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Abstract

A simple analytical model for the pull-out of a hook anchor is pre-
sented. The model is based on a simplified version of the fictitious
crack model. It is assumed that the fracture process is the pull-off
of a cone shaped concrete part, simplifying the problem by as-
suming pure rigid body motions allowing elastic deformations only
in a layer between the pull-out cone and the concrete base. The
derived model is in good agreement with experimental results, it
predicts size effects and the model parameters found by calibra-
tion of the model on experimental data are in good agreement
with what should be expected. Keywords: hook anchor, analytical
model, fracture mechanics, fictitious crack model.

Introduction

Anchors are used in most reinforced concrete structures. It might be simple ad-
hesive anchors, expansion anchors or hook anchors, figure 1. Usually, the simple
adhesive anchor, figure 1.a is used where it is possible. It is simple and reliable
Further, since this anchor is usually designed in such a way that the load bearing
capacity of the adhesive anchor relies on the shear resistance of the interface be-
tween the bar and the concrete, the failure process is ductile, and thus, as for all
ductile failure problems, no or at least small size effects are observed.

However, the simple adhesion anchor needs a relatively long embedment length to
ensure enough load-bearing capacity, and to ensure that the failure of the anchor
will be pull-out of the anchor bar. If the space is limited and the embedment
length is reduced, there is a risk that the mode of failure will change from pull-out
of the bar to pull-off of a concrete cone. In this case, the failure is more brittle,
and the load-bearing capacity no longer depends on the shear resistance of the
interface. In this case, the load-bearing capacity depends on the fracture energy
of concrete material and of the size and the shape of the pulled-off concrete cone.
The bigger the cone, the larger the load-bearing capacity, and, thus, it is natural
to force the concrete cone to start as deeply as possible. This can be done by
introducing an expansion part at the end of the anchor, figure 1.b, but the safest
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Figure 1. Different ways of transferring the load from the anchor bolt
to the concrete, a) adhesive anchor, b) expansion anchor and c¢) hook
anchor.

way of ensuring the cone to start at the end of the anchor is to provide the anchor
with a "hook”, usually shaped like an anchor plate at the end of the anchor bar,
figure 1.c.

As already mentioned, since the failure of the hook anchor mostly depends on
the fracture mechanical properties of the concrete, the load-bearing capacity is
expected to show a clear size effect. These size effects have been observed by
several researchers, Bocca et al. [1], and by Eligehausen and Savade [2]. Their
results indicate a strong size effect over embedment depth ranging from 50 mm to
500 mm.

Eligehausen and Clausnitzer [3] studied the behaviour of anchors by finite element
models. Their investigation showed a clear influence of the type of model used. A
ideal plastic model gave higher load-bearing capacities than a more brittle model
using material softening.

Elfgren et al. [4] also studied the problem numerically using a fictitious crack
model approach for the softening material. Their investigation indicates, that the
shear stresses in the crack should be incorporated in the model. Also Rots [5]
investigated the problem numerically. He studied the influence of the number of
radial cracks (cracking of the concrete cone) and used a smeared crack approach.
His results indicate that the number of radial cracks tend to increase the ultimate
load. Elfgren and Ohlson [6] studied the influence of tensile strength and fracture
energy using a finite element analysis. As expected, their results indicate that the
ultimate load and the ductility of the failure process increase with the fracture
energy, and that increasing the tensile strength will increase the ultimate load and
the brittleness of the failure process.

Bocca et al. [1] made an analysis using the fictitious crack model in a finite element
analysis using axi-symmetric elements and a re-meshing technique. They found
good agreement with experimental results. Also Ozbolt and Eligehausen [7] made
a finite element analysis using axi-symmetric elements. They showed that cracking
starts at about 30 % of the ultimate load, and that the ultimate load is mainly
determined by the fracture energy. Also, their results indicate a strong size effect
on the ultimate load.

Tommaso et al. [8] investigated the influence of the shape of the crack opening
relation. They found that a bi-linear softening curve predicts more realistic results
than a single-linear curve. Similar results have been found by Urchida et al. [9]




Figure 2. Geometry of simplified fictitious crack model.

Basic asumptions

In this section the basic assumptions of the simplified models describing anchorage
pull-out using the fictitious crack approach is presented.

The fictitious crack model is due to Hillerborg [10], but the basic idea is close
to that of Dugdale, [11] who used a similar approach assuming a constant yield
stress in the fracture zone, and Barenblatt [12], who assumed a more general
distribution of the stresses in the fracture zone. Usually the fictitious crack model
concept is used in finite element programs using special no-volume elements [13]
or using the smeared crack approach [14], or it might be formulated using sub-
elements describing the elastic behaviour and introducing the softening only for
the material in the a pre-selected crack path, Petersson ?15], Brincker and Dahl
[16]. However, these methods are complicated and time-consuming to use for
design, and they do not provide simple analytical solutions indicating the degree
of brittleness and indicating how strongly a certain problem might be influenced
by size effects. Thus, it is desirable to have simple models that describe the basic
fracture behaviour qualitatively correct in order to have simple tools especially for
describing the brittleness of the failure process.

The intention of the models presented here is to formulate the simplest possible
model that reflects the basic fracture mechanical behaviour. The model problem is
illustrated in figure 2. The problem is assumed to be plane, i.e. the 3-dimensional
problem is not considered, and thus radial crack are omitted from the analysis.
Further, the crack path is assumed to be linear, the slope being described by the
angle ¢, and the deformation is assumed to be a rigid body motion as a rotation
around the point where the crack path meets the surface of the concrete. The depth
L is related to the radius of the cone by the equation L = Rtan(y). The cone
and the surrounding concrete is assumed to be perfectly rigid, all the elasticity
being described by an elastic layer between the cone and the rest of the body.
This simple approach has proved its value in modelling of the failure process for
unreinforced and reinforced beams, Ulfkjeer et al. [17-19].

In the distance r from the edge of the anchor stud the vertical deformation w is

w = u(l == %) (1)
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Figure 3. Stress-deformation relationship for the case of single-linear
softening.

This deformation will cause vertical as well as horizontal stresses in the elastic
layer, and horizontal as well as vertical reactions at the rotation point. However,
in this simplified analysis, it will be assumed, that the geometry is chosen in such
a way, that the vertical reactions at the rotation point can be neglected. Thus,
considering only vertical stresses o = o(r), the corresponding force is given by

R
F =/0 2nro(r) dr (2)

Single-linear softening

For the case of single-linear softening the physical relation of the layer is as shown
in figure 3, i.e. the elastic part is linear and the softening part is linear. Here w is
the the total deformation and, thus, it includes elastic as well as softening terms.

For any point in the crack path, as long as the stresses have not reached the
ultimate stress o,, the response is linear, and no crack is present at that point.
The deformation w, where the softening starts is given by

Yes
_ u 3
Wy = (3)

where E is Young’s modulus of the concrete, and 6 is the thickness of the elastic
layer. eq. (3) defines the layer thickness é.

The fracture energy is the area below the stress-deformation relation in figure 3,
i.e. the fracture energy is

1
GF = §wc0u (4)

Using the introduced physical relation for the elastic layer the stress is given by
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Figure 4. Stress distributions for the three phases of crack formation
for the case of single-linear softening.

w(r) g for w(r) < wy,
glr) = ¢ g, (1 — Eu(,_:_%) for w, < w(r) < w, (5)
0 for w, < w(r)

As it appears, this divides the fracture process into three phases. In phase I the
deformation u has not reached the deformation w, and thus, no fictitious crack is
present. In phase II u is between w, and w,, i.e. a fictitious crack has developed.
Finally, in phase III u has exceeded the critical crack opening w. and a real crack
has developed. The stress distributions for the three phases are illustrated in figure
4. Let c denote the length of the real crack, and let a denote the total length of
the crack (real crack + fictitious crack). Now, using eq. (1) and (2) together with
eq. (5) and carrying out the integrations, the following expression is obtained for
the force

— Ty %(cﬁ ~ c3)———“——)) +

_ LT
F = 2way (2((1 —c)(1 By — oy

We — Wy

(6)

Iu (lp2, 2,0 1
+2”wu“<6R +o (35 2)>

where the crack parameters a and ¢ are given by
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Figure 5. Relationship between force and deformation simulated by the
model using single-linear softening.

0 for u < wy
- { ()

R(1 —wy/u) for u > w,

c={0 for u < w, (8)

R(1 —w/u) for u > w,

The equations (6), (7) and (8) describe the pull-out of the concrete cone using the
displacement u as the controlling parameter. To use the model the constitutive
parameters o,, w, and w,. most be known as well as the radius R of the cone at

the concrete surface. Figure 5 shows a typical load-displacement curve simulated

by the model using the values R = 1000w., w, = 12—7wC and Gg = 1780, /w,.

The plot was made non-dimensional by dividing the force F' by ¢, R? and the
displacements u by w,. ‘




Figure 6. Stress-deformation relationship for the case of bilinear soft-
ening.

Bilinear softening

For the bilinear softening the relationship between the vertical stress ¢ and the
vertical deformation w is modelled as shown in figure 6, i.e. the softening part is
modelled by a bilinear curve. This defines two new parameters describing the kink
point oy and wy.

As before, the fracture energy is easily expressed by the constitutive parameters

Gr = (owwn +ay(we — wy)) (9)

and the vertical stresses are found as

(w(r)Ze for w(r) < wy
) ou + (0p — 04) (%) for wy, < w(r) < we (10)
glr) =
Ou (1 - %) for wy < w(r) < we
0 for w, < w(r)

Again the introduced cases divide the fracture process into phases. Now, instead
of three cases as for the linear softening curve, four phases are introduced. The
stress distribution for the last three phases are illustrated in figure 7.

As before let ¢ denote the length of the real crack, and let a denote the total length
of the crack. Now, introducing a new crack parameter b describing the point in
the fracture zone corresponding to the kink point on the softening curve, figure 7,
the force is obtained by using eq. (1) and (2) together with eq. (10)
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Figure 7. Stress distribution for the last three phases of crack formation
for the case of bilinear softening.
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where the a and c are given by eq. (7) and (8) and where

(11)

_ {0 for u < wy (12)

R(1 —wy/u)  for u > wy

For this model the constitutive parameters o, wy, 04, wp and w, must be known.
Figure 8 shows a typical load-displacement curve simulated by the model using

the values R = 1000w, w, = 115wc, Wp = FWe, Op = 4au and Gp = 1780, /w,
and again the plot was made non-dimensional by dividing the force F by Bl
and the displacements u by w,.
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Figure 8. Relationship between force and deformation simulated by the
model using bilinear softening.

Brittleness and size effects

The introduced analytical models provide a simple way of expressing the brittleness
of the pull-out problem. The classical brittleness number B = f2I/EGF, Bache
[20] might be derived from the the single-linear model of the fracture of a bar in
uniaxial tension using the definition

B = 2=* (13)

using this definition together with egs. (3) and (4) yields the following expressions
for the brittleness number for the pull-out problem

2
WyOy ooz (14)

B = . T EGr

In this expression it would be natural to assume that the ultimate stress o, is
proportional to the tensile strength f; of the concrete. The thickness § of the
elastic layer might be estimated from the initial slope S of the relation between
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Figure 9. Influence of the brittlenes number B illustrated by varying
the fracture energy Gr.

the force F' and the displacement u at the bottom plate. From the elastic regime
of eq. (6) or (11) the relation is found as § = ZR?*E/S. The shape of the pull-out

relation depends on the brittleness number B. This effect is illustrated in figure 9
showing results for the single-linear case.

Also, the shape of the softening part of the constitutive condition for the elastic
layer influences the shape of the pull-out relation. This effect might be described by
introducing the shape in the brittleness number B. Adopting the same definition
(14) of B for the bilinear case, and limiting the bilinear softening relations to cases
where the kink point of the bilinear softening path is on the same straight line as
illustrated in figure 10, the shape of the softening path might be described by a
single parameter

T Wp — Wy

B = = 5 s (15)

Ou We — Wy

Now, introducing the fracture energy G for the bilinear case and expressing it
by the softening parameter J

Gr = ouws (%wtﬁ(i%—l)) (16)

the following expression is obtained for the brittleness number in the bilinear case
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Figure 11. Influence of the shape of the softening relation described by
the softening parameter £.

1
B =
RTCTE w2

The influence of 8 on the shape of the pull-out relation is illustrated in figure 11.
In this case the force is normalised with the ultimate load F for each curve.

Size effects are studied by varying the size of the pull-out problem considering
geometrically similar cases and comparing the ultimate load F, normalised by
o, L?. The result is shown in figure 12. The maximum size effect that can be
predicted by the model is found using the stress distributions ¢ = o, corresponding
to ideal ductile behaviour (very small sizes) and o = ¢,(R — r)/R corresponding
to brittle behaviour (large sizes). Using these stress distributions in eq. (2) it is
found that the maximum size effect predicted by the model is a factor of three -
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Figure 12. Model predicted size effects on the load-bearing capacity.

exactly the same as for a beam in bending, Ulfkjeer et al. [17].

Note, that since the linear fracture mechanics is not incorporated in this model,
no size effects are predicted when the size exceeds a certain level. This model
predicts only the non-linear size effects, i.e. the size effects in the region where
non-linear effects are dominating. In cases where the non-linear effects are not
dominating, i.e. for very large specimens, using the results of the analysis carried
out here might be misleading. However, the analysis indicates, figure 12, that for
small embedment depths, for L ranging from 0 to about 50 mm, non-linear effects
are dominating, and thus, the results predicted model should be representative.

Calibration and evaluation

The bilinear model were calibrated on 18 pull-out tests in different sizes, the
embedment length L ranging from 28 mm to 95 mm.

The calibration was performed by inspecting the fit visually using a computer
programme allowing for easy adjustment of all relevant parameters. Figure 13
shows the result of a typical calibration. As it appears, the fit is quite good over
the entire measurement range.

The parameters were calibrated in the following way. First, the stress o, was
chosen as a fixed value close to the measured tensile strength of the concrete.
Then the initial slope was calibrated as explained in the preceding section. Then
the peak load and peak deformation were calibrated by simultaneously changing
the the radius R and the fracture energy G, and finally the shape was fine tuned
by changing the softening parameter £.

The results of the calibrations are shown in table 1. As it appears, two values
are given for the radius, the value R for the final radius observed after the test,
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Figure 13. Calibration of model to test result.

Figure 14. Radius R observed by test, and effective radius R' used in
model.

and the effective radius R’ as it was estimated by calibration of the model, figure
14. As it appears, typically there is a factor 2 — 3 between the two values. The
results do not necessarily represent any serious discrepancy between the model
and reality. The cones that were pulled off during the test showed a curved crack
path corresponding to large initial values of ¢ that were substantially decreased
during the fracture process. Thus, since the model include only one value of ¢,
and since this value should be close to the initial value of ¢ observed during the
test, relatively small values of the radius R should be expected when calibrating
the model.

Further, the values of the fracture energy estimated by the model, the effective
fracture energy G', is substantially larger than usual fracture energies for concrete.
Since an ordinary hlgh strength concrete was used, this effect must be due to the
model. However, as before, this is to be expected considering the low values
of the effective radius R'. Since the area under the force-displacement curve is
approximately correct, the following relationship between the real and the effective
parameters must hold mR'? Gr = 7R2Gp. If the values of the effective fracture
energy is interpreted in this way, the results become close to the values of the
fracture energy usually observed experimentally.

An examination of the estimated values for the effective radius R' and for the




Name

L

R/

R

oy Wy o wy Gr ©

[mm] [mm] [mm] [N/mm?] [mm] [N/mm?] [mm] [N/mm] [deg]

28-50-b 28 51 160 4.0 0.007 3.5 0.04 0.60 0.49 28.8

28-50-c 28 52 150 4.0 0.010 3.5 0.04 0.60 0.49 28.3

28-90-a 28 59 125 5.0 0.025 4.0 0.06 0.45 0.53 254

44-90-a | 44 83 235 5.0 0.045 3.2 0.08 0.38 0.48 27.9

47-90-a | 47 65 225 5.0 0.050 4.0 0.08 0.55 0.49 35.9

47-90-b | 47 65 205 5.0 0.040 4.0 0.06 0.55 0.45 35.9

47-90-c | 47 65 190 5.0 0.030 4.0 0.06 0.55 0.48 35.9

53-90-b 53 75 220 5.0 0.050 4.0 0.08 0.40 0.55 35.3

53-90-c 53 65 265 5.0 0.040 4.0 0.07 0.72 0.46 39.1

55-90-b 53 86 185 5.0 0.065 4.0 0.10 0.35 0.75 31.6

60-90-a 60 73 255 5.0 0.030 4.0 0.07 0.50 0.52 394

60-90-b 60 75 240 5.0 0.038 4.0 0.10 0.68 0.564 38.6

69-90-b 69 87 255 5.0 0.057 4.0 0.10 0.50 0.57 38.4

69-90-c 69 87 260 5.0 0.057 4.0 0.10 0.50 0.57 38.4

70-90-a | 70 90 265 5.0 0.050 4.0 0.10 0.50 0.60 37.9

f 70-90-c 70 90 280 5.0 0.050 4.0 0.10 0.60 0.54 37.9
' 80-90-c 80 93 190 5.0 0.060 4.0 0.10 0.50 0.56 40.7
‘ 95-90-b 95 98 200 5.0 0.033 4.0 0.06 0.42 0.50 44.1

Table 1. Model parameters estimated by calibration of model.
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Figure 15. Estimated fracture angle ¢ as a function of the embedment

depth.

initial angle ¢ indicates that the problem is not geometrically independent of the
size. Figure 15 shows the estimated values of ¢ as a function of the size. As is
, appears, the fracture angle does not seem to be constant. The results indicate a
| typical value of ¢ around 20 — 25 degrees for very small embedment depths, and

a value of ¢ around 40 degrees for embedment length around 100 mm.

As it appears, the softening parameter is in all cases very close to 0.5 corresponding
to the single-linear case. Thus, the results indicate, that the improvement of the
fit obtained by using a bilinear softening relation instead of the more simple single-
linear softening relation is marginal. ’

L




Conclusions

A simple model has been presented for the non-linear fracture mechanical problem
of the pull-out of a concrete cone in a hook anchor failure test.

The model is formulated combining the fictitious crack model with very simple
assumptions concerning the displacement field and the elastic response of the
material around the crack path. Further, the solutions only correspond to an
approximate satisfaction of the equilibrium equations.

Two models are formulated, one based on a single-linear softening relation, and
one based on a bilinear softening relation. Both models define a simple brittleness
number describing the shape of the pull-out relation.

The bilinear model was calibrated to 18 pull-out tests in different sizes. The
model gave a fine fit to the experimentally measured pull-out curves, and the
estimated model parameters correspond well to what should be expected. The
results clearly indicate, that using this type of model, the gain in accuracy using
a bilinear softening relation is marginal.
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