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ABSTRACT: The low energy effective field theory of type II D4-branes coupled to bulk su-
pergravity fields is used to investigate quantum effects for D4-branes in the D0 supergravity
background. Classically, the D4-branes are unaffected by this background. However, quan-
tum (one-loop) effects are argued to lead to an induced density of DO-brane charge; e.g.,
DO-multipole moments on the D4-brane. The effect is divergent in field theory, but is
expected to be cut-off naturally by stringy corrections.
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1. Introduction

The polarization of branes by external fields [[i], fJ] is an important effect with many ap-
plications in string theory including those associated with giant gravitons [J], instanton
studies [d], brane inflation [[], and supertubes [, [i], the last of these being the subject of
an interesting proposal B, A, @] regarding black hole entropy. To our knowledge, however,
all of the standard applications can be viewed as classical polarization effects, perhaps with
quantum corrections. Consider, however, Dp-branes in the supergravity fields generated
by D(p £ 4)-branes. In this context the unpolarized Dp-branes are known to saturate the
BPS bound. Thus, there can be no lower energy classical configuration and the classical
ground state remains unpolarized'. However, this argument leaves open the possible dis-
tortion of quantum fluctuations around the classical ground state and associated quantum
polarization effects.

Such quantum polarizations were first explored in [[[1], which considered a bound state
of N test D0-branes placed in the supergravity background generated by a collection of par-
allel D4-branes. It was argued under such conditions that, to lowest order in the weak field
limit, the width of the DO-bound state changes by an amount proportional to Ro(g/N )1/ 32
where Ry is the unperturbed width of the bound state and f is a dimensionless measure
of the Ramond-Ramond field strength at the DO-branes. This result was shown to match
the corresponding distortion of the near-D0 supergravity solution in the manner expected
from gauge/gravity duality.

IThere could, however, be several degenerate ground states so long as one remains unpolarized.



Here we study the opposite limit and consider a test D4-brane placed in the supergrav-
ity background generated by a collection of DO-branes. The advantage of this context is
that one may find effects even for the abelian theory associated with a single brane. Instead
of examining the size of the brane, we compute the induced density of DO0-brane charge,
(ppo), defined by the coupling of the D4-brane to the Ramond-Ramond 1-form C'). In
the approximation of interest, this charge density is proportional to F'A F' plus a quadratic
fermion term, where F is the (abelian) Yang-Mills fields on the D4-brane. Because ppo
contains quadratic terms, the expectation value (ppg) is sensitive to quantum fluctuations.
Note, however, that this is indeed a polarization effect as the integral of ppy must vanish.

The calculations below are performed using the low energy effective field theory for
the D4-brane, including the couplings of world-volume Fermions to bosonic supergravity
backgrounds found in [13, [3]. We find that {ppo) does not vanish in the supergravity
background generated by DO0-branes. Instead, it diverges in our field theory treatment.
This is somewhat surprising given the supersymmetry of our setting?, but appears not to
contradict any known results. In a full string-theoretic treatment one naturally expects
that this divergence will be cutoff at the string scale.

We begin in section P below with a short review of the results of [IJ] and a precise
statement of our setup. The field-theoretic calculation of (ppg) is then presented in section
B As is clear from the above description, our calculation begs a full string-theoretic
treatment. While we defer such a calculation to future work, it is interesting to assume
that a full string treatment cuts off our divergences at the string scale but leaves them
non-vanishing, and to consider the implications. We discuss such implications in section [,
showing that such a term has the right form to arise from a 1-loop (annulus) string diagram.
In particular, our polarization effect would require the D4-brane effective action to have a
1-loop term of the form [ d®z|p(dCM)[?, where p(dC")) denotes the pull-back of the bulk 2-
form field strength dC' to the brane and the notation [p(dC'™)|? = [p(dC )] [p(dC™M)];;,
where the contraction is performed using the induced metric on the brane. We will use I, J
to denote worldvolume indices and A, B to denote spacetime directions. It is convenient
to mention here that we use analogous notation I , J and fl, B for tangent space directions,
and similarly 4, j and a, b for world-volume and spacetime spatial directions (i.e., orthogonal
to the D0 worldlines) and 7, d,l; for the corresponding tangent space directions.

2. Preliminaries

Recall that our goal is to study deformations of the D4-brane ground state when placed in
the supergravity field generated by a collection of D0-branes. We shall therefore take the
D4-brane as a test object whose back-reaction on the supergravity fields can be ignored.
One expects this approximation to be valid in the limit where the string coupling g is taken
to zero but the number of DO0-branes is increased so that the supergravity background
remains fixed.

2In particular, as shown in E] our field theory retains an explicit invariance under an 8-supercharge
supersymmetry algebra when coupled to the D0 background.



2.1 The charge density operator, ppg

Since we wish to compute the charge density which couples to the Ramond-Ramond vector
potential C'4, and since this charge is defined by varying the D4-brane action with respect
to C4, we will need the general coupling of the D4-brane to this field. The coupling of the
bosonic D4-brane fields is familiar, but the Fermion couplings are more complicated. The
complete set of such couplings was calculated in [[IJ] to quadratic order in Fermions. This
will suffice for our purposes as we have already stated that we will take ¢ small, and so
may work perturbatively in world-volume fields.

The lowest order effect is thus given by the quadratic truncation of the D4-brane
effective action, which is just the N = 4 U(1) theory coupled to our background (2.§). In
particular, the Fermion terms we require will be second order in Fermions and will involve
no coupling to the world-volume gauge field Fj;. Thus we will use a truncated effective
action of the form

runc 0 2) trunc
554 = SE)i + SE)A)l ' )

S0 — —TD4/d5€e_¢\/—(g+.7:) +TD4/ce—f, (2.1)

where S(ng); frunc G4l contain the appropriate quadratic Fermion terms, g is the induced
metric, Fry = Frj + By, C =), C™ is a formal sum of the IIA Ramond-Ramond
potentials and the integral [ C e~/ picks out the form of rank 5 to integrate. We will also
use X4(€) to denote the embedding of the brane in spacetime.

The quadratic Fermion term is written in terms of a real Majorana Fermion ¢, which
lives in the 32-component representation of the Clifford algebra

{r4, 18} = 2518, (2.2)

The conjugate spinor 1 is defined by 1/_)5 = 1p*Cyg, where C' is the anti-symmetric charge-
conjugation matrix which we take to be C,3 = 1'%,,. Following [[[3], we use of the notation

% = DOPIP2r3TArS T8 78T for the ten-dimensional chirality operator. We also use the
1
5lv/=g
where € denotes the Levi-Civita tensor density (which takes value £1,0 for any metric).

EELM 1T for an interesting world-volume chirality operator,

notation I'py =

Finally, we will use the notation I'r, 1, = I'j;...I';,] denoting antisymmetrization with
weight one; e.g. I'g; = %(Forl — Flro) =TIoI.

We may also drop any couplings of Fermions to the background Neveu-Schwarz two-
form Bap (though these are non-trivial and were computed in [[[J, [[3]) since it will vanish
in the background generated by DO0-branes and we will not need to vary it. With this

understanding the truncated quadratic Fermion action S(Dz)l frunc may be seen from [[[J] to
be
T _ -
S(D2i trunc — % /d5£e ol /_g¢(1 _ FD4)(FID[ o A)T;Z)y (23)
where
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A= %PA(‘)Aqﬁ + %db (%Fg)@PBCF“b + %FS)CDEPBODE> . (2.4)
Here w is the spin connection of the spacetime metric and we have chosen to denote bulk
Ramond-Ramond fields by bold-face F(®) = dC("1) 4+ Wess — Zumino terms in order to
distinguish them from the U(1) world-volume field ' on the D4-brane. The superscript
(n) denotes the rank of the form.

It is now straightforward to vary the action (P.J) and obtain the current JA =

trunc
L 9S5i™ iyt couples to C/%l). The result is
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(2.5)
We will in particular be interested in the charge density ppg = J°, where 0 denotes the
direction along the world-lines of the DO0-branes that generate the background of interest,
as all other components of J4 will vanish by symmetry in our background.

2.2 Specifics of the D0-background

Since we consider Fermions below, we will work in terms of the vielbien eﬁ. The direction
picked out by the D0-worldline is clearly special and corresponds to A = 0. We will use the
symbol a = {1,...9} to indicate one of the directions transverse to the zero-branes. Thus,
the supergravity background is

e =HM Co=H"'-1, C,=0
ds? = eAeBnAB, with e® = H1/45bddxb, eV = H-1/44dt, (2.6)

with all other fields vanishing. The function H is a harmonic function on the nine-
dimensional space defined by z', ..., z° and sourced by the distribution of DO-branes. We
will proceed without assuming any particular form for H, but for the case of Ny DO0-branes
at the origin H takes the familiar form H =1+ 60772965#, where r? =Y~ z%°.

The particular form of (2.4) allows a dramatic simplification of the effective action
(1)). Following the discussion in section 5 of [[[3], it is useful to also impose static gauge
¢l =2! for 1 =0,1,2,3,4 and to impose the xk-symmetry gauge

?ﬂ%(l —T'pa) = 1. (2.7)

Thus, from now on we take 1) to be a constrained Fermion satisfying (P.7) so that it has
only 16 independent components, though the I's are 32 x 32 matrices.

Finally, at this stage we use our weak coupling approximation to truncate the action
by dropping all remaining terms beyond quadratic order in world-volume fields (including
interactions between the Fermions and the scalars X?), as such terms give sub-leading con-
tributions in the g — 0 limit. With this understanding the action (P.1) in the background

(-4) becomes

trunc — Sg))

SD4 ) trunc + 5(2) trunc with

D4 ’

V=GOl = Tpa) (=84 42079, (xX18)14)) 1)



SE T = ~Ton [ dPx ~Tou [ x (5P L+ 0T XP0 X gy, +
_%ngg'mFiijl} ,
runc . - 1 A~
Sgi ¢ = ZTD4/d5:c P [1”61 — 581 InH 1“1(1 + QFGI‘@)} P . (2.8)

Here we have used indices I, J to denote spacetime directions {0,1,2,3,4} on the brane,
lower case i, j to denote space directions {1,2,3,4} on the brane, and indices p, ¢ to denote
directions {5,6,7,8,9} transverse to the brane. Below, we will also use I .1,p to denote
the corresponding tangent space directions. We have also introduced © = (H~! — 1), the
moduli metric g,y = H 1/ 2(5pq and the worldvolume metric gy

—H7?2 9
= 2.
grj ( 0 Hl/zéij ) ) ( 9)

which is used to raise and lower the indices I, .J, 7, j, and the Levi-Civita tensor density
%7k whose non-zero entries are +1.
The supersymmetries of the action (B.§) and their algebra were also derived in [[[3].

For completeness, we repeat them here. They are

5 = (AFT 1 T% + 50, XPT'T)e |
0. Ar = el Ty |
5. XP = izTPy (2.10)

where ¢ = H=1/8:(0) and £© is any a constant spinor satisfying

1
2 .
5(1+Tgi53 %) = 0. (2.11)

Note that the two projectors commute, so that 1/4 of the 32 supersymmetries survives.
;From [[[J], the commutator of two such supersymmetry transformations corresponding
to €', &2 acting on a bosonic field (X or A) is

[0.1,0.2] = (—ie°T%e") 9y — Q [iE°T° Ape'] (2.12)

where @ is the generator of gauge transformations; i.e. Q[A]X = Q[A]y = 0, but Q[A]A; =
0;A. In reaching the above form we have used the fact that, since I'j53;6 = €, one has
—ig’Te! = 0. Note that the factors of H in the first term cancel so that it represents a
constant time translation, which is indeed a symmetry of the action (2.§).

We may also use the x-symmetry condition (B.7) and the identity that ¢y 4BCPEy = 0
for any Majorana spinor ¢ to simplify the expression (R.§) for the current which couples
to Cy. The result is

Tpa _ryxrm iTpy
Jh= ¢ FrxFrm +
8v/—g 4y/=g

where one is pleased to note that all derivatives transverse to the brane have disappeared.

;s <\/—_91[_)F‘H r%) : (2.13)

Note that since the scalars X? do not appear in (2.13) and are decoupled from all other
fields, they are irrelevant to our calculation and will not appear in any discussion below.



3. The induced D0 charge density

We are now nearly ready to compute the expectation value (ppg) = (J°) in our back-
ground. In order to properly take into account the deformation of the ground state, it is
useful to compute (ppg) in the corresponding Euclidean signature background and then to
analytically continue back to Lorentz signature.

We find it easiest to keep track of the relevant signs and factors of ¢ by proceeding
exactly as stated above; that is, by analytically continuing the background and making no
changes in the coordinates. That is, we take the Lorentzian action (.1]) to define a function
Sp(X, F,1;b), where b is the supergravity background and simply substitute the Euclidean
background bg defined by (R.4) with the replacements

) = —iH Y4t and C = —i(H ' —1)dt. (3.1)

In particular, the metric still has the form ds? = eAeB n 45 With 145 the Minkowski metric.
The Levi-Civita tensor density é//5EM of course remains +£1 or 0, but /—g = det(e)
changes by the above factor of —i. We also follow the standard convention of introducing
another factor of —¢ in the Euclidean action, which we define for any background b as
SE(X7 F,v; b) = _iSL(Xv F,4; b)

Evaluating the Euclidean action Sg(X, F,v;bg) on the background bg of (B.1]) yields:

runc 0 2) trunc
Shrune = S0) + S5, ,
Skbi = TD4/ ot TD4/ @z {3F Fry+ 30" X" 01X g

~L0HE By | (3.2)

To display the Fermion action it is useful to first clarify our definition of the analytic
continuation. We take 'Y to be independent of the background, with T'4 defined in terms
of e4 and T'A. Thus, I'Y depends on the background; it is anti-Hermitian in a Lorentzian
background and Hermitian in a Euclidean one. On the other hand, T’ 0 ig always anti-
Hermitian. However, we find it convenient to define F% = T0 and T go = —ilg, from

which we see that F% =I'y ;. Note that we have:

Tpy =il [ Ds0s03 0%, and (3.3)
¥ = P EOpip2p3pdrspé s 9, (3.4)
We also introduce ¢¥g = —itp. With such understandings the quadratic Fermion action is
s@ e _ g P G 110y — 20,In B Ti(1 4 82T, 19 3.5
EDA4 = —1p4g T YE I_gzn (+Z E,0 )Tzz)a ()
where 1 continues to satisfy
1_ _
51/)E(1 —T'ps) =¢p. (3.6)



Similarly, we define a Euclidean current J%(X , F,1;b) on any background b through
JU(X, F,9;b) := —iJ)(X, F,;bg). Evaluating this current on b yields
Tpa Tpa

0 _ ~0ijkl . ) 3/4,7 a0 1
T = e M R+ i (H ¢EFTEF%). (3.7)

It will be convenient to restrict attention to weak supergravity fields so that we may treat
the system perturbatively. This amounts to the condition 6H = H — 1 < 1, so that we
may approximate 9;In H ~ ;H and @ = H ' —1~1— H.

Because J% contains products of operators at coincident points, the individual terms
are likely to be divergent. Our strategy will be to point-split each term along some dis-
placement ¢ in the Euclidean time direction and then add the contributions from each
term together, analyzing the limit § — 0. The purely Bosonic part JSE of the current
(B.1) will be studied in subsection B.1] below, while the part J})E quadratic in Fermions
will be studied in subsection B.3. We will then collect the terms and study the coincidence
limit in subsection B.J. The reader may wonder what happens to these divergences in the
trivial background H = 1. As we will see below, it turns out that the index and I'-matrix
structure of (B-2) and (B-7) cause both contributions to J% to vanish identically for H = 1,
even at finite point-splitting parameter 6.

3.1 The Bosonic part of the Euclidean Current

Let us now consider the point-split bosonic contribution,

(T, )) = T ) B () (14 O(H)) = — 22 O0M, 05 (A4 () () (14+ O ),

(3.8)
where we have written this result in terms of the two-point function of the world-volume
connection Ay that leads to the field strength F7;. We have also explicitly indicated the
two arguments x,y of the point-split current. The subscripts x,y on indices indicate the
points at which the corresponding derivatives act. The two point function (A (z)A;(y))
may be computed from the equation of motion for F', which may be written

1 .
orFt = —EgOZJMFMaZ-H + O(6H?). (3.9)

The two-point function satisfies this same equation, but with an additional delta-function
source.
As we will solve the problem perturbatively, we wish to express (B.9) in the form

5JL5IK81FKL = L‘HA[, (3.10)

where L77 is a linear differential operator that is also linear in 6H. Since every term in
(B-9) contains two derivatives (which act either on AX or on H), each term in L/! must
contain two derivatives as well (which act either on H or on the argument of L/7). The
perturbative solution for the two-point function will then be

Tps(Ax(z)AL(y)) = Grr(z,y) — /d5zGK1(x,z)LIJGJL(z,y), (3.11)



where G (x,y) is the flat-space two-point function (corresponding to H = 1).

;From (B.9) there are two possible sources of corrections to the flat-space two-point
function (Ag(x)A;(y))o. The first is from the metric factors used to raise the indices in F'7/
on the left-hand side of (B.9), the second is from the explicit source term on the right-hand
side. At lowest order in d H the full correction term is the sum of these two independent
sets of corrections.

Let us consider the first set of corrections, working in the Euclidean version of flat-
space Lorentz gauge: 8//0;A; = 0; i.e., in a gauge that preserves all symmetries and in
which Gk, = (01, — a1’52‘%)(?, where 92 = §779;0; is the flat Euclidean Laplacian and G
is the scalar Green’s function satisfying

0*G(z,y) = —6(z,y). (3.12)

Consider in particular the contribution of such corrections to the factor 9;0;(Ax(x)A;(y))
appearing in (B.§). Note that (B.§) contracts this with é%7* so that we may neglect any
terms proportional to the flat-space metric (on any pair of indices). Thus, non-trivial terms
can arise only when each index is generated by the action of a derivative (0;,9;, 0, 0;) on
one of the Green’s functions or on H. Since 0;, d; are explicit derivatives and L7! contains
two additional derivatives, there are indeed four derivatives in each such correction term.
However, each of these four derivatives must act on G(z, z), G(z,y), or H(z). Thus, some
two of these derivatives act on the same function and, when antisymmetrized by contraction
with €%* cause the result to vanish. Thus, we may neglect all factors of H in the metric
and replace L7! by

Llky, = =& (0, H)oy,. (3.13)

Similarly, the anti-symmetry of é%/* implies that the zero-order contribution to JIE)E
vanishes for all z,y. Since we wish to compute e%9*9; 9; (Aj(x)A;(y)) (i-e., a correlator
of field strengths), it is also clear that we may simply replace Gy by 677G, dropping
the longitudinal correction term —a—’éarLG, as this term will again lead to commutators of

coordinate derivatives. Thus, we have

1 S 4 A NA I
(p(z,y)) = 560”'“60” L T /d5z(‘9iG(a;,z)[@i/H(z)]E?j/(‘)jG(z,y)
= _(sheit _ gilgik) / & 20,G (. 2) (0,0 H ()]G (2, y), (3.14)
where all derivatives are with respect to the z’ coordinates. We will postpone detailed

analysis of the limit x — y until after computation of the fermion contribution JJQE, to
which we now turn.

3.2 The Fermionic part of the Euclidean Current

Our approach to the Fermionic contribution JJQ 1 will proceed in parallel with our calculation
of the bosonic term JgE above. We wish to consider the Fermionic term

(T, )) = i 220 (HY (o) 2TTETA)g ) (3.15)



where 9; = 0;, +0;, acts on functions of both x and y and where we have explicitly displayed
the spinor indices «, 8. It will not matter at which point the factor H3/% is evaluated as
we will shortly see that to leading order we may replace this factor with 1.

The two-point function is again determined by the equation of motion, which for the
spinor v is just

Py = éaf In H T'(1+ 20 ,T%)0, (3.16)

where @,; =T T9r and the subscript indicates the implicit dependence on H. Again, we

&

wish to express (B.If) as a linear perturbation of the flat-space result:

P = L, (3.17)
where § = @§, =T %80 + I‘%E@i and L is linear in §H. Here it is useful to introduce the
notation R

5 % forI=0
rb=35"F - (3.18)
17 for I =
so that we may write @, = Fé(‘)]. The two-point function is then
2TD4<T/;E(33)¢(?J)>§ = Gg(l’,y) - /d5Z Gg(% Z)L;)Y'Gg(zay)7 (319)

where G§(z,y) = (PPG(x,y))5 where G(z,y) is again the scalar Green’s function, the
derivatives act on the first argument, and P = # is the projection onto spinors satis-
fying the constraint (P.7). Note that the 2 on the left-hand side of ([B.19) is a result of our
unconventional normalization of the action for Majorana Fermions.

As in the bosonic case, we may consider two sorts of contributions to L: those from
the left-hand side of (8.16) and those from the right-hand side. Contributions from the
left-hand side yield L'/t = 1(1 — H)(T9.dy — T79;). Note that (L¥/" 7G9)(z,y) = 1(1 -
H)(—n'1010;G(1—P)3+2000; G(F%Pfj)g). As aresult, the corresponding contributions to
(B-18) involve traces of the matrices PTLTTOT? and PTY, IO PIFTOT® = PILTAT, I,
where we have used P? = P. But we have

(1 = Tp)TLTTIT? = PP(—1 — Tp) T4, (3.20)

so it is in fact sufficient to average the left- and right-hand sides of (B.20) and, using cyclicity
of the trace, to compute the trace of F%F D4F¢F%F§. However, this operator anti-commutes
with any I'* for which k # i, I, J and so must have vanishing trace. Thus it is sufficient to
replace L by Lyignt = %81 InH Fg(l + 21TE7@F¢).

Similar I-matrix algebra shows that Go(z,y)(T iF%F¢)% = 0 so that the zero-order
contribution to <JJ9 z) vanishes identically at any x,y. The full expectation value is therefore

1 ; , N TP
(T(@,y)) =~ TrIPTET (=i + 27 5, T%) PTATTHTY)

% (01, +0,) / Bz 0,G(x, 2) O H (2)]0,G () + OGH?),  (3.21)



where all derivatives inside the integral are performed with respect to z. Note that to this
order we may replace each remaining I'! by its flat-space counterpart. We find

Tr[PTLT* (—it 2D sT9) PRI T?) = 16(—00/H 2[5 6M 4 5Tk67 617 61126 67 M) + O (6 H).
(3.22)

EO1TRL will contribute a term to (J]?E> proportional to the

However, the term involving
commutator of two derivatives, which of course vanishes. Thus the fermionic contribution
is

(Jp(z,y)) = %(25”5“ — 517 §M 42501 50 5kt / d°z 01G(x, 2)[0,0k H (2)]05G (2, y)+O(§ H?),

(3.23)
where we have used the fact that 0,0, = 0,0, to simplify the factor involving Kronecker
delta’s, and we continue with the convention that all derivatives inside the integral are
with respect to z. We note that this expression is structurally quite similar to the bosonic
contribution (B.14), except that a different combination of derivatives is involved as well as
a different overall coefficient. In particular, Euclidean time derivatives of G do appear in the
fermion contribution, while they were absent in (B.14). We also note that, in comparison
with the bosonic contribution, the Fermionic contribution weights the term where [, k are
contracted with I, J by an extra factor of two relative to the term where [, k are contracted
together. As we will shortly see below, these features will prevent the bosonic and fermionic

divergences from canceling.

3.3 The coincidence limit

Having obtained the expressions (B.14) and (B.23), we now turn to an exploration of the
coincidence limit x — y. To this end, it will be convenient to reparametrize the problem in
terms of the average location AL = (2! +7)/2 and the difference A’ = (2 —y!)/2 of the
two points. We will take the separation to be purely in the Euclidean time direction, so
that AL = 0. We will be most interested in the singular contributions to (B.14) and (B.23),
which result from the region where z is close to either x or y. As a result, it is convenient

to parametrize z as 2/ = AL + |A% pl.
1
3V (SH)|z—yl3?

where V(S%) is the volume of a unit S* and |z — y| is the Euclidean length of the 5-vector
x — y. Using this result, we may write our results in the form

Recall that the explicit form of the scalar Green’s function is G(z,y) =

—1 1 (n" = AL/IA_[)(n” + AZ/|A_))
JP = & Arj(Ay +|A°
< E($7y)> ’A—P [V(S4)]2/ n ’77_‘%0’5 ‘77"‘52'0’5 IJ( ++| —|77)7
(3.24)
where 20 is a unit vector in the positive 2¥ direction. Note in particular that |A_| = |AY |,
the absolute value of the time component of A_. In the above expression,
Apg(z) = Ape(z) + AJS™ (2)  with,
Ale(z) = (678Y — 61.56" + 6"6,70010) kO H (2),
ermi 1
ATErmi () = —5(2595§ — 776" 4 260180.,6") 8,0, H (2). (3.25)
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One may now expand Aj;(z) about the point AL to obtain a power series in |A_].
Since any odd parity integrand will integrate to zero, only even terms in this expansion
will contribute. Furthermore, terms of order z* or higher in A;;(z) will give vanishing
contribution in the limit A_ — 0. Thus, the only relevant terms involve A;;(Ay) and
OxOrLAr7(A4). The complete list of relevant integrals is provided in appendix A, and
quickly yields the result

3
Ulete) = s (s HA) + 5 3@ H(A) +0(a)
3
(o)) = ~ s sre 3 p? HA) +0(80), (3.26)

where Zﬁ = 69 0;0; is the Laplacian in the 1,2,3,4 directions. It is interesting that the
O(A~1) Fermion contribution vanishes.
Finally, we should continue the result back to Lorentzian spacetime. To do so, let us
first compute the Lorentzian current in the Euclidean background bg defined by (B.1):
. ' V(S3)
T (bg) = iJY(bp) = =m0 L
L( E) ? E( E) 36 [V(S4)]2’A_’3
1 V(s 2 A0 3
= ————-"——07C"(bp)(AL)(1+ O(A 3.27
36 [V(S4)]2|A_|3 il ( E)( +)( + ( —))7 ( )
where we have used (B.14) to see that the factor of H above came only from C%(bg) =
d®(bg)Co(bg) = —i(H™' — 1) = i6H + O(6H?), where the g°° results from the contrac-
tion of the two Levi-Civita symbols. Thus, we may analytically continue to a Lorentzian
background to find

P H(AL)(1+0O(A3))

3
U8 = g g At O be) (A1 + O(AY)), (3.29)

4. Discussion

The calculations above find that, when a D4-brane probe is placed in the supergravity
background generated by DO0-branes, the expectation value of the point-split D0-brane
charge density (ppo(z,y)) is non-zero at leading order. Furthermore, our low-energy field
theory calculation gives a divergent result in the coincidence limit © — y. However, we
note that the divergences are proportional to aiH or (ai)QH . Thus, as one would expect
from charge conservation, they yield zero total induced DO0-charge when integrated over
the D4-brane. We also note that this charge density vanishes in the limit H — 1 where
the DO source is infinitely far away.

Such calculations clearly beg a fully string theoretic calculation. We reserve such a
Ramond-Ramond calculation for future work, but it is natural to expect the result to
merely cut off our field-theoretic divergence at the string scale, A% ~ /¢, yielding a finite
induced Lorentz-signature charge density of the form

1 V(S3)

(ppo(z)) = %Wﬁfﬂﬁ#(l +O(AY)) ~ al POt H(x)(1+ O()),  (4.1)
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where @ is an unknown coefficient of order 1 which one naively expects to be positive®. In
particular, (f.1)) indicates a non-vanishing quantum polarization of the D4-brane by the
DO0-background, although such an effect does not occur classically at any order in «'.

The effect arises because the boson and fermion contributions fail to cancel, though
they do have opposite signs. We note that the sign of the final effect is the natural one
expected of a polarizable medium, which follows from the natural tendency of an applied
electric field to separate (in this case, virtual) charges.

It also interesting to ask what a term of the form ({.1)) would imply for the quantum-

4. That is, we may ask what term in an

corrected low-energy D4-brane effective action
action 5%64 would, when treated classically, yield an induced charge density of this form.
The charge density is by definition the variation of S75, with respect to the background
Ramond-Ramond field C(). Thus, a charge density linear in the background fields could
in principle arise from a quadratic term involving two powers of C), or from a term
involving one power of C® and one power of the metric or dilaton. However, there are
no Lorentz-invariant quadratic couplings of a 1-form to a metric or scalar, so the coupling

must be quadratic in C"). The Lorentz invariant such term that leads to ([.1]) is
2 @m) Ty | dx (gol2F@ " 42
— 3 2m) Tpa z (gl F 1y ; (4.2)

where we have used Tps = to write this term using the familiar normalizations of

the D4-effective action in order to make clear that it does indeed have the form of a first
order correction in gs; i.e., a one-loop (annulus) string correction. Note that F®);; is the
pull-back of the bulk Ramond-Ramond two form field strength to the brane®. Thus, we
expect the quantum-corrected D4 action to contain pull-backs of bulk kinetic terms.

We note, however, that such terms are known from [[4] not to arise for type II branes
at order ¢° at any order in o/, though Einstein-Hilbert terms on the brane do arise as o/
correction to branes in bosonic string theory [I]. Returning to the type II context, one
may expect that, in order for terms ([.9) to reside in a supersymmetric effective action or
to follow from a covariant term in the M5-brane effective action®, an Einstein-Hilbert term
for the world-volume metric would also be required. As pointed out in [[J], such a term
could have interesting cosmological implications in braneworld scenarios. However, this
term appears not to arise [E] for type II branes”. It is not clear to us how this tension is

3 Of course, it is possible that this quantum induced effect could be cancelled by some intrinsic c-number
O(g) correction to the DO charge density on a D4-brane. We thank Allen Adams for raising this possibility.

“We thank Joe Polchinski for raising this question.

®Note that that quantum corrections of our form arise only from corrections to the Green’s functions that
follow from couplings of bulk fields to world-volume fields in the classical D4-effective action. Since C'V)
appears in this action only through its pull-back, corresponding terms induced in the quantum-corrected
effective action must also involve only the pull-back of C™V.

5We thank Savdeep Sethi for raising this latter question

"In particular, after our original posting of this paper on the arxiv, the author of [@] shared with us his
unpublished calculations which explicitly show that the coefficient of the Einstein-Hilbert term vanishes.
One is tempted to believe that supersymmetry lies behind the vanishing of this coefficient, but no argument
for this seems to be known.
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resolved, though it may be that the quantum polarization term is cancelled by an explicit
O(g) term as suggested above in footnote f.

Acknowledgments: We would like to thank Allen Adams, Andrew Frey, Ken Intrilli-
gator, David Lowe, Luca Martucci, Joe Schechter, Savdeep Sethi, Mark Srednicki, Amanda
Peet, Joe Polchinski, Radu Roiban, Arkady Tseytlin, and others whom we have surely for-
gotten for a number of useful conversations. We would especially like to thank Rob Myers,
in discussion with whom this project originally arose and who participated in the early
stages of its development, and Friedel Epple for sharing some of his unpublished calcula-
tions. B.C.P. and D.M. were supported in part by NSF grants PHY0098747, PHY 0354978,
and PHY0354978 and by funds from the University of California. PS would like to thank
the hospitality of the university of Barcelona, where part of this work was completed.
PS was partially supported by INFN, MURST and by the European Commission RTN
program HPRN-CT-2000-00131, in association with the university of Torino.

A. List of Relevant Integrals

The following is a list of integrals needed to attain the result B.26.

ind V(S3) )

& 7 = 5 Al

/ M= F [+ @F 36 (A1)
WD) V(S

- _ A2

[ My —F [+ @F 18 (4.2)

s 1P (n® —1)(n° +1)
— A.
/d”m—:ﬁow T a0p " (A.3)

5 ninintn! V(S ikl sik il sl ik
/d”|n—x0|5 T = e 0 5 (A.4)
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