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Abstract: We consider the following boundary value problem

—div]M(x)Vu - EX)u] = f(x) inQ
u=0 on 0Q,

where  is a bounded open subset of RY, with N > 2, M : Q@ — RN “isa symmetric matrix, E(x) and f(x)
are respectively a vector field and function both belonging to suitable Morrey spaces and we study the corre-
sponding regularity of u and Du.
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1 Introduction

This paper is devoted to the study of the regularity of a weak solution u of the following homogeneous Dirich-
let problem
{—div[M(x)Vu ~E(Mu]l = f(x) inQ )

u=0 onoQ,

where Q is a bounded open subset of RY, withN >2,M: Q - RN ’ is a matrix with measurable bounded
entries M;;(x) satisfying the standard ellipticity condition, E(x) and f(x) are respectively a vector field and
function both belonging to suitable Morrey spaces to be specified later on.

The study of the above problem goes back to the papers [53, 54] by G. Stampacchia and it presents a
difficulty due to the noncoercivity of the differential operator u — —div[M(x)Vu - E(x)u]. In the quoted papers
the existence and uniqueness of a weak solution u Wé’Z(Q) have been proved assuming that

|E| € LN(Q), with ||E|| v (g sufficiently small, 1.2)
and
2N
f e L¥2(Q). (1.3)
Moreover, the following regularity results hold:
(@) iff € L™(Q), Z5 <m<¥, thenue L™ (Q), m™ = Fo;

(ii) if f € L™(Q), m > ¥ and |E| € L"(Q), with r > N, then u € L=(Q).
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Later, using a nonlinear approach and exploiting techniques issued from those of G. Stampacchia, L. Boc-
cardo in [3] retrieved the previous results without the smallness condition in (1.2).

The aforementioned results are stated in a global fashion and they have been obtained when the data
belong to usual Lebesgue spaces. On the other hand, G. Stampacchia in [54] also studies local properties of
the solution of the problem (1.1). In particular, under the hypotheses stated in (ii), he proves that a W2
solution of the problem (1.1) is locally bounded and locally Hélder continuous (%).

So that, naturally it raises the question of studying the problem in the setting of Morrey spaces, in order
to try to obtain results similar to those obtained by S. Campanato in [6], for example. As far as we know the
only available results in this framework are contained in the paper [21], where H6lder continuity and a Morrey
estimate of a weak solution u have been proved. The technique used is essentially based on the representation
formula of the solution but it doesn’t allow to obtain any Morrey estimate of the gradient of the solution.

In this paper we suppose that the right-hand side f and the vector field E belong to suitable Morrey
spaces and we recover the gradient estimate of a solution u in the corresponding Morrey space, so to retrieve
the regularity theory at the "gradient level" as in Campanato’s work.

Moreover, we also weaken the assumptions on the data when dealing with the existence of bounded weak
solutions.

Namely, under the following minimal assumptions

fel" Q) and [E| € L*NQ) withN-2<A<N,

we will prove that there exists a weak solution u € W2(Q) such that u € L=(Q) and |Du| € L>*(Q), for
some Ag €]N - 2, A]. The latter information brings back the Holder continuity of u (see Theorem 3.2 below).
Moreover, if f has an higher summability exponent and a lower Morrey exponent, that is

fel¥ Q)  with0O<A<N-2,

and
|E| € L**(Q) withN-2<u<N,

then any weak solution u of problem (1.1) satisfies |Du| € L2A(Q) (see Theorem 3.7 below).

At last, Morrey estimate obtained for | Du| allows us to extend to the problem (1.1) the Calderon-Zygmund
theory introduced in the paper [50] by G. Mingione (see also [2]).

In the framework of regularity theory of weak solutions the reader can also refer to the following papers
[7-10, 16, 22, 23, 27-30, 32-36, 43, 45, 51, 52].

2 Main notations, functions spaces and auxiliary lemmas

In this section, for reader’s convenience, we recall some useful properties of functions spaces and some lem-
mas that we are going to exploit.
In the sequel, Q is a bounded open subset of RY, N > 2, with a sufficiently smooth boundary 9.

DEFINITION 2.1 (MORREY SPACE). Letp > 1 and O < A < N. LP"A(Q) is the space of all functions u € LP(Q) such
that
sup R / [ulP dx < +oo
Xo€Q, 0<R<dg
QNB(xo,R)

where B(xq, R) is the ball centered at xo with radius R and d, is the diameter of Q.

REMARK 2.2. We list below some well-known features of Morrey spaces which will be tacitly used throughout
the paper.

1 Further local properties of solutions depending on local properties of the data are object of study in the forthcoming paper [11].
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o 1PNQ) Z LPTE(Q), Ve > O;

* ifp>qand A < XX then IPA(Q) — LY#(Q);

e ifA>N-p,withp > 1, then LPNQ) C wLr'(Q);

e ifue WYP(Q)and |Du| € LPA(Q), with A > N - p, thenu € CO*(Q) withy =1 - NT"‘.

DEFINITION 2.3 (FRACTIONAL SOBOLEV SPACE). Let t €]0, 1] and p = 1. W5P(Q) is the space of all functions
u € LP(Q) such that

lullweecoy = llullp + [u]t,p,() < +oo

() - u@)PP P
(//Iu|xx y#”):lj dxdy) ift<1

IDul|p(q) ift=1

where

[u]t,p,.O =

We will then need the following technical lemma.

LEMMA 2.4 ([6]). Let ¢(t) be a non—negative and nondecreasing function defined in [0, 8] such that for every
couple p, R (0 < p < R < §) the following inequality

o) <4 (L)o@ +BR

holds with A, B, a and B positive constants, a — 8 > 0.
Then there exists a positive constant C depending on A and a - 8 such that for every couplep, R (0 < p < R < §),
the following inequality

ORVAL )¢(R)+CBp
holds.

Next, we state the following Sobolev like embedding Lemma due to D. Adams.

LEMMA 2.5 ([1]). Let m be a positive Radon measure supportedin Q,1 < p < N,q > pand 0 = q(% -1).
Assume that there exists M > 0 such that

m(B(xo, 1)) < Mr° forallxy € RN andr > 0.

Then, there exists a positive constant H depending on p, N, q, M such that

q
q
([rsam)” < Huily o,
Q

foreveryu e Wé’p Q).
Next lemma concerns the product of two functions belonging to Morrey spaces.

LEMMA 2.6 ([21]). Let N-2 < u < N, E € L**(Q) and u € L*'*?(Q) such that |Du| € L*>"(Q) for some
v e [0,N - 2[. Then
Fuec LZ,y+V—N+2(Q)

and moreover

||Eu||L2,u+v—N+Z(Q) < C ||EHL2'1“(Q) (||Du||L2.V(Q) + ||uHL2,2+V(Q))

for some C > 0 independent of u and E.
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Finally, the last result we state is a Sobolev-Morrey embedding Lemma.

LEMMA 2.7 (CER. [14], [15]). Assume that 0Q € C. Let u € Wy'*(Q) such that Du € L*"(Q) withv €]0, N - 2[.

Then 11 1
2,V Lt
ueclLv’(Q) where =3 N

and moreover there exists a positive constant C depending on N, v such that

[lul] < C||Du]|

L2V(Q) L*(Q)°

3 Statement of the main results
Let M : Q — RY be a matrix with measurable entries M ;j such that
alé)? < M(x)¢-&, |M(x)|<B, forae.xeQ, VE&eRN (34)
We will initially consider the problem (1.1) under the following assumptions on tha data
fell(Q), [EleLl*Q).
DEFINITION 3.1. By a weak solution of the problem (1.1) we mean a function u such that

ue Wy?(Q), |EulelLl?Q)

/M(x)DuD(pdx=/EuD(pdx+/f(pdx (3.5)
o 0 0

forall p € Wy*(Q) N L=(Q).

Our first result concerns the existence and uniqueness of a bounded solution of the problem (1.1) with data E
and f belonging to Morrey spaces having a large Morrey exponent but a lower summability exponent.

THEOREM 3.2. Assume that (3.4) holds and
fel* ), (3.6)

IE| € L*N(Q), (.7)

withA €]N -2, N|.

Then there exists a unique weak solution u of the problem (1.1) such that

ucl™(Q)
and
ull=(g) < €1

for some positive constant ¢, depending on a, B, N, Q, ||E||;24(q)> IfllL14(q)-

Moreover, there exists Ag €]N - 2, A] such that

|Du| € L*"(Q)

and s
ue O Q)

Unauthenticated
Download Date | 2/25/20 11:32 PM



DE GRUYTER G. R. Cirmi et al., Morrey estimates for a class of elliptic equations with drift term = 1337

with corresponding norms estimates
DUl 20 () < €25 (3.8)

u]

u Co'l’%(g) <C3, (3.9)

where c3, c3 are two positive constants depending on ¢y and ||ul|y.2(g)-
0

REMARK 3.3. It is worth noticing that, with respect to the results in [3, 20, 21], the boundedness of the solution
u and its Holder’s continuity have been obtained under weaker assumptions on data (see Remark 2.2).
Namely, in [3] Theorem 5.6 or in [20] Theorem 4.1 and pag. 203, the boundedness of u is obtained under the
hypotheses
|E| € L"™(Q), withm > N, f e L'(Q), withr > N/2;

while in [21] Theorem 5.2, Hélder continuity of u is achieved under the hypotheses

IE| € L2Q), fe Lv2XQ), withA €]N -2, N[.

REMARK 3.4. We stress that, for some constants ¢4, s > 0, one has
N 2
|Eu| < c4|E|? +cs5lul 2

so that our lower order term lies in the framework of "controlli limite” as described in Campanato’s book [6]
pages 122 and 125 (see, in particular, Osservazione 4.1).

For this problem, also in the nonlinear setting, it is proven an LP —estimate for |Du| under the stronger as-
sumption |[E|N/? € LP(Q), p > 2 (see Theorem 4.I1I, pag. 125 in [6]).

REMARK 3.5. We observe that if |[E| = O then our result is consistent with the classical Morrey—Campanato
regularity result proved for Du in Theorem 8.V, pag. 92 of [6], where it assumed that

feL%’NNTAZ(Q), 0<A<N.

Indeed, by embedding properties of Morrey spaces (see Remark 2.2) one has

L aA(Q) 115 (@)
where, if A > N - 2,
N_TM > N_ 2.

Consequently our result improves the previous one, at least in the case when A > N — 2 as stated in the
following

N-2+A

COROLLARY 3.6. Assume (3.4), f € L¥2'%2(Q), A €]N - 2, N[ and |E| € L>"=* (Q).
Then there exists a unique weak solution u of the problem (1.1) satisfying (3.8) and (3.9).

If we assume
2N N
felvvaA(Q), 0<A<N-2 (3.10)
then

N-

felLl Q) with =244 « N -2
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and we cannot expect any bounded solution u of the problem (1.1). However, a regularity result similar to
Campanato’s one (see [6] pag. 91) can be proved for weak solutions of problem (1.1).
We point out that, in this case, since the datum f has higher integrability (i.e. equal to the duality expo-

nent ﬁ—i\’z) by a weak solution of problem (1.1) we mean a function u such that

ue Wy?(Q), |EuleLl’(Q)

(3.11)
/M(X)DuD(p dx = /EuD(pdx+ /f(pdx Vo € Wy?(Q).
Q o} 0
THEOREM 3.7. Assume that hypotheses (3.4), (3.10) and
E|e L**(Q) N-2<u<N (3.12)

hold and let u be a weak solution of the problem (1.1). Then,
i) DueL>YQ)

. 2,4 i _ 1 B 1
ii) u e L“+"(Q) where 5" 3 N-A
with corresponding norms estimates.

REMARK 3.8. We point out that the existence and uniqueness of a weak solution of the problem (1.1) is ensured
by the additional assumption |E| € LN(Q) (see [20], [3] and [4]).
We recall that, being N = 3, in general it is not true that L>*(Q) — LV(Q).

REMARK 3.9. The above theorem improves Theorem 5.1 from [21] where it is proved that u € LPA(Q) for any
p € [1, 2;[. Moreover our result provides as well information on the gradient of the solution.

REMARK 3.10. Observe that if |E| = O then we retrive the result of Theorem 8.V, pag. 92 of [6].

Finally we state a Theorem on the fractional differentiability of Du. For the sake of brevity we will focus only on
the case of lower Morrey exponent. The same calculations can be repeated also in the previous case A > N -2
(see [50], Theorem 1.10 for the case |E| = 0).

THEOREM 3.11. Assume that hypotheses (3.4), (3.10), (3.12) and
Mij S CO’U(Q), O<n<1

hold. Let u € Wi (Q) be a weak solution u of (1.1) . Then

Du € WE2(Q) (3.13)

loc
. A
for every t € [0, n6[ and for every § € [0, min {1, 5 }[.
Moreover, for every couple of open subset Q' cc Q" cc Q there exists a constant cg =
co(t B, N, Q, |[Ell 2oy Il 0 . (Q)), independent of u, such that

' N+2

[Du]a/u(_o/) < Cq / \Du|2 dx + ||Du||%2,/\(9//) . (3.14)
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REMARK 3.12. Itisworthwhile to observe that, in the case when M;, |E| € COY(Q)andf € L*(Q) C L s Q),
the weak solution u € WIZO’CZ(_Q) (see e.g. [24] pag. 183).

A result similar to the aforementioned one is also present in [6], Theorem 1.1 pag. 167, where it is proved that
if Mij € C1(Q), |E| = 0 and f € L% (Q) then u € W>2(Q).

Previously, in [5] Theorem 10.1 pag. 346, it was proved that if M;; € CY(Q), |E| = 0 and f € L>NQ), with
0 <A < N (?), then D*u € L>N(Q).

Finally we notice that, at least formally, if A = 0 then no fractional differentiability property of Du seems to
be achievable.

Further details can also be found in [11-13, 17-19, 25, 26, 31, 37-42, 44, 46-49].

4 Proofs of Theorems 3.2, 3.7 and 3.11.

Proof of Theorem 3.2.
The proof will be performed in several steps.

Step 1 (Global boundedness)
For every n € N and for a.e. x € Q, let us introduce the bounded functions

fx) E(x)
xX)= —~ and En(x) = ————~2 .
fn(x) T+ 1700 n() 1+ 115G
Note that
fn— f strongly in L1(Q), (4.15)
with
fallj1agy < 1l 110y»
and
En — E strongly in L(Q), (4.16)
with
1l 2 g < Il 200

We consider the following approximating problems

un € Wy2(Q)

~ div(M()Duy) = ~div (En(x)“uf"w‘) +fal0 inQ.

(4.17)

Thanks to Schauder fixed point Theorem, for every fixed n € N, there exists a weak solution u, of the
problem (4.17) i.e.
un € W3(Q),

A s 1+ 2 |un| J

for every ¢ € Wy'*(Q).
Un

Moreover, due to the boundedness of the functions E,(x) I ]
+ n Un

and f, every un is bounded (see [53],

[54]).
Next, we prove that the sequence {uy} is uniformly bounded in L*=(Q).

(2+A)
2 Recall that L2A(Q) — L#2: %5 (Q) — LT2° %2 (Q) (if A > 0).
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Let (see [3])
0 if[s| <k

P(s) =4 25 -5 ifs>k,
Sk ifs<—k

and take ¢ = (un) as test function in the weak formulation (4.18). Using Young’s inequality and taking into

account that | (un)| < 1, we have

/M()()|Dun|zv’l)'(un)dxs/|Erl |ul"|| ‘|Dun|l[)(un)dx+/|fn||l,b(un)|dx
0

/ Bk dxe [ ifldx

|un|>k |un|>k
2
< Md){+i |E)* dx + If|dx (4.19)
2 2 2a
(1 + |un|)
un|>k [un |>k [un |>k

Exploiting (3.4) from (4.19) we obtain

« |Duy|? 1 )

a [ _PUnl gy b E

2 / (1 + |un|)? dx< 3 [EI" dx+ F1dx,
[un|>k [un|>k [un|>k

which implies (for k = e - 1)

g IDlog(1 + [un|)[*dx < / %|E\2+|ﬂ} dx (4.20)
log(1+|un|)>h log(1+|un|)>h
For any measurable set A C Q, the function
m(A) := /(1 + |E\2 +|fDdx,
A
is a positive Radon measure and, moreover,
(4.21)

m(Br) < Cr(|If| g + ||EllL2)

for every r > 0.
Let now vp(x) = log(1 + |un(x)|) and set

(V) = vn — max {~k, min {vn, k}} € WH*(Q).

(note that g > 2 since A > N - 2), and by virtue of

Due to Lemma 2.5, applied withoc =Aand g = A N% 3
(4.20), (4.21) we deduce the inequality

( / |Gk(vn)|qdm) < / IDGy(vn)2dx = ¢; / ID1og(1 + funl) 2 d x < csm(A(K)

A(k)

where A(k) = {x € Q : va(x) > k}, which in turn implies

(h =17 - m(A(h)) - / Ih = k% m / IGelva)|7d m < o [m(A()]* 4.22)

A(h)

for every h > k.
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Thanks to the inequality (4.22) and a well-known Stampacchia’s Lemma we obtain that
log(1 + |un(x)]) = L a.e.in Q,

with L independent of n, and so
||un||L°"(Q)SM1’ vneN

where the constant M is independent of n.
Now, choosing ¢ = uy in (4.18) and taking into account (3.4), we deduce

a/\Dun\zdxs/|E | LT dx+/\fn||un|dx <C(M1)/ IE|+|f]] d
Q Q

1+ &un|

Therefore, for everyn € N

utnll 1z < Ma,

Wi (@)

where M, is a positive constant independent of n € N.

Step 2 (Local Morrey regularity)
In a fixed ball By CC Q we write
un(x) = va(x) + wn(x),

where wn, € W}%(Bg) is the unique usual weak solution of the problem

- div(M(x)Dwy) = —div (En(x) 1|) +fn(x) inBg
Wn=0 on 0Bg,

and vy, € WY2(Bg) is the usual weak solution of the problem

{ div(M(x)Dv,) =0 inBp

Vn = Un on 0Bg.

— 1341

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

The existence and uniqueness of the solution wy of the problem (4.26) is ensured by the Lax—Milgram

Theorem.
Moreover the classical Maximum Principle and the boundedness of u, provide us

||Vn||L°°(BR) < ||unHL°°(Q)

and consequently

||W"||L°°(BR) ||u"||L°°(BR) + HVHHLN(BR) < 2||unHL°°(Q)

Now we choose wy, as test function in the weak formulation of the problem (4.26) and we use Young’s

inequality, (3.4) and the boundedness of u, and w, we obtain

a/|Dwn|2dxs/|E||un||Dwn|dx+/|f| |wn|dx
Bgr By Br
a 2 1 2 2
<5 [ owaldx sl ey [ 1B dx+ [l [ If1dx
Bg Br Br

Thus, the above inequality and hypotheses (3.6) and (3.7) imply

A
/ Dwal? dx < (@ M, 1Bl 2acays [fllzsiay) R
Br

(4.28)

(4.29)
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On the other hand, it is well known that v, satisfies the so-called Saint Venaint’s principle (see [6] pag.
91, Theorem 8.1V), that is, there exist two constants c1o = c1o(a, 8, N) > Oand y = y(%, N) €]0, 1[ such that

N-2+2y
/|Dvn|2 dx<cyo (%) /|Dvn|2 dx, YO<p=<R. (4.30)
B, Bg
From (4.29) and (4.30) we deduce
N-2+2y
/|Dun|2dxsc11(%) /\Dvn\zdx+c12/|Dwn|2dx
B, Br Bg

= RS

N-2+2y
sc13( ) /\Dun\zdx+c14/|Dwn|2dx
Br Br

N-2+2y
< C1s (%) /\Dun\zdx+c16 R (4.31)
Br

Taking into account (4.31) and using Lemma 2.4, we obtain

/|Dun|2 dx <cys (Ml,Mz, HEHLM(.Q)’ ||fHL1,A(Q))pA0 (4.32)
By

where Ao = 1if A €]N - 2, N — 2 + 2y[, otherwise A is arbitrarily chosen in ][N — 2, N - 2 + 2y[.
Consequently,

2,A 0, s N - AO
Dun € Li;2°(Q) and un € Cjpi(Q) witht=1- 5

Now the linearity of the equation (4.17), the convergences (4.15) and (4.16), allow us to apply a standard
limiting procedure as in [3] to the problems (4.18). Indeed, thanks to the estimates (4.23) and (4.25) up to
a subsequence, still denoted by {un}, {un} converges weakly in Wé’Z(Q) and a.e. in Q to a function u €
Wé’Z(Q) N L=(Q) such that

/M(x)DuD(pdx= /EuDgodx+/f<pdx, Vo € WE2(Q) N L=(Q).
Q Q Q

Moreover, by the lower semicontinuity of norms, taking the limit as n — +oo in the estimate (4.32), Du
satisfies

/ \Du|2 dx< C1s (Ml,Mz, ||E||L2,A(Q), Hf||L1,A(Q))pA° (433)
By
which implies

DucL(@ and ue (@) withr=1-Y270

Finally, we remark that the uniqueness of u is a consequence of Theorem 6.1 of [3], where only the as-
sumption |E| € L?(Q) was used.

Step 3 (Boundary Morrey regularity)

Now we prove the regularity of |Du| up to the boundary of Q. For this purpose, following the idea of G. M.
Troianiello [55] we will deduce boundary and then global regularity from the previous interior result through
an extension technique and successive standard "flattening and covering" arguments.

This technique is illustrated in Lemma 2.18 and in Theorem 2.19 of the cited book. We will reproduce here
the main steps for reader’s convenience.

We denote a vector of RN by x = (x1, -+« , Xy_1, Xy) = (', xp).

Ify = (y/, 0) we define

B,(y) = {x € B(y,p) : xy > 0},

Ip(y) = {x € B(y, p) : xy = 0}.
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Fixed R; > 0, let M’ be a simmetrix matrix with bounded coefficients Mj;, E’ be a vector field and f’ be a

function defined in Q = By (y). We begin by investigating a solution of the problem

u' € WH2(Bg, ()
u(ﬂg »=0
/ M (x)Du'Dpdx = / E'(x)u'Dpdx+ /f’ pdx (4.34)
B} () Bg, B,
forall p € Wé’z(Bj'gl(y)) N L=(Bg, ().
We state the following

LEMMA 4.1. Assume that M', E' and f' satisfy respectively (3.4), (3.6) and (3.7) with Q = By . Let u be a solution
of problem (4.34).
Then, for every R €]0, R [, we have
IDu’| € L (B})()

and there exists a positive constant ¢ depending only on &, B, N, Ry, |[u'||~q)s l|Ell24(q)» If lL14(q) Such that

|IDu|| (4.35)

< C16-
1240 (BL) 16

Proof. We extend the functions M lfj(x), Ei(x), f' and u’ a.e. to B, (y) by setting

N Miy(X', xy) ifxy>0
Miy(x', xy) = 11\1 . ]
-Miy(X',-xy) ifxy <O
_ My (X', xy) ifxy>0
My, xy) =4 _
-My;(X', —xy) ifxy <0

fori=1,...,N-1,

My(x', xy) = {Mz‘f(X”XN) ifxy >0
ij s =

M,’-j(x’, -xy) ifxy <0

for all the remaining values of i, j,

Elx' xy) = {Ejv(x’, Xy) ifxy >0

-Ep(',-xy) ifxy <O

F(¢ x) = {Eg(x’,xN) ifxy>0
i s AN) =

Ei(x',-xy) ifxy <O

fori=1,...,N-1,

_ ! /’ 'f > 0
FO s xy) = fiO& xn)  ifxy
—f'(x',—xy) ifxy <O
and finally
., u'(x, xy) ifxy >0
u(x’, xy) =
-u'(x', —xy) ifxy <0
Note that functions My;, E and f satisfy the assumption (3.4), (3.7) and (3.6) in Bg, (¥), respectively and u €
Wé’z (BRI (Y)) :

3 Ao is the number introduced in Step 2.
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Given a function v(x), with x = (X', xy) € Bg,(y), we set
v(x', xy) = v(x', —xy)

Fixed a function v € C} (Bg,(y)), we note that v - ¥ € ch (Bg, (). Therefore, simple calculations show
that

/M(x)DﬂDvdx— / E(x)uDvdx = / M (x)Du'D(v-7)dx - / E'()u'D(v-7)dx

Bg, () Br, () Br, ) By, )
= / f(v-v)dx= / fvdx (4.36)
By, &) Bg, (¥)

and by density argument function u is solution of the problem (1.1) in Q = Bg, (y) with M, E" and f’ replaced
by M, E and f. Therefore U verifies (4.33) and the Lemma follows by changing back the coordinates. O

Step 4 (Global Morrey regularity)
Now we can prove the global Morrey regularity.
Since 0Q € C1, for each y € 0Q there is a ball Bg,(¥) anda C 1(BR0()7))—diffeomorphism A : Bg,(y) —
By, R, (0), which straighten 0Q N Bg, (¥) and such that
1. AF)=0
2. B, ,(0) C A(Bg,(¥) N Q) C By,g,(0) for some 0 < a; < a,.

@ Ro

PutR; = aiRp.Ifz € B}gl(o) = B}gl, we set

MiE) = Mo (471(2) 320 (474(2) S0 (4™ @) 2
N, -
3y, (4 '2)]@) (4.37)
f(2)=f(A"'2)]()

u'(z) =u(A7(2))](2)

Ei(2) = Ex(A7'(2))

where z = A(y), y = A71(z) and J(z) denotes the absolute value of the Jacobian determinant of A at z.
Let us observe that M ,’-1- belong to L*=*(By, ), E} belong to Ly (Bg,)N Lz’“(B}el).
Moreover from the definition (4.37), it follows that

N N

, 0A; 04; 0A; N2 . /g2
M;;éié; = thwgafnfifj] 2 “; (; ay; fi) %1] 2 a|é]
forall ¢ € RV,
Thus, a change of variables in (1.1) yields

u' € Wh2(Bg,)
Ui, 0 =0

/M’(z)Du’D<pdz= /E’(z) u'Ded z + /f’ pdz (4.38)
B: By, B;

forall ¢ ¢ Wé’Z(B}'ql) N L=(Bg,).

To (4.38) we apply Lemma 4.1 and thus we get the membership of Du’ in LZ’A(BE), 0 < R < Ry, with norm
estimate (4.35).
We extend Du’ a.e. to By setting Du’(x’, xy) = Du’(x’, —xy) if xy < 0. Thus Du’ € L>*(Bp).
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As a consequence, since for some r > 0 B,(y) N Q C A’l(Bl*e), the vector—function Du’(A(y)), y € B:(¥)
belongs to LZ’A(Br()'/)) that is, by the chain rule, Du belongs to L2 QN Br(¥)); moreover, by virtue of (4.37)
and (4.35),

2
Bl 25, 00y < ©

(4.39)
Because 00 is compact, there is a finite number of balls such as B(y), say B, B2,..., B™, which cover 0.
Moreover, there exists an open set Q \ U, B; C Hy CC Q such that Ho, B, BZ,..., B™ cover Q.

If {gi}i-0,1,...,m is a partition of the unity relative to the above covering then it turns out

m
DUl 21y < €18 | DUl 240+ Zl DUl 2 gy | (4.40)

Then (3.8) follows from (4.40) by joining together (4.39) and the interior estimate (4.32) of Step 2.

Proof of Theorem 3.7.
Letu ¢ Wé’Z(Q) be a weak solution of the problem (1.1) in the weak sense (3.11). As we have done in the
proof of the previous theorem we fix B cC Q and we set
set
u(x) = wlx) + v(x), X € Bg,

where w € WE(Bg) and v € W'2(By) are respectively solutions of the following boundary problems

{ - div(M(x)Dw) = —div(E(x) u) + f in Bg (4.41)
w=0 on 0Bg,
and
{ div(M(x)Dv) =0 in Bg . (4.42)
v=u on aBR.

Choosing w as test function in the weak formulation of the problem (4.41) and using hypothesis (3.4), by
standard calculations, we obtain

N+2

N
a/|DW|2dxs i/\Eu|2dx+%/|Dw|2dx+C(0)</|f|% dx> +08/|Dw|2dx, ve,o > 0.
BR BR BR BR BR
(4.43)

where S is the Sobolev’s constant and ¢ is a positive constant chosen sufficiently small in order to get

N+2
g N
/|Dw|2dxsc19/|Eu|2dx+c20(/|f|b%Vz dx) . (4.44)
Bgr Bg Br

Asin (4.30) the solution v of the problem (4.27) satisfies the Saint Venaint’s principle; therefore, by (4.44),
we deduce forevery 0 < p <R
N+2

/\Du|2dx=c21/|Dv\2dx+c22/|Dw\2dx
B, B, B,

N-2+2 3
SCB(%) +J//|Dv‘zdx+C24/|E“|2dx+Czs(/|f|%dx>
Br

BR BR
N+2

N-2+2 : g N
sc26(%) y/ |Du|2dx+627/\Eu|2dx+c28(/ |f|%vz dx) . (4.45)
B B B
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We point out that u € L (Q) ¢ L*2(Q). Consequently, by virtue of Lemma 2.6
Eu € L>*(Q) with po=u-N+2

and from (4.45) we obtain

N 2+2y
/\Du|2dx5c26(p /|Du\ dx +cy7/|Eul? R¥ + cogllf|> o . R

R L>#0(Q) L2 W (Q)
p N-2+2y 2 "
SCZG(E) /|Du\ dx+629(|\Eu|\L2,yo(m,\|f||L%’NNTA2(Q))R (4.46)
Br
where
M1 =min {po, A} <N-2. (4.47)

Now, iterating the above inequality (see Campanato (cfr. [6]), we establish

IDu| € L2*1(Q).

loc

and

1D, g = €30 1D + 1EWI 0 + 11 g (448)

L*(Q) L>H0(Q) N2 (Q)

with ¢3¢ positive constant independent of u, E and f.

Next, using the extension technique and the successive standard “flattening and covering" arguments as
we have done in Steps 3 and 4 of proof of Theorem 3.2, we can prove the regularity of Du up to the boundary
of Q, with the norm estimate

[[Dul|? +||Eull?

< c31 [|IDul 7, IR o - (449)

L2H1(Q) L (Q) L?H0(Q) L e N+Z Q)

Now, we compare yo with A. If uy = A then p; = A and the thesis follows.
Otherwise yu; = Mo and we can apply Lemma 2.7 to the function u € Wé’Z(Q); since Du € L?*1(Q) we
obtain

uc LM (Q) where — S

2#1 2 N_.ul.

But L2#1°#1(Q) is embedded into L?2*#1(Q) therefore a new application of Lemma 2.6 gives us

Eu ¢ L¥HotHi(Q)

with the norm estimate

EU 2 = €32 1 2y (1D g * 1220 ) (450)
for some c3; > 0 independent of u and E
Using in (4.45) the improved norm estimate (4.50) of |Eu/|, we have
Dul*dx=<c p N2y Du|*dx +c33||Eu RFOMH1 4 o NIf 112 R
| ? 26 R |Du|? 33| ||L2y0+u1(9) 341 HL%,N%(Q)
p R
p N-2+2y 10
ccie(B) [ IDUP dxr ess (IR, g + M1 gy g R @51
Br

where
Mz =min {po + p1,A} <N-2.
As usually Lemma 2.4 provides us
Du € L72(Q)

loc
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and as in the previous step we deduce the regularity of Du up to the boundary of Q, that is
Du € L (Q)

and the corresponding estimate

DUl ) = €36 1IDUI[Z, )+ EUIP s + A 2 o (452)
where ¢3¢ > 0 is a constant independent of u, E and f.
Iterating the previous procedure and setting for every k=1, 2, ...
My =min {po + Yy, A} <N -2, (4.53)
it follows
i) Eu e LMot (Q), with the norm estimate
| |Eu| ‘Lz,yowk(o) - Ck | ‘El ‘Lz ;4(0) (| |Du‘ |L2'”’<(Q) + | |u| ‘L2,2+yk(9)) ’
for some constant C; > 0 independent of u and E;
if)
p N-2+2y Hi+1
Dul® dx = ca6 () (DU dx+ 57 (1[EUI, 1y 0 *+ VI g g )R
p
iii) Du € L¥*1(Q), with norm estimate
DU g = €38 1D g B+ 12

for some constant c3g > 0 independent of u, E and f.
After a finite number of steps we will have pg + py > A, thatis yy,; = A, and soDu € L2A(Q).
Finally, a further application of Lemma 2.7 provides us

u e LNQ)

jth-L=1__1_
with 5- = 3 - 351 O

Proof of Theorem 3.11.

We will proceed as in the proof of Theorem 4 of [16].

Let B CcC Qbe aball of radius R and let B be the enlarged ball of radius 32R. We shall denote by Q;,(B)
and Q,y¢(B) the largest and the smallest cubes, concentric to B and with sides parallel to the coordinate axes,
contained in B and containing B respectively. If we put

Qinn = Qinn(B); Qout = Qout(B)

and
Qinn = Qinn(B), éout = Qout(B) s

we have the following inclusions
Qinn C B CC 4B CC Qipn C B C Qour *. (4.54)

Let Q" and Q" be a couple of open subset such that Q' cc Q" cc Qand xo € Q'. Forany 7 €0, 1[ (that will
be chosen later) we fix h € R with 0 < |h| << min {1, d’, aQ”)} such that, denoted with B = B(xo, |h|") the
ball centered in x, and with radius |h|7, the outer cube of B, Qoy is included in Q"

4 With KB we denote the ball with radius KR, K € N.
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Let v € W"2(B) be the unique weak solution to the problem

div(M(x)Dv) =0 in B
v=u on 9B,

and let vo € WH2(8B) be the unique weak solution to the problem

div(M(xo)Dvo) =0 in 8B
Vo=V on 08B.

Then we have

/\Tih(Du)|2dxsc39 /|T,~h(Dv0)|2dx+/\Du—Dv|2dx+/|Dv—Dvo\2dx
B B B 8B

The first term on the right-hand side of (4.57) can be estimated as

/ T (DVo)  dx < caol 24 / IDvo - 20/ dx,
B 8B

for all zo € R™ (see [50]).
The third term on the right—hand side of (4.57) can be estimated as

/\Dv—Dvo\zdxsc41|h|2’7T/|Du|2dx
8B 3

(see [50]).
Finally, we estimate

/ IDu - Dv|2 d x.
B

Let us observe that the function w = v - u € W§?(B) is the weak solution to the equation

divIM()Dw +u)] =0 in B,

whence, by assumption (3.4), we deduce

/\Du—Dv|2dx=/|Dw|2dxs §/|M(x)|\Du||Dw|dxs §/|Du|\Dw|dx
B B B B

< Cyo €/|D(u—v)|2dx+C(s)/\Du|2dx
B B

with €, C(¢) positive constants independent of the radius of B.
In turn, for a sufficiently small €, inequality (4.61) yields

/|Du—Dv\2dxsc43/|Du|2dx.
B B

DE GRUYTER

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

From this point on, we gather together inequalities (4.57), (4.58), (4.59) and (4.62) and we can argue as in

the proof of Theorem 4 in [16], exploiting the method introduced in [50].

m}
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