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Abstract

Beer and Tamaki investigated necessary and sufficient conditions for the uniformizabi
(proximal)∆-topologies.

Their proofs involved construction of special Urysohn functions. In this paper we attack the
problem using as a useful tool a uniform topology with reference to a Hausdorff uniformity patt
after the one related to the Attouch–Wets topology. We also study∆U -topologies, proximal∆U -
topologies which are natural generalizations of theU -topology discovered by Costantini and Vitol
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1. Introduction

Poppe [19,20] initiated the study of abstract Vietoris-type hyperspace topol
on CL(X), the family of all nonempty closed subsets of a topological space(X, τ),
corresponding to a family∆ ⊆ CL(X). He was motivated by an attempt to genera
the Fell topology, in which case∆ equals the family of all nonempty compact subs
(see [1] for a comprehensive account where further references will be found). Di Con
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Naimpally and Sharma [10] introduced proximal hypertopologies onCL(X). Then Beer
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and Tamaki [5,6] investigated the uniformizability of (proximal)∆-topologies. In this
paper, we study the same problem using as a useful tool the Attouch–Wets o
uniformities [1,3].

In [7] Costantini and Vitolo introduced a new hypertopology which they called theU -
topologywhich is useful in the study of the infimum of the Hausdorff metric topologie
CL(X) associated with a metrizable spaceX. This topology is finer than the Fell topolog
and for the upper part uses the subbase{U+: U ∈ τ } whereUc or clU is compact (see
below for precise definitions). We also study∆U -topologies, proximal∆U -topologies
which are natural and interesting generalizations.

Let (X, τ) be aT1 space,δ a compatible LO-proximity onX andδ0 the finest compatible
LO-proximity onX defined byAδ0B iff cl A∩ clB �= ∅.

Note thatδ0 is not necessarily EF and it is so if and only if(X, τ) is normal (Urysohn’s
theorem).

For eachU ∈ τ , we use the following notation:

U+ = {
E ∈ CL(X): E ⊂U

}
,

U++
δ = {

E ∈ CL(X): E �δ U
}
,

whereE �δ U meansE �δUc (we will omit reference toδ if this is clear from the context)

U− = {
E ∈ CL(X): E ∩U �= ∅}

.

We refer to [1,13,18] for all undefined terms.
We assume that∆ is a subfamily ofCL(X) which is acoverofX (i.e.,∆ is closed under

finite unions, closed hereditaryandcontains the singletons), unless otherwise explicitl
stated.

We will do this to display trasparent statements and make theory much simpler, an
because the most important subfamilies∆ satisfy the above conditions as we see from
examples below:

(i) the familyK(X) of all nonempty compact subsets ofX;
(ii) the family of all totally bounded subsets ofX (whenτ is uniformizable);

(iii) the family of all d-bounded subsets of a metric space(X,d);
(iv) the family of all finite subsets ofX;
(v) the family of all pseudocompact subsets ofX;
(vi) the family of allΓ -bounded subsets ofX, whereΓ ⊂ C(X), i.e.,{A ∈ CL(X): for

everyf ∈ Γ , f (A) is a bounded subset ofR};
(vii) the family of all countably compact subsets ofX;
(viii) the family of all Lindelöf subsets ofX;
(ix) the family of all topologically bounded subsets ofX, i.e., {A ∈ CL(X): every open

cover ofX has a finite subfamily coveringA} [15];
(x) the family of all subsets ofX of measure zero (ifX has a measure);
(xi) the family of all subsets ofX of finite measure (ifX has a measure);
(xii) the family of all subsets ofX of first category;
(xiii) the family of all nowhere dense subsets ofX.
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Definition 1.1. We recall and define various topologies onCL(X):

imal

e

(a) The proximal ∆-topology σ(∆, δ) has a subbase consisting of theupper part
{U++

δ : Uc ∈∆} and thelower part{U−: U ∈ τ }. In particular we have:
theproximal topologyσ(δ)= σ(∆, δ) (see [4] or [10]) when∆= CL(X);
theproximal Fell topologyσ(F, δ)= σ(∆, δ) when∆=K(X).

(b) The∆-topologyτ (∆) has a subbase consisting of theupperpart {U+: Uc ∈ ∆} and
the lower part {U−: U ∈ τ }. (We note that this too can be considered as a prox
∆-topology. In factτ (∆)= σ(∆, δ0).)
In particular we obtain:
theVietoris topologyτ (V )= τ (∆) (see [16]) when∆= CL(X);
theFell topologyτ (F )= τ (∆) (see [14]) when∆=K(X) (note thatτ (F )= σ(F, δ)

if either δ = δ0 or δ is EF (cf. [8])).
(c) The proximal∆U -topologyσ(∆U,δ) has a subbase consisting{U++

δ : Uc ∈ ∆ or
clU ∈∆} and{U−: U ∈ τ }.
If ∆=K(X), thenσ(∆U,δ) is theproximal U-topologyσ(U, δ).

(d) The∆U -topologyτ (∆U) has a subbase consisting{U+: Uc ∈ ∆ or clU ∈ ∆} and
{U−: U ∈ τ }.
If ∆ = K(X), then τ (∆U) is the U-topologyτ (U) (see [7]); furthermoreτ (U) =
σ(U, δ) if either δ = δ0 or δ is EF (cf. [8]).
Moreover, ifX is a uniformizable space, we have:

(e) TheHausdorff uniformityUH on CL(X) corresponding to a uniformityU onX has
a base{WH : W ∈ U} whereWH = {(A1,A2) ∈ CL(X) × CL(X): A1 ⊂W(A2) and
A2 ⊂W(A1)}. (Some authors call this the Bourbaki uniformity.)

(f) The∆-Attouch–Wets topologyτ (∆AW). For eachD ∈ ∆ andW ∈ U set [D,W ] =
{(A1,A2) ∈ CL(X)× CL(X): A1 ∩D ⊂W(A2) andA2 ∩D ⊂W(A1)}.
The family{[D,W ]: D ∈∆ andW ∈ U} is a base for a filterU∆ on CL(X) called the
∆-Attouch–Wets filter. U∆ induces the topologyτ (U∆) (cf. [2,3]).

The following result is well known [10]:

Theorem 1.2. If δ is a compatible EF-proximity on a Tychonoff space(X, τ), then the
corresponding proximal topologyσ(δ) on CL(X) is always Tychonoff. In fact, it is th
topology induced on CL(X) by the Hausdorff uniformityUwH which is derived from the
unique totally bounded uniformityUw onX compatible withδ.

Definition 1.3. Let (X, τ) be aT1 space with a compatible LO-proximityδ and∆ ⊆
CL(X).

(a) ∆ is δ-Urysohniff for eachD ∈∆ andA ∈ CL(X) with D �δA, there is anS ∈∆ such
thatD�δ S �δ A

c (see also [9]).
(b) ∆ is Urysohniff for eachD ∈∆ andA ∈ CL(X) with D ∩ A= ∅, there is anS ∈∆

such thatD ⊂ intS ⊂ S ⊂Ac (or equivalently∆ is δ0-Urysohn).
(c) ∆ is local iff for each x ∈ X and V ∈ τ with x ∈ V there is aD ∈ ∆ such that

x ∈ intD ⊂D ⊂ V .
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Remark 1.4. Note that if∆ is (δ-) Urysohn, then it is also local since∆ contains the
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By imitating the construction of the coarsest EF-proximityδ1 in a locally compact spac
(whereA �δ1B iff A �δ0B and either clA or clB ∈K(X)) we give the following definition:

Definition 1.5. Let (X, τ) be aT1 space with a compatible LO-proximityδ and∆⊆ CL(X)
beδ-Urysohn. The relationδ′ on the power set ofX defined by

A �δ ′B iff either clA ∈∆ or clB ∈∆ andA �δ B (�)

is called the∆-Wallman proximity associated toδ.

Theorem 1.6. Let (X, τ) be aT1 space with a compatible LO-proximityδ. Let∆⊆ CL(X)
beδ-Urysohn andδ′ the∆-Wallman proximity associated toδ. Then

(a) δ′ is a compatible EF-proximity onX coarser thanδ;
(b) ∆ is δ-Urysohn iff it isδ′-Urysohn.

Proof. We prove (a). To showδ′ is an EF-proximity only two axioms need verification v

(i) A �δ ′B andA �δ ′C impliesA �δ ′(B ∪C) (union axiom) and
(ii) wheneverA �δ ′B, there exists anE ⊂X such thatA �δ ′E andEc �δ ′B (EF axiom).

To verify (i) supposeA �δ ′B andA �δ ′C.
(i1) If cl A ∈∆, thenA �δB andA �δC and soA �δ(B ∪C). By (�) A �δ ′(B ∪C).
(i2) If cl A /∈∆, then clB ∈∆, clC ∈∆ andA �δB andA �δC. Then cl(B ∪ C) ∈∆ and

A �δ(B ∪C) and hence from (�) A �δ ′(B ∪C).
To verify (ii) supposeA �δ ′B. We may assume clA ∈∆ andA �δB, i.e.,A�δ B

c. Since
∆ is δ-Urysohn, then there is anE ∈∆ with A�δ E �δ B

c. By (�) A �δ ′Ec andE �δ ′B.
Observe thatδ′ is a compatible proximity since∆ contains the singletons and it is clea

coarser thanδ.
To show (b) note that from (�), wheneverD ∈ ∆ andA ∈ CL(X), D �δA if and only

if D �δ ′A. HenceS ∈ ∆ with D �δ S �δ A
c is equivalent toS ∈ ∆ with D �δ′ S �δ′

Ac. ✷
Remarks 1.7. (a) In the caseδ = δ0, the local compactness of the spaceX (which
guarantees thatδ1 is EF) is equivalent to∆ = K(X) be local. So, in the construction o
δ′ we have replacedK(X) by∆ and local compactness by assuming∆ to be (δ-) Urysohn
and so local by Remark 1.4.

(b) Note that even if the starting proximityδ is just LO, the new proximityδ′ is
compatible and it is always EF as above theorem shows. As a byproduct of this
we have that if the base spaceX admits a proximityδ and a family∆ which is a cover of
X andδ-Urysohn, then it is automatically completely regular. Thus, in this case we re
our attention to Tychonoff spaces. We point out that Tychonoff spaces admit comp
LO-proximities which are not EF: a prototype is the proximityδ0 which is EF if and only
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if X is normal. So, we have a procedure that allow us to construct an EF-proximity on a

Tychonoff spaceX by using as a seed a given LO-proximity.

Now we return to the hypertopologiesσ(∆, δ), σ(∆U,δ), τ (∆) and τ (∆U). From
Definition 1.1 it follows thatσ(∆, δ)� σ(∆U,δ) as well asτ (∆)� τ (∆U).

We characterize coincidence when∆ is assumed just closed under finite unions.

Theorem 1.8. Let (X, τ) be a Tychonoff space with a compatible LO-proximityδ and
∆⊆ CL(X) closed under finite unions. Then the following are equivalent:

(a) eitherX has no open setV with clV ∈∆ or for each open setV with clV ∈ ∆ and
eachA ∈ CL(X) with A �δ V there exists anS ∈ ∆ with A�δ S

c ⊂ V and hence
X ∈∆;

(b) σ+(∆U, δ)� σ+(∆, δ) on CL(X);
(c) σ+(∆U, δ)= σ+(∆, δ) on CL(X).

Proof. Only (a)⇒ (b) and (b)⇒ (a) need some comments, since (b)⇔ (c) it is obvious.
We start with (a)⇒ (b). LetA ∈ CL(X) andV++

δ a σ+(∆U, δ)-neighbourhood atA.
Then eitherV c ∈∆ or clV ∈∆ andA �δ V c .

If V c ∈∆, then we are done (sinceV++
δ it is also aσ+(∆, δ)-neighbourhood atA).

If cl V ∈∆ andA �δ V c , thenA�δ V and by assumption there is anS ∈∆ with A�δ

Sc ⊂ V . Hence(Sc)++
δ is aσ+(∆, δ)- neighbourhood atA with A ∈ (Sc)++

δ ⊂ V ++
δ .

(b) ⇒ (a). Let V be an open set with clV ∈ ∆ and letA ∈ CL(X) with A �δ V .
ThenV ++

δ is aσ+(∆U, δ)-neighbourhood atA. By assumption there exists aσ+(∆, δ)
neighbourhoodA = (Sc)++

δ (for someS ∈∆) atAwithA ∈ (Sc)++
δ ⊂ V ++

δ . ClearlyD �δ S
and it is easy to check thatV c ⊂ S.

HenceX = clV ∪ S ∈∆, since∆ is closed under finite unions.✷
Corollary 1.9. Let (X, τ) be a Tychonoff space and∆⊆ CL(X) closed under finite unions.
Then the following are equivalent:

(a) eitherX has no open setV with clV ∈∆ or for each open setV with clV ∈ ∆ and
eachA ∈ CL(X)withA⊂ V there exists anS ∈∆withA⊂ Sc ⊂ V and henceX ∈∆;

(b) τ+(∆U, δ)� τ+(∆, δ) on CL(X);
(c) τ+(∆U, δ)= τ+(∆, δ) on CL(X).

Proof. Use above theorem withδ = δ0. ✷
Remark 1.10. Note that if in the above theorem or corollary∆ is also local, then
σ(∆U,δ) = σ(∆, δ) (respectively,τ (∆U) = τ (∆)) if and only if X ∈ ∆ and for each
V ∈ τ with clV ∈ ∆ and eachA ∈ CL(X) with A �δ V there exists anS ∈ ∆ with
A�δ S

c ⊂ V (respectively,X ∈∆ and for eachV ∈ τ with clV ∈∆ and eachA ∈ CL(X)
with A⊂ V there exists anS ∈∆ with A⊂ Sc ⊂ V ).
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A prototype of corollaries that we can deduce from Theorem 1.8, Corollary 1.9 and

xample

le

y

Remark 1.10 is the following.

Corollary 1.11. Let (X, τ) be a locally compact Hausdorff space(andδ a compatible LO-
proximity onX), then theU -topologyτ (U) (the proximalU -topologyσ(U, δ)) on CL(X)
equals the Fell topologyτ (F ) (the proximal Fell topologyσ(F, δ)) iff X is compact.

The interested reader can easily deduce corollaries corresponding to each e
(i)–(xii) listed previously.

We point out that when∆ is local and acover of X, then τ (∆U) = τ (∆) (resp.
σ(∆U,δ) = σ(∆, δ)) if and only if ∆ = CL(X), i.e., coincidence occurs when the∆U -
topology τ (∆U) (resp. the proximal∆U -topologyσ(∆U,δ)) is the Vietoris topology
τ (V ) (resp. the proximal topologyσ(δ)) on CL(X).

2. Uniformizing (proximal) ∆-topologies and (proximal) ∆U -topologies

We recall that if(X, τ) is a Tychonoff space with a compatible EF-proximityδ, then a
uniformity U onX is calledcompatible w.r.t.δ iff the proximity relationδ(U) defined by
Aδ(U)B iff A∩U [B] �= ∅ for eachU ∈ U equalsδ (see [18]).δ admits a unique compatib
totally bounded uniformityUw(δ) [18] and we will omit reference toδ if this is clear from
the context.

Theorem 2.1. Let (X, τ) be a Tychonoff space with a compatible EF-proximityδ, Uw the
unique totally bounded uniformity which inducesδ and∆⊆ CL(X) a cover ofX. Then the
following are equivalent:

(a) ∆ is δ-Urysohn;
(b) (1) the∆-Attouch–Wets filterUw∆ (cf. (f) in Definition1.1)is a Hausdorff uniformity;

(2) the proximal∆-topologyσ(∆, δ) equalsτ (Uw∆).

Proof. (a) ⇒ (b) We start showing (1). It suffices to show that the subbase filterΨ =
{[D,U ]: D ∈∆ andU ∈ U} of Uw∆, where[D,U ] = {(A1,A2) ∈ CL(X)× CL(X): A1 ∩
D ⊂U(A2) andA2 ∩D ⊂ U(A1)}, is a subbase for a Hausdorff uniformity onCL(X).

Without loss of generality we may assume thatall entouragesU ∈ Uw are open and
symmetric.

We claim that whenever[D,U ] ∈ Ψ , there is some[S,V ] ∈ Ψ such that[S,V ] ◦
[S,V ] ⊂ [D,U ].

So, let [D,U ] ∈ Ψ . ThenD ∈ ∆ andU ∈ Uw. Without loss of generality, we ma
assume thatU(D) �= X. SetA= [U(D)]c. ThenA �δD. By assumption there is anS ∈ ∆
such thatD �δ S ⊂ Ac. Let V ∈ Uw be such thatV ◦ V ⊂ U andV (D) ⊂ S. Clearly,
[S,V ] ∈ Ψ . We claim that[S,V ] ◦ [S,V ] ⊂ [D,U ]. So, let (E1,E2) and (E2,E3) ∈
[S,V ]. We have to consider two cases:

(i) bothE1 ∩D = ∅ andE3 ∩D = ∅;
(ii) eitherE1 ∩D �= ∅ orE3 ∩D �= ∅.
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If (i) occurs, then clearly(E1,E3) ∈ [D,U ]. So, suppose (ii) occurs and letx ∈E1 ∩D.

e

SinceV (D) ⊂ S andE1 ∩ S ⊂ V (E2) there exists ay ∈ E2 such thaty ∈ E2 ∩ S and
y ∈ V (x). Again, sinceV (D) ⊂ S andE2 ∩ S ⊂ V (E3) there exist az ∈ E3 such that
z ∈ V (y). But V ◦ V ⊂ U and sox ∈ U(E3). Thus,E1 ∩D ⊂ U(E3). Similarly, we have
E3 ∩D ⊂U(E1). So,Uw∆ is a uniformity.

Then, letA1, A2 ∈ CL(X) with A1 �= A2 and without loss of generality assum
a1 ∈A1 \A2. LetU ∈ Uw with a1 /∈ U(A2). By assumptiona1 ∈∆. Clearly,[a1,U ] ∈ Ψ
and(A1,A2) /∈ [a1,U ] and soUw∆ is Hausdorff, too.

Now, we prove (2). So, letAλ be a net converging toA w.r.t. the topologyτ (Uw∆).
(i) If A ∈ V −, whereV ∈ τ , then there exista ∈ A ∩ V and aW ∈ Uw such that

W(a)⊂ V . SinceA ∈ [{a},W ](A)⊂ V−, Aλ ∈ [{a},W ](A)⊂ V−, eventually.
(ii) If A ∈ (Dc)++

δ , whereD ∈ ∆, thenD �δ A
c and hence there is anS ∈ ∆ such

that D �δ S �δ A
c. Hence there is aW ∈ Uw such thatW(A) ∩ S = ∅. Eventually

Aλ ∈ [S,W ](A), i.e.,Aλ ∈ (Dc)++
δ . Thusσ(∆, δ)� τ (Uw∆).

On the other hand, letAλ be a net converging toA w.r.t. the topologyσ(∆, δ), D ∈∆
andW ∈ Uw. LetV ∈ Uw such thatV 2 ⊂W . We have to consider two cases:

(i) A ∈ (Dc)++
δ . Then eventuallyAλ ∈ (Dc)++

δ and obviously,
∅ =Aλ ∩D ⊂W(A) and∅ =A∩D ⊂W(Aλ).

(ii) A /∈ (Dc)++
δ . ThenV (A)∩D �= ∅.

SinceV is totally bounded, there arexj ∈A, 1 � j � n, such thatA⊂ ⋃n
j=1V (xj )⊂

V 2(A). SinceA ∩ V (xj ) �= ∅ for eachj , eventuallyAλ ∩ V (xj ) �= ∅ and soxj ∈ V (Aλ).
Hence,

A∩D ⊂
n⋃

j=1

V (xj )⊂ V 2(Aλ)⊂W(Aλ), eventually.

We note that(D ∩ V (A)c) ∈ ∆ andA ∈ (Dc ∪ V (A))++
δ ∈ σ(∆, δ). So,Aλ ∈ (Dc ∪

V (A))++
δ , eventually.

ThereforeAλ ∩D = [Aλ ∩D ∩ V (A)] ⊂W(A), eventually. Thus,Aλ converges toA
in the topologyτ (Uw∆).

Hence,τ (Uw∆)� σ(∆, δ). Combining the earlier part we getτ (Uw∆)= σ(∆, δ).
(b) ⇒ (a). By assumption the∆-Attouch–Wets topology associated toUw is Tychonoff

and it coincides with the proximal∆-topologyσ(∆, δ). So,σ(∆, δ) is regular and by using
Theorem 4.4.5 in [1] the claim.✷
Theorem 2.2. Let (X, τ) be a Tychonoff space with a compatible LO-proximityδ and
∆ ⊆ CL(X) a cover ofX. If ∆ is δ-Urysohn, then the relationδ′ on the power set ofX
defined by

(�) A �δ ′B iff either clA ∈∆ or clB ∈∆ andA �δB

is a compatible EF-proximity onX coarser thatδ. Further, we have:
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(a) The proximal∆-topologiesσ(∆, δ) and σ(∆, δ′) and the topologyτ (Uw∆) induced
d

h

by the∆-Attouch–Wets uniformityUw∆, whereUw is the unique totally bounde
uniformity onX compatible w.r.t.δ′, all coincide. Thusσ(∆, δ) is Tychonoff.

(b) The proximal∆U -topology σ(∆U,δ) equals the proximal topologyσ(δ′). Thus
σ(∆U,δ) is Tychonoff.

Conversely, if eitherσ(∆, δ) or σ(∆U,δ) is Tychonoff, then∆ is local andδ-Urysohn.

Proof. By Theorem 1.6δ′ defined as in (�) is a compatible EF-proximity coarser thanδ
as well as∆ is δ′-Urysohn. LetUw(δ′)= Uw the unique totally bounded uniformity whic
inducesδ′.

To show (a) note:

(1) By Theorem 2.1 the corresponding∆-Attouch–Wets topologyτ (Uw∆) is Tychonoff
and it equals the proximal∆-topologyσ(∆, δ′).

(2) From (�) it follows that wheneverU ∈ τ andUc ∈∆, forE ⊂X, E �δ Uc if and only if
E �δ ′Uc. So,(Uc)++

δ = (Uc)++
δ ′ and thusσ(∆, δ) equalsσ(∆, δ′).

Combining (1) and (2) we getσ(∆, δ)= σ(∆, δ′)= τ (Uw∆) and hence the claim.
To show (b) it suffices to consider the upper parts.
LetA ∈U++

δ ∈ σ(∆U,δ). Then eitherUc ∈∆ andA �δUc or clU ∈∆ andA �δ Uc .
If Uc ∈∆, thenU++

δ =U++
δ′ ∈ σ(δ′).

If cl U ∈ ∆, thenA ∈ ∆ (since∆ is closed hereditary) andA �δ Uc. By (�) A �δ ′Uc.
Since∆ is alsoδ′-Urysohn there is anS ∈ ∆ with A�δ′ S �δ′ U By (�) we have also
A�δ S �δ U . Clearly,A ∈ (Sc)++

δ′ ∈ σ(δ′) and(Sc)++
δ′ ⊂U++

δ . Thusσ(∆U,δ)� σ(δ′).
On the other hand, letA ∈ U++

δ′ ∈ σ(δ′). Then eitherUc ∈∆ andA �δ Uc orUc /∈∆ but
A ∈∆ andA �δ Uc.

If Uc ∈∆, thenU++
δ′ =U++

δ .
If Uc /∈ ∆ andA ∈ ∆, then (sinceδ′ satisfies the EF-axiom) there is anS ∈ CL(X)

such thatA �δ′ S �δ′ U . By (�) we haveS ∈ ∆ and A �δ S �δ U . Clearly, A ∈
(intS)++

δ ⊂ U++
δ′ and (intS)++

δ ∈ σ(∆U,δ), showing therebyσ(δ′) � σ(∆U,δ) and
henceσ(δ′)= σ(∆U,δ).

Sinceσ(δ′) is Tychonoff (cf. Theorem 1.2)σ(∆U,δ) is Tychonoff.
For the converse we just study the caseσ(∆U,δ) is Tychonoff, since the caseσ(∆, δ)

has been considered in [9].
So, letσ(∆U,δ) be Tychonoff. We claim∆ is a δ-Urysohn family. LetA ∈ CL(X),

D ∈ ∆ and A �δD. By assumption there exists aσ(∆U,δ)-basic neighbourhoodV =
U++
δ ∩ ⋂n

i=1V
−
i of A such thatA ∈ V ⊂ clσ(∆U,δ)(V) ⊂ (Dc)++

δ . Then, there are two
cases:

(i) A �δ Uc with Uc ∈∆.
(ii) A �δ Uc with clU ∈∆ andUc /∈∆.

If (i) occurs, then takeS = Uc and using similar argument as in [9] (cf. (d)⇒ (a) in
Theorem 4.9) we haveD�δ S �δ A

c.
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If (ii) occurs, thenA ∈∆, A �δ Uc andD ⊂Uc . By assumption there exists aσ(∆U,δ)-

e-

-

ite
neighbourhoodW = W++
δ ∩ ⋂m

j=1H
−
j at Uc such thatUc ∈ W ⊂ clσ(∆U,δ)(W) ⊂

(Ac)++
δ . HenceUc �δW . We claim thatWc ∈ ∆. Assume not, then clWc ∈ ∆ and hence

Uc ∈∆; a contradiction withUc /∈∆. Hence,Uc �δW andWc ∈∆. So, puttingS =Wc we
haveA�δ S �δ U (Theorem 4.9 in [9]). SinceU ⊂Dc we haveA�δ S �δ D

c . ✷
Corollary 2.3. Let (X, τ) be a Tychonoff and∆⊆ CL(X) a cover ofX which is Urysohn.
Then the relationδ′ on the power set ofX defined by

(��) A �δ ′B iff either clA ∈∆ or clB ∈∆ andA �δ0B

is a compatible EF-proximity onX with δ′ � δ0. Further we have:

(a) τ (∆)= σ(∆, δ′) and if Uw is the unique totally bounded uniformity onX compatible
with δ′, then the∆-topologyτ (∆) is the topologyτ (Uw∆) induced by the∆-Attouch–
Wets uniformityUw∆ and hence is Tychonoff.

(b) τ (∆U) equalsσ(δ′). Thusτ (∆U) is Tychonoff.

Conversely, if eitherτ (∆) or τ (∆U) are Tychonoff, then∆ is Urysohn.

Corollary 2.4. Let (X, τ) be a Hausdorff space. The following are equivalent:

(a) X is locally compact;
(b) the U-topologyτ (U) is uniformizable;
(c) τ (U) is the proximal topologyσ(δ1), whereδ1 is the proximity induced by the on

point-compactification ofX (see Remark1.4).

3. First and second countability of (proximal) ∆U -topologies

We start with the following lemma and remark and point out that∆ is just a subfamily
of CL(X) containing the singletons.

Lemma 3.1 (cf. Lemma 5.3 in [11]).Let (X, τ) be aT1 space with a compatible LO
proximityδ and∆⊆ CL(X). If (CL(X), τ (∆U)) (respectively(CL(X),σ (∆U, δ))) is first
countable, then everyA ∈ CL(X) is separable.

Remark 3.2. If (X, τ) is aT1 space with a compatible LO-proximityδ and∆ ⊆ CL(X),
thenτ (∆U) (respectivelyσ(∆U,δ)) is admissible; i.e., the assignmentx → {x} is a topo-
logical embedding ofX into (CL(X), τ (∆U)) (respectively ofX into (CL(X),σ (∆U, δ))).

Now, we assume that∆ is also a ring, i.e., it is closed under finite unions and fin
intersection, unless otherwise explicitly stated.
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Definition 3.3. Let (X, τ) be aT1 space with a compatible LO-proximityδ, A a closed

set

hat

e

nonempty subset ofX and∆⊆ CL(X) a ring. Then:

(a) A family ∆′
A ⊂ ∆ is a (proximal) local ∆U -baseat A, A �= X, if wheneverA ⊂ U

(A�δ U ) with Uc or clU ∈ ∆, there is aV with V c or clV ∈ ∆′
A andA⊂ V ⊂ U

(A�δ V ⊂U ).
(b) A family ∆′ ⊂∆ is a (proximal) ∆U -baseif for eachA⊂U (A�δ U ), A �=X, with

Uc or clU ∈ ∆ andA ∈ CL(X), there is aV with V c or clV ∈ ∆′ andA ⊂ V ⊂ U

(A�δ V ⊂U ).

Theorem 3.4. Let (X, τ) be aT1 space with a compatible LO-proximityδ and∆⊆ CL(X)
a ring. The following are equivalent:

(a) (CL(X),σ (∆U, δ)) is first countable;
(b) X is first countable, every closed setA is separable and everyA ∈ CL(X),A �=X, has

a countable proximal local∆U -base∆′
A atA.

Proof. (a) ⇒ (b). By Remark 3.2X is first countable and by Lemma 3.1 every closed
A is separable. Now, letA ∈ CL(X), A �=X. The first countability of(CL(X),σ (∆U, δ))
at A means that there is a countable familyLA of sets of the form

⋂
j∈J (Kj )

++
δ ∩⋂

t∈T (Ht)
++
δ ∩⋂

i∈I V
−
i , with I , T andJ finite subsets ofN,Ht ,Kj andVi ∈ τ ,A�δ Ht ,

A�δ Kj ,Hc
t ∈∆ and clKj ∈∆.

Set∆′
A = {Hc: H occurs in the presentation of some element inLA}∪ {clK: K occurs

in the presentation of some element inLA}.
Without loss of generality we may assume∆′

A is a ring.
It is a routine exercise to verify that∆′

A is nonempty and thus countable. We prove t
∆′
A is a proximal local∆U base atA.
So, letU ∈ τ with A�δ U andUc or clU ∈ ∆. Hence, there isL = ⋂

j∈J (Kj )
++
δ ∩⋂

t∈T (Ht)
++
δ ∩ ⋂

i∈I V
−
i ∈ LA such thatA ∈ L ⊂ U++

δ . SinceA �= X, we may assum
that alsoU �= X. Clearly, in the expression ofL, eitherT or J is nonempty (in fact, if
T = ∅ andJ = ∅, then by choosingx ∈ Uc ∩ clU we have thatF = (A ∪ {x}) ∈ L but
F /∈ U++

δ ; a contradiction).
If T �= ∅, then the following subcases occur.
(I) J = ∅. Then

L=
⋂

t∈T
(Ht)

++
δ ∩

⋂

i∈I
V −
i ⊂U++

δ .

Let S = ⋃
t∈T Hc

t and setV = Sc . ThusV c ∈ ∆′
A andA�δ V (becauseA ∈ L). With a

similar argument as in Theorem 5.4 in [11] we haveA�δ V ⊂ U .
(II) J �= ∅. Then

L=
⋂

j∈J
(Kj )

++
δ ∩

⋂

t∈T
(Ht)

++
δ ∩

⋂

i∈I
V −
i ⊂U++

δ .

LetBj =Kj ∩⋂
t∈T Ht for eachj ∈ J . Therefore, clBj ∈∆′

A because clKj ∈∆′
A,Bj ⊂

Kj and∆′
A is a ring. Clearly,A�δ B

j (in factA �δ [Kc
j ∪ ⋃

t∈T Hc
t ] becauseA ∈ L). Set
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V = ⋂
j∈J Bj , then clV ∈∆′ (becauseV ⊂Kj, clKj ∈∆′ and∆′ is a ring) andA�δ

n

t

t

A A A

V (see Theorem (1.18) in [17]). We claim that if eitherUc ∈∆ or clU ∈∆, thenV ⊂U .
Assume not, then there exists anx ∈ V ∩Uc. SinceV is open andx ∈ V , thenx �δ V c.

Sox �δ [⋃j∈J Kc
j ∪ ⋃

t∈T Hc
t ] becauseV = [⋂j∈J Kj ∩ ⋂

t∈T Ht ]. SetF =A ∪ {x}, then

it easy to check thatF ∈ CL(X), F ∈L butF /∈U++
δ ; a contradiction becauseL⊂U++

δ .
If J �= ∅, then the following two subcases may occur.
(I ′) T �= ∅. But this is the above subcase (II).
(II ′) T = ∅. Then

L=
⋂

j∈J
(Kj )

++
δ ∩

⋂

i∈I
V −
i ⊂ U++

δ .

Set V = ⋂
j∈J Kj , then clV ∈ ∆′

A andA �δ V (see Theorem (1.18) in [17]). As i
case (I), we have that if eitherUc ∈∆ or clU ∈∆, thenA�δ V ⊂U .

(b) ⇒ (a). LetA ∈ CL(X). The caseA=X is standard.
So, letA �=X and∆′

A be a proximal local∆U -base atA.
Let {a1, a2, . . . , an, . . .} be a countable dense set inA, S(ai) (i = 1,2, . . . , n, . . .) be a

countable base of neighbourhoods atai . SetS = {S(ai): i = 1,2, . . . , n, . . .} and consider
the familyLA of all subsets of the form

⋂
j∈J (Vj )

++
δ ∩ ⋂

i∈I U
−
i , with I , J finite subsets

of N, Vj ∈∆′
A andUi ∈ S. We claim thatLA is a countable local base of openσ(∆U,δ)-

neighbourhoods atA. It suffices to show thatLA is a local base for a subbasicσ(∆U,δ)-
neighbourhoods system atA.

Case (1). LetA ∈ H++
δ ∩ ⋂

i∈I Q
−
i with I finite subset of integers,Qi ∈ τ for each

i ∈ I , H ∈ τ andHc ∈ ∆. ThenA �δ H and for eachi ∈ I let Ui ∈ S be such tha
Ui ⊂ Qi . By assumption there exists aV ∈ τ with V c ∈ ∆′

A andA �δ V ⊂ H . Set
L= V++

δ ∩ ⋂
i∈I U

−
i , then it is easy to check thatL ∈ LA andL⊂H++

δ ∩ ⋂
i∈I Q

−
i .

Case (2). SupposeA ∈ K++
δ ∩ ⋂

i∈I Q
−
i with I finite subset of integersQi ∈ τ for

eachi ∈ I , K ∈ τ and clK ∈∆. ThenA�δ K and for eachi ∈ I let Ui ∈ S be such tha
Ui ⊂Qi . By hypothesis there exists aV ∈ τ with clV ∈∆′

A and such thatA�δ V ⊂K.
SetL′ = V ++

δ ∩ ⋂
i∈I U

−
i and note thatL′ ∈ LA andL′ ⊂K++

δ ∩ ⋂
i∈I Q

−
i . ✷

Corollary 3.5. Let (X, τ) be a T1 space and∆ ⊆ CL(X) a ring. The following are
equivalent:

(a) (CL(X), τ (∆U)) is first countable;
(b) X is first countable, every closed setA is separable and everyA ∈ CL(X),A �=X, has

a countable local∆U -base∆′
A atA.

Now, we analyse the second countability.

Theorem 3.6. Let (X, τ) be aT1 space with a compatible LO-proximityδ and∆⊆ CL(X)
a ring. The following are equivalent:

(a) (CL(X),σ (∆U, δ)) is second countable;
(b) X is second countable and there is a countable subring∆′ ⊂∆ which is a proximal

∆U -base.
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Proof. (a) ⇒ (b). By Remark 3.2X is second countable. LetL be a countable base of

it is a

se
σ(∆U,δ). Every elementL ∈ L has the form

L=
⋂

j∈J
(Kj )

++
δ ∩

⋂

t∈T
(Ht)

++
δ ∩

⋂

i∈I
V −
i ,

with I , T andJ finite subsets ofN, Ht , Uj andVi ∈ τ ,Hc
t ∈∆ and clKj ∈∆.

Set∆′ = {Hc: H occurs in the presentation of some element inL} ∪ {clK: K occurs
in the presentation of some element inL}.

Clearly,∆′ ⊂ ∆ is countable and by using arguments as in above Theorem 3.4
proximal∆U -base.

(b) ⇒ (a). Let V be a countable base ofX. It is easy to verify that the family
L = ⋂

j∈J (Kj )
++
δ ∩ ⋂

t∈T (Ht)
++
δ ∩ ⋂

i∈I V
−
i , with J , T andI finite subsets ofN, Kj ,

Ht andVi open such that clKj ∈∆′,Hc
t ∈∆′ andVi ∈ V respectively, is a countable ba

for σ(∆U,δ). ✷
Corollary 3.7. Let (X, τ) be a T1 space and∆ ⊆ CL(X) a ring. The following are
equivalent:

(a) (CL(X), τ (∆U)) is second countable;
(b) X is second countable and there is a countable subring∆′ ⊂∆ which is a∆U -base.

4. Metrizability of (proximal) ∆U -topologies

Definition 4.1. Let (X, τ) be aT1 space with a compatible LO-proximityδ and∆⊆ CL(X)
be a nonempty subfamily ofCL(X). A subfamily∆′ of ∆ is calledrelatively δ-Urysohn
w.r.t.∆ if the following condition is fulfilled:

(∗) for everyD ∈∆ with D �=X and everyV ∈ τ with D �δ V , there is anS ∈∆′ with
D�δ S �δ V .

A subfamily∆′ of ∆ is calledrelatively Urysohn w.r.t.∆ provided:

(∗∗) for everyD ∈∆ with D �=X and everyV ∈ τ with D ⊂ V , there is anS ∈∆′ with
D ⊂ S ⊂ V .

Theorem 4.2. Let (X, τ) be aT1 space with a compatible LO-proximityδ and∆⊆ CL(X)
a cover ofX. The following are equivalent:

(a) (CL(X),σ (∆U, δ)) is metrizable;
(b) X is Tychonoff and second countable and there is a countable subring∆′ ⊂∆ which

is relativelyδ-Urysohn w.r.t.∆;
(c) (CL(X),σ (∆, δ)) is metrizable.
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Proof. (a)⇒ (b). If (CL(X),σ (∆U, δ)) is metrizable, thenσ(∆U,δ) is second countable

ing

se

y

f

and Tychonoff. Thus,X is Tychonoff and second countable. By Theorem 2.2∆ is
δ-Urysohn. Moreover, second countability assures that there is a countable subr∆′
of ∆ which is a proximal∆U base. We claim∆′ fulfills (∗) of Definition 4.1. Let
D ∈ ∆ with D �= X, V ∈ τ andD �δ V . Without loss of generality we may suppo
V �= X. Put A = X \ V . ThenA ∈ CL(X) andA �δD. So, using twice theδ-Urysohn
condition on the family∆ and Theorem (1.17) in [17] there areR andT ∈ ∆ such that
D �δ R �δ intT ⊂ T �δ V . Hence there exists an open setM with clM ∈ ∆′ that
R�δ M ⊂ (intT ). SetS = clM. ThenS ∈∆′ andD�δ S �δ V .

(b) ⇒ (a). It is clear that(CL(X),σ (∆U, δ)) is a Tychonoff space (cf. Theorem 2.2). B
assumption there is a countable subring∆′ of ∆ which satisfies condition (∗). But clearly
(∗) implies that∆′ is a proximal∆U base. Thus, by Theorem 3.6(CL(X),σ (∆U, δ)) is
second countable, too. Therefore, by Urysohn Metrization Theorem(CL(X),σ (∆U, δ)) is
metrizable.

(c) ⇔ (b). Use an argument similar as in Theorem 5.20 in [11].✷
Corollary 4.3. Let (X, τ) be a Tychonoff space and∆ ⊆ CL(X) a cover ofX. The
following are equivalent:

(a) (CL(X), τ (∆U)) is metrizable;
(b) X is Tychonoff and second countable and there is a countable subring∆′ ⊂∆ which

is relatively Urysohn w.r.t.∆;
(c) (CL(X), τ (∆)) is metrizable.

Corollary 4.4. Let (X, τ) be a Tychonoff space with a compatible LO-proximityδ and
∆⊆ CL(X) a cover ofX.

Then(CL(X),σ (∆U, δ)) (respectively(CL(X), τ (∆U))) is metrizable if and only i
(CL(X),σ (∆, δ)) (respectively(CL(X), τ (∆))) is metrizable.

If we focus our attention on theU -topology, we have:

Corollary 4.5. Let (X, τ) be a Tychonoff space. The following are equivalent:

(a) (CL(X), τ (U)) is second countable;
(b) X is locally compact and second countable;
(c) (CL(X), τ (U)) is metrizable;
(d) (CL(X), τ (F )) is metrizable.

Proof. (a)⇒ (b). It follows from (a)⇒ (b) of Corollary 3.7 when∆=K(X).
(b) ⇒ (c). By assumption,X admits a countable baseB such that for eachW ∈ B, clW

is compact. LetΣ(B) the family of all finite unions and finite intersection of elements inB.
Set∆′ = {clS: S ∈Σ(B)}. Clearly,∆′ ⊂K(X) and∆′ satisfies (∗∗) of Definition 4.1. By
Corollary 4.3 the claim holds.

(c) ⇒ (a) it is trivial and (b)⇔ (d) is nicely dealt with in Theorem 5.1.5 in [1].✷
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In Theorem 5.7 in [12] the authors have shown that whenever(X,U) is a Hausdorff
ed

r the

lly

able

mer.

logies,

(1993)

space
uniform space, then(CL(X),σ (U)) is metrizable if and only if there is a totally bound
metric0 onX compatible withU .

So, we have a complete and attractive solution to the metrization problem fo
proximal∆U -topologyσ(∆U,δ) with respect to a given LO-proximity onX.

Theorem 4.6. Let (X, τ) be aT1 space with a compatible LO-proximityδ and∆⊆ CL(X)
a cover ofX. The following are equivalent:

(a) (CL(X),σ (∆U, δ)) is metrizable;
(b) there exists a compatible totally bounded metric0 onX such thatσ(∆U,δ)= σ(0).

Proof. (b) ⇒ (a). By a result in [3] it is known thatσ(0) is metrizable. Henceσ(∆U,δ)
is metrizable.

(a) ⇒ (b). By Theorems 1.6 and 2.2 there is a compatible EF-proximityδ′ onX such
thatσ(∆U,δ)= σ(δ′). LetUw be the unique totally bounded uniformity which inducesδ′.
Thenσ(δ′)= σ(Uw).

Since (CL(X),σ (Uw)) is metrizable, by Theorem 5.7 in [12] there exists a tota
bounded metric0 compatible with respect toUw with σ(Uw) = σ(0). But σ(∆U,δ) =
σ(δ′)= σ(Uw) and hence the claim holds.✷
Corollary 4.7. Let (X, τ) be aT1 space and∆⊂ CL(X) a cover ofX. The following are
equivalent:

(a) (CL(X), τ (∆U)) is metrizable;
(b) there exists a compatible totally bounded metric0 onX such thatτ (∆U)= σ(0).
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