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Abstract

Recently some methods have been proposed to find the distance and weight distri-
bution of cyclic codes using Grobner bases. We identify a class of codes for which
these methods can be generalized. We show that this class contains all interesting
linear codes (i.e., with d > 2) and we provide variants and improvements. This
approach sometimes reveals an unexpected algebraic structure in the code. We also
investigate the decoding for an interesting sub-class, proving the existence of general
error locator polynomials.

Keywords: Linear code, distance, weight distribution, Grobner basis, general
error locator polynomial.

Researchers in Coding Theory have been extensively investigating error
correcting codes with algebraic methods, since the very beginning of their
theory (see for example the two classical books [PW72] and [MS77] and the
recent survey [PHB98]). The algebraic approach has been successful in provi-
ding classes of codes that can be studied easily and that can be decoded with
(relative) efficiency.

There are good reasons to single out one of these classes: the class of cyclic

codes. First, cyclic codes enjoy a rich algebraic structure, permitting both fast
sharp estimates on their most important parameters (see e.g. [BRC60],[HT74],
[Roo83], [BS06],[ST00]) and the parameters’ exact determination via commu-
tative algebra techniques (see [Sal02], [MS03],[Sal06]).
Second, some subclasses of cyclic codes (such as the Reed-Solomon codes and
the BCH codes) possess fast decoding algorithms ([Fit95]), so that most actual
coding implementations (in hardware and software) are based on these codes.
Third, in [OS05] a novel decoding algorithm has been introduced for generic
cyclic codes, which has been shown experimentally to be extremely efficient
(and a proof is given for some special cases in [MOS06] and [OS06]).

The aim of this paper is to view linear codes as a “generalization” of cyclic
codes, trying to export techniques for a class to the whole set of codes. We
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note that other researchers have tried similar generalizations. For example,
in [PSvyW091] it is shown that in some sense any linear code is an Algebraic-
Geometry code and in [FLI8] it is shown that any linear code can be seen as
an affine-variety code.

The remainder of this paper is structured as follows:

e Section 1, we provide preliminaries and notation; we assume that the
reader has some familiarity with standard algebra, such as finite field
theory, but we assume he is not familiar with coding theory, so we give
all necessary definitions. In particular, we recall the definition of general
error locator polynomials.

Section 2, we define our code family (the nth-root codes), provide some
examples, give some results and show some applications. To be more pre-
cise, we prove that any interesting linear code (i.e., with d > 2) can be
seen as an nth-root code, we describe some ideals whose varieties deter-
mine the distance and weight distribution (so that they can be computed
via Grobner basis techniques) and we give a similar algorithm to deal
with cosets. We introduce several sub-families, including what we call
proper maximal zerofree codes.

Section 3, we extend the decoding techniques of [OS05] to a large sub-
class of nth-root codes, containing proper maximal zerofree codes. In this
section the reader is assumed to have some understanding of Groébner
basis theory for O-dimensional ideals. We prove that these codes admit
general error locator polynomials of any type v > 0. We do so by descri-
bing precisely the geometric conditions behind the main results of [OS05]
and introducing a special class of zero-dimensional ideals, which we call
stratified ideals. From the shape of the Groebner basis of any stratified
ideal, the existence of general error locator polynomials easily follows.
Furthermore, we propose an alternative approach for the computation of
said polynomials, which works better in some cases.

Section 4, we see how well-known code families can be described as nth-
root codes. This section is divided into sub-sections, any requiring some
specific knowledge of the matter hereby exposed: cyclic codes, classical
Goppa codes, RM codes, Goppa AG codes (with a detailed analysis for
codes from Hermitian curves).

Section 5, we provide some complexity considerations and we show some
methods to accelerate the involved calculations. We apply the theory
of semi-regular sequences to formally determine the regularity degree
(aymptotically) for an ideal that is proved equivalent to our previously
constructed, in the binary zero-free case. This requires the combinatorial
valuation of some spurious solutions.

e Section 6, we summarize our results and point out to future research.
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1 Preliminaries

In this section we fix some notation and we recall some basic concepts
about general algebra, polynomial rings and linear codes.

We denote by F, the finite field with ¢ elements, where ¢ is a power of
a prime and by n a natural number such that ¢ and n are relatively prime,
(n,q) = 1. Let 1 <k < N <n, k,N € N. We refer to the vector space of
dimension N over F, as to (F,)".

We use the symbol | |,.; B; to denote the disjoint union of sets B;, i € 1.

The zeros of polynomial 2™ — 1, which are called n-th roots of unity, lie in
an extension field F,» and in no smaller field. We denote the set of all these
roots by R, and they form a cyclic subgroup of Fym, i.e. there is o € Fym,
called a primitive n-th root of unity, such that:

If n = ¢™ — 1, the zeros of 2" — 1 form the multiplicative group of field [Fym.
From now on ¢,n, k, N, m and « are understood (unless otherwise stated).

1.1 Polynomaual rings

Let K be a field, let K be the algebraic closure of K and let J be an ideal
in polynomial ring K[Y]| = Ky, . .., ys], with s > 1.

Definition 1.1. Given a polynomial f € K[Y], we denote by V(f) the set of

all zeros of f in (K)*, i.e.
V(f) ={(ay,...,a,) € (K| f(a1,...,as) = 0}.

Given an ideal J C K[Y], we denote by V(J) the set of zeros of J in (K)*, i.e.
V() ={(ai,...,a,) € (K)*| f(ar,...,as) =0, Vf € J}.
Definition 1.2. Let S C (K)*. Then the set of all polynomials f € K[Y] such
that f(ay,...,as) =0 for all points (ay,...,as) € S forms an ideal in K[Y].

This ideal is the vanishing ideal of S and is denoted by Z(S).

Let L C K[Y], we denote by < L > the ideal in K[Y] generated by L.
1.2 Coding Theory
Definition 1.3. Let H be an (N —k) x N matriz with entries in Fym, such that

its rank over F, is N —k. The set C of all vectors ¢ € (F,)™ such that Hc' =0
is an (N, k) linear code over F,, N is the length and k is the dimension.

CGC



4 A commutative algebra approach to linear codes

The elements of C are called codewords and matrix H is a parity-check
matriz of C. If ¢ = 2, C' is called a binary code. Any k x N matriz G whose
rows form a vector basis of C' is called a generator matrix of C'.

Definition 1.4. Let x, y be two vectors in (F,)N. Then:

(1) the Hamming distance d(z,y) between x and y is the number of coordi-
nates in which x and y differ;

(2) the Hamming weight w(x) is the number of nonzero components of x.
Definition 1.5. Let C' be a linear code. The number

do = i #/d(x, )= erggl#oW(C)

is called the (minimum) distance of C.

From now on, “code” means “linear code”.

If a code C has length N, dimension k£ and distance d, we say that C' is
an [N, k, d] code.

When a codeword is transmitted, it can be affected by errors or erasures.
An error occurs when one codeword component is changed into another field
element and an erasure occurs when the received component has an unknown
value. We know where the erasures are (erasure locations), but we do not know
where the errors occur (error locations). It is convenient to collect the errors
in a vector which is the received vector minus the sent word.
If there is a decoding procedure for C' that can always correct 7 errors or less,
then we say that the error correction capability of the code C'is 7. We denote
by ¢ the maximum value for 7. It is known that ¢ = |1 ].
Moreover, for any v and 7 natural numbers such that 27 + v < d, we know
that C' can correct simultaneously v erasures and 7 errors.

Definition 1.6. Let C' be an (N,k) code. We denote by A; = A;(C) the
number of words in C' with weight i. The integer set { Ao, A1, ..., Ay} is called
the weight distribution of C'.

Definition 1.7. Let C C (F,)™ be an (N, k) code. For any vector a € (F )N
the set

a+C={a+x:2eC}
in called a coset (or translate) of C. Let H be a parity-check matriz of C.
Then vector S(y) = HyT of length N — k is called the syndrome of y. We
denote by A;(a+ C') the number of vectors of weight i in translate a + C'.

Definition 1.8. Let C' be an (N, k) code over F, with parity-check matriz H.
Let D be a proper subset of N = {1,...,N}. Let H' be the matriz obtained
from H by deleting columns h_j, j € D. We define the shortened code C(D)
as the code having H' as a parity-check matriz.
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1.3 General error locator polynomial

Let C be an [N, k,d] code over F,, ¢ its correction capability and H a
parity-check matrix. Let d > 3. The syndromes lie in (F )" "% and form a
vector space of dimension (N — k) over F,. Let a be a primitive N-th root of
unity in Fym, so that n = N. Let r = N — k.

Definition 1.9. Let L& be a polynomial in F,[X, 2|, where X = (x1, ..., ;).
Then L¢ is a general error locator polynomial of C' if

(1) Lo(X,2) =2+ a2+ + ag, with a; € F[X], 0<j <t—1, that
18, Le is a monic polynomial with degree t with respect to the variable z
and its coefficients are in F[X];

k

(2) given a syndrome s = (S1,...5,) € (Fym )N, corresponding to a vector

error of weight 1 <t and error locations {k1,...,k,}, if we evaluate the
X wariables in's, then the roots of Lc(s, ) are exactly {a* ... aF= 0,... 0}.
~——
t—p

Given a generic code C, the existence of a general error locator polynomial
is not known. In [OS05] the authors prove its existence for any cyclic code.

We can extend Definition 1.9 to the case when there are also erasures.

Definition 1.10. Let £ be a polynomial in F [ X, W, 2|, X = (z1,...,2,) and
W = (w,,...,w), where v is the number of erasures that occurred. Then L
s a general error locator polynomial of type v of C if

(1) L(X,W,2) = 2" + ar_127F + -+ + ag, with a; € F J[X, W], for any
0 <j <7-—1, that is, L is a monic polynomial with degree T in the
variable z and coefficients in F,[X, W];

(2) for any syndrome s = (51,...,5,) and any erasure location vector
w= (wWy,..., W,), corresponding to an error of weight u < 7 and error
locations {ky,...,k,}, if we evaluate the X variables in s and the W
variables in w, then the roots of L(s,w,z) are {a*', ... af» 0,...,0}.
——

T—p

If such L exists for a given code C, then we name the polynomial L.

To be consistent with our notation, we refer to L also as to a general
locator polynomial of type 0, where clearly Lo = L.

For a code C, the possession of a general locator polynomial L£f. of type
v for all 0 < v < d might be a stronger condition than the possession of a
general error locator polynomial L¢, but in [OS05] the authors prove that any
cyclic code admits a general locator polynomial of type v, for 0 < v < d.
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6 A commutative algebra approach to linear codes

2 General nth-root codes
2.1 Definition and first properties

Definition 2.1. Let L C R,U{0}, L ={ly,...,In} and P = {g1(x), ..., g.(x)}
in Fym|x] such that ¥Yi = 1,..., N there is at least one j = 1,...,r such that
gi(l;) # 0. We denote by C' = Q(q,n,q™, L, P) the code defined over F, having

gr(l) - gr(Iy) gr(L)
as its parity-check matriz. We say that C' is an nth-root code.

Remark 2.2. Code C = Q(q,n,q™, L, P) is linear over F, its length is N = |L|
and its distance d is greater than or equal to 2, because there are no columns
in H composed only of zeros.

If 0 € L we assume [y = 0 (any re-ordering of L gives an equivalent code).
We will denote by L the set R, \ L.

Definition 2.3. Let C' = Q(q,n,q™, L, P) be an nth-root code and v € (F,)".
If L =0, we say that C' is mazimal.
If P C F,lx], we say that C is proper.
If 0 ¢ L, we say that C is zerofree, non-zerofree otherwise.
Vector v is zerofree if either C' is zerofree or C' is non-zerofree but vy = 0.

Since any function from [Fym to itself can be expressed as a polynomial,
we can accept in P also rational functions of type f/g, f,g € Fym, such that
g(z) # 0 for any = € Fym. We do so from now on, without further comments.

Example 2.4. Let ¢ =2, n =7, ¢" =8 L = Fys =< [ > U{0} and
P = {91(z) = 27, 92(x) = %5} The seven 7th roots of unity are all
the elements of F§, Ry = F§. The nth-root code C' = Q(2,7,8,Fg, {g1,92}) is
non-zerofree (0 € L), maximal (L = R, \ L = ), proper (both g; and g lie
in Fo[z]) and its parity-check matrix is the following:

o 91(1) g1(8) 1(5%) 91(5°) 91(8*) 91(8°) 91(6°) 91(0) e
92(1) 92(8) 92(5°) 92(5°) 92(8*) 92(6°) 92(5°) 92(0)
Lpptpr s petl
13°p° 3> 3 3°3°0

It is easy to see that C'is an [8,2,5] code with generator matrix

H
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10010111
01111110

and Welght distribution {AO = 1, A1 = AQ = A3 = A4 = O, A5 = 2, A6 = 1}

In the next example we show that not all maximal nth-root codes can be
seen as maximal proper nth-root codes.

Example 2.5. Let ¢ = 2,n = 5,¢™ = 2', L = R; and P = {g}, where

g = y2at + 413 + 2% + 4M2 4+ 43 and ~ is a primitive element of Fg. Let

C = Q(2,5,2% Rs,P). Code C is maximal (L = () and zero-free (0 ¢ L) and
its parity-check matrix is the following:

H=1(9(),9(2°),9(+"),9(+"%),9(v"*)) = (+°. 7% 7% 4" 4") -

It is easy to see that C'is an [5,2,3] code with generator matrix

11100
00111
We show that C' is not proper maximal by contradiction. If C' is (zerofree)

proper maximal then C' = (2, 5,24, Rs, P’), where P’ = {g},...,g.} C Fylz]
for some r > 1. Its parity-check matrix is then

91(7*), 1(7°), 1(7°), 1 (v"?), g1 (")

=
I

9:(7*); 9:(7%), 9:(7°); 9:(v*?), 9: (")

Let e; = ¢'(7%), e2 = ¢'(0°), e3 = ¢'(7?), ea = ¢'(7"?), e5 = ¢'(7"°), where

g'(z) = gi(z) for some i = 1,...,r. Since (e1, es, €3, 4, €5) is a row of H, it must
satisfy e; +e3+e3 = 0 and e3+e4+e5 = 0. In other Word_s, the fgllowing ideal
J C Fuglbo, ..., bis,€1,...,e5] has at least a solution € = (by, ..., b5, €1,...,€5)

in V(J) such that (ey, es, €3, é4,€5) # (0,0,0,0,0),

J=<e +eytes es+es+es, {b+ bi}ogigm , {ei® + ei}1§i§5 ’

g(*) —e1, 9(0°) —ea, (V) —e3, ¢ (W*?) —ex, ¢ (W) —e5 >,

where ¢’ = é5 biz' € Fy[z]. A computer computation shows that a Grobner
basis of J contains {ey, ..., e5} and so V(J) does not contain €, hence ¢’ does
not exist. This means that no polynomial in P can have coefficients in Fs,
which proves our claim.
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8 A commutative algebra approach to linear codes

Remark 2.6. In order to define the same nth-root code it is possible to use
different n. For example to define a linear code with length N = 5, we can use
the five 5th roots of unity or five elements chosen from the set of the seven
7th roots of unity. See next example.

Example 2.7. Let C be a linear code over Fy having parity-check matrix

11010
00111

It is possible to view C' as a maximal, zerofree nth-root code Q(2, 5,24, L1, P;),
where Ly = Ry = {7°,7°,7°, 72,7} C Fig =< v > U{0} and P; C Fyg[z] is
Pl = {91792}7 with

g1 = 77954 + 714953 4+ 711x2 4+ 71395 +1, go = v2x4 4+ 74953 + 7x2 + 78x +1.

Code C' can also be seen as a non-maximal nth-root code zerofree with different
parameters, that is, C = Q(2,7,23, Ly, Py), where Ly C R; = Fy =< 3 >,
L2 - {5762763764765} a’nd PQ - ]F23[t] iS PQ - {p17p2}7 Wlth

=ttt 1, py = A 4 B2
Moreover, code C' can also be seen as a non-maximal, non-zerofree nth-root
code with the following parameters: C' = (2,7,23, L3, P3), with Lz C TFg,
Ly ={3,3% 3% 3% 0} and P3 C Fglz] is Ps = {hy, ho}, where

hy = 3% + 2% + 3°2% + Bz, hy = 392" + 322 + %2 + 1.
Note however that code C cannot be seen as a maximal non-zerofree code.

The next proposition shows in particular that any correctable code can be
seen as an nth-root code for suitable values of n.

Proposition 2.8. Let C be a code over Py of length N and d > 2. Then C' is
an nth-root code for any n > N — 1 such that (n,q) = 1. In particular:

(1) if n = N, then C can be mazimal zerofree,
(2) if n =N — 1, then C is mazimal non-zerofree.

Proof. Let C be a linear code over F, of length N, dimension k and d > 2,
with parity-check matrix H = (h;;) € (F,)"N=9*N_ Since d > 2 there is no
Jj=1,...,N such that h; ; =0, Vi=1,...N — k. Let n be a natural number
such that n > N — 1 and (n,q) = 1. Let R, = {a1,...,a,} be the set of
nth-roots of unity over F,,.

e Suppose that n > N. Let L be a subset of R,,, |L| = N, and r = N — k.
Thanks to the Lagrange interpolation theorem we can find r polynomials
gl(l') € qu[iﬂ] such that gi(Oéj) = hiJVOéj € L, 1= 1, Lo,y j = 1, .. .,N,
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viewing any h; ; as an element of Fym. We collect polynomials g;(x) in set
P = {¢i}1<i<r. Polynomials g;(z) are such that for any i = 1,--- ,r there
is at least one 1 < j < r such that g;(o;) # 0. Then it is obvious that
code C' can be seen as the zerofree nth-root code Q(q,n, ¢™, L, P).

e With the above construction, if n = N code C' is maximal, since L = R,,.

e Let L be a set composed of 0 and N — 1 elements of R,,. With the above
argument it is easy to proof that C' is a non-zerofree nth-root code.
If n =N — 1, code C' is maximal non-zerofree, since L = R,, U {0}.

O

Corollary 2.9. Let C be a code. C' is an nth-root code if and only if d > 2.

Proof. 1t follows immediately from Proposition 2.8 and from Remark 2.2. 0O

Thanks to previous proposition, an (linear) [N, k,d] code C, d > 2, can
be seen as an nth-root code, but we do not know whether it can be seen as a
proper nth-root code: we only know that there are codes that cannot be seen
as mazimal proper nth-root (see Example 2.5).

2.2 Computing distance and weight distribution for an nth-root code

In this section we provide a method to compute the distance and weight
distribution of a code C', given a representation of C' as an nth-root code.
The following two ideals are necessary to our purposes.

Definition 2.10. Let C' = Q(q,n,q™, L, P) be an nth-root code, w and w be
natural numbers such that 2 <w < N = |L|, 1 <w < N — 1. We denote by
Jw(C) and J3(C) the following two ideals:

Jw Jw(O) = Jw(Q7n7 qm7L77)> - qu['zl?‘ sy Rwy Y1y - '7yw]7

Jﬁ) ﬁ)(c) = jzf)(Q>n> qmaLap> C qu[Zb' ces 2y Y1, - '7y7i)7y]a

']w = < {Zz}zl yhgs(zh)}lgsgfr 9 {y]q‘il - 1}1§j§w’

2 —1 (1)
i heme \Tom e )

Jo=C {Simeen) +va. ) v =1,

-1 z7—1
AP J)}1§’<J§w’{nzei(zrl) 1<j<a

1<s<r

h B I R e in F, [z, 2]
wnere p” = h=0 Z; Z] = P are in q ZZ7Z] .

We denote by n(J,) and f](jw) the integers n(Jy) = |V(Jw)|, 1(Ja) = |V(jw)|
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10 A commutative algebra approach to linear codes

Remark 2.11. Ideals J,, and J; are radical, since they contain polynomials
yd—y; and 2/ —z; with j = 1,...,w for J, and j = 1,...,% for J, ([Sei74]).
Remark 2.12. If we are in the binary case (¢ = 2), variables y;, j = 1,...,w,
and v are 1, and so we can omit them and the ideals become:

Juw = Ju(C) = Jp(2,n,2™, L, P) C Fom|[z1, ..., 24|,

n_j

Jw = { {25:1 gs(zh)}1§s§r Apij (2, Zj)}1§i<j§w {Hz:JE(Zrl) }1<j<w>;
jzf) = jzf)(c) = jzb(Qa n, 2m’ L? P) C Fam [217 T Zﬁ’]’

5 D z'—1
Jﬁ; = < {Zh:1 gs(zh) + gs(o>}1§s§r y {pij(zi, Zj)}1§i<j§u§ ) {m}lgg‘gw)‘

Proposition 2.13. Let C' = Q(q,n,q™, L, P) be an nth-root code. In the ze-
rofree case, there is at least one codeword of weight w in C if and only if there
exists at least one solution of J,,(C). In the non-zerofree case, there is at least

one codeword of weight w in C' if and only if there exists at least one solution
of Ju(C) or of J,_1(C). Moreover the number of codewords of weight w is

W(Jz'ﬂ)

in the zerofree case and

Ay
Ay n(i}”) + %ﬁz)ﬂ) in the non-zerofree case

The proof is reported in Subsection 2.5.
2.3 Algorithms

Since the number of solutions of an ideal J is directly computed from any
Grobner basis of J (see [BCRT93]), we can easily describe an algorithm to
compute the weight distribution (and the distance) of an nth-root code, by

applying Proposition 2.13.

We first consider the zerofree case.

INPUT: a zerofree nth-root code C' = Q(q,n,q™, L, P),
an integer 2 < w < |L|
OUTPUT: the element A,, of the weight distribution of C

STEP 1: construct ideal Jy, = J,,(C)

STEP 2: compute a Groébner basis G, of Jy,

STEP 3: use Gy, to get the number 7(Jy,) of points in V(J,,)
STEP 4: return 27w

w!

We now consider the non-zerofree case.
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INPUT: a non-zerofree nth-root code C' = Q(q,n,q™, L, P),
an integer 2 < w < |L|
OUTPUT: the element A, of the weight distribution of C'
STEP 1: construct ideals J,, = J,,(C') and Jp1 = jw,l(C’)
STEP 2: compute a Groébner basis G, of J,, and
compute a Grobner basis Gw_l of jw_l
STEP 3: use G, to get the number 7(J,,) of points in V(J,,) and
use Goy_1 to get the number n(Jw 1) of points in V(Jw 1)
STEP 4: return 77(‘]”) + 1)

(w=D

We give an example for the non-zerofree case.

Example 2.14. Consider the nth-root code C' as in Example 2.4. We compute
its weight distribution by using our algorithm. Setting w = 2 we construct
ideals Jo(C') C Fylz1, 2] and J;(C) C Fa[z]:

J2(O) =< 91(21) + 91(22),92(21) +92(22),Z1 - 17227 - 17]9(21,22) >

J(C) =< g1(21) + 61(0), ga(21) + 92(0), 21 — 1 >
Their Grobner bases Gy and Gl are trivial and hence there are no words
of weight 2 in this nth-root code. The same happens for w = 3 and w = 4, so
that As = A4, = 0. Settmg w = 5 we construct the ideals J5 and J4 Basis G5
is trivial, but basis G4 has the following leading terms

2 2 3 3 .4 2.2 2.3
{21227 Zla 21237 227 21247 237 22237 247 22247 2324}

These monomials permit us to compute the number 7(J;) = 48 ([BCRT93]).
We get A5 = % + ﬁ%“) = 48 = 2 (note that the 2 words of weight 5 in C
have the last component non zero). Computing Gg we have a non trivial result,

n(Js) = 720, and for J5 we get an empty variety. The words of weight 6 are

then Ag ‘]6) + "(‘]5) = 229 — 1. Summarizing, we have:
w G(Jw) | G(u=1) | () | (Jw-1) || Au
2,347 1} (1} 0 0 0
5 {1} not trivial 0 48 2
6 not trivial {1} 720 0 1
8 - (1} - 0 0
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12 A commutative algebra approach to linear codes

2.4 Computing the weight distribution for cosets

In this subsection we study the computation of the weight distribution of
translates of any nth-root code C' = Q(q,n,q¢™, L, P).

We can define two ideals and use them to calculate the weight distribution
of cosets, similarly to what is done in previous sections.

Definition 2.15. Let C' = Q(q,n,q™, L, P) be an nth-root code, w and w be
natural numbers such that2 < w < N = |L|, 1 < < N—1. Leta € (F,)V\C
and o(a) € (Fgm)" be its syndrome. We denote by J,(a + C) and Jy(a + C)
the following two ideals: A

Juw(a+C) CFymlz1, ..o, 2w Yty - - - Y, Jo(a+C) T Fymz1, ..o, 2a, Y1y - - -, Yar, V),

Ju(a+C) = {d 1 _ yngs(zn) — U(a)}l<s<r , {ygil - 1}1<j<w’
Z; -1 '7 a (3)
{pm(zh Z])}1<Z<j<w ) {m}1<]’<w >7

Jola+C) = {Zle yngs(zn) + vgs(0) — }1<s<r v =1

zl—1
]/q — 1 {ng (Zzu ZJ)}1<z<j<w ’ {HleL ZJ }1<j<w )

(4)

We also define n(Jy(a+C)) = [V(Jula+C))|, 1(Js(a+C)) = |[V(Ja(a+C))|.
We have the following proposition.

Proposition 2.16. Let C = Q(q,n,¢™, L,P), a € (F)N\C, and a+C a
coset of code C. In the zerofree case, there is at least one vector of weight w
in coset a+ C if and only if there is at least one solution of J,(a+ C). In the
non-zerofree case, there is at least one vector of weight w in a4+ C' if and only
if there is at least one solution of J,(a+ C) or of Jy_i(a+ C). Furthermore,
the number of vectors of weight w in a 4+ C' is

Ayla+C) = w in the zerofree case and

Aula+C) = WalssC) | illomr(at0)

in the non-zerofree case

Proof. We apply similar arguments to those of Proposition 2.13. O

Example 2.17. We consider code C' as in Example 2.4. We know that it has
64 cosets (including C' itself), any having a syndrome vectors o(a) in (Fg)®.
Since H has two rows, we can consider syndromes in (Fg)?.

Let a = (0,0,0,0,0,0,0,1) and Ha® = o(a) = (1,0)7.

We construct ideals J,(a + C), J,_ 1(& +C) (2 < w < 8), we compute their
Grébner bases G% = G(Ju(a 4+ C)), G%_ | = G(Ju_1(a + C)), obtaining the
following results:

CGC
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w Gis o1 | (@4 C)) | i(Jur(a+0)) | Aule)
2,3,5,6 {1} {1} 0 0 0

4 non trivial {1} 48 0 2

7 {1} non trivial 0 720 1

8 - {1} - 0 0

2.5 Proof of Proposition 2.13

Let C = Q(n,q,q™, L, P) be an nth-root code of length N = |L|. We have:

e in the zerofree case, L = {a",...,a'"N} = {a"}; e;, I C {1,...,n} such
that |[I| = N and 4; < ... < iy, i.e. set ] contains the exponents ¢; such
that a% belongs to L.

e in the non-zerofree case, L = {a™,...,a™1,0} = {a%}, ;; U {0}, IcC

{1,...,n} such that |[I| = N —1and iy < ... < iy_q, i.e. set I contains
the exponents i; such that a* belongs to L.

Observe that having ordered the exponents of a in I (or I) we have not ordered
set L.

Let 7 be a projection map:
7 (F)" ™ — (Fq)N, T (U1, Un,00) = (Vigy e vy Uiy)

Note that we use vy to denote the last position of the input vector instead
of v,11, in order to simplify notation in the non-zerofree case. For any w,
2 <w < N, let A, C (Fm)” x (F,)" be the set composed of all vectors
a = (ay,...,au,d},...,a,) such that: a; = 0 or a; = o/ (j = 1,...,n), if

a; = 0 then i = w, a; # a; (Vi # j), and a} # 0 (for any ¢').
Sets { A, }a<w<n are obviously disjoint. We define a function ¢ as

o : |_| Aw — F)" 0 dlar, ... aw, dy, . dl,) = (U1, ., U, ),

2<w<N
where
v — a,,, if a,, =0 and for i 0,0, = aj, if 3j such that a; = o’
0, ifa,#0 0, otherwise
Composing maps ¢ and 7 we obtain ® =7o¢: | |, oy Aw — (F,)Y,
mog(ay, ... ap,al, ... al) =m(v,. .., 0,00) = (Viy, ..., Viy)-
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14 A commutative algebra approach to linear codes

We claim that if v € (F,)" is a vector of weight w then ®~!(v) C A,, and

. w! it v is zerofree
|7 (v)] = : (5)

(w — 1)!'if v is non-zerofree

In fact, let v be a vector of weight w:

v = (O,...,O, vy, 0,000,014, 0,...,0, 1y, Oy ,O).
—— ——
T 1 T (6)
pr—1 Hi fr N = f
If v is zerofree then any a € &~ 1(v) is a = (a,...a" vy,...,1,), or any

other vector obtained from a via a permutation o € S,, acting as:
(@l ale ) voay, L V),

so that |®~1(v)] = w!.
If v is non-zerofree then any a € @ 1(v)isa = (o, ...a" =1 0,v1, ..., Vy_1, V),
or any other vector obtained from a via a permutation ¢ € S,,_; acting as:

(Oélu&(l)? s 705#6(11}71)707 Vs(1)y -+ Vo(w—-1), Vw)7

so that |~ (v)| = (w — 1)! and (5) is proved.
Let ¢ = (c1,...,cn) € C be a codeword of weight w. Let H be the standard
parity-check matrix of C, so that He? = 0, i.e.

=0.
gr(ll) gr(l2> gr(lN) CN

By representing ¢ as in (6) we obtain the r equations

ng(l“h)yhzo fors=1,...,r (7)

h=1

If ¢ is zerofree, representing [,, = o with z; and v; with y; for any
i=1,...,w, we define an ideal J, in Fym[z1,..., 24, Y1, .., Yw| as generated
by {3201 Ungs(2n) hrcoers (U] = Thicicw and {z]' = T}icicu.

If ¢ is non-zerofree, representing [, = o with z;, ¢ =1,...,w — 1, and
v; with y;, 4 = 1,...,w, we define an ideal J), in Fym[21, ..., 2y, Y1, ..., Yu) 88

generated by {25:1 yhgs(zh)}lgsgra {yiqil - 1}1§i§w7 {Z':Z - 1}1§i§w717 and z,.
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It is clear from equations (7) that any codeword of weight w corresponds
to at least one solution of ideals J’, J/: we will refer to these solutions as
"proper solutions” and to the others as ”spurious solutions”.

We certainly have a spurious solution if, for ¢ # j, we get z; = z;: a
codeword cannot have for the same position different values. In order to remove

these spurious solutions we add polynomials {p; ;(z;, Zj)}{l<i<j<u}} = Zz::]
<i<j< 2

[Sal06] the author shows that the set {z]' — 1,p;;(2i, 2j) } fi<icj<w} is a basis
for the ideal I vanishing on the variety

.In

V={(z,...,Z) |2 —1=0,i=1,...,w,z # 2,1 <i<j<w}

Then, we can add, respectively, to J,, and JAI’U sets {pi (2, %) }i<i<j<w) and
{pi; (2, 2j) }i<icj<w-1}, Obtaining respectively

T =< JusPi (20, ) psiciswy > and Ty =< Ju,pij (20 2) psicisw-1y > -

Observe that J) is J,, and JZ/ has the same number of solutions of .J,_;. In
conclusion, for any word ¢ of weight w, if ¢ is zerofree there is at least one
solution of J,,, else there is at least a solution of either J,, or J,_1.

Conversely, let ¢ = (Z1,..., 2w, U1, ---,Uw) be in the variety of J! = J,,.
Since zZ' =1, Vi =1,...,w, we can write any z; as a?, for some 1 < p; < n.
Moreover, since %; # Z; for any ¢ # j we have that p; # p; for any ¢ # j and
y; #0Vj=1,...,w, so that ¢ € A,. Applying map ® to ¢ we obtain:

C:(()?"'a07 gla0)"'707gi707"'707gwa07"'70)'
—— ——
7 T 7 7 7
pr—1 M P N — fiy

A direct check shows that ¢ is actually a codeword.

On the other hand, if ¢ = (21, ..., 24,71, ..., ) is in the variety of j{é = Jy1,
since ' =1, Vi = 1,...,w—1, we can write any Z; as o/, for some 1 < p; < n.
Moreover, since Z; # Z; for any ¢ # j, we have that p; # p; for any ¢ # j. We
compute P(¢):

Cc= (07"-a07 glaow"aO? gia 0)"'707 gwfla 07"'707 gw)
——

T T T T T
p—1 i Pav—1 Lo

A direct check shows that ¢ is actually a codeword.
To conclude the proof it is enough to apply (5).
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16 A commutative algebra approach to linear codes

3 General error locator polynomial

In this section we assume the reader is familiar with Grobner theory
for 0O—dimensional ideals, in particular with the Gianni-Kalkbrener theorem
([Kal89], [Gia89],[GM89],[CM02]).

Let K be a (not necessarily finite) field. Assume G is a Grébner basis for
a 0—dimensional ideal J C K[S, A, 7], S = (s1,..-,s1), A = (a1,...,ar),
T = (t1,...,ty) wr.t. a order with § < A < 7 and with the A-variables
lexicographically ordered by a; > ay > --- > ay. Then the elements of set
G N (K[S, A] \ K[S]) can be collected into blocks {G;}1<i<r:

G1 = {9171(8, ar, .. .,ag,al), e ,ngl(S,aL, . .,ag,al)},
GQ = {92,1(87 ar, .. '7a2)7 v ,92712(87311, .. '7a2)}7

GL - {gL,1(87 aL)7 s 7gL,lL(87 aL)}7
in such a way that:
o for any i, G; C K[S,ar,...,a;1][a:i] \ K[S,ar,...,a:41],

e the ideal generated by U;-;G; is actually the ¢-th elimination ideal .J;,
Ji = JﬂK[S,aL,...,ai].

The Gianni-Kalkbrener Theorem ensures that G; # 0 for any 1 < i < L.
Clearly any G;, 1 < ¢ < L, can be decomposed into blocks of polynomials
according to their degree with respect to the variable a;:

Gi = UéA:ilGiéa
but some G5 could be empty. In this way, if g € G5, we have:
® gc K[S7 Ar, .-y ai-l—l][ai] \ K[S’ AR ai+1]7

o deg, (g) =46,ie g= bad +--- and b= Lp(g) € K[S,ar,...,a;41].
Let N;s5 be the number of elements of GG;5. We name the elements of the set
Gis = {9isj, 1 < j < N5} after their order:
h < j < Lt(gisn) < Lt(gis;)-

Remark 3.1. We can summarize our description.
Given any two polynomials ¢;pp € Gip and g;5; € Gis, then

[>1o0r
giph < Gis; < Lt(gipn) < Lt(gis;) & 1 =1i,D < § or (8)
l—iD=06h<j

CGC



M. Giorgetti, M. Sala 17

Since J is 0—dimensional, we can clearly decompose the variety of its
elimination ideals as follows. Let Js = JNKI[S], Jsua,; = JNK[S,az], ...,
Jsufar,..ay = J NK[S,ag, ..., a)] = JNK][S, A]l. We have:

1) V(Js) = NS with
S ={(s1,...,5x5) € V(Js) | there are exactly j values {é(Ll), ce é(Lj)},
s.t.(5, .. sN,aL e V(Jsugary), 1 <i <}

2) V(Jsugayy) = U V8 with

J

PV ={(51,...,5n,31) € V(Jsufa,y) | there are exactly j values

@G, aY Y st Gr . sh, A at ) € V(Jsugagar)s 1 < i< )

3) V(Jsugar,ay) = L3UTVSR1 2 < b < L with

Y=t = {(5y,...,5x,3L,...,3) € V(Jsuar,..ant) \ 3 exactly j values
21)1,.. a§j>1 ,8.t.(51,...,5N,3aL, ..., an, ah 1) € V(Jsuap,.anii})s
1<i<j};

Note that, for a general 0-dimensional ideal J, nothing can be said about
A(h), except that A(h) > 1 for any 2 < h < L.

We now introduce a class of ideals which are very useful in our context.

Definition 3.2. With the above notation we say that J is stratified if:
(1) AM(h) =h, 1 <h <L and
(2) SV #£0,1<h<L1<j<h

In the next two examples we show some non-stratified ideals.

Example 3.3. Let S = {s;}, A = {a1} (so that L = 1) and 7 = {t;} such
that S < A < 7. Let K = C and J be the ideal in C[sy, ay, t;] generated by

2 2 2 3 2
{Sl —S1,a1S1 — a1 —S1 + 1,a1 — 23151 — 23151 —a; + St + 351 + 251,t1}.

The variety of J is V(J) = {(0, 1,0) (1,2,0),(1,3,0)}. Let Js = JNC[S] =
< st —s; >, then V(Js) = I_I’\(L) Z I_I’\(l) ; = {0,1}. Clearly {0} = >°;
and {1} = 3} which means (1) = 2 7é 1 = L, so ideal J is not stratified

because condition (1) in Definition 3.2 is not satisfied for h = 1. See Figure 1
(A).
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18 A commutative algebra approach to linear codes

a, (A) a, (B)
4 4
3l e
2l e
10 1 °
N 0 *
B2 3 4 s o 1 2 3 4 5
S S1

Fig. 1. Varieties in the non-stratified case.

Example 3.4. Let S = {s;}, A = {a1,a3,a3} (so that L = 3) and 7 = {t;}
such that S < A < 7 and a; > as > az. Let X = C and J be the ideal in
Cls1, a1, az, as, t1] generated by

2 3 2
{s] —s1,a351 — 1, a3 — 6a; + 1lag — 6, ay,t1 }.

The variety of J is V(.J) = {(0,0,0,1,0), (0,0,0,2,0), (0,0,0,3,0), (,0,0,1,0)}
and V(Jsua;) = {(0,1),(0,2),(0,3),(1,1)}. Let Js = JNC[S] =< s? — 51 >,
then V(Js) = L)) S8 = 128) 57% = {0, 1}. Clearly {1} = 7 and {0} = >}
which means A(3) = 3, satisfying condition (1) in Definition 3.2. However,

S0 = () and so ideal J is not stratified, because it does not satisfy condition
(2) in Definition 3.2, for h = 3. See Figure 1 (B).

The next example shows a simple stratified ideal.

Example 3.5. Let S = {s1}, A= {a1, a2} (so that L =2) and 7 = {t;} such
that S < A < 7 and a; > ay. Let K = C and J be the ideal in Clsy, a1, as, t1]
generated by:

{s} —s1,a3 —3,a15; — 251,a] +a151 — 3a; — 251 + 2,t1 }.

The variety of J is V(J) = {(0,1,3,0),(0,2,3,0),(1,2,3,0)}. Let Js = J N
C[S] =< s} —s; >, then V(Js) = Js = LGS0 = 12752 = {0,1}.
Clearly {1} = 322 and {0} = 32, which means \(2) = 2 satisfying condi-
tion (1) in Definition 3.2, for h = 1,2. Variety V(Jsu(a,}) = I_I;‘iLfl) Z?(l) —
{(0,1),(0,2), (1,2)}. On the other hand, {(0,1),(0,2),(1,2)} = 3}, which
means A(L — 1) = A(1) = 1 satisfying condition (1) and all %, Vi,j = 1,2,
are not empty, so that ideal J is stratified. See Figure 2 (A) and (B).
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(A) a (B)

=%

% (o @0 @1
2 3 435 (1,0) 20) (1) (ays,)

Fig. 2. Varieties in a stratified case

By revisiting Theorem 5.4 and Theorem 5.5 of [OS05], we get the following
theorem.

Theorem 3.6. Let J be a radical, stratified ideal, then for 1 <i < L,
Gi =U5_,Gs ,

with Gis 0, 1 <6 <i and 1 <1i < L. Moreover

o V1 <1 < L, Gy = {ginr}, i.e. only one polynomial exists in G; with
degree v w.r.t a;;

o V1<i<L, Lp(gi) = 1, Lt(gsa1) = a}.
In next definition we adapt ideal J,, in Definition 2.10 to correct errors.

Definition 3.7. Let C = Q(q,n,q™, L, P) be a zerofree, mazximal nth-root
code, with correction capability t. We denote by J! the ideal
JOUCFyn|T, oy Ty 2ty o ooy 21, Yy - - Ui,

t -1
{Ziszij(zi7 Zj)}iyéj,lgi’jgt ) {Zjn - Zj}lgjgt >
We denote by Gt any Grébner basis of J&t w.r.t. >.

Note that variables zy, ..., x, represent correctable syndromes, zq,..., 2
error locations and vy, ..., ¥y; error values.
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20 A commutative algebra approach to linear codes

Lemma 3.8. Ideal J9! is radical and stratified.

Proof. Points in V(J!) cannot be outside (F =) "%, Since J%! contains
polynomials y;?_l — 1, and 2} — 1 divides zjm —z; for j =1,...,t, thanks to
Seidenberg’s Lemma ([Sei74]), J¢! is radical.

To prove that J! is stratified we begin with the case h =t (L =t).
Let o be a natural number 2 <y <t —1 and

EZ ={z=(Z1,...7,) € V(chltxr) | there are exactly

pvalues (z7,...,2") st. (Z,... %, zf) € V(Jgtw%)}

A point in V(J) corresponding to a syndrome that can correct u — 1 errors
is of type

([fl?“‘ajh fk****,a ?717--'7%)'
w— 1 values # 0
and t — p + 1 values 0

There are (u— 1)! points corresponding to this syndrome. If we truncate them
at the (r + 1)-th component, position r + 1 may assume either u — 1 values
corresponding to error locations or a zero value, for a total number of ;1 values.

So
t
¥, D {syndromes that can correct p — 1 errors ,2 < u <t —1}.

The converse inclusion is proved similarly.
Let

Sy ={z=(1,...%,) €V(JS' ,) | there are exactly

t values (z},...,20) st. (&1,...7,,2]) € V(JO )}.

L1y Tr, 2t
As in the previous case, there may be points corresponding to syndromes
correcting ¢t — 1 errors (in the r + 1-th position we can find the ¢ — 1 values
corresponding to errors positions and also 0), but there can also be points
corresponding to syndromes correcting t errors, so that in position r + 1 only
nonzero values can stay (which are t).

Let

N ={t = (T1,...7,) € V(Jﬁtxr) | there is exactly

one value 2; s.t. (Zy,...7%,,2;) € V(Jﬁ’f“,xmt)}

and the only vector satisfying this condition is clearly vector 0 that can be
extended only with a zero.
Ifpu>t

S={z=(21,...7,) e V(JS' ) | there are exactly
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povalues (27, 2f) st (T1,. . T, 2) € V(IS L, L)Y

L1y Tr, 2t
The syndromes can correct only p < ¢ errors, so that ZL = () for all > t.
We have proved that ideal J! for h = ¢ satisfies conditions (1) and (2)

in Definition 3.2. With similar arguments we can prove that it satisfies these
conditions for h # ¢, and hence it is stratified. O

Applying Theorem 3.6 to J¢, thanks to Lemma 3.8, we have the following
fact.

Fact 3.9. In Grobner basis GEt there exists a unique polynomial of type
g=z +a, 127+, +ag,a € Fm[X].
Proof. 1t is enough to take : =t and g = g1 O
We are ready for the main result of this section.

Theorem 3.10. If code C s a proper mazimal zerofree nth-root code with
correction capability t, then C possesses a general error locator polynomial.

Proof. From Fact 3.9, a polynomial of type g = 2{ +a,_12 ' +...4ag, with

a; € Fm[X], exists in J. Since C is proper, all polynomials in ideal J¢*
have coefficients in I, and so g must be in F,[X, z].
We claim that £ = g(X, z) € F,[X, 2] is a general error locator polynomial
for C. Polynomial g satisfies clearly (1) in Definition 1.9. Condition (2) in
Definition 1.9 is satisfied, because correctable syndromes are in V(J'NF,[X])
and ¢ is in JO. O

Since cyclic codes are proper maximal zerofree nth-root codes (see Sub-
section 4.1) we obtain, as a special case of Theorem 3.10, that cyclic codes
have general error locator polynomials (Theorem 6.9 in [OS05]).

In the next two examples we show two methods to compute general error
locator polynomials. The former is suggested by Lemma 3.9. In the latter we
assume we know that a general locator polynomial exists for the code and
hence we apply directly Definition 1.9.

Example 3.11. Let G and H be the following binary matrices

10101
11100

G = H=101101
00111

00011

Let C be the [5,2, 3] linear code over Fy with G as a generator matrix and H
as a parity-check matrix. Note ¢ = 1. Let v be the primitive element of Fy.
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22 A commutative algebra approach to linear codes

Then C is the zerofree maximal nth-root code Q(2, 5,24, R5, P), where
P ={glz) =7"2" + %% + 9% +y2 + 1,
g3(z) = M2t + 4723 + B2 4 A M)

We construct ideal J¢t C Fig[zy, 2, 73, 21] = Fi4[X, Z], as follows:

JO = {gn(z1) — wh}1gh§3 , 20— 21).

If we calculate Grobner basis G& = Gy UG X2, W.r.t. the lexicographical order
induced by z; < x5 < x3 < 21, we obtain:

2 2 2
Gx = {5+ x3, x5 + X2, X103 + Tok3, T1XT2 + X1 + Tok3 + 2o + 23+ 1, ] + 21}
and

Gx = {01 =21 + (V¥+7)x1 + (VP+7)20m3 + y22 + 23 + (V¥ +°+7) )

In Gx ., there is only one polynomial in z; of degree 1, as we expected, g111,
and it must be a general error locator polynomial for C' thanks to Fact 3.9.

Example 3.12. Let C be the code in Example 3.11. Another way to compute
the general error locator polynomial is to see code C' with parity-check matrix
H = (%23, 1), so that C' = Q(2,5,2%, R5, P’), where

P/:{’)/121'4+’)/11.CE3+£B2+’)/141'+'}/3}.

If we calculate the Grobner basis G' w.r.t. the lexicographical order induced
by x1 < z1, its elements are:

G, =27+ (Pt + (P + 2l + e+ (P v+ 1), G =21+ 2l

There is only one polynomial in z; of degree 1, as we expected, and it is
another general error locator polynomial for C'.

Example 3.13. Another way to compute general error locator polynomials
for a code is to suppose that those polynomials exist. Let C' be the code
studied in Example 3.11. We assume that its parity-check matrix is a row,
H = (eq,e9,€3,¢e4,e5). We search a general error locator polynomial z + f(x)
(the degree t of z is 1). It must satisfy the following conditions:

fle))=a', V1<i<5, and f(0) =0.

Polynomial f(z) has degree at most 5 with coefficients b; in Fy, so that we
can write f(x) = bsa® + byxt + b32® + bz + bz (f(0) =0 = by =0).
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We compute a Grobner basis of ideal J C Fylby, bo, bs, by, bs, €1, €2, €3, €4, €5],

J = < e+ e+ €3, €3 +e4 + €5, {62-15 + 1}1§i§57 {b? + bi}1§i§5,
f(el) + 737 f(62) + 767 f(63) + 797 f(64) + 7127 f(65) + 715> )

where relations e; = ey + €3, e4 = e3 + e follow from matrix G. We obtain
e1 =195, es =72, e3 =73, es = ¥, e5 = 1, so that the parity-check matrix is
H = (7°42,43, 4 1) and the general error locator polynomial is f(z) = 3.

We note that it is the same as in Example 3.12.

Remark 3.14. The previous example is interesting because we have simulta-
neously computed for C' an nth-root presentation and a general error locator
polynomial. The nice shape of the general error locator polynomial reveals an
unexpected structure in this code.

If the approach presented in Example 3.13 fails for a code C’, that is,
if V(J) = 0, then it means that C’ does not possess a general error locator
polynomial for any nth-root presentation, such that H is composed of one row.
However, it could be that C’ possesses a general error locator polynomial for
H with up to N —k rows. We think that it is obvious how this may be checked
with a similar commutative algebra approach, and so we do not detail it.

3.1 Extended syndrome variety

We extend previous results to the case when there are also erasures. Let 7
be a natural number corresponding to number of error,  be a natural number
corresponding to number of erasure and such that 274 u < d. We have to find
solutions of equations of type:

S+ Y ag(a") +> agial) =0, j=1,...r, (10)
=1 =1

where {k;}, {a;} and {¢;} are unknown and {s;}, {h;} are known. We introduce
variables W = (wy,...,w,) and U = (uy,...,u,), where the {w,} stand for
erasure locations (™) and the {uy} stand for erasure values ¢; (h=1,...,v).

When the word v(z) is received, the number v of erasures and their posi-
tions {wy,} are known.

We rewrite equations (10) in terms of X, Y, Z, W and U, where the {z,}
stand for the syndromes (j =1,...,7), as:
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JOT = ({32 wgi (=) + 307 wigi(wp) — 5}y

{2/ — 2} {?Jg_l — 1tizt,rs
{uz - Uh}h:l,...,m {wi? - 1}h=1,---71/>
{xg’” — 2}t {p(wh, wi) }hotrep k=105

{Zip(zi, wh)}i:l,...,r,hzl,...,w {Ziij(Zi, Zj)}i¢j,i,j:1,...,7>-
We observe that:

- polynomials Y, vig;(z) + Y7 uzg;(w;) — x; characterize the nth-root code;

- polynomials 2/"*! — z; ensure that z; are nth-roots of unity or 0;
- polynomials wj — 1 ensure that wy, are nth-roots of unity;
- polynomials yf_l — 1, uj — uy, ensure that y; € [y and uy, € Fy;

- polynomials z;p(z;, wy) ensure that an error cannot occur in a position cor-
responding to an erasure;

- polynomials p(wy,, wy) ensure that any two erasure locations are distinct;

- polynomials z;z;p(z;, z;) ensure that any two error locations are distinct.

Ideal J9™ depends only on code C' and on v. With arguments similar to
those used in the proof of Lemma 3.8 it is easy to show the following lemma:

Lemma 3.15. Ideal J©™ is stratified and radical.
Applying Theorem 3.6, thanks to Lemma 3.15, we get the following results:
Fact 3.16. In Grébner basis G&V there is a unique polynomial of type
g=2"+a, 127 ' +.. . +ag a € Fm[X, W].

Theorem 3.17. If code C' is a proper maximal zerofree nth-root code, then C'
possesses general error locator polynomials of type v, for any v > 0.

Proof. 1t is enough to take ¢ as in Fact 3.16. O

Example 3.18. Let C’ be the shortened code obtained from code C presented
in Example 2.4. Code C’ is a [7,1,6] linear code, so that 7 (errors) and u
(erausers) satisfy relation 7 + e < 6. If 7 = 1, e = 2, the syndrome ideal is

J ={g1(z1) + wrg1(wy) + uag(ws) + 1, g2(21) + urga(wy) + uaga(ws) + w2,
28—z wl — L wd — 1,28 — 2y, 28 + o, u? + uy, ud + us,

ZlP(Zh wy, 7)7 21]9(21, W2, 7)ap(w1, Wa, 7)}

and in G there is only one polynomial having z; as leading term (App. A).

CGC



M. Giorgetti, M. Sala 25

4 Other code families

In this section we analyze some classes of codes and we show how they
can be seen naturally as nth-root codes.

4.1 Cyclic codes and related codes
Definition 4.1. Let g be a divisor of 2™ — 1 over IF,. We define Sc as the set
So = i1, inklg(a) =0,1 <i; <n}

of all powers of a that are roots of g. Let H be the following matriz:

1 Oéil a?il Q(n—l)i1
o 1 a2 a2 ... nDi
1 Oéinfk O[Qin*k . Oé(nfl)infk

The cyclic code C' generated by g is the linear code C' over ¥, such that H is
a parity-check matriz for C.

Setting ¢ and n as above, m the smallest integer such that n|¢™ — 1,
L =R, ie. L={aa?...;a"}, and P = {2 | i; € Sc}, we can see C as
the nth-root code Q(g,n,¢™, Ry, {2 | i; € Sc}). In fact, nth-root codes are
a generalization of cyclic codes. Moreover, since z" € F,[z] for any ¢, we have
the following result.

Proposition 4.2. Any cyclic code is a proper mazimal zerofree nth-root code.
As a consequence, it possesses a general error locator polynomial.

We claim that also shortened cyclic codes (see Definition 1.8) can be seen

as nth-root codes: if D is a subset of positions where cyclic code C'is shortened,
then code C'(D) is an nth-root code Q(q,n,¢™, L, P), where ¢, n and P are as
above and L ={a? | 1< j<n,j¢& D}
Remark 4.3. Since shortened (and non-shortened) cyclic codes are nth-root
codes, we can apply the algorithm of Subsection 2.3 to compute their distance
and weight distribution. In this special case, this algorithm coincides with the
algorithm proposed in [Sal06].

Now we consider the Reed-Solomon codes and the BCH codes, which are
important families of cyclic codes.

Definition 4.4. A cyclic code C of length n over F, is a BCH code of designed
distance § if, for some integer b > 0, the generator polynomial g(z) of C' is the
monic lowest degree polynomial over F, having o, o1, ... a2 as zeros.
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The minimum distance is d > ¢ and the parity-check matrix is:

1 b o?? .. ot
. 1 abtl Q20+ (=1 (b+1)
1 qbto-2 o20+6-2)  (n—1)(b+6-2)

Definition 4.5. A Reed-Solomon (or RS) code over F, is a BCH code of
length N =q — 1.

Usually, but not always, b = 1. A RS code is a cyclic code with genera-
tor polynomial g(r) = (z — a®)(z — a®)...(z — a®°72), where « is the
primitive element of Fym. A RS code can be treated as an nth-root code
Qg n, ¢ Fpm {z* |i=b,b+1,...,b+0—2}).

Remark 4.6. Using result from [KMO00], it is easy to describe explicitly a gen-
eral error locator polynomial for RS codes and hence prove its high sparsity.

4.2 Classical Goppa codes

In this section we view classical Goppa codes as nth-root codes.

Definition 4.7. Let g(z) € Fym[z], deg(g) =7 > 2, and let L = {ay,...,an}
denote a subset of elements of Fym which are not roots of g(z). Then the
Goppa code T'(L, g) is defined as the set of all vectors ¢ = (¢q,...,cn) with
components in F, that satisfy the condition:

Usually, but now always, set L is taken to be the set of all elements in Fjm
which are not roots of the Goppa polynomial g(z). If g(z) is irreducible over
F,m then code I'(L, g) is called irreducible Goppa code. A parity-check matrix
for I'(L, g) can be written as:

1 I |
gla1) glaz) g(an)
a  _ap ., _on
gla1) g(a2) g(an)
a2 012 012
1 2 oo N
glar) g(a2) g(an)
o o el
gla1) glaz) g(an)

Setting ¢, m and L as above, n:qm—landP:{ﬁ;), Vi=0,...,r—1}, it
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follows that classical Goppa code I'(L, g) over F, is the nth-root code

F:Q(q,qm—1,qm,L,{x—]i:O,...,r—1}) .
g(x)

The following results are then obvious.

Proposition 4.8. If the Goppa polynomial g is in F,[z]|, then I'(L,g) is a
proper nth-root code. In particular, if L = Fym \ {0}, code I'(L, g) is proper
and mazimal.

Theorem 4.9. Any classical Goppa code I'(L,g) such that g € F,lx] and
L =F,m \ {0} admits a general error locator polynomial.

Example 4.10. Consider the nth-root code of Example 2.4, shortened in
position 0. It is a classical Goppa code with g(z) = 2?4+ x + 1 and L = F}.
A general error locator polynomial for this code is

2 5.2 5, ,3,2 3, 22 2 5 4 3
2 T o4 3, 2 5.2 1 5 5 4.2
%5 + T1%2 + 21 + Ty + Ty + x5 + 25 + 1) + 2775 + xjre + 2] + a5+

3.3 2 2 6 7 6
1Ty + X1 + 27 + T1X9 + X122 + T1 + X5 + X5

Now we focus on irreducible Goppa codes, I'(L, g) such that L = Fm.
These codes admit also the following parity-check matrix H:

= 1 L S
H = (%Co’ =G’ Ty —Cgm-1 ) ’

where v € Fymr is any root of g(x) and Fym = {¢(; |0 <@ < ¢™ —1}.

We can extend Definition 2.1 to generalized nth-root codes, by allowing also
P C FglX] with F,m C Fg. In this sense, an irreducible Goppa code I'(L, g)
can be considered as a generalized nth-root code Q(q,¢™ — 1,¢™" ,Fymr, P),
where P = {g(z)} = {v%x}

Even the ideals in Definition 2.10 can be given in the generalized case, by
considering J, = J,(C) = Ju(qg,n, ¢, L,P) C Fglz1, -\ 2w Y1y - s Yuw)s
Jw = Ju(C) = Ju(q,n,¢™, L,P) CFolz1,- -\ 2w, Y1s - - -, Yus 14

Example 4.11. Let us consider the nth-root code C' given in Example 2.4.
Polynomial g¢(x) is irreducible over Fos = {(;}i=o...7, so Goppa code C' is
irreducible. Let € be a primitive element of Fgy: v = €% is a root of Goppa
polynomial g(x) and f(x) = 2° + 2* + 23 + z + 1 is a primitive polynomial of
Fg4 over Fy[x]. Parity-check matrix H is then:

— 1 1 1
H = <€21_<0a e2T_(10 "t g2 (y ) :

Setting ¢, ¢™ and L = Fym as above, n = ¢™ — 1 and P = {g(2)} = {=—=1},
we can see C' as a generalized nth-root code.
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4.8 Reed-Muller codes

Definition 4.12. Let m € N, m > 1. An arbitrary function f: (Fg)™ — Fy
is called a Boolean function (B.f. for short).

For example we can define the i-th elementary B.f., v; : (Fg)™ — Fo,

vi(x1, ..., xy) = x;. Their products form a linear basis for all the B.f.’s
{17 Uiy« y Um, UV1U2, V1V3, -« -y Un—1Um, V10203, . . ., U1V2 - * 'Um} )
so that we can see the B.f’s. as polynomials in Fylvy, ve, ..., v,] ([MS7T7]).

Definition 4.13. Let m > 1 and 1 < r < m. We define the binary Reed-
Muller code of order r and length n = 2™ as the set of Boolean functions
that are polynomials of degree at most r. We denote this set by RM(r, m).

The key point is that we can associate to any B.f. f a vector f such that
f=(MW),..., f(Vam)), once an ordering on (Fy)™ = {Vj}1<i<om has been
chosen (which we assume in this sub-section).

Theorem 4.14 ([MS77]). The dual code of RM (r,m) is RM(m — r,m).

Hence we can construct a linear basis for the dual code of RM (r, m) by taking
a linear basis for RM (m — r,m), so that a parity-check matrix is

H= Ym _
Um—r4+1" " Unm
Ul(vl) U1 (‘/2) ... ’Ul(VQm)
Um(%) Um(‘/g) e /Um(‘/Qm>
(v102)(V1) (v1v9)(Va) e (v1vg)(Vam)

(Um—r—l—l e Um)(‘/l) (Um—r+1 e Um)(%) s (Um—r—l—l T Um)(%m)
In other words, code RM (r, m) can be seen as the nth-root code

9(272m_172m7]F2m7{Ui1"'Ui]"]-Sjgm_r7 ]-Sll%%zjgm})
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4.4 Algebraic-geometry codes

Let S ={Py,..., Py} be a finite set and P C {f | f : S — F,} such that
P is a vector space over F,. Then we define C' = Q(S,P) as the following
subset of (F,)Y

Q(S,P) ={(c(P),...,0(Py))|o € P}.

It is obvious that (S, P) is a code in (F,)". We can obtain any nth-root code
if we apply this construction to S C R, U {0} and P C Fym[z].

To construct an AG code we need a projective, non singular, absolutely
irreducible curve x. We can take S as a subset of rational points of y, so that
D = sz\il P, is a divisor on x. To define P we have to choose another divisor
G on x such that supp(G) N D = @ and then we consider

P = £(G) = {J € F,()’](f) = ~G} U {0},

where F,(x) is as usual the function field over F,. We thus obtain the AG
code Cr(x,D,G) = (S, P). It is possible to define the AG codes starting
from rational differential forms and residues, but the previous construction is
enough to describe any code as guaranteed by the following theorem.

Theorem 4.15 ([PSvWI1]). Any linear code is AG. However, there are linear
codes that cannot be represented as Cr(x, D, G) with deg(G) < N.

Remark 4.16. An AG code as previously described is sometimes ([PSvW91])
called a weakly AG code.

The interest in the hypothesis deg(G) < N lies in the following theorem.

Theorem 4.17. Let g be the genus of x and p = deg(G). Let C = Cr(x, D, G).
Then

k>p+1—g, d>n—p, ie.
k+d>n—g+1.

Remark 4.18. Theorem 4.17 suggest to focus on low-genus curves for search
for optimal codes.

From Proposition 2.8 it is clear that we can see any AG code (with d > 2)
as an nth-root code, but it is not obvious how to do it. Actually, an explicit
description for £(G) it is not known in general and that is one of the main
problems while dealing with AG codes.

The most extensive research about AG codes has thus been carried out on
one-point AG codes, i.e. codes such that G = {pPy}, where P, is the point
at infinity of y and D is the sum of all rational points of x. In this case, we
can view L(G) C {f : (F,)® — F,} and we can think of L(G) as £ C F:[z] via
some representation ¢ : (F) < (F,)°. Then, we take a linear basis of £(G),

CGC



30 A commutative algebra approach to linear codes

< 81,.- - 8Nn—k >C Fye[z], and we consider the following nth-root code
C= Q(Q7qs - 17qS>L>P) )

where L = {Py,..., Py} is composed of all rational points of xy and P =
{g1,...,8~n_x}- The following example shows how these ideas can be applied
to the most studied class of AG codes: the Hermitian codes.

Example 4.19. Let q be a power of a prime and y be the Hermitian curve

defined over Fp2 by the affine equation y : 29%"' = y% 4+ y. This curve has

genus g = ‘1(“2—4) and possesses N = g rational points, which we again call

Py,...,Py. Let p be a natural number such that 0 < p < n+2g—2 =
q® + g*> — q — 2. The Hermitian code C(q, p) can be defined using the above
construction, as follows. Let D = Y. P, G = pPs, and £(G) be the corre-
sponding vector subspace of rational functions on y, then the Hermitian code
C(q, p) (depending on q and p) is

C(a,p) = {(f(Pr),.... f(Py)) € (F)™ | f € L(G)}.
Set L£(G) can be generated by a set of monomial functions
B={z"y"[ar+(@+ s <p, 0<r<q-1}

such that C has the following parity-check matrix

a(P) ... q(Py)

gn-&(P1) ... gv—k(Pn)

where {g;}1<i<n—r are N — k monomials in B.
With the nth-root construction we can see code C considered above as the
nth-root code (g, n,q™, L, P), where the parameters are:

q = q27n - q4 - ]-7qm - q27 Rn - Rq471 = (Fq2)2 \ {(0’0)}7

[

L = {(u,v) € x | u,v € Fg}, where the correspondence = comes from the
following (canonical) representation of finite fields

¢: (Fg2)® — F (u,v) — u+ Pv, (11)
once (3 (a primitive element of Fy) is chosen. Then one can show ([Pel06])

L={u+pv]| (u,v) € x},

P i)

q7‘+(q—|—1)s§p}.
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5 Complexity and computational considerations

The complexity of Grobner basis computation has been the object of ex-
tensive studies. The worst case of their computation is double exponential
([Mor05]), but the generic behavior is much better. We recall some definitions
and theorems, taken from [BFSY05], [BFS04], [BFS03] and [Bar0O1]. In the
sequel, m,n and n are integers such that m,n > 1 and k = m — n. Moreover,
we will denote by R the polynomial ring Fa[yy, ..., ym]-

Definition 5.1. Let {fi,...,fm} C R be homogeneous polynomials. Poly-
nomial sequence (f1,..., fm) is regular if for any i = 1,....m, f; is not a
zero-divisor in the quotient ring R/({f1, ..., fi_1}). In other words,

geR gfie {fi,--, fia}) = ge{fi, . fia}).

Regular systems do not exist when the number of polynomials, m, is larger
than the number of variables, n. To overcome this difficulty, M. Bardet extends
this notion in her thesis, as follows. Let from now on (fi,..., fm) denote a
polynomial sequence in R such that ideal ({fi,..., fm}) is zero-dimensional
and all f;’s are homogeneous (this implies m > n).

Definition 5.2. Polynomial sequence (f1,..., fm) is d-regular if, for any
1=1,...,m, we have

g€ R, deg(g) <d—d;, gfi € {f1,. . fin}) = ge{fi,. - fi)).

Definition 5.3. We define the degree of regularity D.., of ideal ({ f1,..., fm})
as

Due = min a2 0] ainus ({1 € Laee(r) = 0 = (" 1)}

Any D,,-regular system is called semi-regular.

Theorem 5.4. The degree of regularity of a semi-regular system of m = n + k
homogeneous polynomials of degree d; = deg(f1),..., dnrk = deg(faik) in n
variables behaves asymptotically (with k constant and n — oo) as

Dreg =

where «y is the largest zero of the k-th Hermite polynomial.

There exist asymptotic estimations for the largest zero ay of the k-th
Hermite polynomial ([ADGRO04]), i.e.

a S Vavk, (12)
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We now explain why the regularity degree is so important to estimate the
complexity of Grobner basis computation. The best-known algorithm to cal-
culate Grobner bases, Faugere’s F5, is essentially based on the determination
of an echelon form for Macaulay matrices. A Macaulay matrix of degree D is
constructed starting from a set of homogeneous polynomials {f1,..., f.}, as
follows. We multiply any f; for some monomials m; such that deg(f;m;) = D
The choice of these monomials depends on the algorithm optimizations. Let
{Fr}1<n<» be the polynomials so obtained. We then construct a matrix with
Z' rows and with a number of columns equal to the number of all monomials
of degree D. Any row of the matrix corresponds to an Fj, and its entries are
nothing else than the coefficients of the corresponding monomial in F}j,. The
cost of F5 is dominated by the cost of linear algebra on the biggest Macaulay
matrix needed, which is the matrix corresponding to the degree of regularity,
as shown in Bardet’s thesis.

We would like to estimate the degree of regularity of .J,,(C') (or better, of
a sequence equivalent to it) in the binary case, where w is understood from
now on to be w > 2. For simplicity we consider only the zerofree case (but
the non-zerofree can be shown to behave identically) and we restrict to the
maximal case, since it is the worst for us (the degrees of the input polynomials
are higher). We denote by Fym[Z] the polynomial ring Fom[21, .. ., 2.

Let C' = Q(2,n,2™, L,P) be a binary zero-free maximal nth-root code.
The polynomial basis of ideal J,, given in Remark 2.12 is not homogenous,
so we introduce a new variable ( and homogenize. The homogeneous basis so
obtained then gives rise to the following ideal J,, = J.,(C)

w

Juw=({ th(zk>C)}1gtgw {pij(zi, 2) h<igicws {2 — Chigj<w)  (13)

k=1

where g¢(z, ¢) is the homogenized polymonial obtained by g¢;(z), for any g, € P.
In order to apply Theorem 5.4 to system J,,, we note the following:

e we may assume JJ,, to be semi-regular for w large enough, since a generic
sequence of polynomials is conjectured to be semi-regular with a large
number of variables (many computer experiments with random sequences
and our own experiments show the same), being many special case already
formally proved;

e however, the number of variables is n = w+ 1 and the number of polyno-
mialsism=r+ () +w,sothatk=m—n= (r+ (}) +w) — (w+1) =
r+ () — 1.
Since k is not constant w.r.t. n, we cannot apply Theorem 5.4. No formulae
of such type are known for this case and so a direct application of Bardet’s
theory is not feasible. In the next subsection we introduce a modified ideal
that gives anyway our desired result and to which Theorem 5.4 can be safely
applied. This application will be done in Subsection 5.2.
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5.1 Spurious solutions in the binary case

In this subsection we accelerate the computation of Grobner basis G of
ideal .J,(C) by removing polynomials p; ;(2;, 2;), which guarantee z; # z;
for any ¢ # j. This gives rise to spurious solutions, that may be counted
with elementary combinatorial arguments. Although it is possible to treat the
general case, the involved arguments soon become long and cumbersome. Here
we restrict to the computation of the number of minimum weight codewords
(and the distance), when the code is binary.

Throughout this subsection w, N and m are three integers such that
1 <w < N and m > 1. We also denote by Fym[Z] the polynomial ring
Fom |21, ..., 2], and by I the algebraic closure of 5.

Definition 5.5. Let C' = Q(2,n,2™,L,P) be a binary nth-root code, with
|L| = N. We denote by I, = I,(C) the following ideal in Faym[Z]

n1

o = Gim”w Sy )

For the remainder of this subsection, C' is understood.
Remark 5.6. It is obvious that J,,(C) = (1,(C), {pi;(%, 2j) }1<izj<w), so that
V e V(J,(C)) if and only if V' € V(I,(C)) and all components of V' are
distinct. Furthermore, we can easily extend Definition 2.10 (.J,,(C')) to the case
w = 1 by simply setting J,(C) = [;(C) (and hence V(J;(C)) = V(I1(C))).

Definition 5.7. Let {Jy}w>1 be the following ideal sequence

Jw CFom[z1, ..., 2], Jw = {7}z, {H(Zj)}j:1 ..... w)

where ¥ € Fom[z1, ..., 24| for anyw > 1 and any 1 <i <r, and H € Fam|z].
We say that {Jy} is self-related if
(1) polynomial I is symmetric for anyi=1,...,r and any w > 2;

(2) I¥(Z1,. . 2w-2,2,2) = 0 & l;’V*Q(Zl,._..,EW_g) =0 foranyi=1,...,r,

anyw >3 and any Zy,...,2w_2,2 € IF;
(3) VeV(T) =V =(2,2) for some z € F;
(4) V(J) = 0.

From now on {7, } is understood to be a generic ideal sequence {7, }w>1
such that 7, C Fom[Z] for any w > 1.
Fact 5.8. Ideal sequence {1,(C)} (Definition 5.5) is self-related if d(C') > 3.

Proof. We show all conditions (1)—(4) in Definition 5.7.
(1) Polynomial Il = >~ g;(z) is obviously symmetric for i = 1,...,r.
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(2) For any z € F and any i = 1,...,7, gi(z) + gi(z) = 0, so that

w—2 w—2
B2, w2, 2,2) = > gi(Z)+0i(2)+0i(2) = Y gi(z) = 1P (21, - - Zusa) -
k=1 k=1

(3) If Ve V(Iy) is of type (Z, %), with zZ # 2, then V € V(J;) (Remark
5.6) and so there is in C at least a codeword of weight 2, which is not possible
since d > 3. Thus, z = 2.

(4) If Ve V(I;), then V € V(J;) (Remark 5.6), and so there is in C' at
least a codeword of weight 1, which is impossible. O

Definition 5.9. Let V = (zy,..., 2,) € (F)*, with w > 2. We say that

(1) V is weakly double-coordinate (wdc) if there exist i,5 = 1,...,w,
v # J, such that z; = Zj;

(2) V is strongly double-coordinate (sdc) if w is even and for any i,
1 <4 < w, there is j such that z; = Zz;.

We can obviously extend the definition of wdc (and sdc) vectors to w-
tuples of a generic Cartesian product.

Definition 5.10. For any w, if V(J,) = 0 we say that J,, is a wdc ideal and
a sdc ideal.

For any w > 2, we say that J,, is a wdc ideal if all its solutions are wdc.
If w > 2 is even, we say that J,, is a sdc ideal if all its solutions are sdc.

Remark 5.11. If a vector (or an ideal) is sdc, then it is wdc.
If w = 2 the notions of wdc and sdc are coincident.

Lemma 5.12. Let {J,} be a self-related ideal sequence. Suppose that J is
wde for all 1 < w' < w, then ideal T, is sdc for any w' < w.

Proof. We first show 7, is sdc if w is even.
We prove this by induction on w.
If w =2 then J5 is both wdc and sdc thanks to Remark 5.11.
We now suppose that the assertion holds for w — 2 and we prove it for w.
For any w’' < w — 2, J, is wdc, so by induction hypothesis J,,_o is sdc.
Let V. = (z1,...,20) € V(Jw) be any solution. As J,, is wde, V has two
components with the same value, for example z,, = z,_1. We truncate V' in
the last two components, obtaining V = (Z1, .oy Zw—2) € V(Jyw—2) (thanks to
condition 2 in Definition 5.7). But [J,,_s is sdc, so V is sdc and hence V is sdc.
Since V' is arbitrary, also J,, is sdc.

We now show 7, is sdc if w is odd.

We prove this by induction on w.
If w =1 then J; is both wdc and sdc thanks to (4) in Definition 5.7.
We now suppose that the assertion holds for w — 2 and we prove it for w.
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For any w’ < w — 2, J, is wdc, so by induction hypothesis 7,,_» is sdc, i.e. it
has no solution. Let V and V be as in the even case. Again, V should lie in
V(Jw—2) (thanks to condition 2 in Definition 5.7), which is empty and so V
does not exist. Since V' is arbitrary, also [, is sdc.

The general case readily follows from the two previous ones. O

Lemma 5.13. Ideals I,,(C) are wdc for allw < d — 1.

Proof. Solutions of system I,,(C) for any w < d — 1 cannot correspond to
codewords (since no weight-w codeword exists) and hence they are spurious,
which means they have two coincident components, i.e. they are wde. O

Definition 5.14. Let H € Fon[z]. For any w, we denote by A,(H) the set of
all sdc vectors in (V(H))™ N (Fam)™.

Theorem 5.15. Let d > 3. Then, ideal 1,,(C) is sdc for any 1 <w < d—1.
Moreover:

e if dis odd, V(I;(C)) = V(J4(C)),

e ifd is even, V(J4(C)) = V(14(C)) U Ag(H'), where H' = ﬁ
Proof. Since w < d — 1, Lemma 5.13 and Lemma 5.12 imply that I, is sdc.

Let us suppose d odd. If V is in V(1,(C))\V(J4(C)), then it is a spurious so-
lution. Let V as in the proof of Lemma 5.12. We will have V € V(J;_5(C)). But
d—2 < d and d—2 is odd, so that by the first part of our proof V(J;_o(C)) = 0.
Hence, such V' cannot exist and V(I4(C)) \ V(J4(C)) = 0.

Let us suppose d even. Any spurious solution is wdc. It is enough to show

that any vector in A, (H) is in V(14(C)), since by construction of I;(C) no
other spurious solution can exist.
Let V€ A,(H), V = (v1,...,v4). Its component obviously satisfy H(v;) =0
(for any ). On the other hand, we can group components {v;} according to
their values, so that {1,...,d} = U"_,S,, where v; = vj if and only if ¢, 5 € V]
for one and only one ¢. We then have, for any 1 <i < r,

SRS [ I

k=1 =1 \ke€eS, =1

To count the number of spurious solutions we provide the following general
recursive formula.

Fact 5.16. Let | be an even integer | > 2 and X be an integer A > 1. Let T =
{¢h, .., G} be any set with |T| = . Let T' be the standard Cartesian product.
Let a(l,\) be the number of sdc l-tuples in T'. For any integers N, I' > 1,
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define a(0,\') =1 and a(l',1) = 1. Then

1/2

al, ) = (22) a(l— 25,0 —1). (15)

s=0

Proof. Let v = (v1,...,v;) € T'. Element (, can appear in v either 2 or 4
or ... [ times. If ¢, is in exactly 2 components of v, say v; and v;, the (I — 2)-
tuple ¥ obtained by puncturing v in positions i and j is a sdc (I — 2)-tuple
in {¢1,...,(x_1}'"2. Moreover, i and j can be any two positions. Thus, the
number of sdc [-tuples v having exactly 2 components equal to an assigned
value (e.g., to ¢y) is (})a(l —2,A —1).

Analogously, the number of sdc [-tuples having exactly 4 components equal to
an assigned value is (i)a(l —4, A —1). By summing all these values, we obtain
our claimed expression. O

Since

2" —1
e
[Tiez(z—=1)
by Theorem 5.15 and Proposition 2.13, we have our final result for this sub-
section.

Corollary 5.17. Let C' = Q(2,n,2™, L, P) be a binary zero-free nth-root code.
Then Ay is:

[VUa)(C)| = a(d, N)

Ay = T (d even),
TR

Example 5.18. Let C' = Q(2,255,2%, L, P) be the binary nth-root code such
that L = Fos6 \ {0} and P = {z, 2% 23 2%, 2° 2%} C Fylz]. We have n =
N = 255 and C is nothing else that a BCH code with designed distance 7. In
particular, it cannot have words of weight 5. By computing a Grobner basis of
I5(C) and J5(C), we obtain that |I5(C)| = |J5(C)| = 0, so that A5(C) =0, as
expected, but the computations in the I5(C) case takes less than 4 seconds,
while the computations of the J5(C) case takes 28 seconds.

Remark 5.19. In a personal communication, F. Caruso claims the following
explicit formula to compute a(l, t)
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5.2 Regularity degree with spurious solutions

We now apply Bardet’s theory to the situation studied in the previous
subsection.

Let C' be binary maximal zerofree. Let J,, = J,,(C') be the ideal obtained
by homogenizing the input basis of I,,(C), as follows:

w

Jw=({D_ Gz, O crer 147 = Chigizw) (16)

k=1
where g;(z, ¢) is the homogenized polynomial obtained by g;(z), for any g, € P.
We have m polynomials and n variables, with

n=w+1, m=w+r, k=m-n=r—1.

We can then apply Theorem 5.4 to J,, by considering r fixed (but large enough
to apply (12)) and P generic in Fom[z], with m growing (so that n = 2™ — 1
can grow and w < n). We then have

w T w

" d; — — d? — 2
Dreg:Dreg(jw):Z 21+ZHT1_047~—1 Z 261+Zn61
] =1

=1 =1 =1

where d; = deg(g;) and n = deg(2} — (").
We now estimate D, when w goes to infinity:

. . Dreg
lim Dy =wn lim ——.
wW—>00 w—s00 WN

We know d; < n, so that }_,_, %=1 < rn and hence (r is constant)

1 d;—1 1

Similarly, inside the square root,

wh_r}noo w2n2 (O‘T—l Z 6 ) < wh_r)noo w2 T 0. (18)

i=1
The remaining terms give

wn wn?
Dreg ~ 9 — Qg

6
By applying (12) for r large enough, we finally obtain

wn w(r—1) wn
Diey ~ —2 /220 2 19
e~ T 2 (19)
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6 Conclusions and further research

Linear codes are traditionally specified starting from a parity-check matrix
H. In particular, cyclic codes are such that the entries of H consist of the
evaluation of univariate monomials on all the n-th roots of unity. Our approach
in this paper is to specify “any” linear code (with d > 2) as a code such that
the entries of H consist of the evaluation of generic (univariate) polynomials
on all the n-th roots of unity. In this sense, we say that linear codes “are” a
generalization of cyclic codes.

This point of view allows to extend to linear codes some computational
algebra techniques and some argument, that have been previously applied to
cyclic codes. This translates in new tools, but also in new challenges. To be
more precise, we can identify two main tools, both based on Groebner basis
computations, i.e. :

e algorithms to compute the weight distribution (and the distance),

e a new decoding algorithm for a (potentially very large) sub-class, via the
general error locator polynomial.

Let us consider the first tool. The problem of determining the weight dis-
tribution of a code is an NP-hard problem ([BD92], [Bar98]). We cannot expect
from our algorithm any computational improvement on known algorithms for
(generic) linear codes. However, the notion of a “generic linear code” is not
widely accepted, except in the sense that the code does not belong to any
known family (but recall that any linear code can be seen both as a weakly
AG code and as an affine-variety code, making the notion of known fam-
ily rather questionable). If instead you view your code as an nth-root code,
some algebraic properties may become apparent. Indeed, as it is clear from
our examples, a code can be seen an nth-root code in many different ways,
some of them leading to interesting properties. This is even more clear if you
look at the second tool. The problem of decoding linear codes is NP-hard
([Bar98], [BKvT99]), but if a linear code admits a sparse general error locator
polynomial (or such a polynomial with a sparse representation), then it can
be decoded very fast. We have provided an explicit example when the locator
polynomial is very small, given a certain nth-root presentation, and long when
given another. Yet, the code in consideration does not belong to any known
family. In other words, the question “what can we do with a generic linear
code?” becomes now “what is a generic linear code?”. If we define a generic
linear code as a code such that our tools can be applied efficiently, then it
becomes worthwhile to try showing that “most” codes satisfy this definition
(which we believe to be true). We have thus identified a research problem:

given a linear code, either find an nth-root presentation such that our tools
can be efficiently applied or show that such presentation does not exist.
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7 Appendix A

Output with redSB

J1[194] = z1 + wgwlzgz? + zgz? + wgl‘gsz + w‘;’zQ:cZ + w%w‘;’zg + wgw%zg-&-
wgwlm% =+ w%w%z% —+ wgw%z% —+ wa?m% —+ w%w%zg —+ wgw%zg =+ w%zg+

wgwlzg + w%w%zg + wgw‘;’zg + w‘ll:cg + wgwlz; + wgw%zg + wgw%z%zl-&-
w%w‘?zgzl + w%w%zgzl + wgw?zgzl + wgw%m%zl + w%w1z3m1+

wgw%z%zl + wgzgzl + wgw%zgzl +wlllzg:cl + w%wlzgzl + w2w%fl)gl‘1+
w%w‘;’zgz% —+ wgw%zgmf —+ wgwlz%z% —+ wa{’mgz% —+ wé’z%zf«k

wgwlmgz% —+ wgw%mgz% —+ wgw%z%z% —+ wa%zgz% —+ w‘?z%m%«k

wgwlz%z% + wgw?z%zf —+ wgwlzng —+ ’LUQHJ%IESSL‘% + wgzng-&-

w2w1zgm% + w%mgz% + wgﬁ:%z% + wlmgz% + wgwlzgm% + w%w%z2m?+

wgw%fl)Qfl):{’ —+ wgwi’zgz‘;’ —+ wé’z%z? —+ w?z%z? —+ w%zgz‘;’ —+ w%zgz‘;’-‘—

w2w1zgm:1; =+ wgzgm% =+ wlzgm:f =+ mgz? =+ uzgwla:‘lL —+ w%w%z% —+ wgw%z%+

wgw%z% —+ wgw?z% + wngQl“lL + ﬂLu‘QLﬂLvle:lc‘lL + w2w411121‘11 + w‘;)EQ:c‘lL-&-

w%z%z% —+ wgwlz%z% —+ wgw?z%z% —+ w%z%z% —+ wgzgz% —+ wgwlzgz%-&-

wyw%a:%z‘ll —+ w%z%z% —+ wgz%m% =+ w%m%m% =+ wgzgm% =+ wlzgz%+

wgw%fl)Qfl)? + wgwlzgzi’ + wgw%zgzi’ + wgzgzi’ + wgwlzgz‘i’ + w%zgzi’-‘—

’UJ2I%JJ? + wlm%z? + zgm? + wgzgm? + wgwlzgm? + wgw%zgm? + w:fzga:?+

wgzgzg’ + wlzgzg’ + wg’zz —+ w‘;’:cz —+ w%zgzz + wgwle:cZ —+ w%zgzz —+ wQ:cg:cZ-&-
wlzgzz —+ wg’w%z% =+ w%w?z% =+ wgw%zg —+ w%w{’z% —+ w%w%z% =+ wgw?m%+

wgw%z% =+ wgwlz% —+ wa%m% =+ w%mg =+ w:fa:g —+ wgwlmg =+ wgw%z2m1+

w%w{’1211 + wg’wlzgzl + w%w%z%zl + w%w%z%zl +w2w{’z%zl+

w%wlm%zl + w%w%m%zl + w%w%zgzl + w2wélla:%z1 + w%zgml + w:fzga:1+

wgzgzl +w2w1:cgzl —+ w%zgzl + wgzgzl + wlzgzl + wgw%z% —+ wgw?zf-&-
w%w%z% =+ w%w?z% =+ w%w?a&z% =+ wgm%z% —+ w%wlm%z% =+ w2w%zgm%+

w‘?z%m% —+ w%z%m% =+ w%wlz%m% =+ w%w%z%z% =+ wgw%z%m% =+ w%zgm%+

w%zgz% + w%zgz% —+ zgz% —+ wg’wlz? —+ w%w%z‘;’ + wgw‘;’z‘;’ + w%w%z?’

wa?m:f + w%wlzgz% + wgw%a@z% + wgwlzgz:f + w%w%m%z?«k

wgw?zgz‘;’ + wgwlzgaﬁ —+ wyw%z%:c? —+ wg:v:‘l1 —+ w%wlz% —+ wg’wfaff-&-

w%w%z% =+ wa%z% —+ w‘?z% —+ w%zgm% —+ w%w%zgm% =+ w‘lla:2z% =+ w2m%z%+

wlzgz% —+ zg:czll —+ w%z‘i’ + w%zi’ + wgwlz%z‘i’ —+ z%zi’ —+ wg’zg’ —+ w‘;’ztl"-&-

M%ZQI? + w2w1:cgz? —+ w%zgz? + w%zz + w%zz —+ wgzgzz —+ wlzgzz —+ wgz%-&-
wgwlmg =+ wgw%z% =+ w‘?z% =+ w%w%m% =+ w%wlzg —+ wa%mg —+ w%zg —+ w%z%«k

wgzg —+ wlzg + wgwlzgzl + wgw?zgzl —+ wgwlz%zl —+ wa%z%zl —+ w%zgzl-‘r
w%w%zgzl + w‘llzgarl + wgm%zl + w:fa:%zl + w2w1zga¢1 + wgwlz% + w%w%m%+
wg’w‘;’z% + w%w%z% + 'LUQHJi,fE% + wSEQIf + wgwlzgz% + wgw%zgz%-‘—

w{’zgm% —+ wgw%z%zf =+ wgm%z% =+ w‘;’m%z% —+ wgﬁ:%z% —+ wlmgz%+

wgz:f —+ wgwlm:f —+ wgw‘llz:f =+ w?a::f =+ w%mzz:f =+ wgwla:za::f =+ w%w%a@z?«k
wgw?zgz‘;’ + w%EQE‘;’ + wgz%z? —+ wgwlz%z% + WQM%SL‘%Z? + w‘;’z%z?-&-

w%zgm% —+ wgwlmgz? =+ w%mgz? —+ w%wlm% =+ wgw%m% —+ wgw:fa:%+

wgfl)Ql‘All + w%wleE% + wgw%zgz% + w‘;’EQ:c‘ll + w%z%z% —+ w%zgz%-‘—

’UJ2I%JJ% —+ wlmgz% —+ w%z‘;) =+ w%wlz‘? —+ w2w%m? =+ w:fa:? =+ wgwlm? =+ w;w%«k

wgw:f -‘—w%w‘lL + w%w? + wgw%EQ + wgw:f:cg + w%w‘ll:cg +wgz% + wgw%z%-‘—
w%w‘;’z% —+ w{’z% —+ w%z% —+ wgw%z% + w‘llzg + w%wlz% —+ wQuJ%zg + w%zg-‘—

w2w1zg + w%zg + wgw%zgzl + wgw%zgzl +w%z%m1 + w%mgzl + wgz%z1+
wgwlz%zl + w%z%zl + zg:cl + wgwlzgz% + wgw%zgz% + wgzgz%-‘—

w%zgm% —+ w%z? —+ w%w%z? —+ w‘llz:f —+ w2w1z§m:1; —+ wgzgm% —+ wlzgz?+

z%z? —+ w%z‘ll + w?z% + wgwlzgz% —+ ’LUQIE%SL‘AIL —+ wlz%z% —+ w21(1" + wlz?-&-

121‘? + :L‘Z + wgwl + w%w% + w%w? + w%w% —+ wa{’ —+ wg:cg +w§w112 + ’LUS’LU%:L‘Q-‘,—
wgw:fzg =+ 'UJ2'M)%(132 —+ w‘?zg —+ wgw%z% =+ wgmg =+ w:fa:g =+ w%m% =+ w%z%«k

wg:cg —+ wlzg + zg + wg’zl + wgw%zl —+ wgw?zl —+ w‘i’:cl +w§w%121‘1 —+ wgwlz%zl-‘—
wyw%a:%zl + w2w1zgm1 + wgw%z% + wgzgm% + wgwlm%z% + w%z%z%«k

wgwlclr:? —+ 'LUQHJ%IE:{’ —+ wngQfE:{’ + w%fl)QSL‘? —+ w21%1‘§ —+ ’LUle%:L‘? + w212:czll+

w1m2z% —+ w2a:? =+ wlz‘? —+ wg =+ w? —+ w%wla:Q —+ wgw%zg —+ w2w:1;a:2 =+ wgm% =+ w%z%«k
wgz% + w2w1z% + w%z% + 'LU2(E% + wlz% + wgw1(172(1:1 + w2w%z2z1 + w%z%+
w%wlzf —+ 'LUQHJ%IE% —+ w‘;’z% —+ waleIf + wgwlz? + :c%:c? —+ :L‘Li) —+ wgwl-',-

wgw% + wgw:f + w%z2 + wgwlu:Q + wgw%zg + w:fzg + w2w1z% + w2mg + wlz% + z% + wgz1+
wgwlzl —+ 'LUQHJ%IEl —+ w‘;’zl —+ w%zgzl + wowixoxy + w%zgzl —+ wgzgzl —+ wla:g:cl —+ w%zf-&-
w%z% + w2a:2z% + w1m2z% + z%z% + zgm:f + ‘1:411 + wowixg + wgml + wowixy + w%m1+
131‘1 +w§ + wawy +w% +z% + z2
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Output with noredSB

J1(194] = 21 + wowradad + 2§ef + wizse] + wirsa] + whwded + wiwlad + whwicd + whuwici+
w%w%m% —+ wgw‘?m% =+ w%w%zg =+ w%w%zg —+ wgzg —+ wgwlmg =+ w%w%zg —+ wa%mg =+ w‘llmg+
w%wlzg + wgw%zg +wgw%z%zl + w%w?zgzl —+ w%w%zgzl —+ wS’w%z%zl + wgw%zgzl-‘—
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