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is not “1-good”, in particular, in this case, G(I") is not Cohen-Macaulay. We consider a
certain special subclass of balanced semigroups I". For this subclass we try to determine
the Cohen-Macaulay defect B(I") using the explicit description of the standard basis of I'";
in particular, we prove that these balanced semigroups are 2-good and determine when
exactly G(I") is Cohen-Macaulay.
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0. Introduction

In this article we study the Cohen-Macaulayness of the tangent cone and the behaviour of the Hilbert function of
monomial curves. These problems are studied by several authors and many results are obtained for 1-dimensional local
Cohen-Macaulay rings. More precisely, let (R, m) be a 1-dimensional Cohen-Macaulay local ring of multiplicity e and
embedding dimension v > 2. Ifeitherv < 3orv < e < v 4+ 2, then (see [4,5]) the Hilbert function Hg of R is non-
decreasing. However, if either v > 4 or e > v + 3, then Hg can be locally decreasing (see for example, [16,22,6,13]).
Moreover, if R is the semigroup ring K[ I" ]| of a numerical semigroup I" C N generated by an arithmetic sequence, then the
associated graded ring G(I") := gr,,(R) := @pey m"/m™! is always Cohen-Macaulay and hence the Hilbert function of R
is non-decreasing (see [13]). Furthermore, if I" is generated by an almost arithmetic sequence, then a characterization (in
most cases) for the Cohen-Macaulayness of G(I") is given in [12] and the Hilbert function of R is non-decreasing (see [26]).
More recently, Arslan and Mete in [1] and Shibuta in [25] have proved that G(I") is Cohen-Macaulay for a particular class
of semigroups generated by 4 elements.

In Section 1, for the semigroup ring R = K[[I"] of a numerical semigroup I", we study the Cohen-Macaulayness of G(I").
In this case we define a certain (finite) subset B(I") € I" (see 1.4 and 1.5) and prove that (see Theorem 1.6) G(I") is Cohen-
Macaulay if and only if B(I") = (. Therefore the subset B(I") is called the Cohen-Macaulay defect of G(I"). Finally, we prove

* Corresponding author.
E-mail addresses: patil@math.iisc.ernet.in (D.P. Patil), tamone@dima.unige.it (G. Tamone).

0022-4049/$ - see front matter © 2011 Published by Elsevier B.V.
doi:10.1016/j.jpaa.2010.08.007


http://dx.doi.org/10.1016/j.jpaa.2010.08.007
http://www.elsevier.com/locate/jpaa
http://www.elsevier.com/locate/jpaa
mailto:patil@math.iisc.ernet.in
mailto:tamone@dima.unige.it
http://dx.doi.org/10.1016/j.jpaa.2010.08.007

1540 D.P. Patil, G. Tamone / Journal of Pure and Applied Algebra 215 (2011) 1539-1551

that (see Theorem 1.12) if the degree sequence of elements of the standard basis of I" is non-decreasing, then B(I") = ¢
and hence G(I") is Cohen-Macaulay. This theorem allows us to check whether G(I") is Cohen-Macaulay rather easily if one
knows the description of standard basis of I" explicitly, for example, if I" is generated by an arithmetic progression.

In Section 2, we consider a class of numerical semigroups I" = Zf;o Nm; generated by 4 elements mg, my, m;, ms such
that my + my, = mp + m3; these semigroups are called balanced semigroups. For this class we study the structure of the
Cohen-Macaulay defect B(I") and particularly we give (see Corollary 2.10) an estimate on the cardinality |B(I", r)| for every
r € N. We use these estimates to prove that (see Theorem 2.11) the Hilbert function of R = K[[I"] is non-decreasing. Further,
we prove that (see Example 2.12) every balanced “unitary” semigroup I" is “2-good” and is not “1-good” (see the definitions
in 2.3), in particular, in this case, G(I") is not Cohen-Macaulay.

In Section 3 we consider a certain special subclass of balanced semigroups I". For this subclass we try to determine
(see Proposition 3.3) the Cohen-Macaulay defect B(I") using the explicit description (see Proposition 3.2) of the standard
basis of I'; in particular, we prove that these balanced semigroups are 2-good and determine (see Theorem 3.4) when
exactly G(I") is Cohen-Macaulay. It is interesting to note that our subclass contains the special classes of semigroups
considered by Kraft (see [8], [9]); Bresinsky considered a similar class of examples in [2]. Bresinsky and Kraft constructed
these special classes to show that the defining ideals 3(mg, my, m;, ms) of the monomial curves C(mg, my, my, ms) C Aﬁ
with parametrization Xo = T™,X; = T™,X, = T™,X3 = T™ and the type of R can be arbitrarily large, respectively
(unless the semigroup is symmetric, see [3]). A more general class of examples was considered by the first author in [17]
and he gave a systematic method using the explicit description of the standard basis of I" to construct a minimal set of
generators for P (mg, my, my, m3) and the derivation module Dery (R) of R. This method of construction explains to some
extent why both the numbers u (3(mg, my, my, m3)) and w(Derk (R)) can be arbitrary large. Therefore this class of examples
contains many counterexamples. However, our result (Theorem 2.11) supports an informal conjecture made by Rossi which
says that: The Hilbert function of a 1-dimensional Gorenstein local ring is always non-decreasing.

1. Cohen-Macaulay defect

Let (R, m) be a d-dimensional noetherian local ring of multiplicity e and embedding dimension v := DimR/m(m/mz) =
£(m/m?) = p(m) := the minimal number of generators of m. Let gr,,(R) := @®ney m"/m"™*! denote the associated graded
ring of R with respect to the maximal ideal m of R. The numerical function Hg : N — N defined by n > Dimg/,, (m™/m" 1)
is called the Hilbert function of gr,, (R) or just that of R. The generating function of the numerical function Hg is the Poincaré
series Pr(Z) := ZneN Hg(n) - Z™. It is well known that there exists a polynomial hg(Z) € Z[Z] such that Pr(Z) = (?'i(zz))a .The
polynomial hg(Z) = hg + hyZ + - - - 4 h,,Z™ is called the h-polynomial of R; hg = Hg(0) = 1,h; = Hg(1) —d =v —d.

For convenience, some definitions and some well-known results for 1-dimensional noetherian local rings are collected
in1.1and 1.2:

Some Results 1.1. Let (R, m) be a 1-dimensional Cohen-Macaulay local ring of multiplicity e and embedding dimension
v > 2. Further, let hg := hg(Z) = hg + hyZ 4 -+ 4 hp 2", ny := deghg denote the h-polynomial of R. Then hy = 1,
h; = Hg(i) — Hg(i — 1) for everyi > 1 and np = min{n € N | Hg(i) = eforalli > n} = min{n € N | Hg(n) = e}. Further,
we note the following results:

(1) We may assume that (if necessary replace the ring R by R[X]x] and assume that the residue field R/m of R is infinite)
there exists a superficial element x € m of degree 1, i.e. (m"*! : x) = m" for large n >> 0; or equivalently,
xm"® = m"t! for large n >> 0, i.e. the principal ideal Rx is a minimal reduction of m (see [15, Theorem 1] and
[10]). Let x € m be a superficial element of degree 1 and R := R/Rx. Then x is a non-zero divisor in R, x ¢ m? and
PR(Z) = Y0 Dimgyy (" /™) - Z" = hp(Z), where T := m/Rx is the maximal ideal of R.

(2) (See [23] and [27, Theorems (6.1), (1.5) and (1.3)]) Let x € m be a superficial element of degree 1 and let G := gr,,(R) be
the associated graded ring of R with respect to the maximal ideal m. Then: G is Cohen-Macaulay <= the image x* of
xin G is a non-zero divisor in G <= hg = hg. In particular, if G is Cohen-Macaulay, then h, > 0 for every r > 0, i.e. the
Hilbert function Hg : N — N of R is non-decreasing.

(3) (See [10, Prop. 8 and Prop. 9]) ng = deg(hg) = min{n € N | Hg(n) = e} = min{n € N | x - m" = m"*!} =: 1. The
natural number ry is called the reduction exponent of the minimal reduction Rx of m. This equality also shows that ry is
independent of the choice of x, i.e. if Ry is another minimal reduction of m, thenry = min{n € N | y - m" = m"1}.
Therefore ry is called the reduction exponent of the local ring R.

Notation and Definitions 1.2. Throughout this article we make the following assumptions and fix the following notation:

Let N, Z, Nt = Z% and Z~ denote the sets of natural numbers, integers, positive integers and negative integers,
respectively.

Let R := K[I']] = K[T® | g € 'I(C K[T]) be the semigroup ring of a numerical semigroup I" C N over a field K.
The integral closure of R is the formal power series ring K[[T] over K. Let v := ordy : K(T)) — Z U {oco} be the discrete
valuation of K[[T]. Let G(I") denote the associated graded ring gr,, (R) of R with respect to the maximal ideal m.
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(1) Let mg, ..., m,_; be a minimal generating set for I" with mg < m; < --- < m,_1. Then my = e is the multiplicity of R
and the element x = T™ € R is a superficial element of degree 1 (see for example [21, Lemma (1.3)]). Further, since R
is a semigroup ring of I = v(R), we have T e Rforevery F € R.

(2) (Standard basis) Let S,y := {z € I' | z — mg ¢ I'} be the standard basis (or Apéry set) of I" with respect to
mo. It is clear that S;, depends on I" and my, but for simplicity we put S := Sy,,. Further it is easy to see that
S=1{so =0,81,...,8my—1} S I',where0 = sp < 1 < -+ < $y,—1 € I are non-negative integers with the
following properties:

(i) si # sj (mod my) foralli,j € [0, mg — 1],i # .
(ii) Ifz € I', then z = amg + s; for unique i € [0, mg — 1] and a € N.
(3) (Maximum degree) For each g € I', we put
v—1 v—1
max-deg(g) := max Z a|lg= Z am; withag, ...,a,_1 € N¢.
i=0 i=0
The natural number max-deg(g) is called the maximum degree of g. For g € I', let [T#] denote the natural image of T4
in G(I"). Then it is easy to see that max-deg(g) = deg([T¢]) = max{r e N| T® € m"}.
(4) Forr € N*, we put:
I'(r):={g el | max-deg(g) =r} and S(r):=I(r)NS.

For completeness we collect some observations on Hg and Hg in the following lemma.

Lemma 1.3. Let I" and R be as in 1.2. Then for every r € N*, we have:

(1) He(r) = |I"(r)].

(2) Letg € I'(r). Then g € S(r) if and only if T® & Rx. o

(3) Fors € S(r), let TS denote the image of T* in m" /m' 1. Then {T5 | s € S(r)} is a basis of the R/m-vector space m' /m'*1. In
particular, Hz(r) = |S(r)|.

Proof. (1) Hg(r) = Dimg(m"/m™*) = £(m"/m™") = |v(m") \ v(m'*1)| by [11, Section 2], where v = ord; (see 1.2).
Therefore by 1.2 (parts (1), (3) and (4)) we have the equalities v(m") \ v(m"™) = {v(f) |f em \ w1} ={g e I'" |
TS em’ \w'*'} = (g € I' | max-deg(g) =1} = I'(r).

(2) Ifg & S(r),theng = my+ g’ forsome g’ € I"andso T¢ = T™TE € Rx. Conversely, if T® € Rx, then T®¥ = FxwithF € R
andso T¢ = TV M0 = TvEF M0 je g = y(T¢) = v(F) +mq ¢ S, since v(F) € v(R) = I

(3) Since T € m" \ m"*! forevery s € S(r), it follows that {T5 | s € S(r)} generates the R/m-vector space m" /m' ™. If there is
a non-trivial linear dependence relation T51 = Zﬁ;z ¢;Tsi with distinct s1, Sz, ..., S € S(r)and ¢y, ..., ¢y € R/m, then
T = Zf:z ;T +FT™ +F withF, F' € Rand F’ € m'*!. Therefore, since s; # s;foralli =2, ..., kands; ¢ I'(r+1),
by 1.2 (parts (3) and (1)) we must have T5! = T'®T™0 ¢ Rx,i.e.s; = v(F) + mg ¢ S(r), a contradiction. O

Definition 1.4. Let I" be asin 1.2. Forr € N, we put

B(I',r) :={g € I'(r) | max-deg(g + mg) >r+2} and B(I') = UB(F, r).

reN
It is clear that B(/", 0) = ¥ and each B(I", r) is a finite set. We shall call the set B(I") Cohen-Macaulay defect of G(I"), since
we shall prove below in Theorem 1.6 that B(I") = @ if and only if G(I") is Cohen-Macaulay. First we prove that B(I") is a
finite set.
Lemma 1.5. Let I" and R be as in 1.2 and let ro be the reduction exponent of R. Then:
(1) S(r) =@ foreveryr > 19+ 1.
(2) B(I',r) =@ forevery r > rq — 1. In particular, B(I") is a finite set.
Proof. Since ry = min{n € N | x - m" = m""} (see 1.1(3)), we have m* = x' . m'® for every t € N. Therefore (1) is
immediate from 1.3(2).
2)Ifr = rg+twitht > —1andifg € B(I',r),theng’ = g+ mg € ') withr > r +2 = ry+t + 2 and so
T¢ .x = T80 = T8 € m/o++2 = x+2 . /0 Therefore T¢ € x'*! - m™ = m"o™*+! since x is a non-zero divisor in R. This
contradicts that fact that g € I'(rp + t) (see 1.3(3)). O
Theorem 1.6. Let I" be a numerical semigroup, R = K[[I"]] be a semigroup ring of I" over a field K and let G(I") = gr,,(R) be
the associated graded ring of R. Then G(I") is Cohen—Macaulay if and only if B(I") = (.
Proof. For t € N7, let (%) be the assertion:
(%¢) The equality max-deg(g + tmy) = max-deg(g) + t holds forevery g € I'.
In view of [12, Proposition 2.2(3)] and the definition of B(I"), it is enough to prove the implication: (*;) = (*;). We prove
this by inductionon t. Lett > 2,g € I''and g’ := g + (t — 1)mg. Then max-deg(g + tmy) = max-deg(g’ + my) =
max-deg(g’) + 1 = (max-deg(g) + (t — 1)) + 1 = max-deg(g) + t by (*;) and by inductionont. O

For the computation of the coefficients h; of the h-polynomial of R, we introduce the following subsets:
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Definition 1.7. Let I" be as in 1.2. For r € N, we define
C(I',r)y:={g+mye'(r)|geB(I,r)forsomer <r—2}.
Clearly, forr < 2,C(I", r) = @. Further, if B(I") = @, then C(I", r) = @ for every r € N. Moreover, we have:

Lemma 1.8. Let I" and R be as in 1.2 and let ry be the reduction exponent of R. Then:

(1) C(,r) =@ foreveryr > 19+ 1.
(2) S(ro) UC(I", 10) # 0.

Proof. Ifr = ry + t witht € Nt andifg +my € C(I",r),theng € B(I')and T® - x = Té"™0 ¢ m" = x' . m'0, Therefore
T € x*~1.m'® C m', since x is a non-zero divisorinRand sog € I'(*") N B(I") = B(I", r’) withr’ > ry which is absurd by
Lemma 1.5(2). This proves (1).

(2) Suppose that S(rp) = . Since m*! = x - m™ C x-m~! C m' by definition of ry, there exists T¥ € m'0 \ x-m0~!. Then
ge'(rp)andg = my + g’ forsome g’ € I'(r") withr’ < ry — 2, since S(rg) = ¥. Thereforeg = g’ + mg € C(I", 1p). O

Proposition 1.9. Let I" and R be asin 1.2 and let r € N. Then:

(1) Thesets S(r), B(I",r — 1) and C(I", r) are pairwise disjoint.
(2) The subsets S(r), D(I",r) :={g+moe I'(r)|ge I'(r—1)\BU',r— 1)}, C(I", r) form a partition of I"(r).
(3) hy = SN+ [C(I", )| — [BU, 1 — D).

Proof. (1) Clearly S(r) N C(I',r) = @ by definition of the standard basis S of I". Further, since I'(r) N I'(r — 1) = ¢,
S(r) C I'(r),B",r—1) C I'(r —1)and C(I", r) C I'(r) by definitions, it follows that S(r) "NB(I",r — 1) = @ and
B(I',r—1)NC,r)=40.

(2) Inview of the definition of the standard basis S of I" and (1) it is enough to prove that D(I", r) N C(I", r) = @. For this it
is enough to note that: ifg € I",theng +mg € I'(r) ifand only if eitherg+my € C(I", r),org € I'(r—1)\B(I",r—1).

(3) Since |D(I",1r)| = |I'r — 1) \ B(I',r — 1), we have h, = Hg(r) — Hg(r — 1) = |[I'M| — |I'r — 1| =
IS(r)| + |C(I", )| — |IB(I',r — 1)| by 1.3(1) and (2). O

Remark 1.10. From Lemmas 1.9(3), 1.8 and 1.5 it follows that h, = 0 for every r > 1o and h,, > 0 (see also [14,
Corollary 1.11]). This proves once again 1.1(3) for a semigroup ring R: The degree deg(hg) of the h-polynomial is the reduction
exponent ro, of R. Further, if G(I") is Cohen-Macaulay, then hiz(Z) = Z;O:o [S(r)| - Z" by Theorem 1.6 and 1.9(3). If I"
is generated by an arithmetic progression, then G(I") is always Cohen-Macaulay and the explicit computation of the h-
polynomial is done in [13]. If I" is generated by an almost arithmetic progression, then a characterization for the Cohen-
Macaulayness of G(I") is given (in most cases) in [12] and the explicit computation of the h-polynomial is done in [20].

The following general lemma will be used in the proof of Theorem 1.12 and many other propositions in Section 2.
Lemma 1.11. Let I" beasin 1.2,r € Nand letg € I'(r). Then

(M Ifg (): Z;:ol aami with Zivz_ol a; = r, then Zivz_ol am; € 1“(2;2_0l a) for every (ay, ...,d, ;) € N witha, < a
i=0,...,v—1

(2) Ifg +mo = 1= bim; with ¥ = 307" by = max-deg(g 4+ mo) > r + 2, then 31— b/m; € S(r') & C(I", 1) for every
(b, ..., b)) e N"withb, < b, i=0,...,v—1landr' = Y )b

Proof. (1) Since g = Y.\~ a/m; + Y - (a; — a})m;, the assertion is immediate from the inequality r = Y"1—'a; =
max-deg(g) > max-deg(Y 1 aimy) + Y17 (a; — ).

(2) First note that g € B(I", 7). Putg’ := /"' bim;. Then g’ € I"(r') with ' := Y/ ' b, < F by (1).If ' = F, then b, = b;
forevery0 <i<v—1,ie.g’ =g+mgandsog’ € C(I",r"),sinceg € B(I',r)withr <7—2=1r"—2.Ifr <¥—1and
ifg’ ¢ S(r'), theng’ = mo+hwithh € I"andsog = h+ Y 1~ (b; — b})m; and r = max-deg(g) > max-deg(h) +7 —r.
Therefore, since 7 > r+2, we have max-deg(h) < r’4r—7 < r’—2.This proves that max-deg(mo+h) = max-deg(g’) =
r’ > max-deg(h) + 2,i.e. h € B(I", max-deg(h)) and hence g’ = mg+ h € C(I', ). O

Finally we give an application of Theorem 1.6 and Lemma 1.11.

Theorem 1.12. Let I" be a numerical semigroup generated by mg, my, ..., m,_1 with0 < mg < my < --- < m,_1 and let
S=1{0=s50,51,...,Smp—1} With0 = 5o < S1 < -+ < Sp,_1 be the standard basis of I" with respect to my. If the sequence
d; := max-deg(s;) i = 0, ..., mg — 1 of maximal degrees of elements of S is not decreasing, then B(I") = (. In particular, the

associated graded ring G(I") of R = K[ I" ]| with respect to the maximal ideal m is Cohen-Macaulay.
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Proof. Suppose that B(I") # {. Letr := min{s € N | B(I',s) # ¥} and let g € B(I", r). Then by definition r > 1,
C(I',r'y = @forevery r’ < r + 1and k := max-deg(g + mg) > r + 2,i.e.g + mg € I' (k). Further, by the definition of
the standard basis g = s; + amg for some 1 <i < my — 1and a € N*. On the other hand choose a maximal expression for
g + my, ie.

g+my= ijmj with] € {0,1,...,v—1},b; € N* forallj € J and k = max-deg(g + mp) = ij.
Jjel Jjel
Note that since max-deg(g) = r < k — 2, by the minimality of r we have 0 ¢ J. Furthermore, since g = s; 4+ amg, we have
r = max-deg(g) > max-deg(s;) +a =d; + a,i.e.

k>r+2>di+a+2>d;+2. (1.12.1)

Now, for every J-tuple (b]f)jej with 0 < b]( < bjforallj € Jand Zjej b]f = d; + 1, by Lemma 1.11(2) (with 7 = k
and r' = d; + 1) we have g’ := Zjej bj’-mj € S(d; + 1) U C(d; + 1). But, since d; < r, we have C(I",d; + 1) = @
as noted above. Therefore g’ € S(d; + 1) and hence g’ = s, € S for exactly one £ € {1,...,my — 1}. Now, from
g+myg =s+ @+ my = s¢ + Zje](bf - b;)mj and Zje](bj — b]f) =k—(d+1) > a+ 1(by(1.12.1) and since
0 &]J), we get

si+ (a4 Dmy > sp + Z(bj —b)mg > s; + (a+ 1Hmo.
Jjel
Therefore s; < s;. This contradicts the assumption, since d; = max-deg(s,) =d; +1 > d;. O

Remark 1.13. Note that since the explicit description of the standard basis of the numerical semigroup I" generated by an
almost arithmetic progression in known (for example, see [17,18]), one can use the above theorem to obtain the proofs of
the results proved in [13,12] much easily than their original proofs.

Examples 1.14. The converse of Theorem 1.12 is not true in general, even if R is Gorenstein or if G(I") is Gorenstein. For
example:

(a) If I' is generated by 7,9,17,19, then R = K[ [I']] is Gorenstein, G(I") is Cohen-Macaulay (see [24]) and
{0,9, 17, 18, 19, 27, 36} is the standard basis of I" with respect to 7, but the sequence dy, dy, ...,dgis0,1,1,2,1,3,4
is not non-decreasing.

(b) If I' is generated by 15,18,70, then R = K[ I']] and G(I") are Gorenstein (see [19, 4.2 and 4.4]) and
{0, 18, 36, 54, 70, 72, 88, 106, 124, 140, 142, 158, 176, 194, 212} is the standard basis of I" with respect to 15, but the
sequence do, dq, ...,d5i50,1,2,3,1,4,2,3,4,2,5, 3,4,5, 6is not non-decreasing.

2. Balanced semigroups

In this section we consider a class of “balanced semigroups” and study their Cohen-Macaulay defect. Let us first recall:

Balanced semigroups 2.1 (See also [7]). Let I' € N be a numerical semigroup Z?:o Nm; withmy < m; < my < ms,
ged(mg, my, my, m3) = land m; [ mjforalli # j. We say that I is balanced if my + m, = mg + ms. In this section we
assume that R = K[ I"]] is the semigroup ring of a balanced semigroup I". We put D := gcd(img, m3) and E := gcd(m, my).
Then the following equations are easy to verify:

(a) gcd(D,E) =1,mg=qo-D,m3 =q3-Dandmy = q;-E,my = q2-E with 1 < qo < g3,8cd(qo, q3) = 1and 1 < q; < ¢qq,
ged(qr, q2) = 1.

(b) qo -m3 =q3-mgand q; - my = q - my.

(¢)g1+q=u-Dandqy+q3 = u-E forsomeu € NT.

(d)(@+1) -m=my+(q1—1) -my+mzand (q; +1)-my =mg+ (q2 — 1) - my + ms.

Throughout this section let I" denote a balanced semigroup. We use the notation introduced in 2.1 without any reference
to it.

Lemma 2.2. letr € N, g € B(I",r) and let Ag, A1, A2, A3 € N be such thatg + myg = Z?:O Aim; and max-deg(g + mg) =
AMF+A+ A+ A3 > r + 2. Then:

(1) o =0.

(2) )\,1 = 001’)\.2 =0.

(3) A3 < r.Moreover, if A3 # 0O, then exactly one of A1 or X, is non-zero.

Proof. If either Ag > 0,0rboth A; > 0and A, > 0, then using m; + m, = mqg + ms it follows that r = max-deg(g) > r + 1

which is absurd. This proves (1) and (2). Since max-deg(g) = r,g < rms;,wehaveg + mg < (r + 1)mz and so A3 < r.If
both Ay = A, = 0,thenr > A3 > r + 2 which is absurd. This proves (3). O

For convenience, by using Lemma 2.2, we divide the set B(I", r) into the following 4 subsets and make the following
assumptions:
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Definitions 2.3. Let I" be a balanced semigroup. For r € N, we define subsets
B1,o(I",1) :={g € B(UI", 1) | g + mg = Aym; with A; € N* and A1 = max-deg(g + mo)} ,
Bis(I", 1) :={g € B(UI", 1) | g + mg = Aymy + Asms with A1, A3 € N* and A1 + A3 = max-deg(g + mo)} ,
Byo(I', 1) :={g € B(I', 1) | g + my = A,m; with A, € N* and A, = max-deg(g + mo)} ,
Bys(I, 1) :={g € BUI", 1) | g + mg = Aym; + Asms with A3, A3 € N* and A, + A3 = max-deg(g + my)} .

First note that B;o(I",r) N B;3(I",r) = ¥ forbothi = 1,2 and B1o(I",r) N Byo(I",1) = ¥. We put B{(I",r) =
B]ﬁo([‘, T) U B1,3(1", T'), B2(1", T) = Bz,o([‘, T) U B2,3(F, r) and B](F) = UreN B](F, 1’), Bz(r) = UrEN Bz(r, T).

With this notation by Lemma 2.2 we have: B(I",r) = B{(I",r) U B,(I",r) for every r € N. In particular, B(I") =
By(I") UBy(I).

For the proof of Theorem 2.11, in view of Proposition 1.9(3) we need to compare the cardinalities |B(I", r)| and
|S(r+ 1) UC(, r + 1)| for every r € N. For this we study different representations (in mg, my, m,, ms with coefficients in
N) of elements of the subsets B; o(I", 1), B; 5(I", r) foreveryi = 1, 2 and every r € N, and estimate the cardinalities of these
subsets. This will be done in Propositions 2.4 and 2.7-2.9. With this view in mind it therefore useful to make the following
definitions:

A balanced semigroup I” is called 1-good (respectively, 2-good) if B;(I") = ¢ (respectively, B,(I") = @). We further
say that I" is good if it is both 1-good and 2-good, i.e. if the Cohen-Macaulay defect of I" is empty, see Theorem 1.6. In this
section and in the next section we give examples of good (see Proposition 3.3(1), (2) and also Examples 3.2(1), 3.2(2), 3.2(3)
(with p < 2)and 3.2(4) (with p = —1)) and not good (see Proposition 3.3(3) and also Examples 3.2(3) (with p > 3), 3.2(4)
(withp < —2),3.2(5) and 2.12) balanced semigroups.

For a better arrangement of the proofs of Propositions 2.4 and 2.7, we further make the following definitions:

(1) If By3(I") = U,y B1,3(I", 1) # ¥, then we put 1y := min{r € N | By 5(I", r) # #}. Anelement g € By 5(I", ry) is called
(1, 3)-good if there exist ag, a; € N, a; € Nt such that g = agmg + aym; + asms and max-deg(g) = ap + a, + as. The
set of (1, 3)-good elements of I" is denoted by B/1‘3(1“). Note that B/L3(I") C By 3(I,r1) CB(I).

(2) If By 3(I") = U, e B2,3(I", 1) # @, then we put 1, := min{r € N | B, 3(I", r) # #}. Anelement g € B, 3(1", ) is called
(2, 3)-good if there exist ap, a; € N, a3 € NT such that g = agmg + a;m; + azms and max-deg(g) = ag + a; + as. The
set of (2, 3)-good elements of I" is denoted by B, ;(I"). Note that B, 5(I") € By 3(I", r2) € By(I).

Proposition 2.4. Let I" be a balanced semigroup. Then

(1) By 5(I") = By3(1", 12).
(2) Ifg € Bys(I', 1r2), theng —m3 € By o(I", 12 — 1).
(3) I' is 2-good if and only if By o(I", 1) = ¥ for every r € N.
(4) Suppose that By o(I") := |J,cy B2,0(I", 1) # @ and s, := min{s € N | B, o(I", 5) # @}. Then:
(a) If By 3(I") # O, i.e. if ry is defined, thenry, > s; + 1.
(b) Ifg = apmp 4+ aymy + aymy + asms € By o(I7, $2), Ao, a1, A2, as € Nand if s, = max-deg(g) = ap + a; + a; + as,
thena, = 0,3 <as < qoand g + mg = Aymy with 1 < Ay < qq — 1. In particular, (qg; — 1)m, & S.
(5) If (q1 — 1)my € S, then B,(I") = @.

Proof. (1) Letg € By 3(I", 7). Then by definition g + my = Aymy + Asms with A5, A3 € N* and A, + A3 = max-deg(g +
mg) > r,+2.Letag, ai, az, as € Nbe suchthatg = agmgp+a;m;+a;m;+asms andr, = max-deg(g) = ap+a,+a+as.
First note that a; = 0, otherwise g’ = g — my, = agmg + aym; + (a, — 1)my + asms, max-deg(g’) = r, — 1 by
Lemma 1.11(1) and g’ + my = (A, — 1)my + As3ms (note that A, # 1by 2.2(3)) and henceg’ € By5(I", 1, — 1) = @
which is absurd. Next, a; > 0, otherwise (r; +2)my < (A +A3)my < Aymy +Asms =g +mg = (aGg+ 1)mg+aym; <
mg + (ap + a;)my = mg + rymy < (r, + 1)my which is absurd. Therefore g € B’2,3(1") by Definition 2.3(2). This proves
the inclusion B, 3(1", 12) € B/213(1") and hence the equality.

(2) Suppose that g € By 3(I", 12). Then g € B, ;(I") by (1) and so by Definition 2.3(2) there exist ap, a; € N, a3 € N* such
that g = agmg + a;m; + asms, r, = max-deg(g) = ag + a; + as and g + my = Aymy + Asmsz with Ay, A3 € NT,
Ay + A3 > 1 + 2.But then

Aximy, ifi3 =1,

- = 1 —1 =
g—m3+mg = (ap + D)mg + aym; + (a3 yms {)»zmz ¥ (s — Dms. ifAs > 2,

and max-deg(g — m3 +mg) = Ay + A3 — 1 > (1, — 1) 4+ 2 by Lemma 1.11(1). Therefore

Byo(I', = 1), ifAz=1,

E-Ms¢€ {sz(lﬁ, ) — 1), lf)\._v, > 2.

Therefore A3 = 1, since B, 3(I", ; — 1) = ¥ by the definition of r». This proves thatg — m3 € By o(I", 12 — 1).
(3) Since Bo(I", 1) = By o(L7, 1) UBy 3(I7, 1) for every r € N, the assertion follows from (2) and the definition of 2-good.
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(4) Part (a) is immediate from (2). To prove part (b), let g = agmg + a;my + aymy + asms € By o(I7, $2), do, A1, a2, a3 € N
withs, = max-deg(g) = ap+a; +a; +as. Theng+my = A,m, with A, € N, A, = max-deg(g+myg) > s, +2. Clearly
a, = 0 by the definition of s, and hence s, = ag + a; + as. Further, az > 3, since otherwise (using m; + m, = mg + ms
it is easy to verify the inequalities)
g+2mg ifas =0,
g+mg=2Aymy > (s3+2)my = (ag +apmy + (a3 +2)my > {g+my ifaz =1,
g+ 2mg ifaz = 2.
In each case this is absurd. Furthermore, we must have a3 < qo, otherwise we will getg = agmg + a;my + qoms + (az —
qo)ms = (ao+q3)Mo~+aimy+(az3—qo)ms, since goms = q3mq by 2.1(b)and sos; = max-deg(g) > ap+a;+az+q3—qo >
ap + a; + az + 1 = s, + 1 which is absurd. Finally, if A, > g4, then by 2.1(d) and (b), we have
(A2 —q1 — )my +mo + (q2 — Dmy +ma, ifd; > qq,

= A =
&+ mo 22 {‘bmh if Ay = q,

and hence (sinceq; > q; + 1)

g=02—q— )my+ (g — )my + mz and A, — 2 > max-deg(g) > Ay, ifi; > qy,
Ay =max-deg(g+mp) > q2 > q1 +1=21+1, if Ay = qu,

which is impossible in both cases. Therefore A, < q; — 1.
(5) If Bo(I") # @, then by part (3) above B, o(I") # ¥ and so (qg; — 1)m, & S by part (4). O

Example 2.5. Let " = Z?:o Nm; be a balanced numerical semigroup. Then in general it is not true that (g; — 1)m; € S. For
example, if I is generated by 12, 35, 55 and 78, then D := gcd(12, 78) = 6, E := gcd(35, 55) = 5 and hence I" is balanced
withqo = 2,91 = 7,9 = 11,g3 = 13 and (g; — 1)m, = 6m; = 330 = 10my 4+ 6m; ¢ S. However, in this case we have
B,.0 = ¥ trivially, since the set {a; | 3 < a3 < qo} = ¥ (see 2.4(4)(b)) and hence B, (I") = @ by 2.4(3).

Remark 2.6. We have no examples of balanced semigroups I" with B, (I") # (. Itis likely that B,(1") = ¢ for every balanced
semigroup I" but we are not able to prove this in general.

The following analogous proposition to that of Proposition 2.4 will be used in the proof of Proposition 3.3.

Proposition 2.7. Let I" be a balanced semigroup.

(1) Ifg € By 5(I"), theng’ =g —m3 € By o(I", 11 — 1).
(2) Suppose that B/La(l“) = By 3(I", 7). Then I' is 1-good if and only if By o(I", r) = @) for everyr € N.

Proof. (1) Since g € B/1.3(F) C By 3(I, 1), by Definition 2.3(1) there exists ap,a; € N,a3 € N7t such thatg =
aomy + a;my + azmsz, r; = max-deg(g) = ay + a, + a3, g + my = Aymy + Asmz with A4, A3 € NT and
max-deg(g + mg) = A1 + Az > 11 + 2. Then

klm], 1f}\3 = 1,

- = 1 —1m; =
g —mz+mg = (a + 1)mop + a;m; + (a3 — 1)ms {/\1m1+(kg—l)m3, i > 2.

and max-deg(g — m3 +mg) = A1 + A3 — 1> (r; — 1) + 2 by Lemma 1.11(1). Therefore

Bio(I',r1 = 1), ifig=1,

— M3 €
§—Ms {Bw(l“,rl—l), ifag > 2.

This shows that A3 = 1, since By 3(I",r; — 1) = @.Theng —m3 € By o(I", 1y — 1).

(2) Suppose that By o(I,1r) = @ foreveryr € N.Ifg € By3(I,ry), theng € B/1,3(F) by assumption and hence
g —ms3 € By (I, r; — 1) by (1). This is absurd, since By o({", 11 — 1) = . This proves that By 5(I", r) = ¢ for every
r € Nand hence B{(I") = @, i.e. I' is 1-good. The converse is clear from definitions. O

Finally, for the proof of Theorem 2.11 we need the following two propositions and Corollary 2.10.
Proposition 2.8. Let I" be a balanced semigroup, i € {1, 2} and letr € N. Then:

(1) |Bio(I", )| < 1. Moreover, if Bi o(I", 1) # @, then (r + 1)m; € S(r + 1) UC(I", r + 1).
(2) For every g € Bis(I',r) withg + mg = Am; + Asmzand A + A3 > r + 2, we have (r + 1 — A3)m; + Asms €
Sr+1DHUC,r+1).

Proof. First note that the sets S(r + 1) and C(I", r + 1) are disjoint by their definitions and their (disjoint) union is denoted
byS(r+ 1) WC{, r+1).
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(1) Suppose that g, h € B; o(I", r) with g > h, then by definition g + mo = A;m;and h + mg = wym; with A; > w; >r +2
andsog = h+ (A; — uj)m;. But then r = max-deg(g) > max-deg(h) + (A; — u;) = r + (A; — ;) and hence A; = w; and
g = h. This proves the first part. For the last part, let g € B; o(I", ). Then by definition g 4+ my = A;m; with A; > r + 2
and so (r + 1)m; € S(r + 1) W C(I", r + 1) by Lemma 1.11(2) (applied to v = 4, by = 0 = b3, b; = A; =7, by = b, =
0,bj=r+1=r1').

(2) First note that A3 < r by Lemma 2.2(3). The element (r + 1 — A3)m; + Asms € S(r + 1) WC(I", r + 1) by Lemma 1.11(2)
(appliedtov = 4,b0 =0= bz,bl‘ = )u,',b3 = X3,f = )\j+)x3,b/0 = b/2 = O,b; =714+ 1 —)»3(2‘1),1)/3 = )\3 and
r+1=r). O

Proposition 2.9. Let I" be a balanced semigroup and let r € N. Suppose that By 3(I", 1) = {g1,...,8} with g + my =

Atimy + Azmz and Ay + A3 > v+ 2 foreveryi = 1,...,k Bys(I', 1) = {g1, ... ,g,i,} with gj’ +my = k’zjmz + Agjmg

and Ay + Ay > r + 2 foreveryj = 1,..., k' Further, suppose that gy € By o(I", ) withgo +mg = Amyand A > r +2;

8) € Boo(I", r) with gy + mg = A'my and A" > r + 2. Then:

(1) (r+1—As3)my+Asms # (r+1—Asp)my+Asgmsforall1 <i, £ <k, i # £. Further, (r+1)my £ (r +1—A3;)my+Azms
foreveryi=1,...,k

(2) (r+1—k’3j)m2+kgjm3 # (r+1-=A)my+A5,msforall1 <j, £ <K,j# £ Further, (r+1)m, # (r+1—x’3j)m2+k/3jm3
foreveryj=1,... k.

(3) (r+1—Aszpmy + Azmz # (r+1— Agj)mz + Agjm3for all1 <i<kandforalll1 <j<K.

(4) (r + Dmy # (r +1— A3)my + Ayms foreveryj=1,... k.

(5) (r +1)ymy # (r +1 — As;)my + Ayyms foreveryi=1,..., k.

Proof. Note that by Lemma 2.2(3) we haver > As; foreveryi=1,...,kandr > x;j foreveryj=1,...,k.

(1) For1 <i, £ < k,wehave (r+1—2A3)m;+A3mz = (r+1—Asg)my+Azms <= (Azg—A3)M3 = (A3g—A3)m; <
X3i = X3¢ (and hence Ay; = Aqe. If Ay; % Ay, then without loss of generality we may assume that A;; > X, Now,
subtracting the equation g, + mg = A, m; + A3¢ m3 from the equation g; + mg = Aq; m; + A3; m3 and using the equality
A3i = Asg, it follows that g; = gy + (A1; — A1¢)my. In particular, r = max-deg(g;) > max-deg(gy) + (A; — A1¢) >
max-deg(g,) = r which is absurd.) <= g; = g <= i = {.The last assertion is immediate, since A3;m; # A3;ms
foreveryi=1,...,k.

(2) For1 <j, £ < K,wehave (r+1—213)my+A3ms = (r+1—A3)ma+A3,m3 = (A3, —A3)msz = (A3, —A3)my <
A3 = A3, (and hence 1), = A),. If A); # ), then without loss of generality we may assume that 15, > 1,. Now,
subtracting the equation g; +mo = A;, my + A3, m3 from the equation g/ +mo = 15 m; + 13 m3 and using the equality
)ng = Aj},, it follows that gj/ =g, + (A’zj — Ay,)my. In particular, r = max—deg(gj/) > max-deg(g,) + ()sz — Ay) >
max-deg(g;) = r which is absurd.) < gj/ =g, <= j = £ The last assertion is immediate, since kgjmz #+ xgjm3
foreveryj=1,...,k.

(3) Leti € {1,...,k}andletj € {1, ..., k'}. Therefore, if (r + 1 — A3)my + Azims = (r + 1 — A3)my + A%ms, then (since
my; + mp = mgy + m3), we get

g +mo = Aymy + Agimz = (r + 1 — Az)my + (Ay; + Az — 1 — 1)my + Agims
= (T +1- )»;j)mz =+ kgjm3 + ()»1,' =+ )»31' —r — 1)m1
= (- )‘-;j)mZ +my + Ngjm3 + (Ai + Az — 1 = 2)my +my
= (T' — A;])mz + )\.;]mg + ()\1,‘ + )\.31‘ —Tr — 2)m1 —+ mg + ms.
This shows that g; = (r — A3)my + Aym3 + (A + A3 — r — 2)my + m;, in particular, r = max-deg(g) >
(r—)\.,31)+)\./3j+()\.1,‘+)\.3i—r—2)+ 1=+ A3—1)>r+2—1=r+ 1whichis absurd.
(4) Forj € {1,2,... K}, we have (r + 1 — A3)my + Aym3 > (r + 1 — A3)my + Aym, = (r + )my > (r + 1)m; (since
A% € NT by Definition 2.3).
(5) Leti € {1, ..., k}. Therefore, if (r + 1)my = (r + 1 — A3;)my + Asims, then (since my + my = mg + ms), we get
gtmo=2Amy =@+ Dmy+ QO —r—1my
= +1—Ag)my+Azmz+ A —r — hm,
= (r—Asp)my +my + Azmz + A —r —2)my +m,
= (r — As)my + Azmz + (A — 1 — 2)my + mg + m3.
This shows that gy = (r — A3))my + (A3 + 1)ms + (A" — r — 2)my, in particular, r = max-deg(gy) > (r — A3;) + (A3 +
D+WN —-r—2)=2—-1>r+2—1=r+ 1whichisabsurd. O
Corollary 2.10. Let I" be a balanced semigroup and let r € N. Then:

[B(I, r)| < |S(r+ D]+ |C(, r+ 1))
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Proof. Use Proposition 2.8 to define maps ¢io : Bio(I",17) — S(r + 1) UC(I",r + 1) and the maps ¢; 3 : Bi3(I", 1) —
S(r+1)UC{,r+ 1), fori = 1, 2. Moreover, by Proposition 2.9 these maps are injective and their images Im(¢; o)
and Im(g;3), i = 1, 2 are pairwise disjoint subsets in S(r + 1) U C(I", r + 1) and hence |B(I",r)| = | U,'Zz1 Bio(I, 1)U
Ui Bis(, 0 < 30, Bio(T, D+ X0, Bis(I, )l = Y2, Im(io)l + X iy Im(gis)| < IS+ D UCH, 1+ 1] <
ISr+ 1|+ |C(C,r+1]. O

Theorem 2.11. Let I" be a balanced semigroup and let R = K[[I"]] be a semigroup ring over a field K. Then the Hilbert function
Hg : N — N of Ris non-decreasing.

Proof. By Corollary 2.10 and the formula in 1.9(3), we have h, > O foreveryr e N. O

Example 2.12 (Balanced Unitary Semigroups—See [7]). Let I’ = Zf:o Nm; with mg < my < m; < m3 with
ged(mg, my, my, m3) = 1and m; Jm; for all i # j be a balanced semigroup. Let D = gcd(mp, m3) and E = gcd(my, my) be
as in 2.1. We now use the notation as in 2.1 and the equations (a), (b), (¢) and (d) in 2.1, first note that by 2.1(c) there exists
u € Nt suchthatq; +q, = u-Dand go+¢q3 = u-E.The semigroup I is called unitary if the common sum mg+ms; = m; +m,
is the product of gcd(mg, m3) - gcd(my, my) (see [7, Definition (1.3)]), or equivalently, u = 1. For example, the numerical
semigroup generated by mg = 14, m; = 15, my = 20, m3 = 21 is balanced and unitary.

Now, let I" = Z?:o Nm; be a balanced unitary semigroup. Then:

(1) Standard basis of I is: S = S(1, 3) W S(2, 3) W S(0, 3), where

S(1,3) :={(a1 - my + a3 - m3 | (a1,a3) € [1, q2] X [0, o — 1]},
S(2,3) :={by-my +b3-m3| (b, b3) €[1,q1 — 1] x [0,q0 — 1]} and
S(0,3):={c-m3|ce[0,q0— 1]}.

Proof (See also [7, Proposition (1.9)]). From the definition of S and the right-hand sides of the equations in 2.1(b) and
2.1(d) it follows that S € S(1, 3) W S(2, 3) W S(0, 3). Further, since |[S| = my = qo - G2+ G - (@1 — 1) + qo =
[S(1, 3)| + |S(2, 3)| + |S(0, 3)| by equations 2.1(a), 2.1(c), the equality holds. O

(2) Itis proved in [7, 2.6] that I" is symmetric (this can also be checked easily from the description of the standard basis of
I’ given in part (1)).

(3) Fork=1,...,q0— 1,letg, := (g1 — 1) - my + k - m3. Then max-deg(gy) = q; + k — 1foreveryk=1,...,qo — 1.
Proof. Since g, € S forevery k € [1, go — 1], the assertion easily follows from part (1) and the equationsin 2.1. O

(4) g1 € B1,0(q1) and gx € B13(q1 + k — 1) for every k € [2, go — 1]. In particular, I" is not 1-good by Definition 2.3 and so
I is not good.

Proof. g, +mg=(q1 —1)-my+k-m3+mg =1(q; + 1) - my + (k — 1) - m3 and so max-deg(gy + mp) > g2 + k >
q1 + k + 1 = max-deg(gy) + 2 by 2.1(d) and part (3). Therefore the assertion is immediate from the definitions. O

(5) The semigroup I" = N15 + N22 + N33 + N40 generated by 15, 22, 33, 40 is balanced with D = gcd(mg, m3) =
gcd(15,40) = 5,E = gcd(mq, my) = gcd(22,33) = 11,90 = 3,q1 = 2,92 = 3,q3 = 8 and u = 1. Therefore it is
unitary and by part (4) By 3(I") # @, since qo > 2.

(6) Since (g — 1)my € Sby part (1), I' is 2-good by Proposition 2.4(5).

(7) The associated graded ring G(I") is not Cohen-Macaulay.

Proof. Immediate from 1.6 and (4). O

(8) LetBand A := K[Xo, X1, X2, X3]/B be the defining ideal and the coordinate ring of the monomial curve in K* defined by
Xo = t™0, X; = t™, X, = t™, X3 = t™. Then % is generated by the three binomials F := XpX3 — X1 X2, Fo := X¢* — X3°
and F; := X{? — Xj". In particular, {8 is a complete intersection and hence A is Gorenstein.

3. A class of balanced semigroups

In this section we study a certain special class of balanced numerical semigroups and study the structure of their Cohen-
Macaulay defects. First let us fix the following notation.

Notation 3.1. Let p, g be fixed integers, n be a variable positive integer withn > p (e.g.n > 4|p| + 1). Let m := my =
n4+pn+qm =mog+nm =myg+2n+1,m; =my+3n+ landlet I'(n;p, q) = Z?:ONm,».Then I'(n;p,q)isa
balanced semigroup. Further, let R(n; p, q) := K[[I"(n; p, q)]l, where K is an arbitrary field and let B (n; p, q) be the defining
ideal of the (algebroid) monomial curve in K* with parametrization Xo = t™, X; = t™, X, = t™, X3 = t™. Finally, let
G(n; p, q) denote the associated graded ring of the local ring R(n; p, q).

For (p, q) € (Z~ x {0}) U (ZT x {0}) U Az, where Az := {(m, m) | m € Z}inZ x Z, we use the results of Sections 1 and
2 to give a characterization for the Cohen-Macaulayness of G(n; p, q) (see Theorem 3.4).

The examples (p,q) = (—2,0) and (p,q) = (—1, —1)} were considered by Kraft in [8,9] to prove that the minimal
number p (Derg (R(n; p, q))) of generators of the derivation modules Derg (R(n; p, q)) can be arbitrarily large. In [2] Bresinsky
considered a similar class of examples to prove that the minimal number (B (n; p, q)) of B(n; p, q) can be arbitrary large.
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Now our aim is to study the structure of the Cohen-Macaulay defect using the explicit description of the standard bases
of the numerical semigroups I"(n; p, q) which is given in Proposition 3.2. For this study we use similar arguments as in
[17, Chapter 3, Section 4].

Proposition 3.2. With the assumptions and notation as in 3.1 we have:

(1) Suppose that (p, q) = (0, 0).
(i) Equations for I" (n; 0, 0): The following equations are easy to verify.
(@) my + my = mg + ms.
Mi-m+m—i)- my=G+1)-mg+Mn—1i)-myforali=0,...,n
Qj-m4+m—j) -my=@G+1) - my+n—j+1)-myforalj=0,...,n
(ii) The standard basis of I" (n; 0, 0) is:
S =5(1, 3) WS(2, 3) WS(0, 3), where
S(1,3):={ay -my+a3-my|a; e[l,n—1],a3 € [0,n—2],a; +a3 <n— 1},
S(2,3) := {by-my+bs-m3 | by € [1,n—1], b3 € [0, n—2], b,+b3 < n—1}andS(0, 3) := {c-m3 | c € [0, n—1]}.
(2) Suppose thatp < 0andq = 0andn > —2p.
(i) Equations for I'(n; p < 0, 0): The following equations are easy to verify.
(a) my + my = mg + ms.
Mi-m+m+p—i)-my=>G+1)-my+n+p—i)-myforalli=0,...,n+p.
Qj-my+m—j) -my=3G+2p+1) -mg+m—j—2p+1)-myforallj=—2p,...,n
(de-m+m—£€) -my=m+3p+2+4€ -mg+(1—-3p—4£)-myforalé =—p+1,...,—2p— 1.
(ii) The standard basis of I' (n; p < 0, 0) is:
S =5(1, 3) WS(2, 3) WS(0, 3), where
S(1,3):={a;-my+a3-my|a;e[l,n+p—1l,a3 € [0,n+p—2],a1+a3 <n—+p—1},
5(2,3) :={b2~m2—|—b3-m3|bze[1,n—1],b3E[O,n+p—l],b2+b3§n—1}and
S(0,3):={c-m3|ce[0,n+p— 1]}
(3) Suppose thatp > 0andq =0andn > 2p — 1.
(i) Equations for I'(n; p > 0, 0): The following equations are easy to verify.
(@) my + my = mg + ms.
by m+2)- m=mg+Mn—p—1)-my+(p+ Dms.
(i-my+Mm+p—i)- my=(>G+1)-mg+Mn+p—i)-myforalli=0,...,n+p.
(djmy+mn—j) - m=G+2p+1) - my+(n—j—2p+1)-myforalj=0,...,n—2p+ 1.
(e)j-my+m—j) -my=G+p—n -my+2n—p—j+ myforallj=n—p+1,...,n
) n—p) - my+@P+€) - my=m+1) -m+£-mgforall{ =0,...,p—1
(ii) The standard basis of I'(n; p > 0, 0) is:
S =5(1, 3) WS(2, 3) WS(2, 3) WS(0, 3), where
S(1,3):={(a;-my+as-m3|a; e[l,n+1],a3 € [0,n—1],a; +a3 <n+p— 1},
§(2,3) ::{(bz-m2+b3-m3|b2e[l,n—l],b3e[O,n—l],b2+b3§n—1},
S2,3) :={by-my+b3-m3 | by e[ n—2p+2,n—p—1],b3 € [p+ 1,2p — 2], b, + b3 > n} and
S(0,3):={c-m3|ce[0,n— 1]}
(4) Suppose thatp =q <Oandn > —4p — 1.
(i) Equations for I' (n; p < 0, p): The following equations are easy to verify.
(a) my +my = mg + ms.
Mi-m+m—p—i)- my=@P+i+1)-mg+n—2p—i)-myforalli=—-3p+1,...,n—p.

(c)(in+p+k+1)-m=k-mg+m+p—k)-my+k-msforallk=0,...,—2p—1.
(dj-my+m+2p—j) - my=@G—2p+1) -mg+n+4p+1—j)-myforalj=0,...,n+4p+ 1.
e)(n+p+1) -my+L€-my=my+n+p) -m+«+1)-m3forall¢ =0,...,—2p—2.

(ii) The standard basis of I" (n; p < 0, p) is:
S =5(1, 3) WS(2, 3) WS(2, 3) WS(0, 3), where
S(1,3) :={(ay-my+a3-m3|a,€[l,n+p+1],a3 € [0,n+2p—1],a1+a3 <n—p—1},
§(2,3) :={(b2-m2+b3~m3|b2e[l,n+2p—l],b3E[O,n+2p—l],b2+b3§n+2p—1},
S2,3) :={by-my+bs-m3g | by e n+4p+2,n+p—1],b35 € [0,—2p — 2], by, + b3 > n + 2p} and
S(0,3):={c-m3|ce[0,n+2p—1]}.
(5) Suppose thatp = q > 0andn > 2p.
(i) Equations for I'(n; p > 0, p): The following equations are easy to verify.
(@) my +my = my + ms.
Mi-m+m—p—i)- my=@P+i+1)-mg+nm—2p—1i)-myforalli=0,...,n—2p.
(n+p+2)-m=mg+n+p—1)-my+ms.
(d)j-my+m+2p—j)-m3y=G—2p+1) -mg+m+4p+1—j)-myforallj=3p,...,n+p.
(e) (n+p)-my=@n+p+1) -m.
(ii) The standard basis of I" (n; p > 0, p) is:
S =5(1, 3) WS(1, 3) WS(2, 3) WS(0, 3), where
S(1,3):={(as-m+a-m3|age[l,n—p—-1],a3€[0,n—p—-1],a1+a3<n—p—1},
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S(1,3):={ay-my+as-ms|a€n—2p+1,n4+p+1l,a3€[0,p—1],a1 + a5 > n—p)
S(2,3) := {(by -my +b3-m3 | by € [1,n+p—1],b5 € [O,n —p — 1],by + b3 < n+ 2p — 1}, and
S(0,3):={c-m3|ce[0,n—p—1]}.

Proof. In each case the equations in part (i) are easy to verify. For the proof of part (ii) use equations in part (i) to show that
S is contained in the required (disjoint) union of the subsets defined in each case in part (ii). Now, since the cardinality of S
is mg which is also the cardinality of the required (disjoint) union, the equality is immediate. O

Now we use Proposition 3.2 to give a description of the Cohen-Macaulay defect B(I").

Proposition 3.3. Suppose that (p, q) € (Z~ x {0}) U (Z* x {0}) U Ay. For a variable positive integer n with n > p (e.g.
n>4|p|+ 1), put I'(n; p,q) = I'. Then:

(1) Byo(I',r) =@ foreveryr € Nand I' is 2-good.

(2) Assume that (p, q) € (Z= x {0}) U{(—1, —1), (0,0), (1,0), (2,0)}. Let g = agmgy + am, € I" withr; = max-deg(g) =
ap + a, be such that g + mg = Aymy + Asms with A1, A3 € NT and max-deg(g + mg) = Ay + As. Thenry > Ay + As. (For
the definition of ry see 2.3(1).) In particular, g & B 3(I", r1). Furthermore:

(a) By 5(I") = By 3(I", ).
(b) B1o(I", 1) = ¥ foreveryr € Nand I' is 1-good. Moreover, I" is good.

(3) Assume that (p, q) & (Z~ x {0}) U{(—1, —1), (0, 0), (1, 0), (2, 0)}. Then I is not 1-good. More precisely:

(@) If (p, @) € Z* x {0} withp > 3,then (n — p — 1)my + (p + 1)m3 € By o(I", n).
(b) If (p, q) € Az withp < —2,then (n+p — 1)my + m3 € By o(I", n + p).
(c) If (p,q) € Az withp > 1,then (n+p — 1)my + m3 € By o(I", n 4 p).

Proof. (1) Suppose thatg € B, o(I7, ) for some r € N. Then by the definition g + my = X,m, with r = max-deg(g) and
Ay = max-deg(g 4+ mg) > r + 2. Therefore A,m, ¢ S and hence by the explicit description of S given in each case (see
Proposition 3.2) we have

n, if (p, ¢) = (0, 0),
n, if(p,q) € Z= x {0},
n, if (p, q) € Z* x {0},
M >yn+p+1, if(p,q) € Az, since (n+p)my, = (n+p+ 1)m; € S(1, 3) C S by 3.2(4)(ii),

and (n+p + 1my = mo + (n+p)my +m3 €S,
n+p+1, if(p,q) € Az+,since (n+p)my, = (n+p+ 1)my € S(1, 3) < S by 3.2(5)(ii),
and (n+p+ Ymy =mp + (n+p)my +m3 €S

and hence from equations 3.2(1)(i)(c) G = n), 3.2(2)(i)(c), 3.2(3)(i)(e), 3.2(4)(i)(e) (¢ = 0) and 3.2(5)(i)(e) and 3.2(5)(i)(a),
respectively, we have

(n+ Dmg +my + (A, —n)my, if (p, q) = (0, 0),
(n+2p+ 1Dmo+ (1 —2p)my + (A, —nymy, if (p,q) € Z~ x {0},
g+ mg=Aymy = {pmo+ (n—p+ Dmy + (A, — n)my, if (p, @) € Z* x {0},

mog+M+pm + @Gy —n—p—1Dmy+ms, if(p,q € 4z,
mog+ m+pm;+ Ay —n—p—1my +ms, if(p,q) € Ay+.

But then we get r = max-deg(g) > A, > r + 2, a contradiction. This proves that B, o(I", 1) = @ for every r € N and hence
I is 2-good by Proposition 2.4.

(2) Since Aymq + Asm3 = g + mg & S, by the explicit description of S given in each case (see Proposition 3.2) we have

(1 {)‘-1 + }‘-3 =>n, if (pv q) = (Oa 0)7
A+iz=n+p, if(p,q) €N x {0}
(ii) If (p, @) € {(1, 0), (2, 0)}, then exactly one of the following cases holds:
(ii.a) Ay =n+2.
(iib)p<i<n+1landi;+ A3 >n+p.
(ii.c) 0 <Ay <pand A3 > n.
(iii) If (p, @) = (—1, —1), then exactly one of the following cases holds
(iii.a) Ay >n+p+2=n+1.
(iii.b) 4=-3p+1<r <n+4+p+l1=nandii+Ai3>n—p=n+1.
(iii.c) 0<Ai<4and A3 >n+2p=n-—2.

Now, conclude that r; = max-deg(g) > A + A3 by using the equations:

32(1)0)(b) (i = A1), ifr; <n,

- if(p, @) = (0,0), then use {3.2(1)(1)(13) (i=n), ifr >n,
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1

b)(i=n+p), ifr;=n+p,

b) (i = Ay), ifA\y <n+p,
3)(i)c) i=n+p), if(ii.a)holds,
i)(c) (z = M), if (ii.b) holds,
i)d) (=0, if (ii.c) holds,

3.2(4)(i)(b) (i = n —p) if(iii.a) holds,

- if (p, q) = (—1, —1), then use 32(4)(1 (b)(i=2x,) if(iii.b) holds,

3.2(4)i)d) (= 0) if (iii.c) holds.

- if (p, q) € N~ x {0}, then use { ;E ;E

3.2
- if (p, q) € {(1,0), (2, 0)}, then use [32
32

Therefore in all the cases g & By 3(I", ry) by definition and the assertion (a) is immediate from Definition 2.3(1).

(b) Suppose that g € Bqo(I",r) for some r € N. Then by definition g + mg = Aym; with A; € N" and A; =
max-deg(g + mp) > r + 2. Therefore Aym; ¢ S and hence by the explicit description of S given in each case (see
Proposition 3.2) we have

n, if (p, @) = (0, 0),
oo Intp if (p, q) € N” x {0},
"= In+p, if (p, @) € {(1,0), (2, 0)},

n—p=n+1, if(p,q =(-1,-1),
and hence from equations 3.2(1)(i)(b) (i = n), 3.2(2)(i)(b) (i = n + p), 3.2(3)(i)(c) (i = n + p) and 3.2(4)(i)(b) (i = n — p),
respectively, we have
(n+l)m0+()"1 _n)m17 lf(p7 q) = (07 0)7
m+p+Dmo+ A —n—pmy, if(p,q) € N~ x {0},
(n+p+1)m0+()"1 _n_p)mlv lf(pv q) € {(170)! (27 O)}a
(n+1Dmo+ (A —n—Dmy +my, if(p,q) =(-1-1).

But then we get r = max-deg(g) > A1 > r + 2, a contradiction. This proves that By o(I", r) = @ for every r € N and hence
I’ is 1-good by part (a) and Proposition 2.7(2). Therefore I" is good by part (1) and part (b).

g+mg=xrm =

(3)(a) Ngte that by 3.2(3)(ii) §(2, 3) # @, sincen > 2p — 1and p > 3 by assumptions. Further, since (n —p — 1)m, + (p +
1)ms € S(2,3) €S, (n+ 1)my € Sby 3.2(3)(ii)and (n — p — 1)my + (p + 1)m3 + mg = (n + 2)my by 3.2(3)(i)(b), it is easy
to see that max-deg((n — p — 1)my + (p + 1)m3) = n and max-deg((n — p — 1)my + (p + 1)m3 + my) = n + 2. Therefore
(n—p—1Dmy + (p+ 1mz € By o(I", n).

(~b) Note that by 3.2(4)(ii) 5(2,3) # ), sincen > —4p — 1and p < —2 by assumptions. Further, since (n+p — 1)my; +m3 €
S2,3) €S, (n+p+ 1)my; € Sby 3.2(4)ii)and (n + p — 1)my + m3 + mg = (n + p + 2)m; by 3.2(4)(i)(c) (k = 1), itis
easy to see that max-deg((n + p — 1)my 4+ m3) = n + p and max-deg((n + p — 1)my + m3 4+ mg) = n + p + 2. Therefore
(n+p—1my +m3 € Byo(I', n+ p).

(c)Note that by 3.2(5~)(ii)§(1, 3) # ¥,sincen > 2pand p > 1by assumptions. Further, since (n+p—1)my+ms3 € S(2, 3) C S,
(n+p+ 1)m; € S(1,3) by 3.2(4)(ii)and (n + p — 1)my + m3 + mg = (n + p + 2)my by 3.2(5)(i)(c), it is easy to
see that max-deg((n + p — 1)my + m3) = n + p and max-deg((n + p — 1)my + m3 + myg) = n + p + 2. Therefore
(n+p—1Dmy+m3 €Byo(I",n+p). O

Theorem 3.4. Let p, q be fixed integers, n be a variable positive integer withn > p (eg n > 4|p|+ 1)) m = my =

n4+pn+qgm =mg+nmy =my+2n+1,m =mg+3n+1I'(n;p,q) = Nmg +T\Im1 + Nm, + Nms and let
R(n; p, q) = K[I"(n; p, q)] be the semigroup ring of I" (n; p, q) over a field K. Suppose that (p, q) € (Z~ x {0}))U(ZT x{0})UAy.

Then G(n; p, q) is Cohen-Macaulay if and only if (p, q) € (Z~ x {0}) U {(—1, —1), (0, 0), (1, 0), (2, 0)}.
Proof. Immediate from Proposition 3.3(2), (3) and Theorem 1.6. O
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