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Abstract

For a functionf € C?**1 ([a, b]) an explicit polynomial interpolant ia and in the even derivatives up to the
order 22 — 1 at the end-points of the interval is derived. Explicit Cauchy and Peano representations and bounds
for the error are given and the analysis of the remainder term allows to find sufficient conditidreodhat
the polynomial approximant convergesftorhese results are applied to derive a new summation formula with
application to rectangular quadrature rule. The polynomial interpolant is related to a fairly interesting boundary
value problem for ODEs. We will exhibit solutions for this problem in some special situations.
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1. Status of the problem

In recent years polynomial expansions for sufficiently smooth real functions in polygonal domains
by means of boundary values have been investigated in several papers. In partiflehere is an
expansion in Bernoulli polynomials, i.e., the polynomials of the sequence defined recursively by means
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of relations (see, for examplg,2,13)

Bo(x) =1,

B;{L(x) :an__']_(x), n>17
1

/ B,(x)dx =0, n>1, D)
0

for functions in the clas€”([a,a + h]), a € R, h > 0:

n

By (X ;a) ~ B
f=f@+) WA P+ n) — 4Py

k!
k=1

hnfl 1
/O FD @) (B (x — 1) + (=1)" B, (1)) dr, )

n!

where

* _ By (x), 0<x <1,
B, (x) = { B'(x +1) otherwise

is the periodic Bernoulli function. Formula (2) is a sort of generalized Taylor formula: the polynomial
approximant tends to the Taylor polynomialfefith initial point inawhenz — 0. In[7,8], the previous
formula has been generalized to the bivariate case, when the approximating function is defined and
sufficiently smooth on rectangular or triangular domains. Such kind of expansions join the well-known
two-points univariate expansions, like Taylor or Lidstone one, and its generalizations to multivariate
polygonal domainfb,9,14] The interestin this topic lies in the fact that these expansions find applications
to several problems of numerical analysis (approximation of solutions of some boundary value problems;
polynomial approximation; construction of splines with application to finite elements; etc.). For this
reason, in this note we give a further contribution to the problem with new expansions for univariate
functions that are, in some sense, symmetric to the Lidstone one.

Let us recall that for functions in the cla€$” ([0, 1]) the Lidstone approximation formu[a] can be
written as follows:

n—1 )
70 =Y FPOM4A -0+ FPOAD + [ Gutrn @ 0, )
k=0 0
where[2]
n=1 (1 —p)2n-h-1
@ -t -1 K <t,
Gy(x, 1) =— k=0 (2(n —k) — 1! k() x<t

-1 20-0-1
> oAl —x), x>t
k=0 (2(11 — k) — 1)'
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and{4,(x)},cy is the sequence of Lidstone polynomials in the intef@al], which can be defined by
means of the recursive relations

Ao(x) =x,

Ap(x) =A,1(x), n=1,

4,(0)0=4,(1) =0, n>1 (4)
The polynomialst, (x) are related to the odd degree Bernoulli polynomiggds,1(x) by the relations
[15]

221 x+1
Ap(x)=———B8B , 5
0= o3y B () ©

for eachn € N. Note that both expansions in (2) and (3) give polynomial approximatiohisjtaneans

of Bernoulli polynomials using only values of this function and its derivatives at the boundary of the
interval. Moreover, denoting bB,[ /1(x) andL,[ f1(x) the polynomial approximants, respectively, in
(2) and (3), the following interpolation conditions hold:

Bl f10) = f(0), Bulf1P@) — B[ 1?0 = f® @) — f®(0) (6)

and
Lol f1%0) = f@0), L.f1% @) =), @)

for eachk =0, 1,...,n — 1. Note that conditions (6) include the interpolation of the funcfian the
pointx = 1.

In Section 2, we introduce the new polynomial expansion, determine the related property of interpola-
tion and study the remainder term. The analysis of the remainder allows us to find sufficient conditions
on f so that the polynomial approximant converges ta Section 3 we finally apply previous results to
derive a new summation formula with application to rectangular quadrature rule. The polynomial inter-
polant is related to a fairly interesting boundary value problem for ODEs. We exhibit solutions for this
problem in some special situations.

2. Construction of the expansion
2.1. Preliminary results

Let us consider the polynomial sequence defined recursively by means of relations
vo(x) =1,
X
v (x) = / vk—1(t) dt, k=1,
0

1
/vk(x)dxzo, k>1. (8)
0



80 F.A. Costabile et al. / Journal of Computational and Applied Mathematics 176 (2005) 77-90

By definition, v (x) is a polynomial of degree not greater thanahd by (8) it is easy to calculate the
first polynomials of the sequence:

x2

2

x4 x2 7

1
5 UZ(X):2_4_1_2+ﬁ)"” )

vo(x) =1, wvi(x) =
The polynomial sequendey (x)} is related to the Lidstone polynomials by the following

Proposition 1. For eachk >1 we have
v (x) = Ag—1(x), 9)

whereA;_1(x) is the Lidstone polynomial of degréé — 1.

Proof. In fact, by (8) we have

v (x) =x,
2

02 v (X)) =v_(x), k>1,

v, (0)=v,(1) =0, k=>1,

and Eq. (9) follows for each=1, 2, ... by the unigueness of Lidstone polynomial sequencé(4) O
The polynomial sequence (8) is related to Bernoulli polynomials of even degree by the following:

Proposition 2. For eachk >1

2% 14 x
vk (x) = (Zk)!BZk( > ) (10)

Proof. By (9) and relations (5) by integration of the second equation in (8) it follows

v (x)=v;(0) —I—/ v (1) dr
0

221 rx 1+t
= (0 S By 1| —— ) d
Uk()+(2k_1)!/o 2k 1( 5 ) t

o2k (1+x)/2
= (0) + m /1/2 Boy—1(t) dt

22 14 x 1
s 25 (5n (55) - (3)
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and by the third equation in (8)

1
O:/ Ui (x) dx
0
1 22k 1 1
= (0 G (0 (557) - 2 (5)))
22k 1 1 1
=0+ ([, o (357 -2 (3))

2% 1
=1 (0) — @BZk <§)

1 1+ 2 1
/0 Boy ( > x) dx = 21D (sz+1(1) — Byt <§)> =0

for eachk >1, in force of the following well-known properties of Bernoulli polynomi§ils$:

since

B, (3)=-1-2"""B,0), n=>1, (11)
B, = B,(0) = B,(1), n>1, (12)
B2,+1(0)=0, n>1 O (13)

2.2. The main theorem
Now we can prove the following

Theorem 3 (Main theoren). Let us denote by (x)};—o 12 .. the polynomial sequence defined recur-
sively by means of relatior(8); then for eachf € C%*+1([0, 1]) the following identity holds

J @) =Ponlf1(x) + Ron(f, x), (14)

where Py ,[ f1(x) is the polynomial defined by

Ponlf10)=(©0) + Y [f# P D)@ x) —v;(0)

=1
_ f(2j—l) O)(v;(1—x) —v;(1)] 13)

and the remaindeRg , ( f, x) in its Peands and Cauchg representation is given respectively by

1
Ron(f,x) = / F@D 1)Ko (x, 1) dr (16)
0
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with
n 1 2n—2j+1
S ) — vJ(O))L, <t
Ko (x.t)=1 I71 (@n =2j+1) (17)
XS 1) = 2n 2n—2j+1
(Zn)’ + Z wj(l—x)— Uj(l))m, 1<x
and
Ro.n(f, x>=%ﬂ2”+h@, ¢e (0,1, (18)

where we have set

Qo,2n+1(x) = (an+2(X) — Boy g — 2212 <an+2 (%) — an+2)> . (29)

2n + 1)(2n + 2)

In addition, the polynomialPy ,[ f1(x) satisfies the following interpolation conditians

Po,[£10) = f(0),

d2k—1 d2k—1

—— Py, 0O)=—5—fO0), k=1 ... n,

357 Pl 10 = S5 (0) n (20)
2k—1 2k—1

gzt Pl Al = D, k=1, n.

Proof. Let f € C2+1([0, 1)) be fixed. We start by proving that the polynomial (15) satisfies the interpo-
lation conditions (20): the first of conditions (20) holds trivially; on the other hand for ¢a€B, 1, ...
andk =1, 2, ..., by an iteration of the second equation in (8) we obtain

EU(X)— vj—k+1(x), k<j+1,
&2 Y = o, jsk=2

so that

2%k—1 x
dr2k-1 vj(x) = Uj_k+1(x) =/0 vj_i(t)dt,

d2k—1 d 1—x
v == =0 = -0 = - fo v k() o,
for eachk < j and

d2k—1
Q21 Ponl f1(x)

x=0

n 0 1
= Z |:f(2j—1)(1)f vj_k(t) dr + f(2j—1)(0)/ V(1) dti| = f(Zk_l)(O),
= 0 0



F.A. Costabile et al. / Journal of Computational and Applied Mathematics 176 (2005) 77-90 83

the third of conditions (20) can be proved by analogy. Let us now prove that the Cauchy’s representation
(18) holds. In fact, according to the interpolation conditions (20), the fungtien Ro . (f, x) = f(x) —
Po [ f1(x) satisfies

Ro.x(f,0) =0,
2k—1
P Ron(f, x)

2k—1
= &1 Ron(f, x)

xX=

-0, k=1,....n, (21)
x=1

and analogue conditions are satisfied, for eachl, by the(2n + 1)-degree polynomialo 2,+1 as
defined in (19):

0Q0,2,+1(0) =0,

de—l d2k—l
-1 Q0,204+1(1) = o1 Qo0,20+1(1) =0, k=1 ...,n, (22)
4 =0 Ot =1
in virtue of (11)—(13). Let now € (0, 1) be fixed; by (21), (22) the function
R , X)
d(1) = Ron (f, 1) — Ronlf: x) 00,27+1(1) (23)
Qo,2n+1(x)
satisfies the conditions
®(0) =
2k—1 2k—1
deld?(r) d2kld>(r) =0, k=1 ...,n,

=1

and, in addition@ vanishes also at= x, so that by the Rolle’s theorem the first derivativér) must
vanish at a point; : 0 < &; < x. The three zeros,(%1, 1 of ¢'(z) imply, by a repeated application of
Rolle’s theorem, the existence of a paiate (0, 1) s.t.#® (£,) =0 and the three zeros 6,, 1 of (1)
imply the existence of a zei € (0, 1) of #® (1) and so on. Now, by inductio®@*+1 (r) must vanish
at a pointZ € (0, 1), so that differentiating2» + 1) times the function in (23) we obtain

0= F@ (g _ M(z )",

Qo,2n+1(x)

that is (18). It remains to prove the Peano’s representation (16). For this, we have to note that, by virtue
of previous results, for each fixede [0, 1] the linear functional

f = Ron(f,x)
is a Peano’s type functional @@?'*1([a, b)), i.e.,
RO,n(p, -x) = 0

for eachp in the space??" of the polynomials irx of degree not greater tham 2By applying the well
known Peano’s kernel theorgfd0, p. 70]Eq. (16) is certainly true if

K ! g 2n
O,n(-x7t) m On((x t)+ax)a
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whereRy , is applied to(x — t)i” considered as a function of

0, X <t,
(x_t)znv X}t,

(x =¥ = {
on the other hand,

Ron((x — )3, x)

@ n—2j+1
S (1—n)=+
B - jgl(vl (x) —vj me’ X <t,
Tl =0 n . (1— )2r—2i+1
(2n)! - ng (vj(x) —vj (@)m, x=ft,
—i:(v-(x)_v.((:)))(len_zj+1 x <t
= T @n —2j+ ’ on
) 2 n 2n-2j41
2n)! +]§l(vj(1_X)_vj(l))m, x>t,

that is Eq. (16) holds true. The last equation in (24) is obtained using the expansion

=0 (—0* K| @-nAH
2n)! (20! (2n —2j + 1)!

(vj(x) —v;(0))
j=1

(_t)2n72j+1
iU v,a»} ,

which holds sincéx — 1)?*/(2n)!, considered as a function gfis a polynomial of degree:2 and hence
it must coincide with its polynomial expansion (15)J

Remark 4. For eachf e C%t1([0, 1]) a symmetric expansion (with respect to axis- %) to that in
Theorem 3 is also possible; in particular, for each [0, 1] the following identity holds:

S x) = PLalf1(x) + R1n(f, x), (25)
wherePy ,[ f1(x) is the polynomial defined by

PLALf10)=F D) + Y [f DD ;x) —v;(1)

j=1
— PO ;1 - x) — v, (O)];
for the remaindeRy , ( f, x) there are the following representations:

(1) Peano’s representation of the error:

1
Run(f.x) = f FOD (K (x, 1)
0
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where
(1-— t)2n n (1— t)2n72j+1

T A <, i - / 1 T~ A A < 9
2n)! El(”f(x) D G i *

Kin(x,0)=43 , [2n=2j+1
(1l—x)—v;(0)——— <x.
D P TR T s

(2) Cauchy representation of the error: for each (0, 1) there existg € (0, 1) s.t.
_ Q120410 L 2p41y
R1,(f, x) = Wf (9,

where we have set

Q1,2n+1(X)=(2n T2 12 <32n+2(X) — Boyy2

#ma) )

The polynomialPy ,[ f](x) satisfies the following interpolation conditions:

P f1(D) = f(D),

2k—1 2k—1
P P1,[f1(0) = Wf(o)’ k=1,...,n,
2k—1 2k—1

Wpl’"[f](l)sz(l)’ k=1,...,n.
These results follow by analogy from (14)—(20) after the change of variable1 — x.

Remark 5. If f € C?'*1([a, b]) similar expansions to (14), (25) da, b] can be obtained by means of
a linear transformation of the variable; in particular, if we/set (b — a) we get from (14), (15), (18)

f@=f@+y [hzf—l D) (v i (%) — v; (0))

j=1

(s (052) )

X —d
Q0,2n+1 ( ; )
+ h2n+1
(2n)!

where the point € (a, b) inthe reminder term depends enThe remainder, in its Peano’s representation,
is given by

F@e, (26)

1 _
Ro(f, x) =21 / F@* @ +th) Ko, (’CT"’ r) dr, (27)
0

with Ko, (x, t) as defined in (17).
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The Cauchy’s representation of the error stated in Theorem 3 allows us to derive bounds for the
remainder; consequently, we can give sufficient conditionssarthat the polynomial approximant (15)
converges td.

Proposition 6 (Bound for remaindér If f e C?'*1([0, 1]), then for the error functionRg,,, (£, x)
it holds

(22n+2 o 1)

|Ro,n (f, x)|<4m

|Bont2| max | £ @D ). (28)
x€[0,1]

Proof. We have

[Q0,20+1(x)|= 2n42(x) — Boy42

2n+ 121 +2) ‘B
—2n+2 (an+2 <)—;) - an+2)‘
<o 1)2(2n 5 (@72 DiBaa
+ | Bava() = 242822 (5 )
<o 1)4(2n 5@ DByl

since by (11)—(13) the functioB,,2(x) — 222B5, > (g) assumes its maximum modulus at the
boundary of 0, 1]. The thesis follows from (18). O

Corollary 7. Let f € C*([0, 1]) and suppose that there exist a positive consfaatz and an integer
v>0s.t

F@ D) =0(p? ) for all n>v, x € [0, 1],
then the polynomial sequen¢g , [ f1(x)}, absolutely and uniformly converges fa@x) in [0, 1].

Proof. In fact by the Euler’s formul§ll, p. 5]

' o0
Boy = (~1y 1 22 o sy,

@0* i3
it follows that
2(2n + 2)!
| B2y 2| <(27t)—2"+2’ n=0,

so that the right member of (28) is bounded from above(ll;hf»”“L2 MmaXe[o0,1] | £@+D (x)|. The thesis
follows. O
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Example 8. For each p| < = the expansion
CX) . .
cospx =14 Y (=17 p?~tsinp(v;(x) — v;(0)) (29)
j=1
holds and the right member of (29) absolutely and uniformly converges tgacas [0, 1]. If

p = +n the convergence of the related series tomo$ails. For eachp : |p| > = it can be proved
that series in the second member of (29) does not converge absolut@i|n

3. Applications
3.1. Summation formula and its application to numerical quadrature

For each € N set in (26) with remainder 219 =1,b =1+ 1, ¢ = &;; by integrating from to/ + 1
and using relations (10), (1), (11)—(13) to compute integrals at the right member we obtain

I+1

" ) 22j 1
_ (2j-1) _ =
fe)ydx=f) + ;:1 |:f TP+ D ( 2! Boj (2>)

.' 22j
_ r(2j=D _ .
< (1)( (Zj)!sz(l)ﬂ

+1 1
+f f F@HD I 4 1)Ko (x — 1, 1) dr d,
[ 0

hence by summing fromm= 0 tom — 1 and inverting the order of summation at the right member it
follows that

m—1 m n 2D 22j
= dx — =Yy =— B,
> 0 | rwa Y 1570 G e

n m—2 . 22j 1 n .
—2 2 ST ey = ) S
! ]

j=1 [1=1

22j _
— B
(2))!

2j
m=1 141 A1
- / / F@ DI 4 1)Ko (x — 1, 1) dr dx.

If we are working under the hypothesis th&2'+1 (x) is continuous irf0, co) we can change the order
of integration in the last term of previous equation, and after some calculation we thus obtain
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Theorem 9. Let f be a function defined far> 0 having2n + 1 continuous derivatives. Then the following
identity holds forn =1, 2, ...

m—1 m n . 22j
> r= [ rede= Y OO By
=0 Jj

1 (2))!
n m—2 o n 5
. 2j _1 . 2 _ o
_ Z Z f(2j—1)(l)2 : By — Z f(ZJ—l)(m) : By
=1 =1 @pr o i
1 1m—1
_ / (/ Z f(2n+1)(l + l)) Kovn(s, 1) ds dr, (30)
0 0 oo

whereKo , (s, t) is defined as irf17).

Example 10. Let g be a(2n + 1) times continuously differentiable function ¢, 1]. We apply the
summation formula (30) to

J(x) = g(hx),
whereh = 1. Writing x; = h,1 =0, 1,..., m, there results
m—1 1 ; n 2i @j-1) 0 22j
h (m)z/ (x)dx — ) h¥ g 7H(0) —— Boj
ch:) g x ; g o B
= J_
n m—2 2 n 2]
. 22/ — 1 R 24/ -2
=3 g 2= By — Y h¥ BV (1) == By;
== 2))! = @)
1 1m—1
- hmzf f 3" ¢@ (it + 1) | Kou(s, 1) ds di
o \Jo 3
and inverting the order of summation at the right member
m—1 1 n ) ) 22j
hy " gln)= / gx)ydx — ) h? <g<21—1><0>—. By; (31)
=0 0 1 (2))!
= j_
m—2 H i
. 22/ —1 4 221 — 2
(2j-1) . 2j-1 .
- ) g (Xx)2———B2j — ¢ 1) ——B> (32)
; @pr @pr
1 p1 /m=-1
— p?+? / f > @ + 1)) ) Kouls. 1) ds dr. (33)
o Jo \i%

The left side of the above equation is the result of the numerical integrﬁcﬁgnx) dx by applying the
rectangular rule ton equal subintervals. The previous formula exhibits the error of this approximation.
The remainder term in the second member clearly(i02). If g has derivatives of all orders, formula
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(33) holds true fom =1, 2, ... and thus it expresses the fact that the rectangular procedure admits the
asymptotic expansion

m—1 1 n 2
. . 24
hy o gt~ f glyde — ) h¥ (g<2f—1><0>—., Baj
P 0 — 2))!
= j_
m—2 :
. 22j _1
_ (2J—1)(xl)2
2 ¢ 2)!

=1

. 22j _ 92
Baj — ¥ V(1) == By
j— 8 @) j

ash — 0,4 > 0. Thenitis possible, using the derivativegpfo increase the accuracy of the rectangular
procedure by evaluating some terms of this expansion.

Remark 11. In the paper$3,4] there are investigated generalizations of the Euler—MacLaurin formula
that involve even-order instead of odd-order derivatives of the function to be integrated; in these formulas
the coefficients multiplying the derivatives are connected with Appell polynomials instead of Bernoulli
numbers.

3.2. Arelated boundary value problem

For each fixed: > 1 let us consider thé&n + 1)th order differential equation
Y@ () = o(x, y(x), y'(x), ..., yP(x)),  0<hk<2n -1, (34)
with the boundary conditions

y(0) =, .

YEDO) =g, yFPD =y, i=1...n (35)
where is continuous at least in the domain of interest ang;, y; are real numbers. th=0 it follows
by Theorem 3 that problem (34), (35) has a unique solutian = Py ,[ f1(x); another result related to

problem (34), (35) in the particular case whega: @(x) is also a direct consequence of the main theorem:
If &= &(x) is areal continuous function g, 1] then the problem

y(2n+1)(x) = P(x),
y(Zi—l)(O) =0, y(Zi—l)(l) =0, i=1,...,n

has a unique solution given by

1
y(x) = / F@ V@) Ko (x, 1) dr,
0

whereKo , (x, t) is defined agl17).

In our opinion the general boundary value problem (34), (35) is fairly interesting and for this reason the
problem of the existence and finding approximated solutions, when they exist, can be studied separately
in a successive paper.
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