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DESCRIPTION

This leading international journal publishes research and expository papers on the formulation,
analysis and solution of mathematical models in the biosciences. The journal serves both
mathematicians involved in solving model equations or in reaching conclusions that are testable in the
real world, and biologists who are interested in forming mathematical models of biological processes
and systems.

Please bookmark this page as: http://www.elsevier.com/locate/mbs

For more information/suggestions/comments please contact AuthorSupport@elsevier.com

Benefits to authors

We also provide many author benefits, such as free PDFs, a liberal copyright policy, special discounts
on Elsevier publications and much more. Please click here for more information on our author services .

Please see our Guide for Authors for information on article submission. If you require any further
information or help, please visit our support pages: http://support.elsevier.com

AUDIENCE

Biomathematicians, Statisticians, Epidemiologists

IMPACT FACTOR

2013: 1.489 © Thomson Reuters Journal Citation Reports 2014
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GUIDE FOR AUTHORS

We now differentiate between the requirements for new and revised submissions. You may choose to
submit your manuscript as a single Word or PDF file to be used in the refereeing process. Only when
your paper is at the revision stage, will you be requested to put your paper in to a 'correct format'
for acceptance and provide the items required for the publication of your article.

To find out more, please visit the Preparation section below.

INTRODUCTION
An International Journal

Mathematical Biosciences publishes carefully selected mathematical papers of both research and
expository type devoted to the formulation, analysis, and numerical solution of mathematical models
in the biosciences. Manuscripts are received with the understanding that their contents are original
and are not being submitted for publication elsewhere. Submission also implies that all authors have
approved the paper for release and are in agreement with its content. Manuscripts are usually sent
out for two independent reviews.

BEFORE YOU BEGIN

For information on Ethics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

All authors are requested to disclose any actual or potential conflict of interest including any financial,
personal or other relationships with other people or organizations within three years of beginning the
submitted work that could inappropriately influence, or be perceived to influence, their work. See
also http://www.elsevier.com/conflictsofinterest. Further information and an example of a Conflict of
Interest form can be found at: http://help.elsevier.com/app/answers/detail/a_id/286/p/7923.

Submission of an article implies that the work described has not been published previously (except
in the form of an abstract or as part of a published lecture or academic thesis or as an electronic
preprint, see http://www.elsevier.com/sharingpolicy), that it is not under consideration for publication
elsewhere, that its publication is approved by all authors and tacitly or explicitly by the responsible
authorities where the work was carried out, and that, if accepted, it will not be published elsewhere
in the same form, in English or in any other language, including electronically without the written
consent of the copyright-holder. To verify originality, your article may be checked by the originality
detection service CrossCheck http://www.elsevier.com/editors/plagdetect.

This policy concerns the addition, deletion, or rearrangement of author names in the authorship of
accepted manuscripts:

Before the accepted manuscript is published in an online issue: Requests to add or remove an author,
or to rearrange the author names, must be sent to the Journal Manager from the corresponding author
of the accepted manuscript and must include: (a) the reason the name should be added or removed,
or the author names rearranged and (b) written confirmation (e-mail, fax, letter) from all authors that
they agree with the addition, removal or rearrangement. In the case of addition or removal of authors,
this includes confirmation from the author being added or removed. Requests that are not sent by
the corresponding author will be forwarded by the Journal Manager to the corresponding author, who
must follow the procedure as described above. Note that: (1) Journal Managers will inform the Journal
Editors of any such requests and (2) publication of the accepted manuscript in an online issue is
suspended until authorship has been agreed.

After the accepted manuscript is published in an online issue: Any requests to add, delete, or rearrange
author names in an article published in an online issue will follow the same policies as noted above
and result in a corrigendum.
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This journal is part of our Article Transfer Service. This means that if the Editor feels your article is more
suitable in one of our other participating journals, then you may be asked to consider transferring the
article to one of those. If you agree, your article will be transferred automatically on your behalf with
no need to reformat. Please note that your article will be reviewed again by the new journal. More
information about this can be found here: http://www.elsevier.com/authors/article-transfer-service.

Upon acceptance of an article, authors will be asked to complete a 'Journal Publishing Agreement' (for
more information on this and copyright, see http://www.elsevier.com/copyright). An e-mail will be
sent to the corresponding author confirming receipt of the manuscript together with a 'Journal
Publishing Agreement' form or a link to the online version of this agreement.

Subscribers may reproduce tables of contents or prepare lists of articles including abstracts for internal
circulation within their institutions. Permission of the Publisher is required for resale or distribution
outside the institution and for all other derivative works, including compilations and translations
(please consult http://www.elsevier.com/permissions). If excerpts from other copyrighted works are
included, the author(s) must obtain written permission from the copyright owners and credit the
source(s) in the article. Elsevier has preprinted forms for use by authors in these cases: please consult
http://www.elsevier.com/permissions.

For open access articles: Upon acceptance of an article, authors will be asked to complete an 'Exclusive
License Agreement' (for more information see http://www.elsevier.com/OAauthoragreement).
Permitted third party reuse of open access articles is determined by the author's choice of user license
(see http://www.elsevier.com/openaccesslicenses).

Author rights
As an author you (or your employer or institution) have certain rights to reuse your work. For more
information see http://www.elsevier.com/copyright.

You are requested to identify who provided financial support for the conduct of the research and/or
preparation of the article and to briefly describe the role of the sponsor(s), if any, in study design; in
the collection, analysis and interpretation of data; in the writing of the report; and in the decision to
submit the article for publication. If the funding source(s) had no such involvement then this should
be stated.

Elsevier has established a number of agreements with funding bodies which allow authors
to comply with their funder's open access policies. Some authors may also be reimbursed
for associated publication fees. To learn more about existing agreements please Vvisit
http://www.elsevier.com/fundingbodies.

This journal offers authors a choice in publishing their research:

Open access

¢ Articles are freely available to both subscribers and the wider public with permitted reuse

e An open access publication fee is payable by authors or on their behalf e.g. by their research funder
or institution

Subscription

e Articles are made available to subscribers as well as developing countries and patient groups through
our universal access programs (http://www.elsevier.com/access).

e No open access publication fee payable by authors.

Regardless of how you choose to publish your article, the journal will apply the same peer review
criteria and acceptance standards.

For open access articles, permitted third party (re)use is defined by the following Creative Commons
user licenses:
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Creative Commons Attribution (CC BY)

Lets others distribute and copy the article, create extracts, abstracts, and other revised versions,
adaptations or derivative works of or from an article (such as a translation), include in a collective
work (such as an anthology), text or data mine the article, even for commercial purposes, as long
as they credit the author(s), do not represent the author as endorsing their adaptation of the article,
and do not modify the article in such a way as to damage the author's honor or reputation.

Creative Commons Attribution-NonCommercial-NoDerivs (CC BY-NC-ND)

For non-commercial purposes, lets others distribute and copy the article, and to include in a collective
work (such as an anthology), as long as they credit the author(s) and provided they do not alter or
modify the article.

The open access publication fee for this journal is USD 2200, excluding taxes. Learn more about
Elsevier's pricing policy: http://www.elsevier.com/openaccesspricing.

Please write your text in good English (American or British usage is accepted, but not a
mixture of these). Authors who feel their English language manuscript may require editing
to eliminate possible grammatical or spelling errors and to conform to correct scientific
English may wish to use the English Language Editing service available from Elsevier's
WebShop (http://webshop.elsevier.com/languageediting/) or visit our customer support site
(http://support.elsevier.com) for more information.

Our online submission system guides you stepwise through the process of entering your article
details and uploading your files. The system converts your article files to a single PDF file used in
the peer-review process. Editable files (e.g., Word, LaTeX) are required to typeset your article for
final publication. All correspondence, including notification of the Editor's decision and requests for
revision, is sent by e-mail.

PREPARATION

Submission to this journal proceeds totally online and you will be guided stepwise through the creation
and uploading of your files. The system automatically converts your files to a single PDF file, which
is used in the peer-review process.

As part of the Your Paper Your Way service, you may choose to submit your manuscript as a single file
to be used in the refereeing process. This can be a PDF file or a Word document, in any format or lay-
out that can be used by referees to evaluate your manuscript. It should contain high enough quality
figures for refereeing. If you prefer to do so, you may still provide all or some of the source files at
the initial submission. Please note that individual figure files larger than 10 MB must be uploaded
separately.

There are no strict requirements on reference formatting at submission. References can be in any style
or format as long as the style is consistent. Where applicable, author(s) name(s), journal title/book
title, chapter title/article title, year of publication, volume number/book chapter and the pagination
must be present. Use of DOI is highly encouraged. The reference style used by the journal will be
applied to the accepted article by Elsevier at the proof stage. Note that missing data will be highlighted
at proof stage for the author to correct.

There are no strict formatting requirements but all manuscripts must contain the essential elements
needed to convey your manuscript, for example Abstract, Keywords, Introduction, Materials and
Methods, Results, Conclusions, Artwork and Tables with Captions.

If your article includes any Videos and/or other Supplementary material, this should be included in
your initial submission for peer review purposes.

Divide the article into clearly defined sections.

Figures and tables embedded in text
Please ensure the figures and the tables included in the single file are placed next to the relevant text
in the manuscript, rather than at the bottom or the top of the file.
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Use of word processing software

Regardless of the file format of the original submission, at revision you must provide us with an
editable file of the entire article. Keep the layout of the text as simple as possible. Most formatting
codes will be removed and replaced on processing the article. The electronic text should be prepared in
a way very similar to that of conventional manuscripts (see also the Guide to Publishing with Elsevier:
http://www.elsevier.com/guidepublication). See also the section on Electronic artwork.

To avoid unnecessary errors you are strongly advised to use the 'spell-check' and 'grammar-check’
functions of your word processor.

You are recommended to use the Elsevier article class elsarticle.cls
(http://www.ctan.org/tex-archive/macros/latex/contrib/elsarticle) to prepare your manuscript and
BibTeX (http://www.bibtex.org) to generate your bibliography.

For detailed submission instructions, templates and other information on LaTeX, see
http://www.elsevier.com/latex.

Subdivision - numbered sections

Divide your article into clearly defined and numbered sections. Subsections should be numbered
1.1 (then 1.1.1, 1.1.2, ...), 1.2, etc. (the abstract is not included in section numbering). Use this
numbering also for internal cross-referencing: do not just refer to 'the text'. Any subsection may be
given a brief heading. Each heading should appear on its own separate line.

Introduction
State the objectives of the work and provide an adequate background, avoiding a detailed literature
survey or a summary of the results.

Material and methods
Provide sufficient detail to allow the work to be reproduced. Methods already published should be
indicated by a reference: only relevant modifications should be described.

Theory/calculation

A Theory section should extend, not repeat, the background to the article already dealt with in the
Introduction and lay the foundation for further work. In contrast, a Calculation section represents a
practical development from a theoretical basis.

Results
Results should be clear and concise.

Discussion
This should explore the significance of the results of the work, not repeat them. A combined Results
and Discussion section is often appropriate. Avoid extensive citations and discussion of published
literature.

Conclusions
The main conclusions of the study may be presented in a short Conclusions section, which may stand
alone or form a subsection of a Discussion or Results and Discussion section.

Appendices

If there is more than one appendix, they should be identified as A, B, etc. Formulae and equations in
appendices should be given separate numbering: Eq. (A.1), Eq. (A.2), etc.; in a subsequent appendix,
Eq. (B.1) and so on. Similarly for tables and figures: Table A.1; Fig. A.1, etc.

e Title. Concise and informative. Titles are often used in information-retrieval systems. Avoid
abbreviations and formulae where possible.

e Author names and affiliations. Please clearly indicate the given name(s) and family name(s)
of each author and check that all nhames are accurately spelled. Present the authors' affiliation
addresses (where the actual work was done) below the names. Indicate all affiliations with a lower-
case superscript letter immediately after the author's name and in front of the appropriate address.
Provide the full postal address of each affiliation, including the country name and, if available, the
e-mail address of each author.

e Corresponding author. Clearly indicate who will handle correspondence at all stages of refereeing
and publication, also post-publication. Ensure that the e-mail address is given and that contact
details are kept up to date by the corresponding author.
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e Present/permanent address. If an author has moved since the work described in the article was
done, or was visiting at the time, a 'Present address' (or 'Permanent address') may be indicated as
a footnote to that author's name. The address at which the author actually did the work must be
retained as the main, affiliation address. Superscript Arabic nhumerals are used for such footnotes.

A concise and factual abstract is required. The abstract should state briefly the purpose of the
research, the principal results and major conclusions. An abstract is often presented separately from
the article, so it must be able to stand alone. For this reason, References should be avoided, but if
essential, then cite the author(s) and year(s). Also, non-standard or uncommon abbreviations should
be avoided, but if essential they must be defined at their first mention in the abstract itself.

Although a graphical abstract is optional, its use is encouraged as it draws more attention to the online
article. The graphical abstract should summarize the contents of the article in a concise, pictorial form
designed to capture the attention of a wide readership. Graphical abstracts should be submitted as a
separate file in the online submission system. Image size: Please provide an image with a minimum
of 531 x 1328 pixels (h x w) or proportionally more. The image should be readable at a size of 5 x
13 cm using a regular screen resolution of 96 dpi. Preferred file types: TIFF, EPS, PDF or MS Office
files. See http://www.elsevier.com/graphicalabstracts for examples.

Authors can make use of Elsevier's Illustration and Enhancement service to ensure the best
presentation of their images and in accordance with all technical requirements: Illustration Service.

Highlights are mandatory for this journal. They consist of a short collection of bullet points that
convey the core findings of the article and should be submitted in a separate editable file in the
online submission system. Please use 'Highlights' in the file name and include 3 to 5 bullet points
(maximum 85 characters, including spaces, per bullet point). See http://www.elsevier.com/highlights
for examples.

Immediately after the abstract, provide a maximum of 6 keywords, using American spelling and
avoiding general and plural terms and multiple concepts (avoid, for example, 'and’, 'of'). Be sparing
with abbreviations: only abbreviations firmly established in the field may be eligible. These keywords
will be used for indexing purposes.

Define abbreviations that are not standard in this field in a footnote to be placed on the first page
of the article. Such abbreviations that are unavoidable in the abstract must be defined at their first
mention there, as well as in the footnote. Ensure consistency of abbreviations throughout the article.

Collate acknowledgements in a separate section at the end of the article before the references and do
not, therefore, include them on the title page, as a footnote to the title or otherwise. List here those
individuals who provided help during the research (e.g., providing language help, writing assistance
or proof reading the article, etc.).

Follow internationally accepted rules and conventions: use the international system of units (SI). If
other units are mentioned, please give their equivalent in SI.

Please submit math equations as editable text and not as images. Present simple formulae in
line with normal text where possible and use the solidus (/) instead of a horizontal line for small
fractional terms, e.g., X/Y. In principle, variables are to be presented in italics. Powers of e are often
more conveniently denoted by exp. Number consecutively any equations that have to be displayed
separately from the text (if referred to explicitly in the text).

Footnotes should be used sparingly. Number them consecutively throughout the article. Many word
processors build footnotes into the text, and this feature may be used. Should this not be the case,
indicate the position of footnotes in the text and present the footnotes themselves separately at the
end of the article.
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Electronic artwork

General points

e Make sure you use uniform lettering and sizing of your original artwork.

e Preferred fonts: Arial (or Helvetica), Times New Roman (or Times), Symbol, Courier.

e Number the illustrations according to their sequence in the text.

e Use a logical naming convention for your artwork files.

e Indicate per figure if it is a single, 1.5 or 2-column fitting image.

e For Word submissions only, you may still provide figures and their captions, and tables within a
single file at the revision stage.

¢ Please note that individual figure files larger than 10 MB must be provided in separate source files.
A detailed guide on electronic artwork is available on our website:
http://www.elsevier.com/artworkinstructions.

You are urged to visit this site; some excerpts from the detailed information are given here.
Formats

Regardless of the application used, when your electronic artwork is finalized, please 'save as' or
convert the images to one of the following formats (note the resolution requirements for line drawings,
halftones, and line/halftone combinations given below):

EPS (or PDF): Vector drawings. Embed the font or save the text as 'graphics'.

TIFF (or JPG): Color or grayscale photographs (halftones): always use a minimum of 300 dpi.

TIFF (or JPG): Bitmapped line drawings: use a minimum of 1000 dpi.

TIFF (or JPG): Combinations bitmapped line/half-tone (color or grayscale): a minimum of 500 dpi
is required.

Please do not:

e Supply files that are optimized for screen use (e.g., GIF, BMP, PICT, WPG); the resolution is too low.
e Supply files that are too low in resolution.

e Submit graphics that are disproportionately large for the content.

Color artwork

Please make sure that artwork files are in an acceptable format (TIFF (or JPEG), EPS (or PDF), or
MS Office files) and with the correct resolution. If, together with your accepted article, you submit
usable color figures then Elsevier will ensure, at no additional charge, that these figures will appear
in color online (e.g., ScienceDirect and other sites) regardless of whether or not these illustrations
are reproduced in color in the printed version. For color reproduction in print, you will receive
information regarding the costs from Elsevier after receipt of your accepted article. Please
indicate your preference for color: in print or online only. For further information on the preparation
of electronic artwork, please see http://www.elsevier.com/artworkinstructions.

Please note: Because of technical complications that can arise by converting color figures to 'gray
scale' (for the printed version should you not opt for color in print) please submit in addition usable
black and white versions of all the color illustrations.

Elsevier's WebShop (http://webshop.elsevier.com/illustrationservices) offers Illustration Services
to authors preparing to submit a manuscript but concerned about the quality of the images
accompanying their article. Elsevier's expert illustrators can produce scientific, technical and medical-
style images, as well as a full range of charts, tables and graphs. Image 'polishing' is also available,
where our illustrators take your image(s) and improve them to a professional standard. Please visit
the website to find out more.

Figure captions

Ensure that each illustration has a caption. A caption should comprise a brief title (not on the figure
itself) and a description of the illustration. Keep text in the illustrations themselves to a minimum but
explain all symbols and abbreviations used.

Please submit tables as editable text and not as images. Tables can be placed either next to the
relevant text in the article, or on separate page(s) at the end. Number tables consecutively in
accordance with their appearance in the text and place any table notes below the table body. Be
sparing in the use of tables and ensure that the data presented in them do not duplicate results
described elsewhere in the article. Please avoid using vertical rules.
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Citation in text

Please ensure that every reference cited in the text is also present in the reference list (and vice
versa). Any references cited in the abstract must be given in full. Unpublished results and personal
communications are not recommended in the reference list, but may be mentioned in the text. If these
references are included in the reference list they should follow the standard reference style of the
journal and should include a substitution of the publication date with either 'Unpublished results' or
'Personal communication'. Citation of a reference as 'in press' implies that the item has been accepted
for publication.

Reference links

Increased discoverability of research and high quality peer review are ensured by online links to
the sources cited. In order to allow us to create links to abstracting and indexing services, such as
Scopus, CrossRef and PubMed, please ensure that data provided in the references are correct. Please
note that incorrect surnames, journal/book titles, publication year and pagination may prevent link
creation. When copying references, please be careful as they may already contain errors. Use of the
DOI is encouraged.

Web references

As a minimum, the full URL should be given and the date when the reference was last accessed. Any
further information, if known (DOI, author names, dates, reference to a source publication, etc.),
should also be given. Web references can be listed separately (e.g., after the reference list) under a
different heading if desired, or can be included in the reference list.

References in a special issue
Please ensure that the words 'this issue' are added to any references in the list (and any citations in
the text) to other articles in the same Special Issue.

Reference management software

Most Elsevier journals have a standard template available in key reference
management packages. This covers packages using the Citation Style Language,
such as Mendeley (http://www.mendeley.com/features/reference-manager) and also others
like EndNote (http://www.endnote.com/support/enstyles.asp) and Reference = Manager
(http://refman.com/support/rmstyles.asp). Using plug-ins to word processing packages which are
available from the above sites, authors only need to select the appropriate journal template when
preparing their article and the list of references and citations to these will be formatted according
to the journal style as described in this Guide. The process of including templates in these packages
is constantly ongoing. If the journal you are looking for does not have a template available yet,
please see the list of sample references and citations provided in this Guide to help you format these
according to the journal style.

If you manage your research with Mendeley Desktop, you can easily install the reference style for
this journal by clicking the link below:
http://open.mendeley.com/use-citation-style/mathematical-biosciences

When preparing your manuscript, you will then be able to select this style using the Mendeley plug-
ins for Microsoft Word or LibreOffice. For more information about the Citation Style Language, visit
http://citationstyles.org.
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This paper presents a mathematical model of malaria transmission considering the resistance of malaria
parasites to the anti-malarial drugs. The model also incorporates mass treatment and insecticide as control
strategies. We consider the sensitive and resistant strains of malaria parasites in human and mosquito
populations. First, we investigated the existence and stability of equilibria of the model without control based
on two basic reproduction ratios corresponding to the strains. Then, the Pontryagins Maximum Principle is
applied to derive the necessary conditions for optimal control. Simulation results show the effectiveness of
the optimal control to reduce the number of infected hosts and vectors.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Malaria is still an endemic disease in many countries. This dis-
ease is caused by Plasmodium parasites and transmitted to humans
by the female Anopheles mosquitoes. An estimated 3.4 billion peo-
ple are at risk on malaria, of which 1.2 billion are at high risk. In
the malaria high-risk areas, more than one malaria case occur per
1000 hosts. In 2012, it is estimated there were about 207 million
cases of malaria, causing 627,000 deaths, mostly among African chil-
dren [14]. In recent decades, resistance of Plasmodium parasites to
the anti-malarial drugs have emerged in many areas. This resistance
is generated by improper usage of anti-malarial drugs. A comprehen-
sive analysis and planning is needed to control the spread of malaria
resistance.

Mathematical models could be used to understand the dynamic of
the spread of malaria resistance. In [1,7], the models was developed
by assuming two types of malaria strains, the sensitive strain and the
full resistant strain. In [13], the authors proposed a model with partial
resistance of malaria parasites. Studies of mathematical models with
optimal control considering malaria resistance also have been done.
A simple model to control the spread of malaria resistance was pro-
posed in [9]. The model focuses on the effect of treatment by assuming
the full resistance of malaria parasites to anti-malarial drugs. In [5],
the authors proposed a mathematical model of the spread of malaria

* Corresponding author at: Universitas Airlangga, Faculty of Science and Technology,
FSAINTEK, Kampus C UNAIR, JI. Mulyorejo, Surabaya, Jawa Timur 60115, Indonesia. Tel.:
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considering mass treatment and insecticide as controls. In this pa-
per, the model in [5] is developed by adding the factor of malaria
resistance.

The organization of this paper is as follows. In Section 2, we pro-
pose a model of malaria transmission with controls on treatment and
insecticide. The model is analyzed in Section 3. In Section 4, we give
some numerical simulations. The conclusion of this paper could be
seen in Section 5.

2. Model formulation

We assume the host population is constant and we consider two
types of malaria parasite, these are, the sensitive parasite and the full
resistant parasite. The host population s classified into the susceptible
class (Sp), the host infected by sensitive parasite class (Iys), the host
infected by resistant parasite class (Iy;) and the recovered host with
temporary immunity class (Ry).

The mosquito population is also classified into the larvae or pupa
class (Ly), the susceptible class (Sy), the vector infected by sensitive
parasite class (Iys), and the vector infected by resistant parasite class
(Iyr). For controlling mosquito population, we incorporate larvacide
and insecticide terms in the model.

The control functions u; and u, represent time dependent ef-
forts of mass treatment and insecticide intervention respectively.
The control functions uy and u; are defined on interval [0, t¢], where
0<ui(t)<1,te[0,t].i=1,2 and t; denotes the end time of the
controls.

We use the transmission diagram as in Fig. 1 for deriving our
model, where Ny = Sy + Iys + Iy + Ry denotes the total population
size of host. The model is as follows.
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where 0 < py + py < 1. Parameters used in model (1) could be seen
in Table 1.
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Fig. 3. The profile of the optimal treatment control uj}.
Table 1
Parameters of model (1).
Description Parameter
Life span of host 1/8y
Immunity lose rate o
Oviposition rate A
Natural death rate of larvae 81
Larvae death rate from larvacide e
Maturation rate of larvae n
Vector death rate from insecticide gy
Natural death rate of vector Sy
Sensitive Resistant
Infection Infection
Recovery rate from treatment s Hr
Infection rate for vector Avs Avr
Infection rate for host Aus Aur
Natural recovery period of host 1/ys 1/vr
Proportion of success treatment D1 D2
Table 2
Parameter values for simulations.
Parameter ~ Value Ref. Parameter  Value Ref.
SH 0.00003914/day  [13] 4y 0.07142/day  [16]
o 0.00274/day [15] ey 0.1/day [16]
s 0.25/day [13]  Avs 0.27/day [2]
r 0.048/day [13] Avr 0.27/day 2]
A 1000 - AHs 0.3/day [2]
8L 0.4/day [16]  Anr 0.3/day [2]
&r 0.4/day [16] Vs 0.01/day 2]
n 0.07142/day [16] 0.01/day 2]

The region of biological interest of model (1) is

Q = {(Su, Ins, Inr, Ru, Ly, Sv, Ivs, Ivr) € R® @ Sy + Ins + Ir + Ry = Ny},

where Ny is constant.

Model (1) is well-posed in the non-negative region Rﬁ because the
vector field on the boundary does not point to the exterior. So, if it is
given an initial condition in the region, then the solution is defined
for all time t > 0 and remains in the region.

We seek to minimize the number of malaria infected host and the
cost of applying mass treatment and insecticide controls. We consider
an optimal control problem with the objective function given by

f c
](u1,u2):/0 (IHS+IH,+IVS+IW 9 +72u§)dt, 2)
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where cq and c; are the weighting constants for mass treatment and
insecticide respectively. We choose a quadratic function for measur-

ing the control cost [2,6,10]. The term clu% and c; u% describe the cost
associated with the mass treatment and insecticide controls respec-
tively. Larger values of ¢; and ¢, will imply more expensive imple-

mentation cost for mass treatment and insecticide.
We seek an optimal control u} and u3 such that

3)

JWi, u3) = mrinj(ul, uy),

whereI' = {(uy,up)|0<uy; <1,i=1,2}.

3. Model analysis

Consider model (1) without the control functions u; and u,. Let

T, = N A Aps Ays an
Ny 82 (s + 8u) (S + &L + 1)

Tr _ 77 A )"Hr )\er
Nu 8% (vr + 81) G+ e+ 1)

Parameters Ry = +/Ts and Ry, = +/T; are the basic reproduction ratios
for the sensitive infection and the resistant infection respectively.

Fig. 5. The dynamics of Iys and Iy, using control uj.

These ratios describe the number of secondary cases of primary case
during the infectious period due to the type of parasite [3,4].

With respect to the coordinate (Sy, Iys, Inr, Ry, Ly, Sy, Iys, Iyr) and
0,0

u1 = uy = 0, model (1) has the disease-free equilibrium
A nA
Eo =(Ny,0,0,0, , ,0,0).
0 (H Si+e+n dv@r+er+n) )
It also has the sensitive infection endemic equilibrium Ej =
0) and the resistant infection endemic equi-

(S By 0. Ri. Ly S By
librium E} = (S};. 0, I},,.. R}, Ly, S}, 0. I1,,), where

)

_ Ny by (o + Y+ Sn) + Ny )\,Vj(O( +8y)

S = T Sy (o + ¥ + 8n) + Ayj(er + Sp)
i Ny 8v(Tj — 1) (« + 8n)

BT 8y + v+ 8u) + A + 8u)’
Ri _ NH)/j(SV(Tj—l)

H Tj Sy (et + ¥ + Su) + Avj (@ + On)’

. A
Vo Site+n

B N A[Ti8v (@ + ¥j + 8u) + Ayi(@ + 8n)]

T TSv@+ e+ + ¥+ Su) v + Ay (@ + 8]
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' (T — D +81)n A by
V' Tibv (S + e+ Mo + ¥+ 1) Sy + Ayy (@ + Sp)]
jelsr}

The equilibrium Eg always exists. Moreover, the equilibria E§ and E}
exist if Rgs > 1 and Ry, > 1 respectively.

Theorem 1. The disease-free equilibrium Eq is locally asymptotically
stable if Ros, Ror < 1 and unstable if Ryg, Ry > 1.

Proof. Linearizing model (1) near the equilibrium Ey gives eigen
values -6y, -6y, —(@¢+3dy), —@G.+n+e¢) and the roots of
quadratic equations X2+ (8 + 8y + V)X +0y(@n+y)A-T;) =0,
j € {s.r}. Both quadratic equations have negative roots if T; < 1 or
equivalently Ry; < 1. o

Linearizing model (1) near the equilibrium Ej gives eigen values
—d8y, —(n + &L + 81), the roots of quadratic equation

N2 X2 + N2 (5 + Vs + 8v) X + N2 8y Sy + ¥5) — S5 Sy Aps hvs =0 (4)
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and the roots of quartic equation x* +a; x> + ay X2 + az3x+as =0,
where
Sy Ayr (@ +6)(Tr = 1)
Sy (@ +yr +8) Tr + Ayy (0 +8g)
4 N A Ay Ayp @+ 8g)(Tr — 1)
Sy Tr Ny O+ + M0y (@ + yr +p) + Ayr (@ +5p)]

a; = a+38y+8y +yr+

_ _ N A Apir Ayr
ay = 38y +0v)+yr 28y +0y)+a (vr+28y +3y) Ny T8y O 16,57

(Tr = 1) (@ +8p) (@ + yr +38y) Sy Ayr

Tr (o + yr +0p) Oy + (0 +8y) Ayr

N (Tr — D@ +8p) (@ + yr + 28 +8y) n A Ay Ay

Ny Tr 8y O + & +mlyr Sy +a Gy + Ayy) + 0y Gy + Ayp)]
. (Tr — 1) (a+5H)277A)“Hr)‘5r

Ny Tr S + e +m(@ + yr +0y)dy + (& + ) Ay [ Tr (@ + yr +05)dy + (@ + Sp)hyy]
(@ +235)n A Ay Ayr
Tr Ny Sy (S +¢&L+n)

a3 = 8y @ +8p)(yr + )+ [ v +2( + yr)Sy + 3831 8y —

(Tr — 1) (@ +8p) [ayr +2(e + ) + 38518y Ayr
Tr Sy (ot + yr +8p) + (@ + Sp)Ayy
(Tr = 1) (@ +8y) [8y (@ + Yr +8y) + (@ + vr +285) Sy 1 n A Apr Ayr
Ty Ny Sy (6 + & +ml(@ + yr +0y) Sy + (e +0) Ayr]
N (Tr — 12 (@ +81)? (o + yr + 28 )N AXHI A, )
Tr Ny @p +&p +ml@ + yr +0p)dy + (@ + Sp)Ayr [ Tr (@ + yr +05)dy + (@ + 8p)Avr]”
ay = 8y 8y Gp+vr)By+a)(Tr —1).

The product of the roots of equation (4) is given by

N A Ays Ays (Tr — Ts)
Npéy (n+eL+ )T Ts’

and the sum of the roots is —(8y + ¥s + v ). Hence, both of the roots
of equation (4) are negative if T, > T or equivalently Rg; > Rgs.

It is clear that a, a4 > 0 if T, > 1 or equivalently Ry, > 1. Using
Mathematica, we obtain that if T, > 1, then a; a; > a3 and as(a; a; —
as) > a? ay4. Hence, we get following theorem.

Theorem 2. The endemic equilibrium EY is locally asymptotically stable
if 1 < Ros < Ror. The endemic equilibrium EY is locally asymptotically
stable if 1 < Ror < Rgs. .

The existence and stability of equilibria of model (1) could be
summarized in a bifurcation diagram in Fig. 2.

Next, we analyze model (1) with its control functions uq and u5.
Consider the objective function (2) for model (1). The sufficient condi-
tions to determine the optimal controls u} and u3 such that condition
(3) with constraint model (1) could be obtained using the Pontriya-
gin Maximum Principle [12]. The principle transforms Equations (1)-
(3) into minimizing Hamiltonian function H problem with respect
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Fig. 7. The dynamics of Iys and Iy, using control u3.
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Uy, Uy), thatis S
i 12) (= w2k 2 (o — ),
H(Sh, Ius, Inr, Ru. Ly, Sy, Ivs, Ivr, U, Uz, A1, A2, A3, Aa, As, A6, A7, Ag) "
oo Pt + (a0 (5)
:IH5+IHr+IVs+IVr+*u%ﬂ‘*ug‘f‘z)‘-lgiv t
2 2 = dArs
= W:( + &1 4 01) As — As.
where g; denotes the right hand side of model (1) which is the di I
i-th state variable equation. The variables A;,i =1, 2, ..., 8, are called d—te = (eyuz 4 v)Ae + (1 — U1P1))\Vs$()xs - A7)
H

adjoint variables satisfying the following co-state equations |
+(1 = wip2)hvr g (s — As).
H

d)\] IVs
= (1 —u1p1)Aus—— (A1 — A2) + OpA da S
(= upobs, G =22) % Ok G = 1 vt + 80+ (1= up s Gt = o)

dt H
+(1 - U1P2))»Hr1£()»1 —A3), dXg Sh
Ny =t (eviz +dv)As + (1 - Ulpz)kHrm(A1 —A3),
dr,
@ =t Suhz + (s + ps )R — Aa) where the terminal conditions 4;(tf) = 0,i =1, ..., 8.
S Steps to obtain the optimal controls u = (u%, u%) are as following
+ (1 —wp)hvs - (hs — A7), 811 2
Ny [8,11].
% = =1+ 83+ (r + pru))(A3 — Ag) 1. Minimize the Hamilton function H with respect to u, that is g—’;’ =0
dt which is the stationary condition. We obtain
0 for u; <0
1 - A A A
. up = L1ttt A3 g 0<up <1,
091 ut ? i fi >1
..... u2 or uy =
0.8} 0 for u; <0
A A7l Agl
0.7} u = eveSv + A7 lvs + Aslvr) for O0<up <1,
0 G
2 o6l 1 for u;>1
9
o g5b where
[
g 0.4+ A = NHMSIHS()Q_l)‘f’NH/'LrIHr()‘G _1)7
© osl Az = p1 Ans lvs SH(A2 — A1) + p1 Avs Ins Sy (A7 — A6) and
A3 = Py Ay lyr SHA3 — A1) + P2 Avr Iy Sv(Ag — ).
0.2t
2. Solving the state system x(t) = g—’; which is the model (1), where
0.1 X= (SH» Ins, Inr, Ry, Ly, Sy, Iys, IVr), A= ()\1 JAD, }"8) and the ini-
‘ ‘ ‘ tial condition x(0). ] )
00 20 40 60 80 100 3. Solving the co-state system A(t) = —%—'g which is the system (5)
Time (Days) with the end condition A;(t;) =0,i=1,....8

Fig.9. The profile of the optimal controls uj and u;. Hence, we obtain the following theorem.
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Fig. 10. The dynamics of Iys and Iy, using controls uj and u3.

The dynamics of the infected populations of this scenario are given
in Figs. 4 and 5. We observe in Fig. 4 that the control strategy
decreases the number of the infected host population significantly.

Theorem 3. The optimal controls (u}, u3) minimizing the objective func-
Specifically, using the control strategy, the sensitive infected host

tion J(uy, uy) on I" are

. : A1+ Ag + A3
uj = max{O, min (l, 71\])} ,
G H population start to decrease from the 20-th day and the resistant in-
U5 = max {O, min (l, ev(he Sy + A7 lvs + Asg IVr)) } . fected host population start to decrease from the 30-th day. Similar
C2 conditions also hold in the vector population. We see in Fig. 5 that
where the control strategy resulted in a decrease in the number of the in-
fected vector population as against an increase in the uncontrolled
A1 = Ny psIys(ha — 1) + Ny g Inr (hz — 1), case.
2Ap = P1 Auslvs SHA2 — A1) + P1 Avs Ins Sy(A7 — Ae),
4.2. Second scenario

A3 = p2 Ay lvr SH(A3 — A1) + P2 Avr Iyr Sy(Ag — A6),
In the second scenario, we consider only the insecticide control.

and A;, 1 =1, ..., 8, are the solutions of the co-state system (5).
The profile of the optimal insecticide control u3 is in Fig. 6. To decrease

Substituting the optimal control (uj, u3) which is obtained from
malaria cases in 100 days, the insecticide should be given intensively

the state system (1) and the co-state system (5), we obtain the optimal
system. in almost 100 dayS.
The dynamics of the infected host and vector populations are given
4. Numerical simulation in Figs. 7 and 8 respectively. In this scenario, the dynamics of the
infected host population with and without control do not different
significantly. Contrary, the dynamics of the infected vector popula-

tion with and without control give a significant difference. So, the

In this section we give some numerical simulations of model (1)
insecticide control gives a significant effect in controlling infected

with and without optimal control. The optimal control strategy is ob-
tained by the iterative method of Runge-Kutta method of order 4 [8].
We start to solve the state equations by the forward Runge-Kutta vectors.

method of order 4. Then we use the backward Runge-Kutta method
4.3. Third scenario

of order 4 to solve the co-state equations with the transversality con-
In this scenario, we consider the treatment and insecticide controls

ditions.
We consider three scenarios. In the first scenario, we consider
only the optimal treatment control. In the second scenario, we con-  simultaneously. The profile of the optimal treatment control u} and
sider only the optimal insecticide control. In the last one, we use insecticide control u of this scenario is in Fig. 9. To reduce malaria
the optimal treatment and insecticide controls. Parameters used  casesin 100 days, the treatment control should be given intensively in
in these simulations could be seen in Table 2. In these simula- 83 days and kept close to zero on the 100-th day. While the insecticide
control is given intensively in 58 days and then reduced to near zero

tions, we use initial condition x(0) = (700, 10, 5, 7, 1000, 950, 50, 40),

weighting constants ¢; = 50, ¢; = 20 and proportions p; = 0.3 and at the end of the 100-th day.

p2=0.6. Using the optimal controls in Fig. 9, the dynamics of the infected

hostand vector populations are givenin Figs. 10 and 11 respectively. It

4.1. First scenario is seen that both of the infected host and vector populations decrease
significantly with the existing controls.

Based on the simulation results, we conclude that the combination

In this scenario, only the treatment control is considered. The pro-
file of the optimal treatment control uj for this scenario could be seen of treatment and insecticide is more effective to reduce the infected
in Fig. 3. To reduce malaria cases in 100 days, the treatment should be host and vector populations. To obtain optimal results, treatment and

insecticide should be given intensively since the beginning and during

given in maximum control over 93 days before dropping to the lower
the outbreak of malaria in the population.

bound in the 100-th day.
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5. Conclusion

In this paper, we formulate a deterministic model of malaria trans-
mission considering the resistance of malaria parasite to the anti-
malarial drugs. The model incorporates mass treatment and insecti-
cide as optimal control strategies. Here, we consider the sensitive and
resistant strains of malaria parasites in human and mosquito popula-
tions. For the model without control, we obtain two basic reproduc-
tion ratios, Ros and Rg,, corresponding to the sensitive and resistant
strains respectively. These ratios determine the existence and stability
of the equilibrium of the model. The disease-free equilibrium is locally
asymptotically stable if Rys, Ry < 1. These results are summarized in
the bifurcation diagram. Finally, the optimal control theory is derived
analytically by applying the Pontryagin Maximum Principle for the
above malaria transmission model. We have carried out numerical
simulations to perform the optimal mass treatment and insecticide
control. The combination of the mass treatment and insecticide gave a
better and efficient results for reducing malaria prevalence. However,
we found that the mass treatment is very important rather than the
insecticide during the outbreak of malaria in the population although
the implementation cost of the mass treatment is more expensive

than the insecticide.
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