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Abstract. Under suitable conditions on the functions a € C*(RY RN ’ ),
F ¢ C*(RY,RY), and V : RY — [0,00), we show that the opera-
tor Au = V(aVu) + F - Vu — Vu with domain W2P(RY) = {u €
W2P(RN) . Vau € LP(RY)} generates a positive analytic semigroup on
LP (]RN), 1 < p < co. Analogous results are also established in the spaces
L*(RY) and Co(RY). As an application we show that the generalized
Ornstein—Uhlenbeck operator As.cu = Au — V® - Vu + G - Vu with
domain Wg’p(]RN, 1) generates an analytic semigroup on the weighted
space LP(R™N, 1), where 1 < p < 0o and p(dz) = e~ *®dz.

1. INTRODUCTION

In recent years there has been an increasing interest in differential oper-
ators with unbounded coefficients on R arising in the analytic treatment
of stochastic differential equations; see [6], [7], [10], [11], [12], [13], [14], [21],
[23], [24], [25], [27], and the references therein. An important example of
such operators is the generalized Ornstein—Uhlenbeck operator

Apgu=Au—-V® -Vu+ G- Vu.

This operator has good properties in the space LP(RY | 1) with weighted mea-
sure pu(dz) = e~ @ dz. We show in Theorem 7.4 that Ag ¢ with the natural
domain W2P(RM 1) generates an analytic Co-semigroup on LP(RY, y) if
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1 < p < oo, where in the simpler case G = 0 we only require that e~ is
integrable and that | D?®| is small compared to |[V®|? (Corollary 7.8). Our
theorem extends and simplifies recent results by Da Prato and Vespri [13]
(for G = 0) and the authors [27] (for quadratic ® and linear G); see also [7],
[11], [12], [21], and in particular [10] (where a description of the domain is
given if G =0 and ® is convex).

Via the transformation v = e~®/Pu, the operator Ay, on LP(RN,M) is
similar to an operator of the form

Av=Av+F-Vv—Vwv, or more generally, Av=V(aVv)+F-Vv—Vv

in the unweighted space LP(RY), cf. [13]. In fact, most of our paper deals
with the operator A aiming at a precise description of the domain on which
A generates an analytic semigroup. We make the following assumptions on
the coefficients of A, where p € [1,00) is given.

(H1) apx € C’b1 (RY) are real-valued functions with ass = ag, and
N

Z ank(2)En&k > v|E|?

k=1

for all z, ¢ € RY and some constant v > 0.

(H2) U € C'(RY)is a function such that U > ¢y > 0 and |VU| < ’yU%+C’7
for some constants cp,y > 0 and C > 0.

(H3) V : RV — R is measurable and U < V < ¢1U for some constant
C1 2 1.

(H4) The function F' € C*(RY, RY) satisfies |F| < kU2 for some constant
Kk > 0.

(H5) There is a constant 6 < p such that U + div F' > 0.

We will also require below that v > 0 be sufficiently small. The auxiliary
potential U is mostly used to simplify the resulting hypotheses on the co-
efficients of Ag . In addition, it allows us to avoid assumptions on the
oscillation of V itself.

There are several approaches to construct semigroups whose generator
extends the closure of A defined on test functions; see also the references in
[6], [11], [13], [23], [25], [33]. Assuming essentially (H1) and (H5), one can
imitate the arguments in [25, Section 4] yielding a contractive Cp—semigroup
on LP(RY) for p > 1, cf. Remark 2.7. If one adds hypothesis (H4), then the
quadratic form corresponding to A on the natural form domain is closed,
positive, and sectorial, see Section 6. Due to [33] the resulting analytic
Co-semigroup on L?(R”) induces contractive Cp-semigroups on LP(RY) for
p > 1, which are analytic for p > 1; see also [15]. It is further possible to solve
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first a related stochastic equation assuming only a dissipativity condition
and use this solution to define a semigroup acting on, say, bounded Borel
functions. This approach is exposed in, e.g., [6] for operators such as the
generalized Ornstein-Uhlenbeck operator Ag . One can then extend the
semigroup to weighted LP—spaces under suitable hypotheses as is done in
[11]. In sup—norm context the semigroup can also be constructed using
apriori estimates of Schauder type and an approximation procedure, [23].
The assumptions in [6], [11], [23] differ from ours.

However, we point out that the approaches mentioned in the above para-
graph do not (directly) allow one to compute the domain of A (or Ag ) on
LP. (In [11] the case p = 2 is treated by additional arguments.)

In our main results Theorems 3.4, 4.4, and 5.2 we establish that A with
the natural domain D(A) N D(V) generates an analytic and contractive
Co—semigroup on LP(RY), 1 < p < oo, and Co(RY) (where ap, = pp if
p = 1,00). The precise description of the domain corresponds to good apriori
estimates for the elliptic problem Au — Au = f stated in Corollaries 4.5 and
4.6. This semigroup then solves the parabolic partial differential equation
corresponding to the elliptic operator A. Here we improve results due to
Okazawa [28], who studied Schrédinger operators where F = 0 in LP(RY)
with 1 < p < oo, and results due to Cannarsa and Vespri [4], [5], who
replaced our condition (H5) by an additional bound on the constant x in
(H4). We note that the results in [13] on Ag ¢ rely on [5] and that the
additional restriction on & in [5] leads to difficulties in [13] (cf. Example 2.4
and Theorem 2.7 in [13]).

Cannarsa and Vespri first show generation in L?(R), then in Morrey—
Campanato spaces, then in Co(RY) and L!(RY), and finally in LP(RY).
Our approach is much more direct. In Propositions 3.1 and 3.2 we prove
the crucial apriori estimates in LP employing only integration by parts and
related elementary techniques (besides standard regularity properties of the
diffusion part, cf. (2.6)). We combine these apriori estimates with known re-
sults and methods in semigroup theory to obtain the semigroups on LP(RY),
1 < p < oo, which are analytic for p > 1. The Stewart—Masuda technique
then gives the generation result in Co(RY). A duality argument yields ana-
lyticity for p =1 (if also div F' < ¢pU).

As can be seen from the proofs of Propositions 2.3 and 3.2, hypothesis (H2)
is the essential ingredient to determine the domain. In fact, in Example 3.7
we present a Schrodinger operator A = A—V on L?(IR?) such that (H2) holds
with a too large constant v and D(A) ¢ D(V). Condition (H4) combined
with (H2) and (H3) allows us to control the drift term by the diffusion term
and the potential, employing Proposition 2.3. Assumptions (H4) and (H5)
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further lead to the sectoriality of A, while (H5) already guarantees that A
is dissipative; see Proposition 3.2 and Lemma 2.6.

In the next section we give some preliminary results. The following three
sections deal with generation in LP, Cy, and L', respectively. In Section 6
we show additional qualitative properties of the semigroups, such as positiv-
ity, compactness, and maximal regularity of type LY for the inhomogeneous
parabolic problem. Section 7 is devoted to the Ornstein—Uhlenbeck operator
As .

Notation. C§° (R™) means the space of C*-functions with compact support
and Cy(RY) (Co(RY)) the space of bounded continuous functions (vanishing
at infinity). For 1 < p < oo and k € N, W#P(R") denotes the usual Sobolev
space. B(x,r) designates the open ball in R with center 2 and radius r. The
norm of LP(RY) is denoted by || - ||, and that of LP(B(z,r)) by | - ||p.r, thus

without indicating the center of the ball. We set Aqu = ZhN,k:1 Dy (apg Diu)
and a(&,1) = 54—y ank (-} for &, n € RV,

2. PRELIMINARY RESULTS
First of all, let us observe that if a function U satisfies assumption (H2),
then U + X satisfies (H2) with C, = 0 for X large enough. In this case, (H2)

is equivalent to the inequality |VU _%\ < «/2. From the mean value theorem
it follows that

D=

1 - YU(@)t < U(ay)

> < (1+D)U(x)2 (2.1)

if |z — 2| <7 andr = 5U(x0)_%. Some of the following results are valid
assuming only (2.1) but we prefer to keep (H2) in order to simplify the
exposition.

If N=1 (or N > 1 and U is rotational symmetric), (H2) holds whenever
U does not oscillate too fast. For example, it is satisfied by all polynomials
and functions like e”’, with P a polynomial. The picture is more complicated
in several variables, if U is not rotational symmetric. For example, the
function 1 + x2y? fails (H2). However, (H2) is valid if U is a polynomial
whose homogeneous part of maximal degree is positive definite or if, more
generally, U is hypoelliptic, see [19, Chapter 11].

The interpolation result stated in Proposition 2.3 below will be crucial
throughout the paper. To establish this result, we need the following well-
known fact; its proof is given for the sake of completeness.
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Lemma 2.1. For every u € C°(RY) and 1 < p < oo, we have

1 1
IVaullp < Cl[Aullg [ull3 (2.2)
with a constant C' > 0 depending only on N.
Proof. For A > 0 and u € C$°(RY) we set f = Mu — Au. Then

u(xr) = Ooe*/\t T
@ = [ NG @
where

le—y?

(G f) () = ()5 / e 55 f(y) dy

RN

for t > 0 and z € RY. Differentiating under the integral sign and using
Young’s inequality, we obtain

IVG) fl < W 1£ 1o

with ¢ = ¢(N), whence

d d
5l < = (Ml + 1A,

for each A > 0. The assertion follows if we take A = ||Aul|, ||u||;1 O

Vullp <

We next show a variant of Besicovitch’s covering theorem, needed in the
proof of Proposition 2.3.

Lemma 2.2. There exists a natural number K(N) with the following prop-
erty. Let {B(z,7;) : x € RN} be a collection of balls such that 0 < r, < C
and |ry —ry| < %|x —y| for every x,y € RN. Then there exists a countable
subcovering {B(zn, )} of RN such that at most K(N) among the balls
B(xp, 7z, ) overlap.

Proof. Due to the Besicovitch covering theorem, [36, Theorem 1.3.5], there
exists a countable subcovering {B(z;,, )} of RY such that at most {(N)
among the balls B(z,, %) overlap. Here we write r, for r;, and remark
that the number £(N) depends only on the dimension N. We now have to
estimate the number of overlapping doubled balls B(x,, r,,), where we follow
the proof of [36, Theorem 1.3.4]. Fix z = zj, for some k and assume that
B(z,ry) and B(zj,r;) overlap for j € J. Then |z — z;| < ry + rj, hence
e — 14| < %(rm + ;) by the assumption. This yields r, < 3r; and r; < 3r,.
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Thus the balls B(zj,%), j € J, are contained in B(z,5r;). Since at most
§(N) of the balls B(zj, 3) overlap, we obtain

6~ NIy <Y 2 Ne¥ < g(N)sN Y
jedJ

and hence |J| < 30V¢(N). This yields K (N) < 14 30V¢(N). O

Proposition 2.3. Let U be a function satisfying (H2). Then there are two
constants a, g9 > 0 (depending only on~y, Cy, co) such that for all0 < € < g,
1 <p<oo, and v € CP(RY), we have

1 a
IU2Vllp < ell Avlly + U], (2.3)

Proof. We replace U by U + A for A > 0 such that (H2) holds for U + A
with Cy = 0. Since U > ¢o > 0, estimate (2.3) for U + X implies (2.3)
for U (with a different ). So we may assume that C,, = 0 in (H2). Fix
1o € RY and choose n € C§°(RY) such that 0 <7 < 1,7 =1 in B(xg,r/2),
supp n C B(wo,r), |Vn(x)| < ¢/r, and |D*n(z)| < ¢/r? for a constant c
independent of xy and r. Using (2.2) for nv and Young’s inequality, we
estimate

1 1 i 1
1U(@0)2 Vvllpz < [|U(0)2V(no)lp < Cl[AMm)[|5 |U(zo)nvllp (2.4)
1 1 C1
< 5<”AUHP,T + ;va”p,r + T_QHUHPJ’) + ?HU(CUO)UHP,T

for a constant C'; and each € > 0. We fix r = (5U($0)7% and 6 = 1/7. Then
(2.1) shows that $U(z)2 < U(xo)? < 3U(x)2 if | — x| < r. Thus, (2.4)
yields

1.1 1 Co
U=Vl < el Avflpr + eCol|UZVl|pr + —[[U]lpr (2.5)

for a constant Cy > 0. Let us first deal with the simpler situation where
p = oo. In this case, varying zo in RY, equation (2.5) implies

1 C:
51U Vollso < el|Avllog + Coe[U2 Volloo + [ U]

Thus the asserted estimate holds with eg = (4C5)~!. Suppose now that 1 <
p < oo. Applying Lemma 2.2, we find a countable covering {B(xy, )} of

RY with r,, = 5U(:L'n)_% such that at most K (V) among the balls B(xy,,ry,)
overlap. Taking the p-th power of (2.5) relative to each ball B(z,, %) and
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summing up, we arrive at
1. 1 1 1 1 Co
SNUEVll, < 37 K(N)# (el Avl, + Coc[UE Vo], + = [[Unl], ).

where 1% + % = 1. The asserted estimate follows with g9 = (12C2K (N))~L.
O

Remark 2.4. Let 1 < p < co. Thanks to the elliptic estimate
[ollwze @y < Cp ([ Aovllp + [|0]]p) (2.6)

for v € LP(RY), see e.g. [18, Chapter 9], for uniformly elliptic operators (and
U > ¢p > 0) one can replace Av with Agv in Proposition 2.3. This will be
used systematically in the next section. If 1 < p < oo, there is also a simpler
proof of Proposition 2.3 with D?v instead of Av involving Taylor’s formula.

We now introduce the spaces
Dy = {ve L' RY): Av e LYRY), Uv e L' RY)L.
D, = WPRY) = {v e W2PRN): Uv e IPRY)}, 1<p<oo,
Do = {v € Co(RY) : v € WEI(RY) for all
q < o0, Av e Cy(RY), Uv e Cy(RM)}.
Here A is understood in the sense of distributions. These spaces are Banach
spaces endowed with the norms
[ollp, = llvllw2e@yy + U] p@ay, 1 <p < oo,
[ollp, = [lvllLe@yy + 1AV] Lo @y + 10| oy, =1, 00.
C°(RY) is a dense subspace of D,, as we show in the next lemma. Therefore,

(2.2) and (2.3) also hold for v € D,. In particular, U%\Vv] € LP(RY) for
v €Dy, 1 <p< oo, and U%’VU‘ € Co(RY) for v € Dy

Lemma 2.5. The space C§°(RY) is dense in D, for 1 < p < oo.

Proof. Let n be a cutoff function such that 0 <7 <1, n = 1 in B(0,1),
supp n C B(0,2). Define n,(z) = n(xz/n). For f € D, it is easy to see that
Mnf — f as n — oo in D,. This shows that the set of all functions in D,
having compact support is dense. On the other hand, if f € D, has compact
support, a standard convolution argument shows the existence of a sequence
of smooth functions with compact support converging to f in D,,. O

In the following lemma we establish the dissipativity of A under rather
weak assumptions.
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Lemma 2.6. Assume that assumption (H1) is satisfied.

a) If F € CYRN,RY), V e L! (RN), and V + %divF >0 for some
1 <p < oo, then (A, CS(RY)) is dissipative in LP(RY).

b) If F € C(RN,RN), V € C(RV,R), and V > 0, then (A, C§*(RY)) is
dissipative in Co(RY).

Proof. (a) Let 1 < p < co and u € C(RY). It is known that Ay is
dissipative in LP(R™); that is,

Re(/ (Agu)a|ulP~2 dac) <0.
RN

Moreover, from (Vu)u|ul[P~2 = %(V\u\p) + iIm(uVu)|u[P~? it follows that

1
Re(/ F - (Vu)a|u[P~2 d:n) = ——/ |u|Pdiv F dz.
RN D Jry

As a result,
1
Re(/ (Au)T|ulP~? dx) < —/ (V + =div F)|u|P dx < 0.
RN RN p

(b) The dissipativity of A in Co(RY) is a standard consequence of the max-
imum principle. O

Remark 2.7. Suppose that the assumptions of Lemma 2.6 hold for some
p € [1,00) and that V is locally Holder continuous. Then there exists a con-
tractive Cp—semigroup on LP(R™) whose generator extends (the closure of)
A defined on test functions. This semigroup can be constructed as the limit
of the contraction semigroups on LP(B(0,n)) which are generated by the
operator on LP(B(0,n)) induced by A with Dirichlet boundary conditions;
compare [25, Section 4].

3. GENERATION OF ANALYTIC SEMIGROUPS ON LP(RY) 1 < p < oco.

In this section we establish that, under the assumptions (H1)-(H5), the
operator A with domain D, = Wé’p (R™) generates an analytic semigroup on
LP(RY) if 1 < p < co. We start by showing that A is reqularly dissipative;
that is, for some ¢ € (0, 7/2) the operator e**® A is dissipative. This property
is clearly equivalent to the estimate (3.4) below (with § = cot ¢).

Proposition 3.1. Let 1 < p < oo and assume that (H1), (H4), and (H5) are
satisfied with U replaced by V € LY (RN). Then the operator A defined on

loc
C&°(RY) is regularly dissipative in LP(R™N) with angle ¢, > 0 only depending
on p and the constants in (H1), (H4), and (H5).
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Proof. We first assume that p > 2. Let u € C§°(R"Y) and set u* := u|u[P~2.
Integrating by parts, one computes

- Re( /R (Awp d:c) =(p-1) /R _luP~a(Re(@Vu), Re(@Vu) de (3.1)

+ / lulP~a(Im(@Vu), Im(@Vu)) dz + / (V + 1div F) |ulP dz.
RN RN p

If we put
B .— / luP~4a( Re(@Vu), Re(aVu)) dz,
RN

C? ;:/ lulP~ta(Im(@Vu), Im(aVu)) dz, D? 12/ Viul? dz,
RN RY

then we deduce from (H5)
—Re(/ (Au)u* d:c) > (p— 1B+ C2+ D21 -2y >0
RN p

On the other hand, proceeding in a similar way for the imaginary part, we
have

’Im/ (Au)u™ dx’ <|p-— 2|/ lu[P~a(Re(@Vu), Im(aVu)) dx
RN RN

+/ |F||uP~2|Im(aVu)| dz. (3.2)
RN
Conditions (H1) and (H4) imply

/ Bl jufP=2| Im(@Vu)| dz < m/ V3 [ Im(@va)|jult [u] = da
RN RN

< ,i(/RN VlulP dx)é(/RN ]u|p_4|Im(EVu)|2)é (3.3)

1

1
K 1 » - - :
< — p p '
< \/;< o Vlul dm) </RN |u a(Im(uVu),Im(uVu))da:)
Therefore,

’Im(/RN(Au)u* dr)| < lp—21BC + %CD.

912
Taking ¢, = 0 such that 8% = Jllzpf|1) + 4y(1’f9/p), we see that

’Im(/RN(Au)u* dx)’ < (5[—R€</RN(Au)u* d:):)} (3.4)

This shows the assertion for p > 2. If p € (1,2), we replace |u| by u. =
V|ul?+¢€ for € > 0 in the calculations involving Aj. Passing to the limit
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€ — 0, one then establishes (3.1) and (3.2) (in particular, all integrands are
integrable). Thus estimate (3.3) is also valid and one can deduce (3.4) as
above. O

Next we prove the closedness of the operator (A, Wé’p (RNV)) for 1 < p <
0.

Proposition 3.2. Let 1 < p < oo. Assume that the assumptions (H1),
(H3), (H4), and (H5) are satisfied. If (H2) holds with v satisfying

0 Kk M~y
St - 1)7[]—? n T} <1, (3.5)

where M? := sup,cpny maxje— a(§,§), then (A, Wé’p(RN)) is closed. More-
over, there exist constants C,C" > 0 depending only on M, p, on the con-
stants in (H1)-(H5), and on Cy from (2.6) such that

lully2ogany < Cllu = Aully < C' ullyzrgn, — for ue WEPRY).

Proof. We assume preliminarily that (H2) is satisfied with C;, = 0. Propo-
sition 2.3, (H3), and (H4) imply that A : Wé’p(RN) — LP(RM) is continuous.
Since C§°(RY) is dense in Wg’p (RY) and A is dissipative, it remains to show
the estimates

|Ually, D%l < CllAul, — for u e Cg°(RY),
We consider first the case p > 2. For a fixed real u € C$°(RY) we set
f=—Au=—Apu— F -Vu+ Vu. (3.6)

Integrating by parts, one deduces

1
/ Up_lF-(Vu)u]up_2d:):—Z—j/ UPTLF - V(|ulP) dz
RN RN

1 1
- __/ (div F)UP Hul? dz — (1 — =) / UP2[ulPF - VU da,
D JrN P JrN

N
/ (Apu)UP~ tu|uP~2 dx = — Z / ahk(x)DhuDk(Up_lu\u|p_2) dx
RN hj—1 7 RY

N
== 1)/ > ape(@)UPHuP 2 DpuDyu da
RN =1

N
—(p—1) /R N > ane(@)UP2ufulP "2 DyuDyU da. (3.7)
h,k=1
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If we multiply (3.6) by UP~lu|u[P~2 and integrate, we thus obtain

VUP P de = —(p —1/ Z ank(x)UP~HuP~2 DyuDyu da
RN
h,k=1
—(p-—1) / Z apg(x)u|uP™ 2UP=2DypuDU dx
hk=1

1 1
——/ (div F)UP~HulP dx — (1——)/ UP2|u|PF - VU da
P JrN p° JrN

+ / fUP u|ulP~2 dx.
RN

Conditions (H3) and (H5) yield

1 0
V+=divF > (1--)U,
p p
so that

[ 0= S0P ds s p-1) [l 20r (Ve a) ds
RN p RN
<(p-— 1)/ UP=2|ulP~ a(Vu, VU) dx
RN
+ =) [ Ul (P VOl + [0l da
P JRN RN

Using (H2) and (H4), we estimate

/ UP=2|ulP|F||VU|dz < /vy/ UP|ulP dx.

RN RN

Moreover, (H2) implies that

/ UP=2|u|Pa(Vu, VU)|dz g/ UP=2|uPLa(Vu, Vu)2a(VU, VU) 2dz
RN RN

< fy\/M/ Up_%]u\p_la(Vu, Vu)% dx

_7\/_/ U [u|"Z a(Vu, Vu)2 u|5US da

1

1 1
SV\/M(/ luP2UP L a(Vu, V) d 2 / |u]pUpd:U 2. (3.8)



1142 G. METAFUNE, J. PRUSS, A. RHANDI, AND R. SCHNAUBELT

From Holder’s and Young’s inequalities it follows that for each € > 0 there
is ¢. > 0 such that

1
[1 _ Q — k(1 — _)] / UP|ulP d + (p — 1)/ |u|p_2Up_1a(Vu, Vu)dx
p p RN RN

1 1
<(p-— 1)7\/M(/RN |u[P~2UP " a(Vu, Vu) dw) ’ (/RN UP|ul? dw) ’

+5/ Up\u]pdx—l—cg/ P da
RN RN

Setting
B? ::/ UP|u|P dz and D? ::/ luP~2UP~ a(Vu, Vu) dz,
RN RN
we arrive at

0 1
1= =M= ) —e| B4 (0= 1)D* < (p~ InVMBD +co| F]}.
Thanks to (3.5) we may choose a small £ to deduce

1Tullp < Cllflp-
Then (H4), (H2), Proposition 2.3, (2.6), and (H3) imply that

[0
IF-Valy < nlellAul,+ 2[Tuly) < wCyel Agully + - [Tl
< wCye (|l + IIF - Vully) + U,

for € < gg. Thus, for sufficiently small €, we have
1F - Vull, < C[Uullp + 11 £llp) < Cllfllp-
Finally,
ID%ullp < Cy (Il Aoully + llullp)
< Cp(Ifllp + 17 - Vullp + [Vullp + [lullp) < C'1 flp.

If p < 2, then one can verify as in the proof of Proposition 3.1 that (3.7)
holds and, in particular, that D? is a finite number. Thus estimate (3.8) is
also valid and one can conclude the proof as above.

In order to remove the assumption C, = 0 we fix a large A such that U+
satisfies (H2) with C,, = 0 and apply the previous estimates to the operator
A — \. Then

lullypzr gy < C I+ Du — Aull,
< C (Jlu— Aully + Alullp) < CA+A) [lu— Aull,,
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by the dissipativity of A. O

Remark 3.3. If I’ = 0 and ap;, = 0pk, then condition (3.5) becomes 72 <

p%l, which was already used by N. Okazawa in [28, Theorem 2.5].

We now come to the main result of this section.

Theorem 3.4. Assume that the assumptions (H1), (H3), (H}), and (H5)
are satisfied. If (H2) holds with 7y satisfying

0 Kk M~y

S+ (p-1[S + ] <1,

p (p—1)v ot
where M? := sup,cp~y maxjg—1 a(¢, €), then (A, Wé’p(RN)) generates an an-
alytic Co—semigroup Tp(+) in LP(RY), 1 < p < oo, such that ||T,(2)|| < 1 for
|arg z| < ¢, and some ¢, > 0.

Proof. It suffices to show that 1 belongs to the resolvent set p(A) of A. In
fact, Propositions 3.1, 3.2, and the Lumer—Phillips theorem then imply that
the operators e**®» A generate contractive Cy—semigroups for some op > 0.
This yields the assertion by [17, Theorem I1.4.9].

To verify 1 € p(A), we employ the continuity method, cf. [18, Theo-
rem 5.2]. Fort € [0,1] and u € Wé’p(RN) we set Lyu := Apu+tF-Vu—Vu.
Note that these operators satisfy the assertions of Propositions 3.1 and 3.2
with uniform constants. In particular

||UHW547(RN) < Cllu — Ltqu

for every u € Wé’p (RN), with C independent of ¢ € [0,1]. Then 1 € p(Lg)
if and only if 1 € p(L1) = p(A). To establish that 1 € p(Lg), we use as in
[28] the approximating potentials U, := H% and V; := where £ > 0.
Then we have

3
D U <Vi<aU.<Z and |VU.|<AU2+C,.  (3.9)
14 ecq €

Let f € LP(RY). Observe that Ag— V. with domain D(A4y—V;) = W2P(RY)
generates a positive contraction Cy-semigroup on LP (RN ). Thus the equation

u—Aou+ Veu=f

vV
14V

has a unique solution u. € W2P(RN) satisfying
luellp < I fllp and  (Usucllp < Ol £llp,

where the last inequality follows from the Proposition 3.2. We remark that
the constant C' does not depend on € due to (3.9). From (2.6) we thus deduce

[uellw2p@yy < Cp(l[Aouellp + [Juellp) < ClIflp-
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Therefore, there exists a sequence (ue, ) converging weakly to a function u
in W2P(RN) as ¢, — 0. The Rellich-Kondrachov theorem implies that a
subsequence of (ue, ) tends strongly to u in Wli’f(RN ) and therefore we may
assume that u., (x) — wu(z) almost everywhere in RY. This shows that
|Uullp < C|lfllp, and hence u € WP(RY). Passing to the limit in LF_(RY)
in the equality u., — Aoue, + Ve, ue, = f, we derive

u— Agu+Vu=f.
This concludes the proof. ]

Remark 3.5. Let ¢’ be a positive constant. By considering V' + ¢’ instead
of V, Theorem 3.4 shows that (A,D,) generates an analytic semigroup on
LP(RN), 1 < p < oo, if we replace (H3) by U <V +¢ < c|U.

Remark 3.6. As already pointed out in the introduction, condition (H4) is
crucial to treat the drift term F'-V as a perturbation of the Laplacian and of
the multiplication operator u — Vu. This is done through Proposition 2.3.
We remark, however, that the operator F'-V is not a small perturbation of the
Schrodinger operator A — V. If this were true, the generated semigroup 7'(-)
would be analytic of angle 7/2 and the same would hold for the Ornstein-
Uhlenbeck semigroups in LP(RY, i), treated in Section 7 (see the proof of
Theorem 7.4). However, this is false even for p = 2, see [24].

It is clear that (H4) is, in general, necessary for the domain character-
ization given in Theorem 3.4. In the following example we show that the
closedness of (A, W52) may fail even if ' = 0 and U fulfills (H2) with a
(too) large constant ~.

Example 3.7. We consider the Schrodinger operator B = A — V with
V(z) = 3]z[~2 in L*(R3). Since 0 < V € L] (R?), B can be defined by the
quadratic from

b(u) = /RS(|W|2 + Vul?) dz

for u € D(b) = {u € WH2(R3) : V|u|> € L}(R?)}. Observe that the function
w(z) = |z|'/? satisfies Aw — Vw = 0 on R3\ {0}. Let u = nw, where
n € C°(R3) is equal to 1 near the origin. It is easy to see that u € D(b) N
W2L(R3) and that Au — Vu = f € C§°(R3). It follows that u € D(B) and
Bu = f. Observe, however, that neither Au nor Vu belong to L?*(R3).
Since |VV (x)| = 4V (z)3/? with v = 4//3, it is not difficult to construct
bounded positive potentials V,, € C*(RY) such that 0 < V,, < V,,11, Viu(z) —
V(x) as n — oo, and |VV,,(x)| < vV, (x)3/? (it is sufficient to regularize r~2
for r < 1/n). Since V,, converges monotonically to V', we have (1 — A +
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Vi) tg — (1 — A+ V)~ lg for every g € L?(R?), see [32, Theorem S. 14].
Taking g = u — f and possibly considering a subsequence (n), we obtain
from Fatou’s lemma

00 = |[Vulla < liminf [V (1 = A+ Vo)™ (u = f)]l2
— 00

and therefore 2c; = ||V, (1 — A + V;,, ) 7| — 00 as k — oo. Since C§°(R3)
is a core for A —V,,, , we find u;, € C5°(B(0, Ry)), R, > 1, such that

[Vaurll2 > erllur + Aug — Vi ug 2. (3.10)

Take now points z;, € R3 and define Wy(z) = Vi, (z — z1), vp(x) =
ug(x — a1), ni(z) = n((x — zx) R '), where 7 is a cutoff function such that
n(z) =1 for x| < 1 and n(x) = 0 for |x| > 2. One can choose the points
xy, with large distances |z — x| in such a way that the balls B(xy, 2Ry) do
not overlap. Hence, the positive potential W = >, mWj, € CH(RY) satisfies
|[VW| < AW?3/2 4 ¢. On the other hand, (3.10) yields

[Worlle > cillve + Avi — Wogl|2

for every k. The operator W (1 — A + W)~! is thus unbounded in L?(R3),
and W22(R3) N D(W) is not the domain of A — W,

We remark that the constant ¢ = 3/4 in the definition of V' (hence
v = 4/+/3) is the best possible constant for such a counterexample. In
fact A — c|z|72 is closed on W22(R3) N D(|z|~2) for every ¢ > 3/4, see [29,
Theorem 3.6] where a very detailed analysis of the potential |z|~2 is carried
out in LP(RY). However, the hypotheses of Theorem 3.4 hold for v < 2 for
Schrédinger operators in L2 (RY).

4. GENERATION OF AN ANALYTIC SEMIGROUP ON Cp(RY)

In this section we use the Stewart—-Masuda localization technique to prove
that the operator A with the domain

Doo = {v € Co(RY) : v € W2P(RY) for all

loc

p < o0, Ave Co(RY), Uv e Cy(RM)}

generates an analytic semigroup in Co(R™). For simplicity, we assume that
the principal part of A is the Laplacian and that (H2) holds for all v > 0. We
first show in two steps that A generates a contraction semigroup in Co(RY).

Proposition 4.1. Assume that (H2) holds for all v > 0 and that (H4) is
satisfied, where U = V. Then A= A+ F -V —V with D(A) = Dw is closed
in Co(RN). Moreover,

[ullo + 1Aulloo + [[Vulloo < C'llu = Aulloe < € (Jlulloo + | Aulloc + [[Vullo)
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for every u € Do, where C' and C" only depend on v, C, co, k.
Proof. Proposition 2.3 shows the second estimate in the assertion. Con-
sidering V' + X instead of V for a sufficiently large A = A\(vy) > 0, and using

the dissipativity of A, we may assume that |[VV| < wV%, as in the proof of
Proposition 3.2. The parameter v will be fixed below.

Let u € C°(RY), f = Au, and fix 19 € RY. We take a smooth cutoff
function n such that 0 < n <1, n = 1 in B(xo,7/2), supp n C B(xo,r),
|Vn(z)| < ¢/r, and |D?n(x)| < ¢/r? for some constant ¢ > 0. Observe that

A(nu)+F-V(nu) =V (zo)nu = nf+uln+2Vu-Vn+uF -Vn+(V =V (xo))nu.
Since V(x0) > 0, the dissipativity of A + F -V on C§°(RY) yields
c c CK 1
IV obmuloes < Wil + Slhullocs + < I¥uloos + LIVt
+ 1V = V(o)) ulloo,r ,

where we have also used (H4). Let v < 1. We choose now r = (37)_1V(ZE0)_%
so that (2.1) yields %V(:r)% < V(ZL‘())% < %V(x)% for |x — z9| < r. Hence,
|[V(z) = V(xo)| < %V(l‘) for |x — zo| <r and

25 1 13
361V ulloo,s < [[flloc +7CL(A+8) [V ullos,r +7CLIVEVUlloo,r + 2V Ulloor

where C := 13c. Letting zg vary in R and then taking v < min{1, (6(1 +
k)C1)~1}, we obtain

1
Voo < 61 flloc +67C1[[V2 V| o

Now the equation Au = f and (H4) imply

1
[Aulloo < Co ([[flloo + V2 Vo)

for Cy := max{7,k+6C7}. At this point we use Proposition 2.3 for 0 < ¢ <
€o and estimate

(0%
V3Vl < el Aulloe + S1Valloo < cell flloe + (2C2 +

) |V
e

Setting ¢ := 'y% and choosing v small enough, we arrive at ||V%Vu\|oo <
C||flloo and, by the previous inequalities, [|Aul/so, [|[Vulloo < C||f|lo, Wwith
C independent of f. These facts show that

[ullp.. < CllAulloc < 2C[ju — Atl|o,

for u € Cg°(RY), using the dissipativity of A. Since C$°(RY) is dense in
Do, the proof is complete. O
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Proposition 4.2. Assume that (H3) and (H4) hold, that V' is continuous,
and that (H2) is satisfied for all v > 0. Then A = A+ F -V —V with
D(A) = Dy, generates a contraction semigroup Too(-) on Co(RN).

Proof. First we assume that U = V and we show that the operator
I —(A—-V): Dy — Co(RY) has dense range. Therefore A — V gen-
erates a contraction semigroup by Lemma 2.6, Proposition 4.1, and the
Lumer—Phillips theorem. The result for F' # 0 is then deduced applying
the continuity method to the operators A+¢F -V —V, cf. [18, Theorem 5.2],
using the fact that the apriori estimate from Proposition 4.1 is independent
of t € [0,1].

Let p > N and v be so small that the assumptions of Theorem 3.4 and
Proposition 4.1 are satisfied. We may assume that C, = 0 replacing V' by
V 4+ A We define V. = 2 € Go(RY) for € € (0,1] and fix f € C5°(RY).
Note that A —V; with D(A—V.) = D(A) generates a contraction semigroup
on LP(RY) and Cy(RY). Thus there exists u. € W3P(RV) — Co(RY) such
that

Ue — Aug + Veue = f (4.1)

and |luc|l. < ||f||» for r = p,00. Moreover, Au. € Co(RY). Since V. fulfills

(H2) and (H4) with uniform constants, Propositions 3.2 and 4.1 yield
[Auellr, [[Veuellr < Colflr

for r = p, 00. (Here and below the constants do not depend on €.) Lemma 2.1
then gives ||Vue||oo < Co|f|lco- For a suitable sequence (&), u., thus con-
verges uniformly on compact sets to a continuous function u. Combined
with Lemma 2.1, this fact yields that v € C1(RY). Due to (4.1), also Au,,
converges uniformly on compact sets. Local elliptic regularity (see e.g. The-
orem 8.8 and Lemma 9.16 of [18]) now implies that u € Wli’g(RN ) for every
q < 0. Moreover,
u—Au+Vu=f

and ||[Vull,, |Aul|, < C1||f]|, for r = p,o0o. Therefore u € W2P(RY), and
hence u, Vu € Co(RY) by Sobolev’s embedding theorem. We next show that
Vu belongs to Cp(RY). Take n € C°(RY) such that 0 < n < 1,7 = 11in
B(wo, R), n = 0 outside B(zo,2R), |Vn| < ¢/R, and |D?n| < ¢/R?. Then

nu — A(nu) + Vnu =nf —2Vn - Vu — uln
and Proposition 4.1 (applied on nu € Dy,) shows that

1 1
[V (wo)u(eo)] < Vil < Cs[Inflloe + £ Vulloe + 25l
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Since u, f € Co(RY), the above inequality implies that Vu € Co(RY). Thus
Au=u+Vu—f € Cy(RY) and u € Dy,. This proves that I — A has dense
range and concludes the proof in the case where U = V.

Finally, we deal with the general case U <V < c1U. Let V, = U+t(V-U),
Ay = A+ F -V -V, D(A) = Do, 0 < t < 1, and observe that A, =
Ao + (V; = U). Since || U(1 — Ag)~!|| < C by Proposition 4.1, we have
(Vi — U)(1 — Ag)~ Y| < t(eg — 1)C. Thus standard perturbation theory
for contraction semigroups shows that A; generates a contraction semigroup
Co(RV) if t(c; —1)C < 1.

Due to V; > U, the maximum principle [22, Proposition 3.1.10] yields
0<(1—A4)"1<(1—A4p)~! whenever (1 — A;)~! exists. Then

0<(Ve= V)1 = A) " < (er = 1) (s —t)U(1— Ag) ™"

if s > t, and hence ||(Vs —V;)(1—A4;)7Y| < (s —t)(c1 — 1)C. The same argu-
ment as before applies and proves that A; generates a contraction semigroup
in Co(RY) for t(c; — 1)C < 2. Iterating this procedure a finite number of
times, the proof is complete. ([l

In the following theorem we show that the semigroup is analytic in Co(R™)
if one more condition holds. In the proof we need the next lemma, which is
of interest in itself.

Lemma 4.3. Let 1 < p < oo, 1 < qg< o0, Ay = (A4,D)), Ay = (A,Dy)
and assume that the hypotheses of Theorem 3.4 hold for A, if 1 < p < o0
and that those of Theorem 3.4, respectively Proposition 4.2, hold for A, if
q < 0o, respectively ¢ = co. If ¢ < oo and f € LP(RN)NLI(RYN) or if ¢ = oo
and f € LP(RN) N Co(RY), then (A — Ap)~L1f = (A — A,)~Lf for Re A > 0,
and hence Tp(t) = T,(t).

Proof. First let ¢ < oco. Then the proof of Theorem 3.4 applies and shows
that the operator A — A, ReX > 0, with domain W P(RY) 0 W2(RN)
is invertible in LP(R™) N L9(RY). Hence the equation Au — Au = f with
f e LP(RN) N LY(RN) has a unique solution u € W P(RN) 0 W2(RN) and
the assertions easily follow. If ¢ = oo, the proof is similar using Theorem 3.4
and Proposition 4.2. O

Theorem 4.4. Assume that (H3) and (H4) hold, that V is continuous, and
that (H2) is satisfied for all v > 0. If QU + divF > 0 for some 6 > 0
then A = A+ F -V —V with D(A) = Dy generates a bounded analytic
Co-semigroup Teo(-) on Co(RY).

Proof. Again we assume that C, = 0, replacing A by A — w for some
w = w(y) > 0, where we fix v > 0 such that the hypotheses of Theorem 3.4
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and Proposition 4.2 hold. We fix p € (N,00) with p > 6 such that The-
orem 3.4 is valid. Thus (A4, Wé’p (RY)) generates an analytic semigroup in
LP(RN). Let f € C(RY) have compact support and Re A > 0. Due to Propo-
sition 4.2 there exists © € Dy, such that A\u — Au = f. The above lemma
shows that u € Wg’p(RN) and hence |A| ||ull, + ||Au|, < C|/fll, by Theo-
rem 3.4. Proposition 3.2 further yields ||D%ul|, + |Uull, < C||f|l,. Using
these estimates as well as Holder’s and the Gagliardo—Nirenberg inequalities,
we conclude that |A2[|U2u, < C||fl, and |A|2||Vull, < C||f|l,- Taking
into account Proposition 2.3, we have shown that

1D2ully + [Tl + |03 Tl + INE IVl + A T Fuly+ Al < iy
(Here and below C' is a generic constant independent of A\ and f.) Fix
x9 € RY and a smooth function 7 such that 0 <n < 1,7 =1 in B(zg,r/2),
supp n C B(xo,7), |Vn(z)| < ¢/r, and |D?*n(z)| < ¢/r?. Observe that
A(npu) — A(nu) = nf —ulAn—2Vu-Vn—uF - Vn. Applying (4.2) to nu and
employing (H4), we obtain

1 1 1 1
|D%ully, s +[Ually s + 1TVl s + I [Vl s+ A [Tl s+l 2

1 1 1. 1
< Ol + 5 Il + =1Vl + <10l )
N/p 1 1 1,1
< OV (|1 flloo + 5 lulloor + = Vtlloor + =103 uloc, ).

From the compactness of the embedding W1?(B;) < C(Bj) and a rescaling
argument it follows that for every € > 0 there is C; > 0 such that

[olloe.y < Crr N2 (er Vol 3 + Celloll ;)
[Vellae; < G2 (2| D0l 5 + OVl ;)

for v belonging to the respective spaces, where C'; does not depend on ¢, r.
Hypothesis (H2) further yields

1 1
IV 0)llpz < UVl + Cal[Unll, 2
so that
1 _ 1 1
[U%ull g < Cor=7 (<r| U3Vl 5 + Cocrl|Unly g + CellU 3l ).
Using the above inequalities, one deduces

1 1 1
AR [Vulloo,z + AU tllos,z + A 14l 2
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1 , 1 1 1. 1
< (CerAE + CO (1 oo + 5 lulloe + ~IVulloo + U3 ullos).

We set r = M|)\|_% and let g vary in RY. Then we have

1 1 1
(A Vulloo + AR U2 u]loo 4 [A] flullo

1
A Al2
< (CoeM + ) (I oo + bl + A2

Taking first a small € and then a large M, we arrive at

Nk

1
IVulloo + 5= 10Ul ).

1 1,1
A2 Vulloo + A2 U2ulloo + Al [[ufloo < C7[ flloo- (4.3)
In view of the rescaling made at the beginning, this establishes the theorem
for A—w by density, that is, with f = Au+wu—Aw in (4.3). Since V' > ¢y > 0,
the operator A + ¢¢/2 satisfies the assumptions of Proposition 4.2 and thus

generates a contraction semigroup on Co(RY). It is then easy to verify (4.3)
also for A, that is, with f = A\u — Au. d

We state two useful consequence of the above proof refining our previous
apriori estimates.

Corollary 4.5. Under the hypotheses of Theorem 4.4, if Re A > 0 and
Au— Au = f, then

1 1 1 1
[Aulloct 1U2 Vulloot [Unlloo HA2 [ Vtrlloo HAI> (U ]| oo+ Al ulloo < Ol f o

Proof. Since V' > ¢y > 0, the operator A is invertible on Co(R"Y) and the
closedness of (A, D) yields

1AUl|oo + [U]l oo < CllAulloe < ([ = Aulloe + [A] [[loo)-

It now suffices to combine (4.3) for A with Proposition 2.3 to conclude the
proof. ]

Corollary 4.6. Under the hypotheses of Theorem 3.4, if Re A > 0 and
Au— Au = f, then

1 1 1 1
[Aullp + U2 Vullp + [|Uullp + A2 [ Vull, + AR U2 ull, + Al Jull, < ClFlp-

Proof. In (4.2) we have proved the statement for A —w, continuous f with
compact support and p > N. The proof given in Theorem 4.4 extends to all
p>1andall f € LP(RV). Moreover, as above the initial rescaling does not

matter since A + % is dissipative. O
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5. GENERATION OF AN ANALYTIC SEMIGROUP ON L!(RY)

Also in this section we assume that Ay = A. We observe that Proposi-
tion 2.3 shows that A = A+ F -V — V with domain

Dy = {v e LMRY) : Av € L'(RY), Uv € L' (RY)}

is well defined in L'(RY). Recall that C§°(R") is dense in D; by Lemma 2.5.
It is known that D; embeds continuously into WHP(RY) for every p < -,
see e.g. [34, Theorem 5.8].

Proposition 5.1. Assume that (H2)-(H5) hold for some v > 0 and 6 < 1.
Then (A, D1) generates a contraction semigroup Ty (t) in LY (RN). If also the
assumptions of Theorem 3.4 for some p € (1,00), respectively of Proposition
4.2 if p = oo, are satisfied, then T\ (t)f = T,(t)f for f € LY(RYN) N LP(RY),
respectively f € LY(RYN) N Co(RY).

Proof. Let u € C°(RY) be real and set f = —Au — F - Vu + Vu. If we
multiply this equation by sign u, integrate by parts, and use the dissipativity
of the Laplacian on L'(R"), we estimate

/ (V+divF)|u|dx < —/ (Au) signud:ﬂ—{—/ (Vu — F - Vu) signu dz
RN RN RN

- /RNfsignudx < Ifl

and therefore ||(1 — 0)Uully < ||f|l1. Taking into account Proposition 2.3
and proceeding as in the proof of Proposition 3.2, we obtain the closedness
of (A, D1). Moreover, (A, D;) is dissipative by Lemmas 2.5 and 2.6.

As before we may assume that C,, = 0 to show the surjectivity of I—A. We
first assume that F' = 0. The general case is then deduced by means of the
continuity method, cf. [18, Theorem 5.2]. We keep the notation introduced
in the proof of Theorem 3.4. For f € L'(RY) there is u. € L'(R") such
that v, — Au. + Voue = f. Then

luelle < MIfllvs 1Ueuelly < Clifll, (5.1)

with C' independent of ¢ since V; and U, satisfy the assumptions with uniform
constants. It follows that ||Au.|l; < (24+C)||f|l1. Wefix1 < p < 7. Then
[uellwrp@ny < C1llfll1 and so there is a sequence (g,) converging to 0 such

that u, := ue, tends weakly in W1P(RY) to a function u. By the Rellich-

Kondrachov theorem, a subsequence (uy, ) converges to u in L} (RY) and
after relabeling we have w, — wu almost everywhere. We infer from (5.1)
that |lully < ||fll1 and ||Uul|; < C||f|l1. Moreover, Au,, — Au in L (RY)

loc
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and therefore u — Au+Vu = f and v € D;. The last assertion can be shown
as in Lemma 4.3. g

In order to establish the analyticity of 7(-) on L'(R") we employ a du-
ality argument taken from [31, Theorem 7.3.10], see also [1]. Under the
assumptions of the previous proposition, we define the formal adjoint of A
by

Alv=Av—F-Vv— (V +divF)v.

This operator has the same structure as A with the new drift F =—F and
the new potential V' =V +divF. Set U = (1 —0)U. Hypotheses (H2)-(H5)
yield V. > U and that F' and U satisfy (H2) and (H4). In addition, we
suppose that divF < coU for some constant c; > 0 and V' is continuous.
Then (H3) holds for U and V and

AL2G 4 dvF 2V +divF =V 20,

We can therefore apply Theorem 4.4 and thus A’ induces a generator AL of
a bounded analytic semigroup on Co(RY). Observe further that

/R (Awpvds = /R u(A) da

for u € Cg°(RN) and v € I/Vlicl (RY). Due to [31, Lemma 7.3.8] we have

lull = sup{/ updx : ¢ € CSO(RN), lolloo < 1} (5.2)
RN
for u € LY(RM).

Theorem 5.2. Assume that (H2)-(H5) hold for all v > 0 and some 6 < 1,
that V is continuous, and that divF < coU for some constant co > 0. Then
(A, Dy) generates a bounded analytic semigroup on L'(RY).

Proof. Let u € C$°(RY) and ReA > 0. As observed above, the formal
adjoint A’ induces a generator A’ of a bounded analytic semigroup on
Co(RY) by Theorem 4.4. In (5.2) we replace ¢ by ¢ = (A — A')v with
ve D(AL) and ||¢|lec < 1. Since ||v]|eo < M/|A|, we obtain

|lull1 < Sup{/ u(A — AYvdz :v e D(AL), ||[v]e < %}
RN A

M
:Sup{/RNU()‘_A)de:UED(Aéo)7 [v]loe < W}

M
< — — .
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This inequality implies the assertion because of Proposition 5.1 and an ap-
proximation argument. O

6. CONSEQUENCES

In this section we establish several regularity properties of the semigroups
obtained above. In order to treat the scale of LP spaces simultaneously, and
for the sake of simplicity, we assume here that

Au=Au+ F -Vu — Vu,

that (H2)—(H5) are satisfied for every v > 0 and some 6 < 1, and that V'
is continuous. When we need the analyticity in L'(RY), we also have to
suppose that divF < coU for some co > 0. Theorem 3.4 and Proposition 5.1
show that A with domain D(A,) = D, generates a contraction semigroup
(T,(t))e0 on LP(RY) for 1 < p < oo and on Cp(RY) for p = co. Moreover,
T,(t)f = T,(t)f if f € LP(RY)NLY(RY), by Lemma 4.3 and Proposition 5.1.
Therefore we drop the index p and write simply T'(¢).

Observe that the analyticity estimate |[AT(¢)f|l, < Ct=Y|f||p for t > 0
and the domain characterization of the previous sections yield |AT(t) f||, <
Ct~Y|fll,- Hence the gradient estimate |[VT(t)f|l, < Ct=/?||f|, holds,
which is well known for uniformly elliptic operators, and is also satisfied by
certain operators with unbounded coefficients, see e.g. [23].

We next associate a sesquilinear form a in L?(RY) with the operator
(A, Dy) setting

a(u,v) = /]RN (Vu-Vu+ Vuo —oF - Vu) dzx (6.1)

for u,v € D(a) = {f € WH2(RY) : Uzf e L*(RM)}. The form is well
defined thanks to (H4). Moreover, as in Lemma 2.5 it can be verified that
C&°(RY) is dense in D(a). Integrating by parts and using (H5), with p = 2,
we deduce

Rea(u,u):/ (|Vu|2+V\u|2+%divF |u|2) dz > ||Vul3+(1-2) |U2ul3.
RN

(6.2)
This shows that a is a closed positive form. Since a(u,v) = (—Au,v) for
u € Dy and v € D(a), a is sectorial by Proposition 3.1 and the m—sectorial
operator induced by a coincides with —A, since we know that Dy C D(a).
If divF < U, the adjoint form

a'(u,v) = a(v,u) = / (Vu - Vo + (V + divF)uv + 0F - Vu) dz,
RN
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with D(a’) = D(a) has the same properties as a and defines the adjoint
operator (A’ D), where A'v = Av — F - Vv — (V 4+ divF)v.

We point out that this approach yields the analyticity of our semigroup
T(-) in LP(RY) for 1 < p < oo (see [33, Theorem 1.1]) but not the descrip-
tion of the domain of the generator. We refer to [15], [33], and the references
therein for recent developments of these methods using rather weak assump-
tions.

In the proof of Proposition 4.2 we have already proved the positivity of
T(-), employing the maximum principle for functions in Dy, [22, Proposi-
tion 3.1.10], to show the positivity of the resolvent on Co(RY). Here we give
an alternative proof, based on form methods.

Proposition 6.1. The semigroup T(-) is positive; i.e., f > 0 implies
T(t)f > 0.

Proof. It suffices to treat the case p = 2, due to Lemma 4.3 and Proposi-
tion 5.1. Observe that the form a defined in (6.1) is real and if u € D(a)
is real valued, then u*,u~ € D(a) and a(ut,u”) = 0. The positivity of
T(t) on L?(RY) thus follows from the non-symmetric first Beurling-Deny
criterion, see [30, Theorem 2.4], since its generator (A, Ds) is the operator
associated to a. n

The semigroup further improves the integrability of the initial datum.

Proposition 6.2. For everyt >0 and 1 < p < oo, T(t) maps LP(RN) into
Co(R™) and thus also into L4(RN) for q € (p, o).

Proof. It suffices to show that T(t) maps LP(RY) into Co(R™). Let p > 1
and f € LP(RY). Since T(-) is analytic, T(t)f € Wg’p(RN) C W2P(RN).
If p > N/2 we are done due to Sobolev’s embedding theorem. If p < N/2
we use Sobolev’s embedding theorem (and the semigroup law) finitely many
times to deduce that T'(t)f € L"(RY) for some r > N/2 and conclude as
above. O

In order to deal with the case p = 1 and to give an estimate of the operator
norm of T'(t) acting from L>®(RY) into L'(RY), we use form methods as in
the proof of Proposition 6.1. The operator norm of T'(t) : LP(RY) — L(RM)
can then easily be estimated by interpolation.

Proposition 6.3. There is a positive constant M such that ||T'(t)f|2
Mt ||f|ly fort >0 and f € LYRN). If divF < U, then ||T(t)f] o
Mt_%Hle fort >0 and f € LY(RY).

<
<
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Proof. Let us first show that
IT(t) fll2 < Mt~ f|1, (6.3)

without assuming that divE < coU. To this aim we employ the sesquilinear
form a introduced in (6.1) and observe that Rea(u,u) > ||[Vul|3 for every
u € Wé’z (RY) due to (6.2). Therefore, Sobolev’s inequality yields

2+4/N 4/N
lull3 N < Calu, w)|ull

for every u € Wé’Q(RN ). Now (6.3) follows as in [15, Theorem 2.4.6] since
T(-) is analytic in L2(RY).

Next we assume that divF < coU and consider the adjoint A'v = Av —
F-Vv — (V +divF)v with domain D,. It is associated with the adjoint
form @’ and therefore it is the generator of the adjoint semigroup (7'(t))¢>0-
Therefore (6.3) holds with T'(¢)" instead of T'(t) and yields, by duality,

IT(#) flloo < M| f]lo.

By the semigroup law, the proof is complete. ]

It is well known that the estimate | T'(t)f|lco < Ct~™/?||f||1 implies the
existence of a bounded kernel k;(z,y) such that

TON@ = [ k)i

and, moreover, sup, ,cgn kt(z,y) < Ct~N/2. This kernel is positive by
Proposition 6.1.

In the following proposition we show the compactness of T'(-) assuming
that the potential V' tends to infinity as |z| — oo.

Proposition 6.4. Assume that lim, ., V(z) = co. Then D) is compactly
embedded in LP(RN) if 1 < p < oo and in Co(RY) if p = co. The spectrum
of (A, D,) is independent of p € [1,00]. Moreover, T'(t), t > 0, is compact in
LP(RN) for 1 < p < oo and in Co(RN). T(t), t > 0, is compact in L*(RY)
if divF < eoUU.

Proof. Let F be a bounded set in D, and assume that 1 < p < oo. By the
assumption, given € > 0, we can find R > 0 such that

/ f@)Pdr<e
|z|>R

for every f € F. At this point the compactness of F in LP(RY) easily
follows from the compactness of the embedding of W2P(Bg) into LP(Bg).
A similar argument works for p = co. The p-independence of the spectrum
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is now a consequence of e.g. [3, Proposition 2.6]. Since T'(-) is analytic, its
compactness is equivalent to the compactness of the embedding of D, into
LP(RN), respectively Co(RY). O

An analytic semigroup S(-) on a Banach space X with generator B has
mazimal regularity of type L1 (1 < q < oo) if for each f € LI([0,T],X)
the function t — wu(t) = f(f S(t — s)f(s)ds belongs to W4([0,T], X) N
L9([0,T], D(B)). This means that the mild solution of the evolution equation

u'(t) = Bu(t) + f(t), t>0, u(0) = 0,

is in fact a strong solution and has the best regularity one can expect. It
is known that this property does not depend on 1 < ¢ < oo and T" > 0. In
recent years this concept has thoroughly been studied and applied in various
directions, see e.g. [2], [16], [35], and the references therein. For our purposes
we only need the following facts. Let X = LP(RY) for some 1 < p < oo.
Then the operator B has maximal regularity of type L9 if its imaginary
powers satisfy ||(—B)*|| < Me®l for some a € [0,7/2) and all s € R thanks
to the Dore—Venni theorem, see e.g. [2, Theorem 11.4.10.7]. If p = 2 and
B is maximal dissipative and invertible, then ||(—B)*| < Me™#/2 by a
result due to Kato, [20, Theorem 5]. Hence, if p = 2 and B is regularly
dissipative, then ||(—B)%| < Me%*l for a = 7/2 — ¢ and some ¢ € (0,7/2].
Moreover, if B generates a positive contraction semigroup on LP (]RN ), then
|[(—=B)*|| < M. exp((e + 7/2)|s|) for each ¢ > 0 and s € R because of the
transference principle [9, Section 4], see [8, Theorem 5.8]. If we combine
these facts with the Riesz-Thorin interpolation theorem, Proposition 3.1,
Theorem 3.4, and Proposition 6.1, we obtain the following result. (See also
[5, Theorem 7.1].)

Proposition 6.5. A has mazximal regularity of type L9 on LP(RY) for all
1<p,q<o0.

7. GENERALIZED ORNSTEIN-UHLENBECK OPERATORS

In this section we investigate the operator
Apgu=Au—-V® -Vu+G-Vu

on LP(RY 1), 1 < p < oo, where u(dr) = e ®dr. Under the following
assumptions on ® : RY — [0,00) and G : RV — RY we show that Ag ¢
with domain W?2P(RY, 1) generates a positive analytic semigroup 7(-) on
LP(RVN, 1) employing our previous results.

(A1) ® € C?(RV,R), G € CYRYN,RY), and [y e ®@dz < o0.



LP—REGULARITY FOR ELLIPTIC OPERATORS 1157

(A2) For each € > 0 there is ¢. > 0 with
div G| + | D*®| < £|VO|* + c..

(A3) There is a constant w € R such that G- V® — divG < w.
(A3’) divG =G -V.
(A4) There is a constant d > 0 such that |G| < d(|V®| + 1).
Below we will see that (A1) and (A3’) say that the finite measure u(dz) is,
up to a multiplicative constant, the unique invariant measure of 7'(-). In
fact, (A3’) is only needed for this purpose. Moreover, (A2) with e = 1 and
(A3) imply that
VO - (—VP+G) <w+ep = w';
i.e., ® is a Liapunov function for the ODE corresponding to the shifted
vector field —V® + G — w'. Lemma 7.3 also shows that (A3) implies the
dissipativity of Ag. — /. We can omit (A3) if the constant d in (Ad) is
small enough, see Remark 7.5. The growth assumptions (A2) and (A4) allow
us to use Theorem 3.4 and to compute the domain. Notice that the above
hypotheses simplify considerably if G = 0, i.e., for the (symmetric) operator
Ag = Agp, see Corollary 7.8. It can be proved that the analyticity of the
semigroup fails in some cases where (A4) is not satisfied, see [26].
We need some properties of the weighted Sobolev spaces
WhEPRN 1) = {u e WEP@RN) : Dow e LP(RN, 1) if |a] < k}
First of all, we observe that C5°(RY) is dense in W*P(RY ). This can
be seen as in Lemma 2.5. In the following lemma we do not need the full
strength of hypothesis (H2) but only a weaker, one—sided estimate.

Lemma 7.1. Let 1 < p < 0o, assume that (A1) holds, and that
AD + (p—2)(1 + VP2 H D2V, V) < e |VP|? +c.

for some ¢ < 1. Then the map u +— |V®|u is bounded from W1P(RN )
to LP(RN, 1) and the map u — |V®||Vu| is bounded from W2P(RN, ) to
LP(RN w). In particular, Ap g : WHP(RN, u) — LP(RYN, 1) is bounded in
view of (A4).

Proof. Fix p € (1,00). Since C§°(RY) is dense in W*P(RYN 1), it suffices
to prove that
IV@ullpp < c(l[Vullry + [lullzz)

for v € C°(RY) and some constant ¢ > 0. Observe that there are two
constants a, b > 0 such that

IVOPP < a(l+|VOP?)z VO +b,
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so that we only have to estimate [yx(1 + [V®|?)2 71 V®[?|ulPe~®dz. An
integration by parts yields

/ (14|Ve[)2 |V julPe®dx
RN

p_

= [ lra+ vep

= [ PO [9ORE AR )

Ve - V(e ?®) dx

+p-2) /RN P (1 + [VO2) 52 D20V, VO 1(de)

+p/RN ululP2(1 + |[VO|2) 2V - Vu p(da)
SE/RN(l—HV@\Q)g1V<I>|2|u|p,u(d:z:)+cg /RN(H— VD[2) 5 uf? u(da)

4 [ (40 E 0] o~V ).

p
2

Using the inequality (1 + #2)2~1 < n(1 + t2)2 142 + ¢ with n = 12—;: and
Holder’s inequality, we obtain

1—¢

/RNH + [V 5 VI uf? ()

L
7

<p( [+ IVORY E DT upuis)”
RN

([ v i) v [ )

(p' is the conjugate of p). Now, since (14 t2)P 5=V < ¢ (14 12)2 142 +
co for certain constants ci, co > 0, the conclusion follows from Young’s
inequality. ([l
The following lemma can be proved supposing only the one—sided estimate
AD+2(p—1)(1+ |VOP) N (D2BVD, V) < e| VD[ + ¢,

for some € < 1. This can be done imitating the proof of Lemma 7.1. Since

we need hypothesis (A2) in the sequel, we prefer to assume it to shorten the
proof.

Lemma 7.2. Suppose that 1 < p < co and that hypotheses (A1) and (A2)
hold. Then the map u — |V ®|?u is bounded from WP(RN 1) to LP(RN, ).
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Proof. We apply Lemma 7.1 to the (vector) function uV® and we obtain
[V < CluV®lys < C (V@] + [uD?®] 1 + [V - VO 11 )

< C (lullyzo +elulVOPl g + ccllully) -

In the second inequality we have used Lemma 7.1 twice and (A2). Taking a
small e, we establish the assertion. ]

Lemma 7.3. Assume that (A1) and (A3) hold. For u € CRY) and
v e WERN) we have

loc

/RN (Ao qu)v p(dx) = — Vu - Vo pu(dr) + / (G- VP — divG) uv p(dx)

RN RN

- / uG - Vo p(dz). (7.1)
RN

In particular, Ap,c — 3 (defined on CS°(RN)) is dissipative in LP(RN, 1) for
1 < p < oco. Moreover, Ag is symmetric in L>(RN ).
Proof. The first assertion is straightforward to check and implies the last

one. Let p > 2. Take a real u € C{°(RY) and set u* = w|u[P"2. Then
Vu* = (p — 1)|u[P~2 Vu and therefore

[ (Aagu nlde) = ~p=1) [ [l ?|Vul? (o) (r:2)
RN RN

+ /RN(G -V® — divQ) |ul? p(dz) — (p — 1) /RN u* G- Vupu(dr).

This equality and (A3) imply that
p [ (A guu n(de) < wulf,
R

as claimed. If p € (1,2), we replace |u| by (1 + |u|?)'/2. By similar calcula-
tions and letting n — 0, one also obtains (7.2), and thus the dissipativity of
Ap.c —w/p. O

We now come to the main result of this section. We say that a finite Borel
measure v on RY is an invariant measure for a semigroup 7T(-) on Cy(RY) if

/ T(t)f v(dz) = fv(dz)  for feCyRYN), t>0. (7.3)
RN RN
Theorem 7.4. Assume that assumptions (A1), (A2), (AS3), and (A4) are
satisfied. Then the operator

Apg=A—-V®.V+G -V
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with domain D(Asg) = W2*P(RN, ) generates a positive analytic Co—
semigroup T(-) on LP(RN ), 1 < p < oo, such that ||T(t)||, < et™/P, where
p(dz) = e=®@dz. Further, p is an invariant measure of T(-) if and only if
(A3') holds in addition. Moreover, T(t) is symmetric if p = 2 and G = 0.
Finally, if |V®(z)] — oo as |x| — oo, then T(t), t > 0, is compact in
LP(RYN | 1) and the spectrum of Ae g is independent of p for 1 < p < oo.
Proof. Fix p € (1,00). We make a change of variable in order to work
with an operator on LP(RY, dx) instead of LP(RY, 11). Namely we define the
isometry

J:LPRY p) — LP(RY),  Ju=¢ ru.
A straightforward computation shows that
Apcgu=J 'AJu for uec CRY),

where
Av=Av+ [(%—1)V®+G] -W—%[(l—%)yv¢>|2—m>—c-vq> .
We deﬁner(%—l)V@%—Gand

V:%[@%)W@FA@G-V@] (7.4)

We now want to show that A satisfies assumptions (H2)-(H5) for a suitable
function U. Taking ¢’ = (1 — %) in (A2) and using (A3), we see that
1 1 1
Vo (1= ) |VoP - (e +w). 75
3o (1= )98 = (e ) (75)
We set therefore U = ¢y + %(1 - %)\VCI)P for a number ¢y > 0 to be
determined below. Assumption (A2) implies that (H2) holds for every v > 0.
Set ¢ =co+ ]l)(ca/ + w). Due to (A2) and (A4), there is a positive number
¢1 > 0 such that 0 < ¢ < U <V +¢ < U; ie., (H3) holds for V + ¢ Tt
is clear that (H4) follows from (A4). It remains to choose ¢y so that (H5) is
satisfied. Using (A2) with &’ = 5;71, we obtain

. Y . g . " g - 2 g —
—divF = —divG (p 1)AD <e <1+\p 1\)|V<I>\ +c5~(1+}p 1])
< 2" |IV®|? + 2¢on < gU

if ¢p = %. Theorem 3.4 (and Remark 3.5) thus shows that (A, Wé’p(RN))
generates an analytic Co-semigroup S(-) on LP(RY) for 1 < p < oo, which is
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positive and compact (if |[V®(z)| — oo as |z| — 00) due to Propositions 6.1
and 6.4, respectively. As a result,

Apg=J AT

with domain D(Ae ) = {u € LP(RN, u) : Ju € Wé’p(]RN)} generates a
positive analytic Co—semigroup on LP(RY, u), 1 < p < oo, which is compact
if [V®(z)| — oo as |z| — oco. The independence of the spectrum of 1 < p <
oo is a consequence of the compactness of T'(-) as in Proposition 6.4.

Suppose that u € D(Ag ). Then v := Ju € W*P(RY) and |V®|?v €
LP(RY). Hence

_2 1 N
e »Dju=—vD;j®+ Djv e LP(R"),
p
since |[V®| < 14 |V®|2. Moreover, from (A2) and Proposition 2.3 we deduce
_2 1 1 1 1
¢ » Diju = ~vDij®+D;jo+=DjuD;®+=DjvD;®+—vD;®D;® € LP(RY);
p p p p

ie., u € W2P(RY p). Conversely, take u € W2P(RY 1) and set v := Ju.
Then, by Lemma 7.1,

_2 1 N
Djv=e v - D+ Dju) € L*(RY).

Lemma 7.2 further implies that |V®|?>v € LP(RY). Using Lemma 7.1 and
(A2), we obtain

_e 1 1 1 1 N
Dij’UZG p (Diju——uDijq)—l-—QuDj(I)DiCI)——DjuDiq)——DiuDj(I))GLp(R )
p p p p

Thus u € D(Ag ) and we have established D(Ag ) = W2P(RYN, ).

In particular, C§°(RY) is a core of Ap . Therefore Lemma 7.3 yields
the asserted estimate and, if G = 0, the symmetry of T'(t). Moreover, x
is an invariant measure of T'(-) if and only if [, Apgudy = 0 for each
u € C§°(RY). This property is equivalent to (A3’) by (7.1). O

Remark 7.5. In the above proof we have used (A3) only to deduce (7.5) and
to obtain the asserted estimate. Therefore Ag ¢ with domain W2P(RY | p)
also generates a positive analytic Co—semigroup on LP(RY, ;1) if we assume
that (Al) and (A2) hold and that |G| < d|V®| + ¢ for some constants
0<d<1-andé>0.

Remark 7.6. Observe that in the above theorem the domains of generators
A ¢ become smaller if we increase p € (1,00). Thus the semigroups 7'(-)
generated by Ag g on LP(RY ) and LY(RYM,u) coincide on LP(RYN 1) if
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p > q. As in Remark 2.7 one further sees that these semigroups also extend
the semigroup on Cy(RY) constructed in [25, Section 4]. Corollary 4.7 in
[25] thus shows that the semigroups 7'(-) in Theorem 7.4 are irreducible and
have the strong Feller property, As a result, p is the (up to a multiplicative
constant) unique invariant measure of 7'(+) if (A3’) holds due to [14, Theorem
4.2.1].

Remark 7.7. Observe that the change of variable used in the proof of
Theorem 7.4 and the resulting operator A and the auxiliary potential U
depend on p. Moreover, in the limiting cases p = 1, oo hypotheses (H2)—(H5)
may fail. This is not only a technical problem, but some of the conclusions
of Theorem 7.4 can in fact be wrong for p = 1, 00. For example, T'(+) is, in
general, not analytic and even the inclusion D(Ag ) C WEHRYN, 1) may
be false, see e.g. [24].

Corollary 7.8. Let ® : RN — R be a C? function satisfying Jan e @y <
0. Assume that for each e > 0 there is c. > 0 such that |D*®| < e|V®|?+c..
Then the operator Apu = Au—V®-Vu with domain D(Ag) = W2P(RY, 1)
generates an analytic semigroup in LP(RY 1) for 1 < p < oo.

Corollary 7.8 improves Theorems 2.2 and 2.7 in [13]. These results require
condition (H2) for all v > 0 for the potential V' (with G = 0) defined in
(7.4) and additional growth assumptions on V& and D?®. See also [11] for
further developments in the case p = 2. Observe that if ®(z) = ¢(|z|) for
|z| > 79 > 0 and G = 0, then (H2) says that |¢”| < g|¢’|> + C- on [rg, ).
This holds e.g. if ¢(r) =%, a > 0.

As a particular case of the Theorem 7.4, we consider the Ornstein—Uhlen-
beck operator

Lu(z) = Tr(QD*u(x)) + (Bx, Vu(z)), zcRY, ue CPRY),

where @ is a real, symmetric, positive definite N x N-matrix and B is a real
N x N—matrix whose eigenvalues are contained in the open left half plane.
The Ornstein—Uhlenbeck semigroup is given by

(T(1))(x) = (47) 7= (det Q)2 /RN B(etBr — y)e Qv gy,

r€RN, t >0, ¢ e Cp(RY), where Q; := fot eBQe*B ds, t > 0. We know
from [27] that, by a change of variables, L is similar to the operator

Apgu=Au—-V® -Vu+ G- Vu,



LP—REGULARITY FOR ELLIPTIC OPERATORS 1163

2

where ®(z) = Z;\le 4%_ and G(z) := Byx for x € RYN. Here B is a real
N x N—matrix satisfying

BiD, = —D,B", (7.6)

where D)y := diag(A1,...,Ax) and A1,..., Ay > 0. Condition (7.6) implies
that divG = G - V® = 0. It is easy to see that & and G satisfy the
assumptions (Al), (A2), and (A4). Thus we obtain the following result,
which was proved in [27, Theorem 3.4] using completely different arguments.
We also refer to [21], where the case p = 2 was treated, and to [7], where
the symmetric case By = 0 was studied with R replaced by an separable
Hilbert space.

Corollary 7.9. Suppose that Q is a real, symmetric, positive definite N X N -
matriz and that B is a real N X N -matriz with eigenvalues in the open left half
plane. Then the Ornstein-Uhlenbeck operator L with domain WQ’p(RN,u),
where p(dz) = e=®@dx, generates the Ornstein-Uhlenbeck semigroup T(-)
on LP(RN, 1) for 1 < p < oo. Moreover, u is the invariant measure of T(-).
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