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Abstract. In this paper, we are concerned with existence, qualitative
properties, and uniform Gaussian estimates of the global fundamental
solutions of a family of heat operators on Carnot groups. As a byprod-
uct, we obtain existence and uniqueness theorems of Thychonov type
for the Cauchy problem. Our effort here is also to provide simple and
direct proofs relying on few basic tools such as invariant Harnack in-
equalities and maximum principles. In our study, we thoroughly exploit
some structural properties of Carnot groups pointed out in the previous

paper [4].
1. INTRODUCTION
Let G = (R¥,0) be a Carnot group and denote by
Ag =Y, X7

its canonical sub-Laplacian. Given a positive definite symmetric matrix
A = (a;,j)ij<m, let us consider the following heat-type operator on RN+

Ha=La— 0 =3 _10i; XiX; — O (1.1)

For a fixed A > 1, we denote by My the set of the symmetric m x m matrices
A such that
ATHEP S (AEE) < AP, VEeR™

In this paper, we are concerned with existence, qualitative properties and
uniform Gaussian estimates of the global fundamental solutions I' 4 for H 4,
with A € M,. We also deal with existence and uniqueness theorems for
Cauchy problems related to H 4. Our main results are summarized in Theo-
rem 2.1 and Theorem 2.5 of Section 2. We would like to stress that Theorem
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2.1 contains several results, some of which are somehow already present in
literature. We provide complete and elementary proofs of all the results,
in order to make the paper self-contained and easier to read. Theorem 2.5
deals with uniform Gaussian estimates for I'y and 'y —I'g with A, B € M.
Gaussian but not uniform estimates, for heat kernels I' on Lie groups were
proved by Varopoulos, Saloff-Coste and Coulhon [23], via semigroup theory,
by Jerison and Sanchez-Calle [13], via Gevrey regularity methods, and by
Kusuoka and Stroock [15, 16], via probabilistic techniques. Uniform but not
Gaussian estimates, for families of Hérmander operators generalizing (1.1),
were proved by Rothschild and Stein [21] and by Bramanti and Brandolini
[6] via a technique relying on the subelliptic estimates of Kohn [14].

In this paper, the approach we follow is completely different from the
ones quoted above. We start by presenting a direct and simple proof of
non-uniform Gaussian estimates of I'4 from above, which only relies on the
maximum principle and the use of barrier functions of exponential type (see
Theorem 5.1). Although these estimates have already appeared in the past,
we emphasize that our techniques do not make any use of semigroup theory,
Gevrey classes or probability arguments which were heavily employed in
previous works, see e.g. [13, 15, 16, 23]. The non-uniform estimates from
below and the estimates of the derivatives of I' 4 are readily derived, as usual,
from the invariant Harnack inequality for H 4. We also give a direct proof
of this inequality. Our estimates, in particular, obviously hold for I'g, the
fundamental solution for the canonical heat operator

HG :AG —8,5.

To obtain uniform estimates for I'y and I'y — I'g, we follow the naive idea
to look for a diffeomorphism T4 : RN — RY such that

Fa(z,t) = Ja(x) Tg(Ta(x),t), Ve RN, VteR,

where J4 is the Jacobian determinant of T4. Such a diffeomorphism does
exist if G is a free group but may not exist otherwise, as it has been recently
proved in [4]. That paper also contains the following result: every Carnot
group G can be lifted in the sense of Rothschild-Stein, to a free Carnot group
G in such a way that £4 and ' are lifted to £4 and 'z, respectively. By
using these two results and the above mentioned Gaussian bounds for I'z,
we are able to obtain our uniform Gaussian estimates for 'y and I'y — '
(see Theorem 7.10 and Theorem 7.12).

These estimates will be crucial tools in a forthcoming paper, in which we
shall construct the fundamental solution of the non-divergence form operator
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with “variable” coefficients
Z;,nj:ﬂi,j (LU, t) Xin - 8t. (1.2)

Such a construction, based on the Levi’s parametrix method, is one of the
main motivation for the present paper. We would like to stress that operators
like (1.2) are linearizations of fully non-linear operators that naturally arise
in studying motion of surfaces by Levi-curvature (see [22, 19]).

The present paper is organized as follows. In Section 2, we first recall
some basic definitions on Carnot groups. Then, we summarize our results in
Theorems 2.1-2.5. Section 3 is devoted to a direct analytic construction of
the fundamental solutions for H4 and L4 previously found in [8, 9, 23].
In Section 4, we give a new proof of the well known invariant Harnack
inequality for non-negative solutions to Hau = 0. Our proof only relies
on a weak Harnack inequality of Bony [5], on a general result of abstract
potential theory concerning with the support of the harmonic measures and,
finally, on the homogeneity of H 4 with respect to a group of dilations. The
Gaussian non-uniform estimates of I'4 are proved in Section 5 and are used
in Section 6 to show the solvability of the Cauchy problem for H4 and
uniqueness results of Thychonov-type. Section 7 is devoted to the proof of
the uniform Gaussian estimates for I'4, y4, I'a —I'p and 74 —yp. Finally, in
the Appendix we recall many basic properties that will be used throughout
the paper.

2. MAIN RESULTS

We start by giving the definition of a Carnot group. Our definition, which
is the most convenient for our purposes, may seem slightly different from the
one usually given in literature. As a matter of fact, as we observe below, the
two definitions are equivalent.

Let o be an assigned Lie group law on RY. Suppose R is endowed with
a homogeneous structure by a given family of Lie group automorphisms
{dx}r>0 (called dilations) of the form

Sx(x) = oa(zM, 2P 2y = MM A2 Az, (2.1)

Here 2 € RNi for i = 1,...,7 and Ny 4 ---+ N,, = N. We denote by g the
Lie algebra of (RN ,0), i.e., the Lie algebra of left-invariant vector fields on
RN, Fori =1,..., Ny, let X; be the (unique) vector field in g that agrees at
the origin with 9/0z;. We make the following assumption: the Lie algebra
generated by Xi,..., Xy, is the whole g. With the above hypotheses, we
call G = (RY,0,8)) a homogeneous Carnot group. We also say that G is of
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step r and has m := Nj generators. The canonical sub-Laplacian on G is
the second order differential operator
Ag = Z?;Xz? :

IfYy,...,Y,, is any basis for span{ X1, ..., X, }, the second order differential
operator

L= Z:‘LY?

will be called a sub-Laplacian on G. In literature (see e.g. [8], [21], [23],
[12]) a Carnot group (or stratified group) H is defined as a connected and
simply connected Lie group whose Lie algebra b admits a stratification h =
Vid--- @V, with [V1,V;] = Vi, [V1, V,] = {0}. Tt is not difficult to recognize
that any homogeneous Carnot group is a Carnot group according to the
classical definition. On the other hand, up to isomorphism, the opposite
implication is also true (see e.g. [4]).

We next give a list of known results about homogeneous Carnot groups.
Since X7, ..., X,, generate the whole g, which has rank N at any point, any
sub-Laplacian £ satisfies Hérmander’s hypoellipticity condition. Moreover,
the vector fields X7y, ..., X,, are homogeneous of degree 1 w.r.t. d, and X;
(the adjoint operator of X;) is —X;. In particular, £ is a self-adjoint operator
in divergence form

L = div(M(z) V), (2.2)

M (x) being a suitable nonnegative-definite symmetric matrix. We denote
by @ = 375_; j Nj the homogeneous dimension of G. Then meas(d)(E)) =
Ameas(F) for any measurable set E. Here meas(-) denotes the Lebesgue
measure on RY. This measure is invariant w.r.t. the left and right trans-
lations on G. If Q < 3, then G is the ordinary Euclidean group (R%,+)
and Ag is the classical Laplace operator. Hence, throughout the paper, we
shall always assume ) > 4. In Section 3, we shall prove that there exists a
homogeneous norm dy on G such that

Y@, y) = (delytoa))? @ (2.3)

is a fundamental solution for £ (see also [8] and [10]). We recall that a
homogeneous norm on G is a continuous function d : RV — [0, 00), smooth
away from the origin, such that d(dx(z)) = Ad(z), d(z~!) = d(z), and
d(z) = 0 iff x = 0. Hereafter, we also denote d(y~! o x) by d(z,y). The
following quasi-triangle inequality holds

de(w,y) < B (de(z,2) +de(2,9)),
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for a suitable constant 8,. We finally introduce the heat operator H, related
to the sub-Laplacian £, on G x R = RN+1:

HZE—@t.

Here we denote by z = (z,t) the point of R¥N*! (z € G, t € R). The operator
‘H is hypoelliptic by Hormander Theorem. When £ = Ag, we shall denote
by Hg = Ag — 0 the canonical heat operator on G xR and by dg the related
homogeneous norm da, .

We next give a survey of our main results. In what follows, G will be a
fixed homogeneous Carnot group.

The following theorem collects several results that will be proved in Sec-
tions 3 and 6.

Theorem 2.1. There exists a smooth function T on RN+1\ {0} such that
the fundamental solution for H is given by I'(z,t;¢,7) == T(¢ ox,t — 7).
I' has the properties listed below.
(i) T(z,t) > 0 and ['(z,t) = 0 iff t < 0; moreover I'(z,t) = ['(z~1,t).
(i) T(0x(z), A%t) = A=9T'(z,t); in particular T vanishes at infinity.
(iii) For every ¢ € RNTL T'(5;¢) is locally integrable and HI'(-,¢) = —d;
(the Dirac measure supported at {(}).
(iv) For every test function ¢ € C°(RNT1) and ¢ € RVFL, the following
identities hold:

([ TEO9OW) = [ PO =~

(v) T*(z;¢) = I'(C; 2) is the fundamental solution for the adjoint operator
H* = L+ 0 and it satisfies the dual statements of (iii) and (iv).

(vi) For everyt >0, [pn I(x,t)dz =1.

(vii) Suppose f is a continuous function in RY satisfying the exponential
growth condition in Corollary 6.2. Then, there exists & > 0 such
that the function u(zx,t) :== [pn Loz, t) f(€)dE is well posed for
0 <t < and is a solution to the Cauchy problem

Hu =0 inRY x(0,0), u(-,0)=f.
(viii) Suppose u is a classical solution to the Cauchy problem

Hu =0 inRY x (0,7), u(-,0)=0, (2.4)

and assume that either u is non-negative or there exists p > 0 such
that

7"/ exp (— pdz(z)) Ju(z, t)| dedt < oco. (2.5)
o JrN
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Then u vanishes identically.
(ix) For every x € RN, t > 0 and 7 > 0, the following reproduction
property holds

D(z,t+7)= /RN D¢ o, t) (&, 7)dE.

As a consequence, we obtain in a very natural and simple way the existence
of the fundamental solution v for £, and we prove that « is the power of a
suitable homogeneous norm. The latter result was first proved by Gallardo
[10] via probabilistic techniques. The following theorem will be proved in
Section 3.

Theorem 2.2. Setting
o
~y(x) = / [(z,t)dt, zeRY,
0

then y(x, &) := (¢ L ox) is the fundamental solution for L. Moreover, there
exists a homogeneous norm dp on G such that v = di_Q.

In Section 5, we prove Gaussian estimates for I' and its derivatives. The
estimate from above is obtained by a direct proof based on a comparison
argument. The estimate from below is derived from the Harnack inequality
for the L-caloric functions. For this purpose, in Section 4 such Harnack
inequality is proved by using some basic properties of the harmonic sheaf
related to H and few general results of abstract Potential Theory.

Our main goal in the paper is to prove that the mentioned Gaussian
estimates are uniform in the class of the sub-Laplacians

La=3000i5 XiX5, A= (aij)ij € Ma,
where M, is the set of m x m symmetric matrices A such that A=1¢|? <
(A€, &) < AJ¢)? (A > 1 being a fixed constant). A natural question is to ask
whether the operators £4’s are all diffeomorphic to the canonical operator
Ag. This is the case if G is a free Carnot group, i.e., if the Lie algebra of G

is isomorphic to f,, for some m and r (f,, denotes the free nilpotent Lie
algebra of step r and m generators).

Theorem A. Suppose G is a free homogeneous Carnot group and let A be
a given positive-definite symmetric matriz. Then, there exists a Lie group
automorphism Ty of G such that

(7 (A2 X)) (woTa) = (Xju)oTa, i=1,...,m, (26)
La(uoTa) = (Agu)oThy,
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for every smooth function u: G — R. Moreover, Ty has polynomial compo-
nent functions (but in general it is not a linear map) and it commutes with

the dilations of G.

This theorem has been recently proved in [4]. In that paper it is also
shown that in Theorem A the hypothesis G free cannot be removed. In [4]
the following estimates of T4 are also given.

Theorem B. Under the hypotheses and with the notation of the above the-
orem, we set Ja(x) = |det Jr,(x)|, for v € G. Then, Ja turns out to be
constant in x. Moreover, there exists a positive constant cy only depending
on A and on the structure of G such that

(ca)™' < J4 < ey, (2.8)

|Ja, — Ja,| < ca||A1 — Az, (2.9)

(ca) g (z) < dg(Ta(z)) < cadg(z), (2.10)
dg(Ta, (x),Ta,(z)) < cp |41 — A2||1/T dg(z), (2.11)
1ATY2) <en, [|AY? = A% < en || A1 - Ao, (2.12)

for every A, Ay, As € My and x € G. Here, ||A|| denotes the matrixz norm
max|e|—1 |AE| and Jr, the Jacobian matriz of Ta. We also recall that r is
the step of nilpotence of G and dg is defined by (2.3) when L = Ag.

Theorem A allows us to obtain the fundamental solution I'y for H4 =
La— 0 and v4 for L4, as the composition of T4 with the fundamental
solution I'g for Hg and ~g for Ag, respectively.

Theorem 2.3. Suppose G is a free homogeneous Carnot group. For every
A € My, we have

TCa(z,t) = Jalg(Ta(x),t), ~valx)=Javsc(Ta(z)), VIERN, teR.

By means of these results, we are able to obtain the desired uniform
estimates in the free case. In order to handle the case of an arbitrary Carnot
group G, our main tool is the lifting of G to a free group G, by using the
following result also proved in [4].

Theorem C. Let G be a homogeneous Carnot group on RN. Then, there
exists a free homogeneous Carnot group G on R (with H > N) such that,
denoting by 7 : RE — RN the projection on the first N coordinates (up to a
permutation of the coordinates of R™), we have

Xi(uon) = (Xu)om, VYueC®RY),
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where Y1t X2 and " | X? are the canonical sub-Laplacians Ag and Ag,
respectively. Moreover w: G — G is a Lie group morphism.

We refer to Theorem 8.3 in the Appendix for a more detailed statement.
As a consequence, the following relation holds between the fundamental
solutions I'4 and r 4 for the heat operators on G and G respectively. A
similar relation holds analogously between v4 and 4.

Theorem 2.4. For every A € My, we have
i) = [ Fal@®.0de @)= [ Gad)d
RH-N RH-N

r € RN t € R, where (z,7) denotes the point of RN x RE-N,

Combining all the above results, we are finally in position to derive our
uniform Gaussian estimates in the general case.

Theorem 2.5. Given any non-negative integers p, q, there exist positive
constants €A, CAp, CApgq Such that for every ii,..., i, € {1,...,m} and for
every A, Ay, As € My, we have

2 2
c)t t=9/2 exp (- e delt) df($)) <Ta(z,t) <eat @ 2exp (- —df,f?)’
—(Q+p+29)/2 dg (z)
}Xil - X, ()" FA(a:,t)} S Capgl P/ exp ( T eat )7

C
| X, -+ X3, (00) T 4, (2, t) — Xiy -+ X3, (00) T ay (2, )|

T
d%(x
< Cppg AL — Ag||V/ ¢ (QFPH20)/2 eXp(_%)’

for every z € RN, t > 0. Moreover,
¢y (dg(2))*? < yale) < ea (de(x)® @,
[Xiy -+ Xiy va ()| < e (de ()97,
| Xy -+ Xy v () = Xy - Xy v, ()| < e [|[ A1 — Ao||M7 (dgs(2)*7 977,
for every x € RN\ {0}. We recall that v denotes the step of nilpotence of G.

Finally, for the reader’s convenience, in the Appendix we explicitly recall
the main properties of Carnot groups that will be used throughout the paper
(for all the proofs and a self contained presentation of Carnot groups, see

e.g. [4]).
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3. CONSTRUCTION OF THE FUNDAMENTAL SOLUTION

Let £ be a (fixed) sub-Laplacian on G and let H = £ —0; be its associated
heat operator. In this section, we prove the existence of a fundamental
solution I' for H vanishing at infinity.

Definition 3.1. We shall say that a function I : RV*! x RN+1 — R is the
fundamental solution for H if and only if for every ¢ € RNt we have

(1) F(aC) € LIOC(RN—H)a
(ii) H(I'(:;¢)) = —d¢ (the Dirac measure supported at {(}),
(iii) I'(z;¢) — 0, as |z| — oc.

We explicitly remark that such fundamental solution (if it exists) is unique
by the weak maximum principle for H.

Following the lines of [17], we shall construct I' as limit of a sequence
of Green functions related to an increasing sequence of regular domains in-
vading RV*!. Finally, at the end of the section, we shall also obtain the
fundamental solution v for £, by saturating the ¢ variable of T".

We start our construction by fixing a bounded open neighborhood of the
origin O; C RY, such that §,0; C Oy, for every \ € (0,1] (so that Oy :=
5,01 /' RN as A — oo) and such that at any point zo € dO; there exists
a L-non-characteristic outer normal to Op (i.e., a vector v # 0 such that
{r € O1 : |[zog+v —2z| < |v|]} =@ and (Mg(xo)v,v) > 0, where My
is the matrix defined by (2.2)). The existence of such a set O; is clear,
observing that (M) is a positive constant. Indeed, if £ =Y, V> with
Vi =377 bij Xj (where B = (b; ;)i is an invertible constant matrix), then
it is easy to recognize (see Theorem 8.2) that (Mg)11 =>4 bzl > 0. We
then define U; = Oy x (—1,1). Given any cylindrical domain U = O X (a, b)
(O open subset of RY), we shall use the notation

AU = (0 x {a}) U (80 x [a,b]),  U:=UUd,U.

The following result is proved in the paper [17, Theorem 2.7] (see also [5]),
with direct methods in line with the scope of our presentation. We explicitly
remark that the hypothesis (H.3) of [17] is not used in the proof of the cited
theorem.

Theorem 3.2.

(i) For every f € C’(ﬁl) there exists a unique solution u € C(Uy) to
the Dirichlet problem Hu = —f in Uy, ulg,u, = 0 (in the sense of
distributions). We denote by G1f such a solution u.
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(ii) There exists a non-negative smooth function G1, defined out of the
diagonal of Uy x Uy, such that

Gif(z) = Gi1(z;¢) f(¢)d¢, for every f € C’(ﬁl) and z € Uy; (3.1)
Ui

G1(:5Qlo,un =0, for every ¢ € Uy; (32)

Gi(z,t;¢,7) =0, ift <. (3.3)

iii) Setting G7(z;C) := G1((; 2), there hold statements analogous to (i),
1
(ii) w.r.t. the adjoint operator H* (of course, we have to replace 0,U;
with Q;Ul = (01 X {1}) U (301 X [—1, 1]))

We now set, for any A > 0,
Uy = 0001 x (=A%, )\?), (3.4)
Ga(x, €, 7) = A 9G1(6y-12, A 240,16, A 27),
and we prove that G, is the Green function of U).

Proposition 3.3. The assertions in Theorem 3.2 hold true replacing Uy,
G1, G1 with Uy, Gy, Gy, respectively.

Proof. Let g € C(Uy) and set f(z,t) = g(6rz, \2t), u = G1 f and v(z, t) =
AN2u(8y-12,A72t). We claim that v =: G,g is the solution to the Dirichlet
problem Hv = —g in Uy, v|g,r7, = 0 (in the sense of distributions). Indeed
for any test function ¢ € C§°(Uy), setting ¢y (z,t) = p(dzz, \?t) and using
the homogeneity properties of H*, by a change of variable we obtain

/ vH*sDZ/\Q“/ uH gy = —A9F? fcmz—/ g
Uy Uy Uy U

This proves part (i), recalling that uniqueness follows from the parabolic
maximum principle. We now only need to observe that

Grg(x,t) = N (G1f)(0r-12,A7%)

=X [ Gi(0y12, A7y, 8)9(0ay, A2s) dyds = | Ga(x, t:€,7)g(€, 7) dEdT.
Uy U/\

This ends the proof. O
In the following, we agree to extend any function to be zero outside of its
domain of definition.

Lemma 3.4. We have Gy, (2;¢) < G»,(2;(), if 0 < A1 < Ag.
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Proof. Since G\ > 0, we only have to consider z, ¢ € Uy,. We fix ¢ and set
w = (G, — G, )(+;¢). By means of Proposition 3.3, for any test function
p € Cg°(Uy, ), we have, for i =1, 2,

—MO=%WWMFZJQ£MHW@®=UC%%OWﬂWM

/ wH e = 0.
Ux

1
This proves that Hw = 0 in Uy,. Moreover, Gy, (;()|g,u,, = 0 yields
w|apUAl > 0. Hence, from the parabolic maximum principle, we infer that

and then

w > 01in Uy,. t
We define
D(z:Q) i=sup Gx(z:Q) (= lim Ga(%0)), 2 (€ RNHL,
A>0 —00
Theorem 3.5.

(i) T is a non-negative function which is smooth away from the diagonal
OfRNJrl x RN+1L.

(ii) For every fired z € RN*1 T'(-;2), I'(2;-) are locally integrable.

(ili) Goo : C(C))O(RNH) — C®(RNTY), Goop(z) = fRNH ['(z;0) »(€) dC, is
well posed and

H(Gootp) = Goo(Hep) = —p.
(iv) D(x,t;&,7) = 0 if and only if t < T.
(v) For every ¢ € RN H(T(;¢)) = —d¢ (the Dirac measure supported

at {C}).
(vi) T*(z;¢) :=T'((; 2) satisfies the dual statements of (iii) and (v) (w.r.t.

).

Proof. The key point of the proof is Lemma 3.6 below. Once proved that
lemma, Theorem 3.5 will follow by using the same arguments of the proof
of [17, Theorem 1.1]. O

Lemma 3.6. Let 0 < \g < \. For every ¢ € CP(RY x (=)2,\2)), we have
sup [Gap| < 225 sup o).
Ux

Proof. We set u = Gyp, Vo = Oy x (=22, =22), Vi = Oy x (=)3,\2),

Va = Oy x (A3, A\?). We shall make use of the parabolic maximum principle
on the domains Vp, V1, Vo. We explicitly remark that 9,y C 9,U,. From
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Hu = —¢ = 0 in Vo, ulg,y, = 0 we infer u = 0 in Vp and in particular
ulp,v; = 0. Hence, setting w(x,t) := —(t + Aj) supy, |¢], w1 = v+ w and
wp = u — w, we have Hw; > 0, Hwz < 0 in V1, wifg,v; < 0, wals,1; > 0.
As a consequence wy; < 0, wy > 0 in Vi. In this way we have proved
that |u| < —w < 2A\§supy, |¢| =: M in V1. Finally, setting fi = M + u,
f2 = M —u we have Hf; = 0 in Va, fila,v, > 0, which yield f; > 0 in V3
(i=1,2). Therefore |u| < M also in V5. O

From the definitions of I' and of G, we immediately obtain that I' is
homogeneous w.r.t. the parabolic dilations of G x R. As a consequence, we
are able to prove that I' vanishes at infinity.

Theorem 3.7. ' has the following properties:
T(6xa, A%t 60E N2 T) = A9 D (2, 1€, 7), (
[(2:¢) — 0, as|z| — 0o, for every ¢ € RNTL (
[(2;¢) — 0, as|¢| — o0, for every z € RNTL (
(

limsupI'(z;¢) = oo, for every ¢ € RNTL,

z—¢
F(ga -7, _t) = F(l’,t,€,7') = F(g_l o $,t - T; 0’ 0) (310)

In particular, T' is the fundamental solution for H according to Definition
3.1. Moreover, given any homogeneous norm d on G, I' satisfies the estimate

T(x,t:¢,7) < c (d(z,€) + |t — r|V/?) 79, (3.11)

for a suitable positive constant c.
Proof. From (3.5) it follows that
Gn(ékxv )\2t; 5>\€7 )‘27—) :n_QGl (6)\/n$’ 2_275; 6A/n£v 2_27_) = )‘_QGn/)\(mv t; &, T)'

Letting n go to infinity, we obtain (3.6). We now fix a homogeneous norm d
on G (which always exists) and set p(z,t;€,7) = d(z, &)+ [t —7|V/2, p(z,t) =
p(x,t;0,0). In order to prove (3.7), it is now sufficient to observe that
p(z) — o0 as |z| — oo and to notice that (3.6) gives (z = (x,t), { = (£, 7))

F(Z; C) = :O_Q(Z) F(épfl(z) x, p—Z(Z) & 5p*1(z) 57 p—Z(Z) T)) (312)
and then, by the continuity of I' away from the diagonal,

0<T(¢) <p ®:) max  T(;(),
p(=)=1,p(¢)<3

for large |z|. The proof of (3.8) is analogous. Let us now prove (3.10). We
first want to show that I'(-;¢) = w, where we have set w(z,t) = I'(¢ lox,t—
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7;0,0), once ¢ = (£,7) € RV*Lis fixed. Recalling Theorem 3.5-(v) and (3.7),
we only need to prove that Hw = —d; and to use the maximum principle.
On the other hand, Hw = —4; easily follows from Theorem 3.5-(v) and the
left-invariance of £. We now set v(z,t) = I'"(z, —¢;0,0) (= I'(0,0;x, —t)).
We want to show that v = I'(-;0). This would complete the proof of (3.10);
indeed we would have I'(z,t;&,7) = T(§ tox, t—7;0,0) = v(¢tom,t—7) =
r0,0;¢6tox,7—t) =T(xto&t—71;0,0) = T(¢ —7;2,—t). In order to
prove that v = I'(-;0), we make again use of the maximum principle. We
only need to observe that both v and I'(+;0) vanish at infinity by (3.8)-(3.7),
and that HI'(;0) = —dp = Hv by Theorem 3.5-(v)-(vi). Finally, we prove
(3.9) and (3.11). (3.9) is an easy consequence of (3.6). From (3.10) and
(3.12) we derive

T@atéT):IYé&oaat—TﬂLO)Sp*Q@%t&T)?ﬁXﬂX25m-
p(')=

This completes the proof. O

For the sake of brevity, in what follows we shall often use the notation
[(z,t) :==T(x,t;0,0).

We explicitly note that, by (3.10), we have I'(z,t;&,7) = T'(é Loz, t — 7)
and

[(z,t) = F(x_l,t). (3.13)
We now turn to the construction of the fundamental solution for the sub-
Laplacian L.

Definition 3.8. We shall say that a function 7 : RN x RV — R is the
fundamental solution for L if and only if for every ¢ € RV, we have
(i) ¥(-,€) € Linc(RY),
(i) L(v(-,€)) = —6¢ (the Dirac measure supported at {{}),
(iii) y(z,&) — 0, as |z| — 0.
We explicitly remark that such a fundamental solution (if it exists) is unique

by the weak maximum principle for L.

We prove the existence of the fundamental solution v for £ by a saturation
argument. Then, from the properties of I', we are able to prove that ~ is a
power of a homogeneous norm (see also [8] and [10]).

Theorem 3.9. Let us set
o0
w8 = [ T@ng0d s
0
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Then v is the fundamental solution for L. Moreover, there exists a homoge-
neous norm dp on G such that

y(z, &) = (dﬁ(f_l o a:))z_Q, for every x # £. (3.14)

In particular v(x,§) = v(&,x). As a consequence, setting

(v*xp)(x) = /RN Y(z,€) p(§) d€

for every ¢ € C§°(RYN), we have
Llyxp) =7x(Lp) = —p.

Proof. We first observe that v := (-, 0) is d\-homogeneous of degree 2— Q).
Indeed, from (3.6) we get

Yo(dxz) = / D(6ye,t)dt = A9 / T(z,t/\2)dt

o 0 (3.15)

:)\Q/ D(z,s) A2 ds = A2 P (2).
0

Moreover, by dominated convergence (see (3.11)), o is continuous on RY \
{0}. Since y(z,¢) = (671 o x) (by (3.10)), this is sufficient to get (i), (iii)
of Definition 3.8. We now prove (ii). Let ¢ € C°(RY) be a test function.
We set @ (z,t) = p(x)(t/k), where ¢ € C§°(R) is a fixed cut-off function
such that ¥ (t) = 1if |t| < 1, ¢(t) = 0 if |[¢| > 2. Since I is the fundamental
solution for H and ®;, € C§°(RV+1) we obtain

—pl6) = ~Pu(E0) = [ | (o 6,0 H Do, 0 dadt

— [ T(2,5€,0) Lo(x) dedr,

RN+1
as k — oo (by dominated convergence), being
H O (a,t) = p(t/k) Lo(x) + 1 p(2) ¥ (t/k) — Lop(x),
as k — oo, and
|D(x, 8;€,0) (H* @p(, 1) — Lo(x))| < eT(,1€,0) ([Lo(z)] + |p(2)])

€ L%:v,t) (RN+1 ) )

recalling that (-, &) € Lioc(RY). On the other hand,

/ I(x,t;£,0) Lo(x) dxdt:/ Y(z,€) Lo(x) dx.
RN+1 RN
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Since L is self-adjoint, this gives L(7(-,£)) = —d¢. Therefore, we have proved
that ~ is the fundamental solution for L.

We now set dg () := (7o(x))/?=Q) if & # 0, dz(0) := 0. We remark that
70 > 0 in RV \ {0}, by Bony’s strong maximum principle for £ (recalling that
I' > 0). It is easy to recognize that d, is a homogeneous norm on G. Indeed,
the smoothness of ds away from zero follows from the hypoellipticity of L;
the homogeneity of d, follows from (3.15) which also gives the continuity
at zero; finally dg(z7!) = dg(x) is a direct consequence of (3.13). The
last statement of the theorem straightforwardly follows, recalling that £ is
self-adjoint. O

We would like to end this section with some remarks on the heat operators

related to sums of sub-Laplacians. Suppose we are given two homogeneous
Carnot groups X = (RY,0M), Y = (RM o®) with dilations

65\1)(@ =zW, . a2, zeX; 5&2)(y) =W, Ay, yey

(@ e RNi, i <7, Ny+---4+ N, = N; y ¢ RM: § < s, My +--- +
Mg = M) and canonical sub-Laplacians Ax = E;V:ll X JQ and Ay = ZMl Y?
respectively. We define a suitable homogeneous Carnot group G on RN+M
in the way described below. We shall suppose r < s. If (z,y) € RV x RM,
we consider the following permutation of the coordinates

P(x7 y) = (x(1)7 y(1)7 AR 7x(r)7 y(’r)7 y(r+1)7 A 7y(3))'

We then denote the point of G = R¥*M by 2 = P(z,y). We finally define
the group law o and the dilations dy on G in the natural way: for every
z=P(z,y), (=P n) € G, we set

zo(=P(x oD ¢ 4o n), Oxz= P((Sf\l)x, 5&2)y).

It is then easily proved that (G,o,d)) is a homogeneous Carnot group on
RN+M of step s and Nj 4+ M, generators. In other words, the direct product
of two homogeneous Carnot groups X, Y is, up to the permutation P, a
homogeneous Carnot group G. Moreover, the canonical sub-Laplacian on G
is the sum of the sub-Laplacians on X and Y:

Ag = Ax + Ay = Y00 X7+ Y Y7

There is a remarkable relationship between the fundamental solution for the
heat equation on G and the fundamental solutions for the heat equations on
X and Y, as stated in the following result.
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Proposition 3.10. LetI'g, I'x and I'y denote the fundamental solutions for
the operators Hg = Ag — 0, Hx = Ax — 0; and Hy = Ay — 0, respectively.
Then, we have

FG(P(xuy)vt) = Fx(ﬂf,t) FY(yvt)a Vze RN’ Yy e RM, teR.

Proof. Setting I'(P(x,y),t) = I'x(x,t) I'y(y,t), we only have to prove that
I' satisfies (i)-(ii)-(iii) of Definition 3.1 with H = Hg. Applying Theorem
6.1 to I'x, I'y, (i) easily follows. Let us prove (ii). Let ¢ € C3°(G x R) be a
test function and let us denote ¢ = ¢ o P. We have

/ I'H*p = lim/ / /Fx(ac,t)f‘y(y,t)(AX+Ay—|—8t)w(x,y,t)dtdyd:c.
G RNJRM J¢

<R e—0t

Moreover, the integral in the right hand-side is equal to

_/ / FX($,5) Fy(y,g) ¢(l',y,8) dydx
RN JRM

This follows integrating by parts, since (Ax + Ay — ) T'x I'y = 'y HxI'x +
I's Hyl'y = 0 in RY x RM x (g,00). Finally, using Theorem 5.1 and The-
orem 6.1, it is a standard argument to prove that such integral goes to
—1(0,0,0) = —¢(0), as € — 0T. This proves (ii). In order to prove (iii), it
is now sufficient to observe that I' € C°°(G x R\ {0}) (by the hypoellipticity
of H) and to use the homogeneity properties of I', which follow directly from
the definition of I" and from the homogeneity of I'x and I'y (see (3.6)). O

As a particular case of Proposition 3.10, one can obtain the formula al-
ready found by Gaveau [11] when Ax = A (the Laplace operator) and
Ay = Apgn (the Kohn Laplacian on the Heisenberg group). We also re-
mark that explicit formulas for some heat kernels on two step nilpotent Lie
groups have been shown in the recent papers [2, 3].

4. HARNACK INEQUALITY FOR H

Given an open set Q@ C RVF! we denote by H(f2) the linear space of the
L-caloric functions in 2, i.e., of the smooth functions u :  — R such that
Hu = (L —0)u = 0 in Q. The map Q — H(Q) is a harmonic sheaf in
RN*1 which we shall denote by H. The aim of this section is to show the
Harnack inequality for the £-caloric functions by using some basic properties
of H and few general results of abstract Potential Theory. Throughout the
section, £ is a fixed sub-Laplacian on G and all the constants may depend
on L. To begin with, we prove a “parabolic” maximum principle for H.
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Proposition 4.1. Let Q be a bounded open subset of RN and let zg =
(z0,t0) be a point of Q. Set

Qs o= {(z,t) € Qt < to}, (0Q), = {(z,t) € 0Nt <t}

20

Suppose v € H(QY) is such that

limsup u(z) <0, V(e (09)
QZOBZ—><

Then u <0 in Q.

(4.1)

20"

Proof. For every ¢ > 0, define u.(2) = u(z) —¢/(to —t), for z = (z,t) € Q.
Then Hu. = €dy(to —t)~! > 0 in Q,,. As a consequence, u. cannot have a
local maximum in Q,,. On the other hand, by the boundary condition (4.1),
limsup u-(z) <0, V¢ € ().
onazﬂc

It follows that u. < 0 in €,,. Letting € go to zero, we obtain v < 0 in
Q. O

We call H-regular any bounded set V C RV*! such that: for every real
function ¢ € C(9V), there exists a function H}; € H(V) N C(V) satisfying
H JD/ = ¢ on JV. From the maximum principle of Proposition 4.1, it follows
that H;f is unique and the map ¢ — HZ is linear and monotone non-
decreasing. Then, for every z € V|

§
HY (2) = / pdn?
oV

for a suitable non-negative Radon measure pY on V. uY is the H-harmonic
measure of V' at z. The family of the H-regular set is a basis for the Euclidean
topology [5, Corollaire 5.2].

We call £-super-caloric in an open set  C RNT! any lower semicontinuous
function u :  — (—o0,00] such that v < oo in a dense subset of Q and
u(z) > [, udpy, for every H-regular set V C V C Q and for every z € V.

It is a standard matter to show that, for any fixed ¢ € R¥*!, the funda-
mental solution I" for H with pole at ¢, i.e., the function z + I'(("'oz) is £L-
super-caloric in RN*1. Moreover, the families {z +— T'(("! 0 2)|¢ € RN*1},
{(z,t) — (&' ox)|¢ € RN} separate the points of RV*!. Then, by
Théoreme 8.2 and Remarque 8.4 in [5], (RN*!, H) is a Bauer-harmonic space
satisfying the Doob convergence property. This enables us to apply an ab-
stract result by Bauer [1, Satz 1.4.4] in order to get the Harnack inequality
for the L-caloric functions. To this end, we fix the standard notations for
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the parabolic Harnack inequality. Given zq = (zg,t0) € RVt and » > 0,
define

C(z0,7) == {(2,t) € RN dp(z,20) < 7, |t —to| < r°},
and, for 0 < A\ < 1/2,
Sx(z0,7) := {(x,t) e RNF [ dp(x,mo) < (1=N)r, Ar2 <to—t < (1—N\)r2}.
We recall that d. is defined by (3.14). Then the following result holds.

Theorem 4.2. For every A € (0,1/2) there exists a positive constant ¢ =
c(\) such that
sup u < cu(zp), (4.2)
Sx(z0,7)
for every non-negative L-caloric function u in C(zg,r) and for every r > 0
and zy € RN*HL

Proof. Since H is homogeneous w.r.t. the dy-parabolic dilations and invari-
ant w.r.t. the left translations on G x R, it is enough to prove (4.2) in the
case r = 1 and zg = 0. We split the proof in three steps.

Step I. For brevity of notation, we denote by C' the unit cylinder C(0,1).
Following Bauer, we call absorbent set any closed set F' C C' such that the
support of the H-harmonic measure ) is contained in F for every z € F
and for every regular set V C V C C, V 3 z. We denote by Ay the smallest
absorbent set containing 0. In Step II and III, we shall prove that

Ag = {(z,t) € C|t <0} (4.3)

Then, since S(0,1) is a compact set contained in the interior of Ay, by Satz
1.4.4 in [1] (see also [7, Proposition 6.1.5]) we have supg, (o 1y u < cu(0), for
every non-negative L-caloric function u in C. The constant ¢ only depends
on A. Then, to complete the proof of the theorem, we only have to prove
(4.3).

Step II. The fundamental solution I' restricted to C' is L-super-caloric
and non-negative and its support is equal to {(z,t) € C'|t > 0}. Then, by
Satz 1.4.1 in [1] (see also [7, Proposition 6.1.1])

A C {(z,t) € C|t <0} (4.4)

Step III. In this step we shall prove the opposite inclusion of (4.4). For
this we need two lemmas.

Lemma 4.3. For everyr < 1, we denote by 9,C(0,r) the parabolic boundary
of C(0,7):

9,C(0,r) = 0C(0,r) \ {t =r?}.
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Then, for every ¢ € C(0,C(0,r)), the boundary value problem

{Hu =0 inC(0,r)

4.5
u=¢  on d,C(0,r), (4:5)

has a unique solution H, € H(C(0,7)) satisfying the boundary condition in
the following sense
lin} u(z) = ¢(¢), VC¢ed,C(0,r).

Proof. The uniqueness of H, follows from Proposition 4.1. In order to
prove the existence, we first choose a continuous continuation ¢ of ¢ to the
complete boundary 0C(0,r). Let us denote by h the Perron-Wiener solution
to the generalized Dirichlet problem h € H(C(0,7)), hlac(,r) = . Then, h
is L-caloric in C(0,7) and lim,_¢c h(z) = 1 (¢) for any H-regular boundary
point of C'(0,7). On the other hand, by a result of Negrini [20], every point
of the parabolic boundary 9,C(0,r) is H-regular. Then, since ¥ = ¢ on
0,C(0,r), the function h solves problem (4.5). O

Remark. Obviously, again by Proposition 4.1, ¢ — H,(0) is linear and
monotone non-decreasing. Then,

H,(0) = / o du,
9,C(0,r)

where (i is a suitable positive Radon measure on 9,C(0,r). By Proposition
6.1.1 in [7],
spt(ug) € Ag, for 0 <r < 1. (4.6)

The second lemma we need is the following one.

Lemma 4.4. For every r € (0,1) we have
8,C(0,7) 1 {t < 0} C spt(up). (4.7)

Proof. Suppose, by contradiction, the inclusion (4.7) is false. Then, there
exists a boundary continuous function ¢ such that: ¢ > 0, ¢ is not identically
0, spt(y) € 9,C(0,7) N {t < 0} and H,(0) = 0. Since ¢ > 0 we also have
H, > 0. Thus, Hy is a L-caloric function in C(0,r) attaining its minimum
value at 0. As a consequence, by Bony’s Minimum Propagation Principle [5,
Théoreme 3.2], Hy(x,t) = H,(0,0) = 0 for every (x,t) € C(0,7), t < 0. It
follows that

C(O,E)glzag Hy(z) =0, forevery (= (& 7)€ 0C(0,r), 7 <O.
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On the other hand (see Lemma 4.3) lim, . H,(2) = ¢(¢), for every ¢ €
0,C(0,r). Then, since spt(¢) C 9,C(0,7)N{t < 0}, ¢ = 0. This contradicts
our assumption on ¢ and completes the proof of the lemma. O

Together with (4.6), this lemma implies {(x,t) € C'|t < 0} C Ay, so that,
by the reverse inclusion (4.4), (4.3) holds. This ends the proof of Theorem
4.2. ([

If we combine Theorem 4.2 with Théoréme 7.1 in [5], we immediately get
the following corollary.

Corollary 4.5. For every p,q € NU {0} and for every A\ € (0,1/2), there
exists a positive constant ¢ = c(p, q, ) such that

sup | Xy, - X, (0p)7u] < cr™ P20 4 (2), (4.8)
SA(Zo,T')
for any non-negative L-caloric function u in C(zo,r) and for any zo € RN*1,
r>0,i1,...,0 € {1,...,m}.

Proof. Since the vector fields X;’s and d; are homogeneous of degree 1 and
2 respectively w.r.t. the dy-parabolic dilations and invariant w.r.t. the left
translations of G x R, it is enough to prove (4.8) in the case r = 1 and
zp = 0. It is also non-restrictive to assume v > 0. By Théoreme 7.1 in [5],
there exist z1,...,2; € C(0,1) N {t < 0} such that

sup |X;, - X, (0p)%ul < (u(z1) + -+ ulzp)), (4.9)

Sx(0,1)

for every positive L-caloric function v in C(0,1). On the other hand, there
exists p € (0,1/2) such that {z1,...,2,} € S,(0,1). Then, by Theorem 4.2,
u(z1) + -+ u(zx) < ”u(0). This inequality and (4.9) imply (4.8). O

5. ESTIMATES OF T

In this section we prove the Gaussian estimates of the fundamental solu-
tion I for H = £ — 0%, constructed in Section 3. L is any fixed sub-Laplacian
on G and all the constants here may depend on £. The estimate from above
is obtained by a direct proof based on a comparison argument. The esti-
mate from below follows from the Harnack inequality for H by means of a
classical argument. Since (3.10) holds, we only need to study the function
L(z,t) (=T(z,20,0)).

Theorem 5.1. There exists a positive constant ¢ such that
dz (x)

F(]T,t) S CtiQ/2 €exXp ( — ?)
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for every x € RN and t > 0. We recall that dg is the homogeneous norm
defined by (3.14).

Proof. We set A = {z € R¥|dz(x) > 1} and Q = A x (0,1). We want to
compare I'(z,t) with the function w(z,t) = exp(—o (1—t)d4(x)) in Q. Here,
o is a positive constant to be chosen in the sequel. The following formula
holds for radial functions f(z) = F(dz(z)):

-1
L) = Vede(@) (LS Flde() + F/(de@)  (5.1)

de(x)
(we have denoted by V. the subelliptic gradient (Y7i,...,Ys,), where £ =
Py sz (see Section 2)). Hence, a direct computation shows that Hw(x,t)

is equal to w(x,t)|Vede(2)?{—20(Q —1)(1—t) + (40?d%(z)(1 —t)® — 20(1 —
)} — od%(x)w(z,t). For (z,t) € Q, we obtain

Hw(z,t) < (402 |Vede(2))? — o) d2(z) w(z,t) <0

if o is chosen small enough (note that |V dg(x)| is bounded since it is
dx-homogeneous of degree zero). Recalling that HI' = 0 in €, that I" is
continuous on Q and that T vanishes at infinity and on A x {0} (see Theorem
3.5 and (3.7)), from the maximum principle we infer that

I'<cw in Q
for a suitable constant ¢ > 0. In particular, chosen ¢ = 1/2, we obtain
I(z,1) <cexp(—odi(z)/2), if de(x) > 1.
By the homogeneity (3.6) of I', we then deduce

odz(x)

[(xz,t) = (2 t)_Q/QF((Sl/\/ZJ:, < ct= 92 exp (— ), if0<2t < d2(x).
On the other hand, if d%(z) < 2¢, then (3.11) directly yields

2
I(z,t) <ct @2 <ct ™ ?exp (- dﬁ_(m))

ct
This ends the proof. O
Theorem 5.2. There exists a positive constant ¢ such that
d%(x
[(z,t) > c 1792 exp (—c #)

for every x € RN and t > 0.
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Proof. From Theorem 4.2, it follows that there exists a positive constant c
such that

2

u(z,t) < cu(y,2t) exp (c M),
for every function v > 0 such that Hu = 0 in RY x (0, 00). The proof of this
assertion is standard; however, for the reader’s convenience, we give it below.
We first observe that it is sufficient to prove (5.2) with d, replaced by dx
(see (8.1) in the Appendix), since such distances are equivalent. By means
of Theorem 4.2, we have u(z,s) < cu(y,2s) whenever u is in the above
class, dro(z,y) < v/2s and s > 0. If we apply this result to the functions
ur(x,-) = u(x, - +r), choosing r =t — s > 0, we get

u(z,t) = up(z,t —r) <cup(y,2(t — 7)) = cu(y, t + s), (5.3)

if dzo(z,y) < v/2s and t > s > 0. This proves (5.2) when dg(z,y) < V2t
(we only have to choose s = t). On the other hand, if dz(x,y) > V2t,
one can find a chain of points g = z,21,...,2p, =y € RY (laying on a
X-subunit path connecting = and y), with p “proportional” to d%(z,y)/t,
such that dg(z;,2;41) < V2s for s = t/p (proportional to (dx(x,y)/p)?).
Now, applying (5.3), we obtain u(z;, t+is) < cu(xiy1,t+ (i+1)s), whence
u(z,t) < cPu(y,t+ps) < cul(y,2t) exp(cdi (z,y)/t). This completes the
proof of (5.2).
Finally, applying (5.2) to u = I', we get

z,ye RN, >0, (5.2)

[(y,2t) > c! I'(0,t) exp ( —c @) — ¢ 14Q/2 r'(0,1) exp ( _c d%(y))’

by the homogeneity (3.6) of I. O

Theorem 5.3. Given any non-negative integers p, q, there exist positive
constants ¢, cpq such that for every iy, ..., i, € {1,...,m} we have

—(Qtpt29)/2 d7(z)
‘Xi ~-Xip(8t)q F(x,t)‘ <cpgt pT29)/% exp ( — 7),

for every xz € RN and t > 0.

Proof. The assertion is an easy consequence of Theorem 5.1 and the Harnack
inequality in Corollary 4.5. g

6. THE CAUCHY PROBLEM

In this section we establish some more properties of the fundamental so-
lution I' for H, constructed in Section 3, and we obtain some existence and
uniqueness results for the Cauchy problem related to H.
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Theorem 6.1. For every x € RY and t > 7, we have
/ D(x,t;&,7)dE = 1.
RN

Proof. We first observe that the above integral is finite by Theorem 5.1.
Moreover, using (3.6) and (3.10), it is easy to see that it does not depend on
x,t, 7, i.e., there exists a positive constant « such that

/ D(x,t;¢,7)dé =, forevery z € RY and t > 7 (6.1)
RN

(a # 0 since T is not identically zero in RV*1). In order to prove that a = 1,
we shall test the identity
Oo(H®) = @

(see Theorem 3.5-(iii)) on some suitable ® € C§°(RN*1). Let us choose
v € C3°((—1,1)) such that ¢(0) =1 and g € C§°(R) such that 0 < g <1,
g(r)=1if|r| <1, g(r) =0if |r| > 2. We define O (z,t) = p(t) Yi(x) where
Yr(x) = g(de(z)/k). We have HO(z,t) = ¢(t) Lyg(z) — Yr(z) ¢ (t). Hence
1= ®(0) = —Goo (HPx)(0)

:/ T(0,0; €, 7)ve (€)' (1) didT—/ I(0,0; &, 7)ep(7) Lebr () dédr.
]RN""l RN+1

Moreover, using (5.1) it is easy to see that |Lyy(z)| < c/k?. Therefore,
letting k& — oo in the above identity and recalling Theorem 3.5-(iv) and
(6.1), we obtain

0

1= [, TO0En @i =a [ $)ar=ag)=a

This completes the proof. ]

Corollary 6.2. Let f be a continuous function on RN satisfying the growth
condition

|f(2)] < ¢ exp (pdz(x))
for some constants ¢, p > 0. Then the function

ue, t) = /R T k0O reRY, 1 0.7/n)

is well posed (being T > 0 an absolute constant) and is a classical solution
to the Cauchy problem

Hu(z,t) =0, (x,t) € RN x (0,T/p),
u(z,0) = f(z), = €RN,
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Proof. The function u is well posed by means of Theorem 5.1. Moreover,
from Theorem 3.5-(v) and the estimates in Theorem 5.3, it follows that
Hu = 0. Finally, using Theorem 5.1 and Theorem 6.1, it is a standard
argument to prove that u(x,t) — f(xo) as (z,t) — (x0,0). O

Corollary 6.3. For every x € RN, t > 0 and 7 > 0, we have the following
reproduction property

Pla,t+7) = / P ox t)T(E,7) dE.
RN

Proof. We fix 7 > 0 and set v(z,t) = ['(z,t + 7) = [en I'(

x,t) T(&,7) dE for (z,t) € Q =R x(0,00). WehaveHv = Oan v— 0 at
infinity (see Theorem 3.5 and (3.7)). Moreover, from Corollary 6.2 (see also
(3.10)) it follows that Hu = 0 in Q, ulgo = v|sq. Hence, by the maximum
principle, in order to prove that v = v in €, we only need to show that
u — 0 at infinity. This statement can be easily proved if we note that, by
Theorems 5.1 and 6.1, the following inequality holds:

0 <u(zx,t) < CT/ D€ ox,t)dE + ¢, exp(—¢, k?),
d(§)<k

for every k > 0. O

We now want to establish a uniqueness result for the solutions to the
Cauchy problem related to H. To this purpose, we need the following lemma.

Lemma 6.4. Let r > 0 be fixed. Let u be a classical solution to the Cauchy
problem

Hu=0 in RN x (0,7), wu(-,0)=0. (6.2)
Then, extending u(z,t) to be zero fort < 0, we have u € C®° (RN x (—o0,7)).

Proof. By the hypoellipticity of H, it is sufficient to prove Hu = 0 on
RY x (=00, 7), in the weak sense of distributions. Let ¢ € C§°(RY x (—o0, 7))
be a fixed test function. We introduce the family of cut-off functions 1, (t) =

Y(|t|/o), (¢ > 0) with ¢ € C*°([0,00)), 0 < <1, =0o0n [2,00), 9 =1
on [0,1]. We have

‘/uH*gp‘ / / \u z, || H* (pts) (2, t) |dxdt+’ /uH* Uy))]-
[t|<20 Jz€spt(p

The second integral in the rlght hand-side vanishes since Hu = 0 in the sup-
port of ¢ (1 —1,). On the other hand, |[H*(¢ ¥o)|(z,t) < [H*(¢) VYo |(x,t) +
1/ |¢'(Jt|/o)] |el(x,t) < ¢/o, for small o. Hence, by the continuity of u and
since u(-,0) = 0, the first integral in the right hand-side vanishes as o goes
to zero. This completes the proof. ([l
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Theorem 6.5. Letr > 0 be fized. Let u be a classical solution to the Cauchy
problem

Hu=0 inRY x (0,r), wu(-,0)=0. (6.3)

Suppose that one of the following conditions holds: either u is non-negative
or there exists p > 0 such that

/ / exp (— ,ud%(m)) lu(z,t)| dedt < co. (6.4)
0 JRN
Then u vanishes identically.

Proof. We first prove that u = 0 if (6.4) holds. It is sufficient to prove that
there exists v = v(u) > 0 such that v = 0 on RY x (0,v) and to repeat
the argument finitely many times. Let v > 0 be fixed as we shall specify
in the sequel and let z = (z,£) € RY x (0,v). We also set B,(7) = {z €
R¥|dg(z,2) < p}, for any p > 0. Let ¥, be a smooth function on [0, o)
such that 0 < v, < 1,7, =0o0n [p+1,00), ¥, =1 on [0, p| and such that
1/1;,, z//p’ are bounded by a constant independent of p. We now define the
cut-off functions h,(z) = ¢,(dz(T,x)) so that X;h,, X;X;h, are bounded
by a constant independent of p (when p > 1) for every i, j € {1,...,m}.

We set v = h, I'(Z;-) and we integrate the Green’s identity v Hu—uH*v =
div(v MzVu—uMpVv) —d¢(uv) on the domain B, y1(Z) x (0, —¢), where
M, is defined by (2.2) and £ > 0 is small. We explicitly remark that, by
Lemma 6.4, u is smooth up to the boundary of that domain. As ¢ — 0 we
obtain

u(z) = lim u(:y,f—e)hp(:l:) (z7lox,e)dx —/ / u(z, t)yH v(z,t) dedt.

+1($)

The first equality follows by a standard argument using Theorem 6.1 and
Theorem 5.1. Since H*I'(z;-) = 0 away from z (see Theorem 3.5-(vi)), then

7
u(z) :/ / u(z,t) H v(x, t) dedt. (6.5)
0 JByy1(2)\B, (%)
On the other hand, by (3.13) and Theorems 5.1 and 5.3,

H v (2)| = )r(z; 2)Lhy+ 3 Xihy XiT(@ o x,T t)‘
=1

d%(jaw))

c(t—t)"

<c(t— t)*(QJrl)/? exp ( _
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Hence,

. o DV (F— p—@ 02 o (92
7)) < / @ (e, £)] (F — 1) p(- g

M) dxdt
c(t—1t)
p/c

< c/ /B lu(z,t)| exp (— pdz(z,x)) dzdt,

p/c

if v(p) is suitably chosen (recall that ¢ < v(u)). Finally, letting p go to
infinity, and using (6.4), we obtain u(z) = 0. This proves that u = 0 if (6.4)
holds.

We now consider the case when u is a non-negative solution to (6.3). We

set, for fixed 7 € (0,7), p > 0,

wy (x,t) = /RNr(x,t;g,T)f;(g)dg, zeRN te(rr),

where f7(§) = u(§,7) if de(§) < p, f7(€) = 0 otherwise. It is a standard
argument (see also Corollary 6.2) to prove that

T_0 i RN % . Ii T t) = £7 7 for d )
pr n (7—7 T)7 (:v,t)gr(ly,f) w, (1‘, ) fp (y> or E(y) #p
Since u > 0 this readily implies that

liminf (u(y,7) — wl(x,t)) >0, e RV,
Jmint (uy,7) — (1) y

Here, we have used the fact that, if dz(y) = p, then wj(y) < wj,(y) —
u(y, 7). Moreover, it is easy to see that liminf, ;) (u(y,7)— wy (, t)) >
0, uniformly in ¢t € (7,7). Applying the parabolic maximum principle, we
obtain wj, < u in RN x (7,7). Now, we take x = 0 and we fix t € (0,7).
Letting p go to infinity in wj < u and integrating in 7, we get

(t—a)u(O,t)z/tE/ (0,8 €, 7) u(, 7) dedr
>c/t E/RN Cdﬁ@)u(g,T)dng

by Theorem 5.2. Using the first part of the proof, this implies that u vanishes
on RY x (0,t —¢). Since t € (0,7) is arbitrary, the theorem is completely
proved. [l
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7. UNIFORM ESTIMATES FOR A FAMILY OF FUNDAMENTAL SOLUTIONS

In the first part of this section, we restrict our attention to the special case
of free Carnot groups and we derive the uniform estimates using Theorem A
and Theorem B. In the second part of the section, we shall prove the uniform
estimates for general Carnot groups: using the lifting procedure recalled in
Theorem C, we shall reduce to the free case.

Throughout the section, we shall use the notations of Section 2. In par-
ticular A > 1 will be a fixed constant and M will denote the set of m x m
symmetric matrices A such that A=1¢|? < (A€, €) < Al€]2 . We shall de-
note by ca, Cp,... any positive constant depending only on A and on the
structure of G.

I - The free case. In this first part of the section, we shall suppose that
G = (RV,0,d,) is a free Carnot group.

Theorem 7.1. Suppose G is free. For every A € M we have
FA(l‘,t;f,T) = JA : FG(TA(w)7ta TA(g)aT)v z, g € RN> t7 TeR.

We recall that T' 4 denotes the fundamental solution for Ha = L4 — 0 and
T'g the fundamental solution for Hg = Ag — 0:, while J4 and T4 are defined
in Theorem A and Theorem B.

Proof. Setting I'(x,t;&,7) = Ja - T'g(Ta(z),t;Ta(§), ), we only have to
prove that T' satisfies (i)-(ii)-(iii) of Definition 3.1 with £ = L4. Recall-
ing that T4 is a diffeomorphism, (i) and (iii) follow immediately from the
analogous properties of I'g. Let us prove (ii). Let ¢ € C°(RN*1) be a
test function and set 1(z,t) = p(T; ' (z),t). By (2.7) we have Agi(z,t) =
(Lap)(T*(x),t). Since also ¢ € C§°(RV*1) we have

/ D(x,t;&,7) Hyp(z, t) dedt
RN+1

_ /R T (Ta(x), £ Ta(€), 7) Hyo(x, £) Ja(x) dadt

N+1

N+1

= /R FG(x,a t TA(£)7 T) H(E’(ﬁ($/, t) dz'dt = _¢(TA(£)7 T) = _90(57 T)'

This completes the proof. ]

From Theorem 7.1 and Theorem 3.9, we also immediately get the following
relation between the fundamental solutions for the sub-Laplacians on G.

Corollary 7.2. Suppose G is free. For every A € My we have
va(@) = Ja -6 (Talz), zeRY,
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where y4,7g denote the fundamental solutions for L4, Ag, respectively.

Theorem 7.3. Suppose G is free. There exists a positive constant cp such

that

ey dg (@)
t

z € RN, t >0, for every A € My. We recall that dg is defined by (3.14)
when L = Ag.

2
) < Dale,t) < et exp (- 6@,

-1,-Q/2 _
c, t ex
. p( cpt

Proof. The assertion follows from Theorem 7.1, from the estimates of I'g
(see Theorem 5.1 and Theorem 5.2) and from the good properties of Ty
established in Theorem B. Indeed, recalling that T4 (0) = 0, we have

La(z,t) = Ja - Te(Ta(x),t) <eale(Ta(z),t)  (by (2.8))

2
T
<eat 92 exp (- M) (by Theorem 5.1)

ct
d2
<cpt 92 exp (- M) (by (2.10)).
cpt
The estimate from below is analogous. O

Theorem 7.4. Suppose G is free. Given any non-negative integers p, q,
there exist positive constants cp and cp 4 such that

d2

|X¢ . ~Xip(8t)qFA(a;,t)‘ < cA,p,qt*(Q“’”q)/2 exp (— L?), zeRN t>0,
CpA

for every iy, ... i, € {1,...,m} and for every A € M.

Proof. We set Y; = Z;”:l(Al/Q)m X; and we recall that (2.6) holds. Setting
for brevity B = A~Y/2, we have X; = > iy bikYy. Hence, from Theorem
7.1, we get

| Xi, - X, (00) T a(w, 1))

m

Z bihkl ce bip,kakl ce Ykp ((8t)ch,(-, t) o TA) (x)
kiookp=1

m

S b bi iy (Xiy - X (9T (Ta o), t)' (by (2.6))
ki, kp=1

dg (T
< CApg ¢~ (Q+p+20)/2 oy (— W). (7.1)



UNIFORM GAUSSIAN ESTIMATES OF THE FUNDAMENTAL SOLUTIONS 1181

The last inequality follows from Theorem 5.3, (2.8) and (2.12). Recalling
(2.10), the proof is complete. O

Theorem 7.5. Suppose G is free. There exists a positive constant cp such
that

d2
‘FAl(m,t) — I“Az(a:,t)‘ < cpllAr — Ang/rt_Q/Qexp ( — —f(i)),
A
z € RN, t >0, for every Ay, Ay € M.

In the proof of Theorem 7.5, we shall use the following result.

Lemma 7.6. There exists a positive constant c, such that

lu(z1) — u(z2)| < cdg(a1,22) sup (IX1u(y)| + - + [ Xmu(y)])
dg (y,x1)<cdg(z1,x2)

for every x1, xo € RY and for every function u : RN — R regular enough.

Proof. Since dg is equivalent to the Carnot-Carathéodory distance dx (see
(8.1)), we may prove the lemma with dx instead of dg. The assertion then
easily follows arguing with X-subunit paths « [O 8] — RY connecting 1
and x9 and writing u(x2) — u(z1) fo ds )) ds. O

Proof of Theorem 7.5. Applying Lemma 7.6 to the function u = g (-, 1)
and using Theorem 5.3, we obtain

TG (Ta, (),t) — Te(Ta,(x),t)| (7.2)
_ dZ (y)
< cdg (TAI (33), Ta, (:E))t @+n)/2 sup exp ( - & )
de (y,Ta, (z))<cdg (Ta, (z),Tay (z)) ct
ALY —(Q+1)/2 _dgw)
< cpl|Ar — Aol dg (x)t sup exp ( ).
de (y.Ta, (2))<ca || A1 — Az ||/ dg (x) ct

The last inequality follows from (2.11). Since dg(Ta,(x)) > ca”'dg(z) by
(2.10), there exists a positive constant op < 1 such that, if |A; — As|| <

oA, then the supremum in the far right hand-side of (7.2) is smaller than
exp(—d%(z)/(cat)). Thus, for ||[A1 — Az|| < op, from (7.2), we get

[T (T, (@).6) = Do (T, (2).1)] (73)
< ealln = - e (- L)

- _ d4 (x
<A1 — AoV 79 2 exp (— %).
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On the other hand, by Theorem 7.1,
T4, (x,t) — Ta,(z, )]

< |Ja, — Jay| T (Tay (z),t) + Ja, [Te(Ta, (), t) — T (Ta,(x),t)].
Therefore, when ||A; — As|| < o4, the thesis follows using (7.3), Theorem 5.1,
(2.8), (2.9) and (2.10). If on the contrary ||A; — Asa|| > o, then the thesis

straightforwardly follows from Theorem 7.3, writing |4, (z,t) —T'4,(x,t)| <
T ay (2, 1) + [T ay (2, 1)]. O

Theorem 7.7. Suppose G is free. Given any non-negative integers p, q,
there exist positive constants cp and cp p 4 such that

| X, X3, (00) T 4, (2, t) — Xiy - X4, (1) T ay (2, 1)
dg (x)

< Capg A1 — A/t (@FPT20/ 2 oy (— cat

), :EGRN,t>0,

for every iy,... i, € {1,...,m} and for every Ay, Ay € Mj.

Proof. Following the notation in the proof of Theorem 7.4, we set

m
() =34 X (h=1,2), i=1,...,m.
j=1
From Theorem 7.1 and (2.6), arguing as in (7.1) and using the identity
a - Qp — bl bn = Z?:l al ---aj_l(aj - bj)bj_H : "bn, we get
X+ Xy (0)TT o, (,8) = Xy -+ X, (00 Ty (0,0 = |32 (T (A7 i
ke kp=1

(AL )iy, (YD), (YO, ((8) T (1) 0 Ta, ) ()

- JAz (AZ z )il,kl T (A2 2 )ip,kp (Y(2))k1 T (Y(z))kp ((at)qFG('v t) ° TA2)(‘r)) ’

< >0 (W = Tl (A5 )iy (A i || Xy -+ X (90T (T, (), )]
ki kp=1
P _1 _1 1 _1
+ (Z‘]A1 |(A1 2)i17k1 T (Al Q)ij—lakj—1| ’(Al z)ij;k?j - (A2 2)ij7kj |
j=1

|(A2_§)ij+1,/€j+1 T (Agg)ip,kp’ |Xk1 T ka (8t)qFG(TA2 (-T)7 t)|)
+ JAl |(A;§)i1,k1 T (Afi)ip7kp |
[ X -+ X, (00)T (T, (2),8) = X, -+ X, (0)To(Tay (1), 1))
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The thesis now follows from Theorem 5.3 and from (2.8), (2.9), (2.10), (2.12).
We apply Lemma 7.6 to the function X, --- X (0;)T'c(-,t) and we use the
same arguments as in the proof of Theorem 7.5. Theorem 7.4 is also used,
to treat the case when ||4; — Az|| is not small. O

IT - The general case. From now on, we shall consider the case when
the Carnot group G = (RV,0,6)) is not free. By Theorem 8.3, we know

that there exists a free homogeneous Carnot group G = (Rﬁ ,0, (5}) which
lifts G in the following sense. Denoting by = = (z,...,z(")) the point of
G=RN=RM x ... x RN by

T=aW,. . 70 = (W, . glo) (glotD) gloty (M 2 = (2,7)

the point of G = RY = RV x ... x R¥ = RV x ... x RVNio x (RNio+1 x
RNig1) x - x (RN x RV ) = RV xRN and by 7: G — G, T = (2,%) — =
the natural projection, we have (setting m = Ny)

Xi(uom) = (Xu)om, YueC®RN) ic{l,..m}, (7.4)

where ~AG =>", X? and Az =200, )?22 are the canonical sub-Laplacians
on G, G. Moreover 7 is a Lie group morphism.
Given A € M, we shall use the notation

La=Y0 0 X, X; =Y Y2 V=" (AY?); X,
o= Shme X% =02 =T, %,

for the related sub-Laplacians on G, G. Moreover we shall denote by I' 4, r A
tlle fungamental solutions ~f0r the associated heat operators Hq = L4 — 0O,
Ha=La—0,on GXxR,GxR.

Theorem 7.8. We have, for every (z,t) € RN A€ My,

T (z,1) :/uv T a((2,2), 1) dz,

N
Proof. Setting I'(z,t) = fRN fA((m,aA:), t) dZ, we only have to prove that T’
satisfies (i)-(ii)-(iii) of Definition 3.1, with H = H4 and ( = 0. (i) easily
follows from Theorem 6.1 and Theorem 3.5-(iv) (applied to I'4) observing

that
R R _
/ / [(z,t)dedt = / / T4(z,t)dzdt = R.
—R JRN 0 JRN

Let us prove (ii). Let p € C°(RYT1) be a test function. We set pp(7,t) =
Gr((z,7),t) = @(x,1) Yr(T), where P (7) = P(dg(2)/k) and ¢ € C5°(R) is a
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fixed cut-off function such that ¢ (t) = 1 if |t| < 1, ¢(¢) = 0 if || > 2. Since
(7.4) holds, we have

m

HaGk(T,t) = Ve (@ Hap(@, t) + oo, 6) Late(@) + 2 Yip(w, t) Yihi(T).

i=1

(7.5)

We have to prove that [py+1 I'Hie = —¢(0). By the definition of ', we
have

/ I’(a:,t)HjZlgo(a:,t)dxdt:/N Ta(F, t) Hip(a, t) dzdt
RN+1 RN+1

= lim T (%, t) Y (F) Hip(x, t) dzdt,

k—oo JRN+1

by dominated convergence. On the other hand,
[ o, Ba@. 0 Fa(@, 0 didt = ~5(0) = —¢(0),
RN-H

since T 4 1s the fundamental solution for H A and ¢ € C§° (]RN +1). Thus,
recalling (7.5), we only have to prove that

/Rﬁﬂ fA(f,t)( (z,t) Latp(T) + 225/;(,0 z,t) Yoy (% ))didt —0

as k — oo. This follows by dominated convergence. Indeed, setting for
brevity d = dg, we have Y;uy,(Z) = £/ (d(F)/k) Yid(Z) and
m o 1 » o
// (7)) 2 S (A 2 g
Lael®) =3 (3 9" @@ /) (V@) + 3 0/ (d(@) /) V)

where i/v'lc? and }7223 are g)\—homogeneous of degree 0 and of degree —1 respec-
tively, thus bounded for large 7. Whence

Ta(wLavs +2Z Yie) (Vo)) | < = (¢! +Z [Yigl JTa € L'V,

being ¢ € C§°(RN*!). This concludes the proof of (ii). Finally, in order to
prove (iii) it is sufficient to observe that I" is smooth away from the origin (by
the hypoellipticity of H4) and it is homogeneous of degree —Q (w.r.t. the
parabolic dilations). Indeed the change of variable § = (glo+D, ... 7)) =
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(Not1gGo+1) ATz gives
T (0xw, At) = / Ta((6az,9), \t) dj = A€ / Ta(55F,A\%)d7
RN RN

_ 2@ / Ta(@.1)dE = A-QT(a, 1),
R

N
being I' 4 homogeneous of degree —Q (see 3.6). O

Remark 7.9. From Theorem 7.8 and Theorem 3.9, we also get

)= [ TawB)dd, voerY
R

N

Theorem 7.10. There exists a positive constant cp such that

ca dg ()
¢

de (),

) STalwt) <eat™ @2 exp (- =25
A

c/_\1 @2 exp ( —

z RN, t>0, for every A € My.

Proof. The statement will directly follow from Theorem 7.8 and Theorem
7.3 if we prove that

2 A~
_ cp d%(z) _Q d@(fUaQ?) .
cat Q/2exp(— T) < Rﬁt 2 exp(— T)dx
CAd%(.%'))
t

(where cy is used to denote different constants). In order to prove (7.6), we
introduce the functions

<cpt 9 exp (- (7.6)

r  N; 1
pla) = p(aD, ... a) = (ZZ!%Y)I%V,

i=1 j=1

SRR
(@) =p@EW, ... .70) = (ZZV@Z |?) |

i=1 j=1
i R rN T
p(x)zp(x(lﬁ),...,x(r)):( Z Z’ij | 1) .

i=ip+1 j=1

These functions have been defined in such a way to give

72(@,3) = p2(z) + 52(3). (7.7)
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Moreover, since both p and dg are continuous, positive away from zero, and
Sx-homogeneous of degree 1, they are equivalent in the sense that ¢~ !dg(x) <
p(x) < cdg(z), x € G, holds for a suitable positive constant c. Analogously
p and dg are equivalent on G. Asa consequence, it is sufficient to prove (7.6)
with p, p instead of dz, dg, respectively. Now, exploiting (7.7), the change
of variable 7 = (Z(o+1) . (") = (¢lo+D/2500+1) " 47/275(1)) gives

~ ~2 ~
/R e (- P22y 45

CA t
2 Q-0 2
:t_Q/Qexp(—M)/ t 2 exp(—p($))d§3\
cpat RN cpat
2 9 (= 2
:t*Q/Zexp( M)/ exp(—p(y)dy—cAt*Q/ exp( p(m))
cat RN CA cat
This completes the proof. O
Lemma 7.11. For every non-negative integers p, q and for every iy, ..., i, €

{1,...,m}, A€ My, we have, forz € RN, t >0
X X (00 (o) = [ Ry (007 Tal(,3),0) .
R

Proof. We shall prove the lemma in the case p = 1, ¢ = 0. The general case
can be proved with the same arguments. Let us fix £ > 0 and set

P(2) = Dale,t), T(x) = /|A<ka<<x,f>,t> az,

IOz = [ X,Ta((z,7),t)dz.
RN

Since Theorem 7.8 holds, T'y(x) — I'(x) point-wise, for every z € RN, If
we prove that

XTp(z) — TO(2), as k — oo, uniformly in z € RY, (7.8)

we shall get X;T'(z) = T (z) for every x € RY, which is our thesis. In-
deed, taking any integral path « of the vector field X;, a(0) = xg, o/(s) =
Xi(a(s)), we have I'(a(s)) = Ti(a(0)) = [; Xil'k(a(0)) do and (I'(a(s)) —
I'(«(0)))/s — X;I'(zg) as s — 0. Therefore we only have to prove (7.8).
Since (7.4) holds, we can write X; = X;+ X, where X; is a vector field operat-

ing only in the Z-variables, i.e., in the form X; = D jmiot thl pEL )(x, z)0_)
h
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(moreover pgj) are polynomials gxhomogeneous of degree j — 1, see the Ap-

pendix; in particular )/f: = —)/(:Z) Then, we have

XiTj(z) = XiTA(%,t)dZ = XiTA(%,t)dz— XiTA(F,t)dz.
|Z|<k [Z|<k [z|<k

The first integral in the far right hand-side goes to I')(z), as k — oo,

uniformly in x € RY. This can be easily proved using the Gaussian estimates

of X;I'y and the arguments in the proof of Theorem 7.10. Thus, we only

have to prove that

‘ )?ifA(E, t) dZE‘ — 0, as k — oo, uniformly in z € RY. (7.9)
[z]<k
On the other hand, since X’;“ = —)?Z-, the divergence theorem yields (Hg_,

~

denotes the (N — 1)-dimensional Hausdorff measure)

XiTa(F, 1) df‘ - ‘/A TA@@t) (X&), 3/[F]) dHy_,(3)] <

‘ &<k &=k

(arguing as in the proof of Theorem 7.10 and with the notation introduced
in that proof)

< c(A, 1) exp ( . cp(iift))) /ﬁ_k | Xi(2,7)| exp ( . (ij@) dHy_ (@),

Recalling that )AQ has polynomial component functions, (7.9) easily follows.

Theorem 7.12. Given any non-negative integers p, q, there exist positive
constants cp and cy p 4 such that for x € RN, t>0,

d2 (x
|Xi ...Xip(at)q FA(:U"[:)| < CApg +—(Q+p+29)/2 exp ( — f{\(t)),
| X, - X, (00) T A, (1) — Xy -+ X5, (01)I T 4y (w, )|
B 1/r 4 —(Q+p+2q)/2 — @
< capglldr — Aot exp( cat )’

for every iy,... i, € {1,...,m} and for every A, A;, Ay € Mj.
Proof. It follows from Lemma 7.11, Theorem 7.4 and Theorem 7.7, arguing
as in the proof of Theorem 7.10. g

From the above estimates and from Theorem 3.9, we can also easily deduce
uniform estimates for the fundamental solutions for the sub-Laplacians on G.
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Corollary 7.13. Given any non-negative integer p, there exist positive con-
stants cp, cpp such that

cx' (dg ()79 < qa(z) < ea (de(2)* %,
| Xy - Xi, va(2)] < eap (dg(@)* 97,
| Xy - Xy vy (@) = Xiy -+ Xy v, (2)| < eap [ A1 = Ao V7 (dg (2))* 977,

for every ii,...,i, € {1,...,m}, for every A, Ay, Ay € My and for every
r € RV \ {0}.

8. APPENDIX.

Throughout this Appendix, G = (RY, 0, §,) is a fixed homogeneous Carnot
group with Lie algebra g. Moreover, we suppose G is of step r and has Ny
generators. For the proofs of all the results we are going to recall, see e.g.

[4].

If 7,, denotes the left-translation by x on G, then a vector field X belongs
to g if and only if X (z) = J,,(0) X(0), for every z € G (J,, denotes the
Jacobian matrix of 7). Furthermore, the map J : RN — g, n — X defined
by X(z) = J-,(0)n is an isomorphism of vector spaces. As a consequence,
any basis for g is the image via J of a basis of RY. We call the Jacobian basis
of g the one resulting from the canonical basis of RY, i.e.,the basis of vector
fields in g agreeing at the origin with the coordinate partial derivatives. It
is significant to notice that the Jacobian basis is simply obtained by the N
columns of the matrix 7., (0). We also remark that, if X1,...,X,, belong
to g, then they are linearly independent if and only if they are linearly
independent at every point or equivalently at one point at least.

We now recall the definition of the exponential map on g. If X € g, then,
for every fixed x € G, the system of ODE’s

A(t) = (XDH(v(®), ~(0) =z,

has a unique C*° solution defined on the whole R. If + is such solution, we
denote exp[X](z) = v(1). The exponential map is defined as

Exp : g — G, Exp(X) = exp[X](0).

When g is equipped with Jacobian coordinates, the Jacobian matrix of
expl-](x) at the origin is J;,(0). In particular, the Jacobian matrix of Exp
at the origin is the identity matrix of order IV, whence Exp is a diffeomor-
phism from a neighborhood of 0 € g onto a neighborhood of 0 € G. Where
defined, we denote by Log the inverse map of Exp.
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A real function a(z) defined on RY is called 0)-homogeneous of degree
B € R if, for every z € RY and A > 0, it holds a(dy (z)) = Ma(x). A linear
differential operator X is called d)-homogeneous of degree 3 € R if, for every
¢ € C°(G) and A > 0, it holds X (¢ 0 4)) = A?(X ) o §r. With reference
to the form (2.1) of the dilation Jy, we define a homogeneous weight of a
multi-index v € (NU{OD)Y, |yle ==Y, Z ci ’y] With this notation, it
is easy to see that the only smooth §)- homogeneous functions of degree (3 are
the polynomial functions of the form Z|’Y|G:ﬁ cy 27, ¢, € R. In particular,
a smooth vector field Jy-homogeneous of degree k < r (k € N) has the
following form

SV 6 @902y £ 00 NP @D, 2R (9/02))
(1)

where a ; isa dx-homogeneous polynomial of degree i — k.

Remark 8.1. If X is a smooth vector field §)-homogeneous of non-negative
degree, then its adjoint X* is —X and X? is a divergence form operator.

The following result describes in an “explicit” form the composition law
of a homogeneous group.

Theorem 8.2. Following the notation in (2.1) zoy = ((xoy)M,... (zo
1)), we have

(woy)M = aW4yM (2oy)® =201y 1QW(2,y), 2<i<r, where

(1) QW depends only on V), ... 20D and yM, ...y~
(2) the component functions of QY are sums of mized monomials in x
and y;

(3) QW (6rx,8xy) = XQW(z,y).

Moreover, we have

Iy, 0 0
(1) :

J. I

g = | 0 T
: .. . 0
JV@) - T V@) Iy,

where L, is the n x n identity matriz, whereas J]@ (x) is a Nj x N; matriz
whose entries are dx-homogeneous polynomials of degree j — i. In partic-
ular, if we let Jr,(0) = (Z(1>(z) : --Z(T)(x)) (where ZW(z) is a N x N;
matriz), then the column vectors of ZW(x) (the Jacobian basis for g) define
dx-homogeneous vector fields of degree i.
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Finally, Exp : g — G and Log : G — g are globally defined diffeomor-
phisms with polynomial components and they commute with the dilations 0y
(we suppose g is identified with RN wvia the Jacobian coordinates).

Moreover, the Jacobian matrices of Exp, Log, right and left translations
on G are lower triangular matrices with entries in the main diagonal all equal
to 1. The Jacobian matrix of the map x +— z~! is a lower triangular matrix
with entries in the main diagonal all equal to —1. In particular, right and
left translations and the inversion on G preserve the Lebesgue measure.

Let Z;”Zl Xj2 be the canonical sub-Laplacian on G. An absolutely con-
tinuous curve v : [0,7] — RY is called X -subunit if and only if there exist
measurable functions ci,..., ¢y, such that 4(t) = > 7L ¢;(t) X;(v(t)) and

P mYe 2(t) < 1 for almost every t € [0,T]. For z, y € RV we set

dx(z,y) == inf{T > 0] 3y:[0,7] = RY X-subunit, v(0) = z, y(T) = y}.

(8.1)
Since X1, ..., X, satisfy Hormander’s hypoellipticity condition, then by the
Carathéodory-Chow Theorem, R is X-connected (i.e., any pair of points
in R is joined by a X-subunit curve) and dx defines a continuous distance
on RN which is called the Carnot-Carathéodory distance on RN related to
X (see, for example, [12]). We remark that dx(+,0) is a continuous homoge-
neous norm. This follows since, for every z, y € G, we have

dx(0x(z),0x(y)) = Adx(z,y), VA>0,
dx(aoz,a0y) =dx(z,y), VaecG.
To end the Appendix, we recall the following Lifting Theorem proved in

[4]. Here, f;,, denotes the free nilpotent Lie algebra of step r and with m
generators.

Theorem 8.3. Let G be a homogeneous Carnot group on RN of step r and
m (= Ny) generators. Then, there exists a free homogeneous Carnot group

G on R (H = dim f,,,) with the properties (i) and (ii) stated below.
We fiz the following notations:

Sx(x) = oa(zM, 2P 2y = AaM A2 ATz,
@) =6 (@MW, 7P 70y = Az, NP arEh)

denote the dilations on G and G, respectwely (x(l) cRNiji=1,...,r, Ny +
4N, =N; 3D eRN i=1...r, Ny+---+ N, = H); Z(” (i<,
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< N;) denote the Jacobian basis of the Lie algebra g of G and Zj(z) (i <r,
< ]\Nfl) denote the Jacobian basis of the Lie algebra g of G.

(i) G has step r and m generators and its Lie algebra is isomorphic to

fm,?"'
(ii) For a certain ig € {1,...,r}, we have

NZ‘ZNZ‘ (i:1,...,i0) and Ni>Ni (i:io+1,...,T);

moreover, if (@ : RN s RN denotes the projection on the first N;
coordinates and
7 : R = RN is defined by n(Z) = («M@EW), ..., 7)(F")), then

Z;z)(u om) = (Zj(i)u) o, Vue C®RY), i<r j<N; (8.2)
i.e., Z](l) lifts Z](.i). Moreover, w is a Lie group morphism.
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