� mðxiÞ � 1
ð�Kn f ÞðxiÞ �

mðxiÞ
n� mðxiÞ � 1

ð� f ÞðxiÞ;

where Qi f ðxÞ ¼ f ðxÞ � f ðxiÞ for any f : fx1; � � � ; xng ! R and �Kn is the combinatorial Laplacian of the complete
graph on fx1; � � � ; xng.

The proof of Proposition 6 follows from

NGðxiÞðxÞ ¼
NðxÞ n fxig; x 2 NðxiÞ
NðxÞ [ fxig; x =2 NðxiÞ,

�
x 6¼ xi;

NGðxiÞðxiÞ ¼ fx1; � � � ; xi�1; xiþ1; � � � ; xng n NðxiÞ:

The problem of relating �ðGðxiÞÞ to �ðGÞ is however open.

4.3 On the range of the unlabelling operator.

Let E be a nonempty set and F ðEÞ the space of all real valued functions on E. Let H � F ðEÞ be a Hilbert space with
the inner product ð ; ÞH . A reproducing kernel for H (cf. e.g. N. Aronszajn, [2]) is a function K : E 
 E ! R such that

FðqÞ ¼ ðF;Kð�; qÞÞH ; q 2 E;

for any F 2 H. Given a function h : E ! H let us consider the linear map

L : H ! F ðEÞ; ðLFÞðpÞ ¼ ðF;hðpÞÞH ; F 2 H; p 2 E:

S. Saitoh, [12], devised a method for organizing the range of L as a Hilbert space with a reproducing kernel. Precisely
one may set

Kðp; qÞ ¼ ðhðqÞ; hðpÞÞH ; p; q 2 E;ð29Þ

and then (by Theorem 2.1 in [14], p. 51) the range RðLÞ admits a natural structure of a Hilbert space such that the
induced norm is

k fkRðLÞ ¼ inffkFkH : F 2 L�1ð f Þg; f 2 RðLÞ;

and Kðp; qÞ given by (29) is a reproducing kernel for RðLÞ. Although L is not invertible in general (its fibers are in
general non empty) one may identify an element of minimal norm in each fibre L�1ð f Þ (cf. Theorem 2.2 in [14], p. 52)
so as to produce useful generalized inversion formulas (cf. e.g. [13] and [6] for applications to analysis).

Let us endow L2ðGnÞ with the inner product

ðF;F0ÞL2ðGnÞ ¼
X
G2Gn

FðGÞF0ðGÞ; F;F0 2 L2ðGnÞ:

The general theory recalled above applies to E ¼ Gn and the (finite dimensional) Hilbert space H ¼ L2ðGnÞ as follows.
Let h : Gn ! L2ðGnÞ be given by

hðGÞ ¼ jIGj �OrbðGÞ; G 2 Gn:

Here IG ¼ f� 2 �n : � � G ¼ Gg. Let G 2 Gn. For each H 2 OrbðGÞ we set

AGðHÞ :¼ f� 2 �n : � � G ¼ Hg:
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As H ¼ 
 � G for some 
 2 �n it follows that

AGðHÞ ¼ f� 2 �n : 
�1� 2 IGg ¼ 
IG:

Then for any F 2 L2ðGnÞ

UðFÞðGÞ ¼
X
�2�n

Fð��1 � GÞ ¼
X

H2OrbðGÞ
jAGðHÞjFðHÞ

¼ jIGj
X

H2OrbðGÞ
FðHÞ ¼

X
H2Gn

FðHÞhðGÞðHÞ ¼ ðF;hðGÞÞL2ðGnÞ:

Then Theorems 2.1 and 2.2 in [14], p. 51–52, do apply to L ¼ U and we may state the following:

Proposition 7. The range of the unlabelling operator U : L2ðGnÞ ! L2ðGnÞ is a ( finitely dimensional) Hilbert space
HK with the reproducing kernel

KðG;HÞ ¼ jIGj jIHj jOrbðGÞ \ OrbðHÞj; G;H 2 Gn:

Moreover X
G2O

jIGj

 !
�O : O 2 Gn=�n

( )
is a basis in HK .

Proof. The inner product in HK ¼ RðUÞ is given by

ð f ; f 0ÞHK
¼ ðPF;PF0ÞL2ðGnÞ; f ; f 0 2 HK ;

where F 2 U�1ð f Þ and F0 2 U�1ð f 0Þ. Also P : L2ðGnÞ ! L2ðGnÞ � KerðUÞ is the natural projection. The definition
doesn’t depend upon the choice of elements in the fibres of U over f and f 0. The reproducing kernel is

KðG;HÞ ¼ ðhðHÞ;hðGÞÞL2ðGnÞ

¼ jIGj jIHj
X
g2Gn

�OrbðGÞðgÞ�OrbðHÞðgÞ ¼ jIGj jIH j jOrbðGÞ \ OrbðHÞj

with the obvious consequence

Corollary 5. If KðG;HÞ > 0 then G � H.

Proposition 8. Let G1; � � � ;G‘ 2 Gn be a fixed choice of graphs on the vertices fx1; � � � ; xng such that the quotient
space of Gn by �n is

Gn=�n ¼ fOrbðG1Þ; � � � ;OrbðG‘Þg:

Then the system of functions

f�fgg � �fGag : g 2 OrbðGaÞ n fGag; 1 � a � ‘g

is a basis in KerðUÞ over R while X
g2OrbðGaÞ

�fgg : 1 � a � ‘

( )
is a basis in L2ðGnÞ � KerðUÞ over R. In particular dimR KerðUÞ ¼ 2nðn�1Þ=2 � ‘.

Proof. The kernel of U consists of all F 2 L2ðGnÞ such thatX
H2OrbðGÞ

FðHÞ ¼ 0

for any G 2 Gn. As f�fgg : g 2 Gng is an orthonormal basis in L2ðGnÞ for any F ¼
P

g2Gn
�g�fgg 2 KerðUÞ (�g 2 R)

0 ¼
X

H2OrbðGÞ

X
g2Gn

�g �fggðHÞ ¼
X

H2OrbðGÞ
�H

hence �G ¼ �
P

H2OrbðGÞnfGg �H . Then

F ¼
X‘
a¼1

X
g2OrbðGaÞ

�g �fgg ¼
X
a

X
g2OrbðGaÞnfGag

�gð�fgg � �fGagÞ

and the first statement in Proposition 8 is proved. In particular
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dimR KerðUÞ ¼
X‘
a¼1

na � ‘ ¼ 2N � ‘;

where na ¼ jOrbðGaÞj and N ¼ nðn� 1Þ=2. Next for any F 2 L2ðGnÞ � KerðUÞ and any H 2 OrbðGaÞ n fGag, 1 � a � ‘

0 ¼ F; �fHg � �fGag
� �

L2ðGnÞ

¼
X
b

X
g2OrbðGbÞ

�g �fgg; �fHg � �fGag
� �

L2ðGnÞ
¼ �H � �Ga

hence �H ¼ �Ga
for any H 2 OrbðGaÞ n fGag which proves the second statement in Proposition 8.

Corollary 6. The projection P : L2ðGnÞ ! L2ðGnÞ � KerðUÞ is given by

P�fGag ¼
1

2� na

X
g2OrbðGaÞ

�fgg; 1 � a � ‘;ð30Þ

while for any H 2 Gn n fG1; � � � ;G‘g

P�fHg ¼
naðHÞ � 1

naðHÞ

X
g2OrbðGaðHÞÞ

�fggð31Þ

where aðHÞ 2 f1; � � � ; ‘g is the unique index such that H 2 OrbðGaðHÞÞ.

Proof. Let H 2 Gn. Let us look for �g, �a 2 R such that

�fHg ¼
X
a

X
g2OrbðGaÞnfGag

�gð�fgg � �fGagÞ þ
X
a

�a

X
g2OrbðGaÞ

�fgg:

We distinguish two cases as I) H ¼ Gb for some 1 � b � ‘ or II) H 2 Gn n fG1; � � � ;G‘g. In the first case

�a ¼
X

g2OrbðGaÞnfGag
�g; a 2 f1; � � � ; ‘g n fbg;ð32Þ

�b ¼ 1þ
X

g2OrbðGbÞnfGbg
�g;ð33Þ

�a þ �g ¼ 0; g 2 OrbðGaÞ n fGag; 1 � a � ‘:ð34Þ

Then (32) and (34) yield ð2� naÞ�a ¼ 0 hence �a ¼ 0 for any a 6¼ b due to the following:

Lemma 5. Let n � 2. For any 1 � a � ‘ either na ¼ 1 or na � 3.

Proof. Clearly OrbðKnÞ ¼ fKng and OrbðKnÞ ¼ fKng. If n ¼ 2 then G2 ¼ fK2;K2g hence na ¼ 1 for a 2 f1; 2g. Let
n � 3 and G 2 Gn n fKn;Kng. If jEðGÞj ¼ 1 then jEðKnÞ n EðGÞj � 2. Let then EðGÞ ¼ feg and let us consider
e0; e00 2 EðKnÞ n EðGÞ, e0 6¼ e00. As n � 3 there exist 
i 2 �n n f1g, i 2 f1; 2g, such that 
1 � e ¼ e0 and 
2 � e ¼ e00. It
follows that jOrbðGÞj � 3. A similar argument may be given when jEðGÞj � 2.

Then (33)–(34) imply �g ¼ 0 for any g 2 OrbðGaÞ n fGag, a 6¼ b, and �b ¼ 1=ð2� nbÞ yielding (30). Similarly in the
second case

�a ¼
X

g2OrbðGaÞnfGag
�g; 1 � a � ‘;

�a þ �g ¼ 0; g 2 OrbðGaÞ n fGag; a 2 f1; � � � ; ‘g n faðHÞg;

�aðHÞ þ �g ¼ 1; g 2 OrbðGaðHÞÞ n fGaðHÞg;

hence �aðHÞ ¼ ðnaðHÞ � 1Þ=naðHÞ yielding (31). Q.e.d.

At this point we may complete the proof of Proposition 7. Let fa ¼ Uð
P

g2OrbðGaÞ �fggÞ. By the second statement in
Proposition 8 it follows that f fa : 1 � a � ‘g is a basis of HK over R. On the other hand each fa may be explicitly
computed as

faðHÞ ¼
X

g2OrbðGaÞ

X
�2�n

�fggð��1 � HÞ

¼
X

g2OrbðGaÞ
jAgðHÞj ¼

X
g2OrbðGaÞ

jIgj

 !
�OrbðGaÞ:
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Appendix A: The Diaconis-Graham Lemma

The Radon transform based on translates of a set S � VðGNÞ is the map

RS : DðGNÞ ! DðGNÞ; ðRS f ÞðXÞ ¼
X

Y2XþS

f ðYÞ;

where X þ S ¼ fX þ Z : Z 2 Sg. P. Diaconis & R. L. Graham have studied (cf. [7]) the Radon transform on Z
N
2 and

proved an inversion formula for RB1ð0Þ (respectively for RS1ð0Þ) when N is even (respectively odd). The Fourier and
Radon transforms are related as shown by the following:

Lemma 6 ([7], p. 325–326). Let S � VðGNÞ be a nonempty subset. Then f2�NEX : �̂�SðXÞ ¼ 0g is a basis of KerðRSÞ
hence

dimR KerðRSÞ ¼ fX 2 VðGNÞ : �̂�SðXÞ ¼ 0gj j:

In particular the Radon transform RS is injective if and only if �̂�S 6¼ 0 everywhere in VðGNÞ.

For any f 2 DðGNÞ

ð f � �SÞðXÞ ¼
X

Y2VðGN Þ
�SðYÞ f ðX � YÞ

¼
X
Y2S

f ðX � YÞ ¼
X

Z2XþS

f ðZÞ

i.e. f � �S ¼ RS f . Taking Fourier transforms

F ðRS f Þ ¼ f̂f �̂�S:ð35Þ

Let us compute the Fourier transform of EZ

ÊEZðXÞ ¼
X

Y2VðGN Þ
ð�1ÞX�YEZðYÞ

¼
X
Y

ð�1ÞðXþZÞ�Y ¼
2N X ¼ Z,

0 X 6¼Z,

�
as X 6¼ 0 implies

P
Y2VðGN Þð�1ÞX�Y ¼ 0 (cf. [4], p. 15–16). We may conclude that

F ð2�N EZÞ ¼ �fZg:ð36Þ

Proof of Lemma 6. Given f 2 DðGNÞ we let Zð f Þ ¼ f�1ð0Þ be the set of all zeros of f . Let us observe that the system
fF ð2�N EZÞ : �̂�SðZÞ ¼ 0g 	 DðGNÞ is free over R. Indeed let us consider a null linear combination

0 ¼
X

Z2Zð�̂�SÞ
�Z F ð2�N EZÞ

with �Z 2 R. Then (by (36)) 0 ¼
P

Z2Zð�̂�SÞ �Z �fZgðXÞ ¼ �X for any X 2 Zð�̂�SÞ. Yet F is an isometry of DðGNÞ into
itself hence the system f2�NEX : X 2 Zð�̂�SÞg 	 DðGNÞ is free as well.

To end the proof of Lemma 6 we ought to show that f2�NEX : X 2 Zð�̂�SÞg is also a system of generators in KerðRSÞ.
Let X 2 Zð�̂�SÞ. Then (by (35)–(36))

F ðRSEXÞ ¼ ÊEX �̂�S ¼ 2N�fXg �̂�S ¼ 0

hence 2�NEX 2 KerðRSÞ. Finally let us show that any f 2 KerðRSÞ may be written as the linear combination
2�N

P
X2Zð�̂�SÞ f̂f ðXÞEX . Indeed (by (35)) 0 ¼ F ðRS f Þ ¼ f̂f �̂�S implies that f̂f ¼ 0 on VðGNÞ nZð�̂�SÞ henceX

X2Zð�̂�SÞ
f̂f ðXÞEX

 !
ðYÞ ¼

X
X2Zð�̂�SÞ

f̂f ðXÞð�1ÞX�Y

¼
X

X2VðGN Þ
ð�1ÞX�Y f̂f ðXÞ �

X
VðGN ÞnZð�̂�SÞ

ð�1ÞX�Y f̂f ðXÞ ¼ 2N f ðYÞ

as F ¼ 2NF �1. Q.e.d.

By a result in [17] the zero set Zð�̂�kð�ÞÞ consists (up to the bijection k) of all the graphs g on fx1; � � � ; xng such thatPn
i¼1ð�1Þmi ¼ 0, where mi is the degree of xi as a vertex of g. Indeed (following the arguments in [17])

ðF�kð�ÞÞð	Þ ¼
X
z2kð�Þ

ð�1Þ	�z ¼
Xn
i¼1

ð�1Þ	�kðGiÞ
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and

	 � kðGiÞ ¼
XN
�¼1

	��Ei
ðe�Þ ¼

XN
�¼1

�EðG	Þðe�Þ�Ei
ðe�Þ ¼

X
e2EðG	Þ

�Ei
ðeÞ

¼
X

e2EðG	Þ

1; xi 2 e

0; xi =2 e

�
¼ mG	 ðxiÞ;

the degree of xi as a vertex of G	. To describe the components of X 2 Z
nðn�1Þ=2
2 we may use the index set

fði; jÞ : 1 � i < j � ng. If fxi; xjg 2 EðKnÞ (i < j) then fxi; xjg 2 EðGXÞ if and only if Xij ¼ 1 2 Z2. Let ½Xij� 2 MnðZ2Þ
be the n
 n symmetric matrix obtained from X such that Xii ¼ 0, 1 � i � n. Then the degree of the vertex xi in GX is

mGX
ðxiÞ ¼

Xn
j¼1

�ðXijÞ; 1 � i � n;

where � : Z2 ! R is the natural injection, so that Zð�̂�SÞ may be identified with the set An given by (3) in the
Introduction.

Appendix B: Stanley’s Lemma

The scope of this appendix is to gather a few results spread through [17] as the following:

Lemma 7 (R. P. Stanley, [17]).
i) The unlabellings of two graphs on fx1; � � � ; xng coincide if and only if the two graphs are isomorphic i.e. given
G;H 2 Gn one has Uð�fGgÞ ¼ Uð�fHgÞ if and only if G � H.
ii) For any graph G 2 Gn, any permutation � 2 �n, and any index 1 � i � n

ð� � GÞðxiÞ ¼ � � Gðx��1ðiÞÞ:

iii) The Stanley morphism � and the unlabelling operator U commute i.e. �  U ¼ U �.

Proof. Clearly the unlabellings of two isomorphic graphs coincide. Conversely, let us assume that G and H have the
same unlabellings and let us apply the identity Uð�fGgÞ ¼ Uð�fHgÞ (an equality of functions on Gn) to H. We obtainX

�2�n
�fGgð��1 � HÞ ¼

X
�2�n

�fHgð��1 � HÞ

or

jf� 2 �n : H ¼ � � Ggj ¼ jIHj � 1ð37Þ

where IH is the isotropy group of H with respect to the action of �n on Gn (of course jIH j � 1 as IH contains at least the
identical permutation). Statement (i) is proved. The proof of (ii) is immediate. To prove (iii) we conduct the calculation

ð�UÞð�fGgÞ ¼
X
�2�n

�ð� � �fGgÞ ¼ ðby (22)Þ

¼
X
�2�n

�ð�f��GgÞ ¼
X
�2�n

Xn
i¼1

�fð��GÞðxiÞg ¼ ðby (ii) in Lemma 7Þ

¼
X
�2�n

Xn
i¼1

�f��Gðx��1 ðiÞÞg ¼
X
�2�n

Xn
i¼1

�fGðxiÞg ¼ ðU�Þð�fGgÞ:

Q.e.d.
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