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1 Abstract 

In this work the flows in a three-dimensional wall jet and in a fully developed 
plane channel"are computed. Two different turbulence models are used, the 
low-Re k- E model of Abe et al. (1994) and the v2 - f model of Durbin 
(1991). Two modifications of the v2 - f model are proposed. In the original 
model the wall-normal stress v2 is allowed to exceed 2k/3, although it is 
supposed to be the smallest of the normal stresses. A simple modification 
of the v2 - f model is proposed which takes care of this problem. 
In the v2 - f model, two velocity scales are available, k112 and ( v2 ) 112 , 

where the latter is the wall-normal fluctuations which are dampened by the 
wall. In the second modification of the v2 - f model we propose to use 
two viscosities, one (vt,.d -based on (v2)112 -for the turbulent diffusion 
in the wall-normal direction, and the other (vt,ll) - based on k112 - for the 
tmbulent diffusion in the wall-parallel directions. 

·Part of this work wa.s carried out during the first author's stay at Dept. of Building 
Technology and Structural Engineering, AaJborg University in Autumn 2002. 
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2 INTRODUCTION 2 

2 Introduction 

In rooms ventilated with mixed ventilation the flow is usually supplied 
through an inlet device mounted on a wall just below the ceiling. The 
resulting flow is a wall jet developing along the ceiling. The flow in this w·au 
jet determines the flow in the whole room. Thus it is very important to 
be able to predict the flow in the wall jet in order to be able to design the 
yentilation system. 

The flow in an isothermal three-dimensional wall jet is the subject of 
the present work. It is well known that the spreading rates of a wall jet are 
very different in the wall-normal and the spanwise directions. The reason 
for the behavior is the presence of the wall which inhibits the turbulence in 
the wall-normal direction and hence also the spreading. According to the 
measurement by Abraharnsson et al. (1997), the spreading rates in the wall
norm~! and spanwise direction are dy1; 2/dx = 0.065 and dz1; 2 fdx = 0.32, 
respectively. The large spreading rate in the spanwise direction is created 
by a strong secondary motion, generated by the normal stresses (Craft & 
Launder, 2001), analogous to how secondary motion in a square duct is 
generated. Whereas the magnitude of secondary motion in a square duct is 

1 approximately one percent of the streamwise velocity (Pallares & Davidson, 
2000), the secondary motion in a three-dimensional wall jet is much larger. 
Abrahamsson et al. (1997) report values of up to 18% (scaled with the local 
streamwise velocity), and predictions employing second-moment closures of 
Craft & Launder (2001) show spanwise velocities of up to almost 0.3. 

In the present study we use a low-Re k- e model (Abe et al., 1994) and 
the v2 - f model (Durbin, 1991). Two modifications are proposed for the 
v2 - f ~odel. 

1. In the v2 - f model, a transport equation is solved for the wall-normal 
stress v2 . The idea is to model the reduction of v2 as walls are ap
proached. Thus v2 should be smaller than the other normal stresses, 
which means that v2 ~ 2k/3 since k = (u2 +v2 +w2)/2. This relation 
is not satisfied in the standard v2 - f model. In the present work 
a simple modification is proposed which gives v2 ~ 2k/3 everywhere. 
The modification is shown to work well in fully developed channel flow 
and for the 3D wall jet. 

2. In the v2 - f model, two turbulent velocity scales are available, ( v2) 112 

and k 112 . In eddy-viscosity models - including the v2 - f model -
the turbulent diffusion is modelled employing an isotropic turbulent 
viscosity using one turbulent velocity scale and one turbulent length
scale. Since in the v2 - f model we have two turbulent velocity scales, 
the v2 - f model is in the present work modified so that one turbulent 
viscosity (1/t,J.) - computed with (v2)112 - is used for the turbulent 
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Mesh .6.Xmin, .6.Xmax .6.ymin , .6.Ymax tlzmin' tlzmax (Ny,NJin 

1 5.4. 10-4 ' 0.14 1.6 . w-4 , o.o45 4.3 . w-·l, o.015 21,9 
2 1.62 . w-3, o.o7 1. 7 . w-4 , o.o39 2.1 . w-4 , 0.021 31, 15 

Table 1: Details of the meshes. Number of grid points (Nx, Ny, Nz) for lvfesh 
1 F.1 2 are (82, 92, 76) and (112, 116, 82), respectively. Maximum stretching 
for Mesh 1 is Ux, fy, fz) = (1.1, 1.1, 1.07) and f or lvfesh 2 Ux, fv, f z) = 
(1.05, 1.08, 1.06). In the table are given minimum and maximum cells size 
in each direction and number of cells that cover· the inlet, (Ny x Nz)in· 

diffusion in the wall-normal direction, and another one (r;t,ll) - com

puted with k112 - is used for the turbulent diffusion in the wall-parallel 
directions. 

The report is organized as follows. First a short description of t he nu
merical method is presented. In the following section, the turbulence models 
and the proposed modifications are described. Then the results are presented 
and discussed, and in the final section some conclusions are drawn. 

3 Numerical Method 

The finite volume computer program CALC-BFC (Boundary Fitted C oordi
nates) for three-dimensional flow (Davidson & Farhanieh, 1995) is used in 
this study. The program uses collocated grid arrangement, Cartesian veloc
ity componen~s, and the pressure-velocity coupling 

The convective terms in the momentum equations are discretized us
ing the second-order, bounded scheme of van Leer (1974). The convective 
terms in the equations for turbulent quantities are discretized with hybrid 
upwind/central differencing (Patankar, 1980). 

4 Turbulence Models 

4.1 The AKN Model 

The low-Re k - E model of Abe et al. (1994) reads 

(1) 
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(2) 

* UcY ( 1/4 Y = -, UE = El/) 
l/ 

Boundary conditions for E at walls is 

2vk 
E=-

y2 
(3) 

The coefficients are 

c~ eEl cc2 O"k Cfc 

0.09 1.5 1.9 1.4 1.4 

4.2 The v2 - f Model 

In the v2 
- f model of Durbin (1991, 1993, 1996) two additional equations 

are solved: the wall-normal stress v2 and a function f. This is a model which 
is aimed at improving modelling of the effects of walls on the turbulence. 
Walls affect the fluctuations in the wall-normal direction v2 in two ways. 

1. The wall damping of v2 is felt by the turbulence fairly far from the 
wall (y+ ;S 200) through the pressure field; 

2. Viscous damping takes place within the viscous and buffer layer (y+ ;S 
20). 

In usual eddy-viscosity models both these effects are accounted for through 
damping functions. The damping of v2 is in the Reynolds stress models ac
counted for through the modelled pressure-strain terms q,~2, 1 and q,~2 ,2 . 

In the v2 - f model the problem of accounting for the wall damping of v2 

is simply resolved by solving the transport equation of v2 . The v2 equation 
in boundary-layer form reads (Davidson, 2002) 

apUv2 apv v2 a [ av2] 
ax + ay = ay (p. + 1-Lt) ay - 2vapjay- PE22 (4) 

in which the diffusion term has been modelled with an eddy-viscosity as
sumption (Davidson, 1995, 2002). Note that the production term P22 = 0 
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because in boundary-layer approximation V « (J and a;ax « ajay. A 
model for the dissipation c22 is taken as 

v2 
[model c 

22 = k 

Adding t:'!J2odel on both sides of Eq. 4 yields 

apuJi apv-:;;'2 v2 

ax + ay + p k c = 

a [ &v2] v2 ay (J..L + J..Lt) &y - 2vapjay - PE22 + p k c 

(5) 

A new variable P is now defined as 

2 v2 

P = --vapjay- E22 + -k c p ~ 

(6) 

so that Eq. 5 can be written as 

&p0v2 apVv2 a [ av2
] v2 

-- + = - (J..L + f..Lt) - +pP - p- E 
ax ay &y ay k 

(7) 

P is the source term in the v2-equation above, and it includes pressure-strain 
and the difference between modelled and exact dissipation. Physically, the 
main agent for generating wall-normal stress is indeed the pressure-strain 
term (Davidson, 2002). 

When y-:+ 0 we find from Eq. 6 that 

(8) 

A new variable f = P / k is defined and a relaxation equation is formulated 
for f as 

? a
2 f rr22 1 ( v

2 
) L--- f = --- - --2/3 

&y2 k T k 

T = max { ~ , Cr (;) } 

IT22 = C1 (~ _ v
2

) + 02 vt (a0) 2 

k T 3 k k ay 

(9) 

L ~CL max { k~2 

,C" (:
3

) 

114

} 

where II22 is the model of Launder et al. (1975), the first term being the 
slow term, and the second the rapid term. 
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Figure· 1: Equation 12 with different L and S. Thin solid line: L = 0.04, S = 
1; dashed line: L = 0.08, S = 1; thick solid line: L = 0.12, S = 1; dots: 
L = 0.2, S = 1; +: L = 0.2, S = 2; o: L = 0.2, S = 0.5. 

From Eq. 9 we get that f = O(y0) as y -+ 0, and thus the near-wall 
behavior of P is enforced. Far from the wall when 82 f / 8y2 ~ 0, Eq. 9 yields 

kf = P-+ l122 + c(v2/k- 2/3) (10) 

When this expression is inserted in Eq. 7 we get 

(11) 

which is the usual form of the modelled v2-equation with isotropic dissipa
tion. Thus the f equation acts so as to let f go from its wall value to the 
value of its source term over scale L. In this way the reduction of P in 
Eq. 7 as the wall is approached is modelled. The behavior of the equation 
for f (Eq. 9) for different right-hand sides is illustrated in Fig. 1 where the 
equation 

(12) 

has been solved for different L and S. As can be seen f approaches the 
value of the source term as y > L. 

4.3 The v2 - f model if Lien & Kalitzin (2001) 

Lien & Kalitzin {2001) proposed a modification of the v2 - f model allowing 
the simple explicit boundary condition f = 0 at walls. This modified model 
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is used in the present work. The v2 and f -equation read (Lien & Kalitzin, 
2001) 

8U·v2 a [ 8v2
] v

2 
1 = - (v + vt)- + kf- 6-E ox· ox· ox· k J J J 

2 8
2 f 1 [ v

2 
2 ] Pk L -f-- (C1-6)---(C1-1) +C2-=0 

8x·8x· T k 3 k 
J J "----v--' 

~-----.,..------- Term 2 
Term 1 

P ( 
aui auj) aui 

k=Vt -+-- -
OX j a.r.i ax j 

T = max { ~, 6 ( ~) 112

} 

L= CLmax - C -{ 
k3/2 ( v3) 

1
/4} 

[ ' Tf [ 

The turbulent viscosity is computed from 

(13) 

(14) 

(15) 

The k and c-equations are also solved (without damping functions). 
Boundary conditions at the walls are 

k = v2 = f = 0, E = 2vk/l (16) 

The coefficients are given the following values: 

CJL CE2 Uk aE c1 c2 CL eT] 
0.22 1.9 1 1.3 1.4 0.3 0.23 70 

and CE] = 1.4(1 + 0.05(kjv2)lf2 ). 

Note that in the v2 - f model v2 denotes a generic wall-normal fluctuation 
component rather than the fluctuation in the y direction. This is achieved 
by the source - kf which is the modelled pressure-strain term - which is 
affected by the closest wall. 

4.3.1 Modification I 

The source term kf in the v2-equation (Eq. 13) is the modeled pressure strain 
term which is dampened near walls as f goes to zero. Since v2 represents 
the wall-normal normal stress, it should be the smallest normal stress, i.e. 
v2 :::; u2 and v2 :::; w2, and thus v2 should be smaller than ~k since k = 
(u2 + v2 + w 2 )j2. In the homogeneous region far away from the wall, the 
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Laplace term should be negligible i.e. a2 f I axjaXj -7 0. T hen Eq. 14 reduces 
to (cf. Eq. 10) 

(17) 

It turns out that in the region far away from the wall, the Laplace term is 
n?t negligible, and as a consequence v 2 gets too large so that v2 > ~k . A 
simple modification is to set an upper bound on the source term kf in the 
v2-equation as 

2 _ . { . 1 [(c )2 2k (C )] } V souTce - nun kj, - T 1 - 6 V - 3 1 - 1 + C2 Pk ' (18) 

This modification ensures that v2 ::; 2kj3. In regions where v2 :::: 2k/3, the 
turbulent viscosity with the v2 - f model is 2 · 0.22k2 /(3£) = 0.147k2 /£ (see 
Eq. 15) which is considerably larger than the s tandard value in the k - £ 

model, 0.09k2 j£. A simple remedy is to compute Vt as 

(19) 

Equations 18 and 19 are called "Modification P', unless otherwise stated. 

4.3.2 Modification II 

In the v2 - f model we have two velocity time scales, ( v2 ) 112 and k112 . The 
wall-normal stress v2 is dampened near walls as j goes to zero. Thus it is 
natmal to introduce two viscosities, one for wall-normal diffusion (vt, .d and 
one for diffusion parallel to the wall (vt,ll) In the present study, we propose 
to compute them as 

1/t,J. = 0.22v2T, vt,ll = 0.09kT (20) 

For a wall parallel to the x - z plane (at y = 0, for example), the turbulent 
diffusion terms are computed as 

a ( ai!?) - VtJ. -ay · ay 
a ( ai!? ) 

8xi vt,llaxi ,j =I 2 

{21) 

where ii? denotes a velocity component. Equation 21 could also be used for 
the turbulent quantities, but the effect is largest in the momentum equations, 
and in the present work Eq. 21 is used only in the momentum equations. 
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5 Results 

5.1 Channel Flow 

In Fig. 2 channel flow predictions are presented. The computations are 
carried out as lD simulations, and the Reynolds number based on the friction 
velocity is ReT = u*8jv = 590, where 8 denotes half-width of the channel. 
The number of cells used to cover half of the channel is 64, and a geometric 
stretching factor of 1.08 is used. The node adjacent to the wall is located 
at y+ = 0.14. The results presented in Fig. 2 have been obtained using the 
v2 - f model. 

From 2a it can be seen that the velocity profile is only very little affected 
by Modification I. The v2 profile is much better predicted with Modification 
I, as can be seen from Fig. 2b. Without the modification, v2 becomes too 
large for y+ > 150, and it is also seen from Fig. 2c that v2 for y+ > 400 
erroneously becomes larger than 2k/3. 

In Fig. 2d it can be seen that Modification I reduces f . The reason is 
that we have a positive feedback: the modification reduces v2 by reducing 
its source (Eq. 18) , which in turn reduces f by reducing part of its source 
(6- C1)v2 jk, which further reduces the source in the v2 equation and so on. 

I 

The tmbulent viscosity is presented in Fig. 2e using either Eq. 15 or 
Eq. 19. It can be seen that switching from the v2 - f expression (Eq. 15) 
to the k- E expression has only a small effect on the computed Vt. For 
y+ > · 380 the viscosity from the k - E expression becomes larger than Vt 

from the v2 - f model. The effects this switching have on the results in 
Fig. 2a-d are negligible. 

In Fig. 2f the source terms in the f equation are depicted. It can be seen 
that near the wall Term 2 is largest, and that is because the velocity ao I 8y 
in the Pk is largest here. Furthermore, it is seen that, overall, the largest 
contribution is given by -f. The sum of the somce terms- which nowhere 
goes to zero- is balanced by (1/L2 )82 f j8y2 . 

5.2 The Wall Jet 

The configuration is shown in Fig. 3. The square inlet is located at the 
uppermost part of the left wall and the outlet (a slot) is situated at the 
lowermost part of the right wall. Since the geometry is symmetric only half 
of the configuration is considered. 

In Fig. 4 the y+ values for the nodes adjacent to the walls are depicted. 
Along the upper wall, y+ is mostly below one (for xj H > 0.5), and the 
largest values are found along the vertical right wall for which y+ reaches 
values of approximately 12. 

In Figs. 5 - 10 predicted half widths (defined as the position where 
U(x, y, z ) is half of Umax(x)), horizontal and vertical velocity profiles, U 
contours and Vt contoms are presented using the AKN model on mesh 1 & 2 
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FiguTe 2: Chann el flow. R e-r = 590 . v2 - f model. Thin solid line: standard 
model; thick solid lines: Modification I. Circles represent DNS of Maser et al. 
(19.99} 
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Figure 4: y+ joT the neaT-wall nodes along the perimeter of the domain. 
AKN model. z = 0. 0 :::; s :::; 3: wall at y = H; 3 :::; s :::; 4: wall at x = L; 
4 :::; s :::; 7: wall at y = 0; 7 :::; s :::; 8: wall at x = 0. Dashed lines indicates 
where the walls start and end. 

are shown. It can be seen that the results are fairly grid independent. The 
spreading rates dfJ1;2/ dx and dz1; 2 /dx are both close to 0.065. This is in dis
agreement with experiment from where it is known that the spreading rate 
in the wall-normal direction (y) is much smaller than the one in the spanwise 
direction (z). The reason is that the turbulence in the wall-normal direction 
is dampened by the wall. The experimental values are df11;2/ dx = 0.065 
and dz1; 2 / dx = 0.32 according to the measurement by Abrahamsson et al. 
(1997). 

The predicted spreading f11;2 and z1; 2 , contours of U and Vt in Figs. 11-16 

using the v2 - f model show that the predictions are fairly grid-independent. 
Comparing '[;1; 2 and z1; 2 with the corresponding predictions with the AKN 
model in Figs. 5 and 8 it can be seen that, as expected, the predicted spread
ing of the wall jet is larger with the AKN model than with the v2 - f model. 
The reason is that the wall-normal stress v2 in the v2 - f model is damp
ened by the reduced f as the wall is approached. When v2 is reduced, so 
is also the turbulent viscosity and thereby also the entrainment. The re
duced entrainment results in higher streamwise velocity, which can be seen 
by comparing Figs. 12 and 15 with Figs. 6 and 9 

In Figs. 17 and 18 the effect of Modification I is investigated. It can be 
seen from Fig. 17 that without Modification I the predicted v2 becomes much 
larger than 2kj3, which is physically incorrect. However, with Modification 
I, v2 :::; 2k/3 as required. It can be noted that the effect on f is hardly 
noticeable (cf. Figs. 17c and Figs. 17d). As v2 is over-predicted, this also 
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Figure 5: Spreading of the wall jet; vertical and horizontal velocity profiles 
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Figure 10: Contours of turbulent viscosity. AI<N model. Thin solid line: 
vtfr/ = 10; thick solid line: vtfv = 50; thick dashed line: vtfv = 100. Mesh 
2. 
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1.2 

Figure 11: Spreading of the wall jet; vertical and horizontal velocity profiles 
between xj H = 0.3 and xj H = 1.8. fj = H- y. v2 - J model, Modification 
I. Mesh 1. 
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FiguTe 12: Contours of [J velocity. v2 - f model, Modification I. Thin solid 
line: U /Uin = 0.028; thick solid line: U /Uin = 0.056; thick dashed line: 
U /Uin = 0.11 3. Mesh 1. 
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Figure 13: Contml1·s of turbulent viscosity. v2 - f model, 111[ odification I. 
Thin solid line: vtf v = 10; thick solid line: vt/ v = 50; thick dashed line: 

vtfz/ = 100. Mesh 1 
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Figu1·e 14: Spreading of the wall jet; vertical and horizontal velocity profiles 
between x/ H = 0.3 and x/ H = 1.8. y = H- y. v2 - f model, l\1odification 
I. Mesh 2. 
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Figure 15: Contours of 0 velocity. v2 - J model. Thin solid line: 0 jOin = 
0.028; thick solid line: 0 jOin = 0.056; thick dashed line: [J jOin = 0.113. 
Mesh 2. 
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FiguTe 16: ContouTs of tuTbulent viscosity. v2 - f model, Modification I. 
Thin solid line: vtfv = 10; thick solid line: vtfv = 50; thick dashed line: 
vtfv = 100. lvfesh 2. 
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xj H = 1.07. Thin solid line: xj H = 0.34; thick dashed line: x j H = 1.07. 
Comparison between standard v2 - f model and Modifica tion I. Mesh 1. 
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gives an over-predicted turbulent viscosity compared with a k - £ model. 
The ratio of these two viscosities, 0.22v2 /(0.09k) (See Eq. 19), is shown in 
Fig. 17e and f. As can be seen, Vt is over-predicted with up to a factor of 
four in the outer shear layer of the wall jet compared with a k - £ model. 
Please recall that in Modification I Vt is computed from Eq. 19. 

In Craft & Launder (2001) it was shown that the reason why the spread
ing rate in the lateral ( z) direction is much larger than that in the wall
nor.mal direction (y) is due to a strong secondary motion in they- z plane, 
driven by the anisotropy in the normal stresses. Thus a Reynolds stress 
model is required to predict this flow in a proper way. One way to create 
anisotropic normal stresses in an eddy-viscosity model is to use anisotropic 
turbulent viscosities. 

Below results using the v2 - f model with anisotropic turbulent viscosities 
are presented. In Figs. 19-21 the predicted thickness of the wall jet, velocity 
profiles ~nd profiles are depicted for Modification I and II. In Modification 
II different viscosities are used for the diffusion terms in the wall-normal 
direction (1.1t,.d and in the wall-parallel direction (vt,ll). The viscosity in 

the wall-normal direction is taken from the v2 - f model and the viscosity 
in the wall-parallel direction is computed with the k- £ expression. The 
ratio between these viscosities is Vt,J./vt.ll = 0.22v2 /(0.09k), see Eq. 20. The 
expected effect is that the spreading of the wall jet in the spanwise direction 
with this modification should be larger than with Modification I. Comparing 
Figs. 19 and 14 we find that this is indeed the case. Actually the spreading in 
the wall-normal direction has also increased somewhat, but clearly z1; 2 /f;1; 2 

is larger in Fig. 19 than in Fig. 14. Also by comparing the isoline of [J in 
Figs. 20 a!ld 15 it can be seen that the spreading with Modification I+II is 
larger than with Modification I. 

The ratio Vt,.dvt,ll is shown in Fig. 21, both as profiles and as contours of 
isolines. It can be seen that Vt,J. is much smaller than Vt,ll· The ratio Vt,.L! Vt,ll 

is approximately 0.6 at the location of the velocity peak (f; /f;1; 2 ~ 0.15, see 

Fig. 19a). Inside the velocity peak the ratio goes to zero as v2 is dampened 
by wall (f -t 0). 

6 Conclusions 

Two modifications of the v2 - f model have been presented. In the first 
modification - Modification I - the source term in the v2 equation is limited 
so as to ensure that v2 < 2k/3. The second modification- Modification II 
- is based on a non-isotropic eddy-viscosity approach. Different viscosities 
are used for the turbulent diffusion in the wall-normal direction and in the 
wall-parallel direction. The object of Modification II was to be able to model 
the different spreading rates in the wall-normal and spanwise direction of a 
3D wall jet. 
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Figure 18: Contour lines ofv2 jk-2/3. Thin solid lines: v 2 jk-2/3 = -0.3 ; 
thick solid lines: v2 /k - 2/3 = -0.1; thin dashed lines: v2 / k - 2/3 = 0. 
Comparison between standard v 2 - f model and modified v2 - f model in 
which source term in v2 equation was limited. Mesh 1. 
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Figm·e 19: Spreading of the wall jet; vertical and horizontal velocity profiles 
between xj H = 0.3 and xj H = 1.8. y = H- y. v2 - f model, Modification 
I and I!. 111 esh 2. 
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Figure 20: Contours of [J velocity. v 2 - f model, Modification I and I!. Thin 
solid line: U /Uin = 0.028; thick solid line: U /Uin = 0.056; thick dashed line: 
U /Uin = 0.113. Mesh 2. 
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Modification I was shown to work well. The predicted v2 was smaller 
than 2k/3 both for the fully developed channel flow and the 3D wall jet. 
Modification II was found to give only a small improvement for the 3D wall 
jet, and with this modification the spanwise spreading rate was increased. 
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