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Abstract
For a two-channel model of the form

_[Hy, O 0 Wi B
HE_[O EO]+5[W21 0} on H="Hy ®C,

appearing in the study of Feshbach resonances, we continue the rigor-
ous study, begun in our paper [J. Math. Phys. 50 (2009), 013516], of
the decay laws for resonances produced by perturbation of unstable
bound states close to a threshold. The operator H,, is assumed to
have the properties of a Schrédinger operator in odd dimensions, with
a threshold at zero. We consider for e small the survival probability
|(Wo, e #H=W) |2, where ¥ is the eigenfunction corresponding to Ej
for e = 0. For Ej in a small neighborhood of the origin independent of
g, the survival probability amplitude is expressed in terms of some spe-
cial functions related to the error function, up to error terms vanishing



as € — 0. This allows for a detailed study of the crossover from ex-
ponential to non-exponential decay laws, and then to the bound state
regime, as the position of the resonance is tuned across the threshold.

1 Introduction

The problem of the decay laws for resonances produced by perturbation
of unstable bound states has a long and distinguished history in quantum
mechanics. There is an extensive body of literature about decay laws for
resonances in general, both at the level of theoretical physics (see e.g. [4,
10, 11, 22, 27, 28, 29] and references therein), and at the level of rigorous
mathematical physics (see e.g. [3, 5, 6, 7, 9, 12, 16, 17, 18, 19, 24, 31, 32]
and references therein). It started with the computation by Dirac of the
decay rate in second order time-dependent perturbation theory, leading to
the well known exponential decay law, e~'*. Here I' is given by the famous
“Fermi Golden Rule” (FGR), I' ~ [(¥o, eW W eoni. 15y )|?, where Wy, Ey are the
unperturbed bound state eigenfunction and energy, respectively, and Weont g,
is the continuum “eigenfunction” degenerate in energy with the bound state.
The FGR formula met with a fabulous success, and as a consequence, the
common wisdom is that the decay law for the resonances produced by pertur-
bation of non-degenerate bound states is exponential, at least in the leading
non-trivial order in the perturbation strength (for degenerate bound states
Rabi type exponentially decaying oscillations can appear).

However, it has been known for a long time, at least for semi-bounded
Hamiltonians, that the decay law cannot be purely exponential; there must be
deviations at least at short and long times. This implies that, in more precise
terms, the question is whether the decay law is exponential up to errors
vanishing as the perturbation strength tends to zero. So at the rigorous level
the crucial problem is the estimation of the errors. This proved to be a hard
problem, and only during the past decades consistent rigorous results have
been obtained. The generic result is that (see [3, 5, 12, 16, 24| and references
therein) the decay law is indeed (quasi)exponential, i.e. exponential up to
error terms vanishing in the limit ¢ — 0, as long as the resolvent of the
unperturbed Hamiltonian is sufficiently smooth, when projected onto the
subspace orthogonal to the eigenvalue under consideration. For most cases
of physical interest this turns out to be the case, as long as the unperturbed
eigenvalue lies in the continuum, far away from the energetic thresholds, and
this explain the tremendous success of the FGR formula.

The problem with the exponential decay law appears for bound states
situated near a threshold, since in this case the projected resolvent might



not be smooth, or may even blow up, when there is a zero resonance! at
the threshold, see e.g. [14, 15, 16] and references therein. As it has been
pointed out in [2], at threshold the FGR formula does not apply. Moreover,
the fact that the non-smoothness of the resolvent opens the possibility of
a non-exponential decay at all times has been mentioned at the heuristic
level [20, 22] (although this possibility for the non-degenerate case has been
sometimes denied [25]).

Let us mention that the question of the decay law for near threshold
bound states is more than an academic one. While having the bound state
in the very neighborhood of a threshold is a non-generic situation, recent
advances in experimental technique have made it possible to realize this case
for the so-called Feshbach resonances, where (with the aid of a magnetic field)
it is possible to tune the energy of the bound state (and then the resonance
position) throughout a neighborhood of the threshold energy.

The decay law for the case, when the resonance position is close to the
threshold, has been considered at the rigorous level in [16, 17, 18, 19]. More
precisely, in [16, 17, 18] the threshold bound states were considered, but
under the condition that the shift in the energy due to perturbation (see [16,
(3.1)]) is sufficiently large, such that the resonance position is at a distance of
order € from the threshold. In this case it turns out that the decay law is still
exponential, but the FGR has to be modified. It is interesting to note that
since in this case the € dependence of the decay rate is a fractional power,
the modified FGR cannot be obtained by naive perturbation theory.

The other case, when the resonance position is very close to the threshold
(in a neighborhood of the threshold, shrinking as e — 0), has been consid-
ered in [8] for a two channel model Hamiltonian with the structure used
in Feshbach resonance theory [21, 30]. The main result is the proof at the
rigorous level that for some energy ranges the decay law is definitely non-
exponential. More precisely, we proved that the survival probability, up to
some error terms vanishing in the limit € — 0, can be written as an explicit
integral, which has been analyzed numerically. The numerical study revealed
that a remarkable variety, depending upon the values of the parameters in-
volved, of different decay laws appear: Close to an exponential one, definitely
non-exponential, or bound state like.

The present paper is a continuation of [8]. The setting is the same, but
we add two important things. First, using an appropriate ansatz, close in the
spirit to the well known Lorentzian (Breit-Wigner) approximation for per-

ITo clarify the terminology, H = —A + V on L?*(R%), d = 1,2,3, with V(x) =
O(|x|727°%|) as |x| — oo, is said to have a zero resonance, if H® = 0 has a solution,
which is not in L2(R9), but in a slightly larger space, see e.g. [14, 15]. A zero resonance
is also called a half-bound state.



turbed eigenvalues far from the threshold, but with a functional form taking
into account the threshold behavior of the resolvent near threshold, we are
able to cover a small e-independent neighborhood of the threshold, improv-
ing at the same time the error term. Secondly, we express the approximated
survival probability amplitude in terms of some special functions, related to
the error function, replacing the exponential function in the decay law. As
a result, we are able to obtain a rigorous and detailed description of the
crossover of the decay law, as the resonance position is tuned through the
threshold from positive to negative energies via tuning of Fy: Exponential
decay with the usual FGR decay rate, to exponential decay with the modified
FGR decay rate, then to non-exponential decay, and finally to bound state
behaviour.

The contents of the paper is as follows. In Section 2 we recall from [8] the
model Hamiltonian and its properties. Section 3 contains the guiding heuris-
tics discussion, and a detailed description of the results. Section 4 contains
the proofs. In the Appendix we discuss the properties of the functions ap-
pearing in the expression for the approximate survival probability amplitude,
and their relations with error function and related special functions.

2 Notation and Assumptions

The setting is the same as in [8]. We repeat it below for the reader’s con-
venience. We develop the theory in a somewhat abstract setting, which is
applicable to two channel Schrodinger operators in odd dimensions, as they
appear for example in the theory of Feshbach resonances (see e.g. [21, 30],
and references therein).

Consider

— HOP 0 —
H — |: 0 HC1:| on H — Hop @ HCI

In concrete cases Ho, = L*(R?) (or L?(R;) in the spherically symmet-
ric case), and Hy, = —A + Vo, with limjyx oo Vop(x) = 0. Hgp, describes
the “open” channel. As for the “closed” channel, one starts again with a
Schrodinger operator, but with limy Va(x) = Vi > 0. One assumes
that H has bound states below V o, which may be embedded in the contin-
uum spectrum of H,,. Only these bound states are relevant for the problem
at hand. Thus one can retain only one isolated eigenvalue (or a group of
almost degenerate eigenvalues isolated from the rest of the spectrum); the
inclusion of the rest of the spectrum of H merely “renormalizes” the values
of some coefficients, without changing the qualitative picture. In this paper
we shall consider only non-degenerate eigenvalues, i.e. we shall take H, = Fj



in H, = C, such that

on

H:HW@C:{W:[ﬂ’wEHmﬂeC}

Apart from the spectrum of H,,, H has a bound state

%:m,mMmHm:%m. (2.2)

The problem is to study the fate of Fy, when an interchannel perturbation

o 0 W12
eW=¢ {Wm 0 ] (2.3)
is added to H, i.e. the total Hamiltonian is
H.=H+cW. (2.4)

Throughout the paper we assume, without loss of generality, that £ > 0. For
simplicity, we assume that W is a bounded self-adjoint operator on H.

As already said in the Introduction, the quantity to be studied is the
so-called survival probability amplitude

Ae(t) = <\I/(), G_itHE\I/0>. (25)

As in [16, 8] we shall use the stationary approach to write down a workable
formula for A.(¢). For this purpose we use the Stone formula to express
the compressed evolution in terms of the compressed resolvent, and then we
use the Schur-Livsic-Feshbach-Grushin (SLFG) partition formula to express
the compressed resolvent as an inverse (for details, further references, and
historical remarks about the SLFG formula, we send the reader to [16]). More
precisely, by using the Stone formula and the SLFG formula, one arrives at
the following basic formula for A.(¢), which often appears in the physics
literature and is a particular case of the general formula in [16].

1 o0

Ac(t) = lim — " Im F(x +in,e)”'d 2.
(t) = lim — ¢ ImP(w - an, )" de (2.6)
with

F(z,e) = Ey — z — £%g(2), (2.7)



where

g(2) = (Vo, WQ*(Hop — 2) ' QW ), (2.8)

and (@ is the orthogonal projection on H,,, considered as a map from H to
Hop-

Since we are interested in the form of A.(t), when Ej is near a threshold
of H,p,, we shall assume that 0 is a threshold of H,,, and that Ej is close to
Zero.

The following assumption is imposed in the sequel and will not be re-
peated. Condition (iii) is imposed to exclude the trivial case.

Assumption 2.1. (i) There exists a > 0, such that (—a,0) C p(H,p) (the
resolvent set) and [0, a] C Oess(Hop)-

(i) |Eo| < 3
(iii) We have QW ¥ # 0.
From Assumption 2.1 and (2.8) we get the following result.

Proposition 2.2. (i) g(z) is analytic in C\ {(—o0, —a] U [0, 00)}.

(i) 9(2) = g(2).
(iii) g(z) is strictly increasing on (—a,0).
(iv) Img(z) > 0 for Imz > 0.

The aim of this paper is to consider at the rigorous mathematical physics
level the problem of the decay law, for the case that Fy is tuned past the
threshold. For that purpose we need assumptions about the behavior of the
function g(z) in the neighborhood of the origin. In stating this assumption
we use the notation from [8, 16] to facilitate reference to those papers.

Assumption 2.3. For Rex >0 and z € C )\ [0, 00) we let
K= —ivz, z=—kK. (2.9)

Let for a >0
D,={2€ C\[0,00)]|2| <a}. (2.10)
Then for z € D,
4
o) = 3 Wa; + Kr(r), (211)

i=-1



L g(e) = —i;jw% + ks, (2.12)
sup {|r(r)|, |s(k)|} < 0. (2.13)

ZeDa

Furthermore, we assume that limpy, .~ o(g(z) — g_1k~1) exists and is continu-
ous on (—a,a).

As already explained, Assumption 2.3 includes the case, when H,, =
—A + V;, in odd dimensions. The expansions for the resolvent of —A + V,,,
leading to (2.11) are provided in [14, 13, 26, 15, 16, 17]. Taking into account
that (at least formally)

L g(2) = (W0, WQ (Hy — ) QW W),
the result (2.12) can be derived in the same manner. More precisely, it can be
shown that the expansion (2.11) is differentiable, see [14, 26, 33]. Examples
of expansions with the corresponding explicit expressions for coefficients g;
are given in the Appendix to [16], with references to the literature.

Since the form of the decay law depends strongly upon the behaviour of
g(z) near 0, we divide the considerations into three cases.

(i) The singular case, in which g 1 # 0. In the Schrodinger case this
corresponds to the situation, when H,, has a zero resonance at the
threshold (see e.g. [14, 16]). Let us recall that the free particle in one
dimension belongs to this class. From Proposition 2.2(iv) follows that

g_1 > 0. (2.14)

(ii) The regular case, in which g_; = 0 and g; # 0. We note that g_; =0 is
the generic case for Schrodinger operators in one and three dimensions.
Again from Proposition 2.2(iv) one has

g1 < 0. (2.15)

Let us remark that the behavior Im g(x+140) ~ 2!/ as z — 0 is nothing
but the famous Wigner threshold law [30, 23].

(iii) The smooth case, in which g_; = ¢g; = 0. This case occurs for free
Schrodinger operators in odd dimensions larger that three, and in the
spherical symmetric case for partial waves ¢ > 1, see [16, 17]. Notice
that in this case g(z) is uniformly bounded in D,,.

7



Let for x € (—a,a), z # 0,

li{% F(x+in,e) = F(x +1i0,e) = R(x, Ey, ) + il (x, Ey, ). (2.16)
"

Due to (2.7) and Assumption 2.3, R(x, Ey,¢) is continuous and strictly de-
creasing, for sufficiently small . Thus for € and Ej, small enough, the equa-
tion R(z, Ey,e) = 0 has a unique solution zy(Ep, ) on (—a,a):

R(zo(Ep, ), Fo,e) = 0. (2.17)

To simplify the notation we omit the dependence of R(z, Ey, ¢), I(x, Ey, ),
and zo(Ep, €) on Ey and . Throughout the paper H,, and W are kept fixed,
while Fy and € are parameters; € is positive and small, and Fj is tuned past
the threshold, i.e. takes values in a neighborhood of the origin.

A finite number of constants will appear; they are strictly positive, finite
and independent of the parameters ¢ and Ey,. We introduce the following
notation:

Notation.

(i) A < B means that there exists a constant ¢ such that A < ¢B. An
analogous definition holds for A 2 B.

(ii) A ~ B means that both A < B and A 2 B hold.

(ili) A = B means that A and B are equal to leading order in a parameter,
e.g. A= B+ 6(e) with lim.\ () = 0.

3 Heuristics and the results

We first give the heuristics, and then we state our results.

3.1 Heuristics

For Ejy outside a small (possibly e-dependent) neighborhood of the origin, the
situation is well understood, both at the heuristic level, and at the rigorous
level. Indeed, for negative Ej, using the analytic perturbation theory, one

can show that ‘
|A(t) — e P S &2, (3.1)

where E. is the perturbed eigenvalue, which coincides with Fy in the limit
€ — 0. As a consequence, the survival probability remains close to one
uniformly in time.



On heuristic grounds, if E, is positive, i.e. embedded in the essential
spectrum of H,,, W, turns into a metastable decaying state. The main
problem is to compute the “decay law”, ie. |A.(t)[*, up to error terms
vanishing in the limit ¢ — 0. For eigenvalues embedded in the continuum
spectrum the heuristics for the exponential decay law? |A.(t)|? = e=2'(®)!
runs as follows.

Suppose F(z,¢) is sufficiently smooth, as z approaches the real line from
above, F(x 4 i0,¢), for x in a neighborhood of Ey. Let F(z + i0,e) =
R(z) +il(x). Then the equation R(z) = 0 has a solution xy nearby Fy. The
idea is that the main contribution to the integral in (2.6) comes from the
neighborhood of xy, and in this neighborhood

and then
—1(x0)
(x —0)% + I(x9)?’

i.e. it has a Lorentzian peak shape leading to

Im F(x,e)" = (3.3)

|AL(t)|? =2 e @)l (3.4)

For mathematical substantiation of this heuristics in the case, where either
Ey > 0 (embedded eigenvalues) or Ey = 0 (threshold eigenvalues) but the
perturbation “pushes” the eigenvalue sufficiently “far” into the continuum
spectrum such that zy 2 €, we send the reader to [16] and references therein.
In the cases where the resolvent has an analytic continuation through the
positive semi-axis, zg = xg + il (o) is nothing but the position of the “res-
onance pole” and xy and —I(zg) are called resonance position and width,
respectively. In this setting the exponential decay law comes from the res-
onance pole contribution, while the error term comes from the contribution
of the “background” integral, see [12]. It is well known that irrespective of
the approach the main technical difficulty is to estimate the error term.
The problem with the energies near the threshold is that F'(z + i0,¢)
might not be smooth and can even blow up (see Assumption 2.3), if the
open channel has a zero resonance at the threshold. Then a Lorentzian
approximation might break down. For the case at hand, elaborating on a
heuristic argument in [20], one can quantify at the heuristic level how far
from the origin xy > 0 must be in order to have a chance for an exponential

2A better name is probably quasi-exponential decay law, in order to emphasize the fact
that the equality is up to errors vanishing as ¢ — 0.



decay law: The contribution of the tail at negative x of the Lorentzian must
be negligible. Since

L ] .

oo (= 10)? 4 I(20)? Zg

one gets the condition
|1 (z0)| < 0. (3.6)

Consider first the condition (3.6) in the singular case. For x > 0 small
enough

I(z) = —g_ a7 Y?
and the condition (3.6) gives g_1e%z, "% < g, i.c.
zo > /3, (3.7)
If we take (by adjusting Fy!)
zo = be?, (3.8)

then one obtains, for 0 < p < 4/3, the exponential decay law (see (3.4))
A(t)]? == e (3.9)

Notice that for p = 0 (i.e. the resonance stays away from the threshold as
e — 0), (3.9) is nothing but the usual Fermi Golden Rule (FGR) formula.
However, for p > 0 but not very large (i.e. the resonance position approaches
zero as € — 0, but not too fast) one gets a “modified FGR formula ” for
which the e-dependence of the resonance width is 277/2 instead of the usual
e2-dependence.

For the regular case, a similar argument leads to the condition

To > e, (3.10)

and a decay law
|AL(t)]* = o= 2lg1]b1/2e2 P 2. (3.11)

Finally, in the smooth case the condition (3.6) reads
2)? < 1, (3.12)

which holds true irrespective of how close to zero xg is. In other words, in the
smooth case one observes an exponential decay law (with a resonance width
vanishing as xg — 0), as the resonance position is tuned past the threshold,
via the tuning of the eigenvalue Ej.

10



3.2 Reduction to the case g, =0

We argue that it is sufficient to consider the case, when g, = 0, i.e. (2.11) is

replaced with
N

g(z) = Z K g; 4+ kN T (k), (3.13)
j>-1
i#2
which leads to a significant simplification of the proofs. Indeed, let

- F(z,¢)

F = . 3.14
On the one hand, notice that if
~ 1 o0 ) ~
A (t) = lim — T Im F ' ~1d 3.15
0 =tim— [ P+ ine) (3.15)
then for sufficiently small € (e.g. |e%go| < 3) we have
|AL(t) — A(t)] S €2 (3.16)
On the other hand,
F(ze)=Ey — 2 — X(§ar 4 g1k + §sk™? + -+ ), (3.17)
. B, — &2 .
with E; = 07690’ and g; = L, which is exactly of the same form
1 —e%gy 1 —¢e2gy

as F(z,¢), but without the linear term in the expansion of ¢(z), and the other
coefficients slightly “renormalized”. In the sequel we consider only F(z,¢)
with g(z) satisfying (3.13).

3.3 Resonance and bound state positions

Summing up, the heuristics predicts that if the resonance position is out-
side an energy window of size €%/ and &* in the singular and regular case,
respectively, then the decay law is exponential with a decay rate depending
on, how rapidly the resonance position approaches zero as € — 0. Moreover,
it suggests that for the resonance position inside the above energy windows,
the decay law is not exponential, but gives no hint about its actual form.
We proceed to the rigorous substantiation of the above heuristics, and to
the derivation of decay laws. As the heuristics suggests, the zeroes of R(x)
(which for z < 0 coincide with those of F'(z +1i0,¢)) play a central role. The
zero on the positive semi-axis, xg, gives the resonance position, while the

11



zero on negative semi-axis, xp, gives the position of the bound state. The
propositions below give estimates on xg and x;, in terms of the parameters
appearing in F'(z + i0,¢), as given by (2.7) and (2.8).

In the remainder of this paper we shall take a > 0 small enough, such
that Assumption 2.1 holds true, and in addition the terms in g(z) with j > 3
can be treated as perturbations. Let

By = Ey— %, with |E|< g (3.18)

Proposition 3.1. For E; > 0 and € > 0 sufficiently small, the equation
R(x) =0 on (0,a) has a unique solution xy, and

To = E1 + O(e2)). (3.19)
In particular,
lim xy = 0. (3.20)
E1N0

Proposition 3.2. (i) Assume g1 # 0. Then for e > 0 sufficiently small
(and irrespective of the value of Ey) the equation F(x,e) = 0 has a
unique solution on (—a,0) and

54/37 ZfO 5 El 5 54/37

EARS 5_42 P (3.21)
El

|| S &P+ |E|, for By <0. (3.22)

(ii)) Assume g_4 =0, g1 # 0. Then for Ey > 0, the equation F(z,e) = 0
has no solutions on (—00,0). For —a/2 < E; < 0 and ¢ sufficiently
small the equation F(xz,e) = 0 has a unique solution x;, on (—a,0) and

70| < |En. (3.23)

3.4 Some previous results

In the case, where F'(x + i0,¢) is sufficiently smooth in a neighborhood of
xg, the mathematical substantiation of the quasi-exponential decay law (i.e.
exponential decay up to errors vanishing as € — 0) follows from the results in
[16] (see further references in this paper). In particular, for the smooth case,
as well as for xyp ~ ¢ (i.e. p=1in (3.8)), in the singular and regular case,
one still has (quasi)-exponential decay. Let us stress here that in these cases
the ansatz (3.2) is nothing but the approximation of F(z,¢) with a linear

12



function L(z) = o + i3 — z, where the constants o and 3 are fixed by the
condition that F' and L coincide at z(¢):

F(xo +i0,¢) = L(xg + i0). (3.24)

In the (non-smooth) threshold case it has been proved in [8] that indeed
in some energy windows, which depend on the spectral properties of the
unperturbed Hamiltonian at the threshold, the decay law is definitely non-
exponential for all times. The main idea in [8] is that in the neighborhood
of z = 0 one can replace F(z,¢) by the following model function

N
F(z,e) 2 Ey— 2z —¢&? Z kg, = H(z¢), (3.25)

j=—1

which leads to non-exponential decay laws. As an example we reproduce
below the main result in [8] for the regular case. In this case the model
function is (3.25) with N =2 (and g_; = 0),

H.(z,€) = Ey— z — €2(go — i1z — g22) = d(E — z +ig1v/2),  (3.26)

where )
Fo —¢€%go g1

E = d = —2 . 3.27
and g T (3.27)

1 —e%gy

It is assumed that ¢ is sufficiently small, such that d is close to one.

Theorem 3.3 ([8, Theorem 2.8]). Suppose E € [—a/2,(c/2)e**] for some
c> 0. Then for allt > 0, and for sufficiently small €, we have the following
results.

(i) For E > 0 we have

1 0 y1/2 B
’As(t) - = / ey | < Y3 (3.28)
mJo (f-y)+y
where 3 3
§=(e?g)* and f=(%5) °E. (3.29)

(i) For E <0 we have

VIR 1[0 |
A(t) — - emb——/ YT gyl < o3 (3.30)
V1+4[f]| mJo (f—y)?+y

13



Remark 3.4. In terms of f the scaling in (3.8) can be written as
zo = feP™, (3.31)

so according to the heuristics f = const. is just the borderline between
exponential and non-exponential decay laws. This is substantiated by the
numerical computations presented in [8], as well as by the rigorous results in
[16] for p=1ie. fo~e 3,

Remark 3.5. Again in terms of the scaling (3.8), the interval p € (0,3/4)
is not covered by the results in [8]. One of the main goals here is to fill this
gap, in order to have a complete picture of the crossover from exponential to
non-exponential decay laws.

3.5 The model functions

We recall first that in the case of embedded eigenvalues (i.e. p = 0) the
“model function” approximating F'(z,¢) is the linear approximation (3.2),
determined by the condition (3.24). The ansatz we shall adopt in this paper
for the “model function” approximating F'(z, ) for all p € (0, 00), see (3.8),
is to replace F'(z,¢) by a function, H(z), resembling the expansion of F'(z,¢)
around the threshold, whose free parameters are fixed by a condition similar
to (3.24).
More precisely, in the singular case, g_1 # 0,

Hy(z)=a—2z—eBr 1, (3.32)
and in the regular case, g1 = 0,9, # 0,
H,(2) = a— 2+ &*Bk. (3.33)

The signs in (3.32) and (3.33) are chosen to ensure that in all cases 5 > 0. The
condition 3 > 0 should be compared with the Fermi Golden Rule condition,
imposed in the case of an embedded eigenvalue (p = 0 case).

Thus in both cases there are two real parameters a and (3, to be deter-
mined. In the case F; > 0 the condition used is F'(zo, ) = H,(z0), ¢ € {s,7}.
Equality of the real and imaginary parts gives the two equations used to de-
termine « and (. In the case E; < 0 the functions F(z) and H(x) are
real-valued. The conditions used are F(xy,e) = H,(23), ¢ € {s,r}, together
with

d d
%F(xb,e) = %Hb(xb), L€ {s,r}. (3.34)
Thus in the case £; < 0 our conditions determining o and 3 give as a result

that the residues at the pole x; of F(i 5 and Hl(z), L € {s,r}, are equal.
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It is clear from this discussion that the parameters a and [ take values
depending on which case is being considered. These values will be given in
connection with the proofs, since they are only needed there.

Remark 3.6. Let us note that the determination of « leads to

{.To, for E1 > 0,
o =

(3.35)
xp + small term, for F; < 0.

The precise form of the small term for £y < 0 depends on the case being
considered.

3.6 Main results; error analysis

We are now in a position to formulate the main technical results of this
paper: For e sufficiently small and Ej in an e-independent neighborhood of
the threshold, the error in A.(¢) due to the replacement of F(z,¢e) with the
model functions H,(z), ¢ € {s,r} (as given by (3.32), (3.33), (3.35), and
(3.34)) vanishes in the limit ¢ — 0. In other words, we have to control
|Ac(t) = limp o 2 [72 e ™ Im H,(z + in)~'dz| as e — 0.

The contribution of the negative semi-axis in lim, o £ [*° e Im H, (z+
in)~'dx is just the residue at the zero, Iy, of H,(z) (when it exists) and equals

L__c=%  Accordingly

L H(3)
1 o0 . - o
lim — e ImH, (z+in) tde = ——————e " 4+ A_,(t 3.36
77\0 T e ( T/) %HL(.%I)) 3 ( ) ( )
with L
A, (t) = —/ e " Im H,(z +i0) 'dr, € {s,r}. (3.37)
™ Jo

Notice that by definition of H,(z), for E; < 0, we have T, = x;, and the
contribution of the negative semi-axis in lim; o £ [* e~ Im H,(z+in) ' dx
and in lim,n o = [70 e Im F(x + in,e) *dx are equal. For v = s, @, exists
also for F; > 0, and in this case x, # x,, but still as ¢ — 0, we have

L~ (see the proof of Theorem 3.8).

L H () — L F(xpe)

Theorem 3.7 (Regular case). Let g1 =0, g1 # 0. There exists c, § > ¢ >
0, such that for sufficiently small , |Eo| < ¢, and all t > 0, we have

1 [~ _
)Ae(t)—}?i{%; e " Im H,(x + in) 'dx
1/2
< 52(1 + 2| Inel), for By >0, (3.38)
€%, for B <0.
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Theorem 3.8 (Singular case). Let g_; # 0. There exists ¢, § > ¢ > 0, such
that for sufficiently small e, |Ey| < ¢, and all t > 0, we have

(i) Let By > 0, and let ), be the unique solution of Hs(x) = 0 on the
negative semi-axis. Then

1 . 1 [~ .
AE (t) + We_zmb - 7171{% ; G_Zm Im HS (.T + in)_ldl’
dztts 0
2
1—/2|1n5|, for xy = /3,
< Yo (3.39)
g4/, for xg < e¥/3.
(ii) Let Ey < 0. Then
1 —itxy : 1 > —itx -\ —1
A (t) + T(a:b)e —7171{1(1]; e "Im Hy(z +10) " dx
dztts 0
' g’ 4/3
T 11/2° fOT’ |E1| Z e,
B2 (3.40)
g4/3, for |By| < e¥/3.

Remark 3.9. For the smooth case (g_1 = g1 = 0), see [8, Theorem 2.10].
This result gives an exponential decay law irrespective of the value of Ej.

Remark 3.10. We compare Theorem 3.3 with Theorem 3.7. The latter
result is valid in an e-independent neighborhood of zero, and has a better
error estimate. This is due to the choice of @ and 3. The disadvantage is
that these coefficients are not given in terms of expansion coefficients in g(z),
but are solutions to equations, which can be solved by perturbative methods.

3.7 Error function analysis: Crossover from exponen-
tial to non-exponential decay laws

As shown in the previous section, the bound state contribution has a sim-
ple form. Thus it remains to compute A.,(t) as given by (3.37). Since H,,
v € {s,r}, have a simple functional form with only two free parameters, the
integral in the r.h.s of (3.37) can be evaluated numerically or expressed in
closed form in terms of some special functions. Some examples of numerical
computations substantiating the heuristics presented in previous subsections
have been presented in [8], but a detailed analytical study of the asymptotics
was postponed. One of the main goals of this paper is to perform this analy-
sis. The main point is that A.(t), as well as its asymptotics, can be expressed
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in terms of some special functions

2z [ e’

L() =2 /0 e dr, (3.41)
1 ar—!

Iy(2) = mmﬂ(z)» p=2,3,..., (3.42)

closely related to the error function (see Appendix A for a detailed study of

Zy(2)).

3.7.1 The regular case

We begin with the (simpler) regular case. Here H,(z) = a — z + €%k, where
« lies in a small neighborhood of the origin and 5 > 0. Let

~ 1 o0 .
A=+ /0 ¢~ T H, (z + i0)~da. (3.43)

™

Passing to the variable k = \/z = ik we get

. 1 [ e itk
Ault) = /_ g (3.44)
where
P.(k) = K* + 2Bk + a. (3.45)
The integral on the r.h.s. of (3.44) is to be understood as lim 4 f;AA %kdk.

When the zeroes of P, are distinct, a partial fraction decomposition yields
the following result.

Proposition 3.11 (Regular case).
2
Acp(t) = = qTi(in V), (3.46)
j=1

where
K; =

j=1(="B—(-1)/e'B? —4a), j=1,2, (3.47)

1
2
are the roots of P,(k), and

%:%@+pﬂy__fﬁ__y j=1.2, (3.48)
\E46? — da
are the corresponding residues of A
P.(k)
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Remark 3.12. For a = ﬁ2484 5

¢; become infinite. One can show that as a@ — 2 2484. the formula (3.46) has
a limit

the k;, 7 = 1,2, coincide and the coefficients

; e
A (t) = ZIg(ZT\/Z). (3.49)
We shall not make use of (3.49) in what follows, since the case a = #

belongs to the crossover regime (see below), when A, , is given also by (3.67),
which has been analyzed in [8].

As a consequence of Proposition 3.11 we can now discuss the various
regimes.
The exponential regime
According to the heuristics, if we set
a=>be?, b>0, (3.50)

then for
p € [0,4) (3.51)

the decay law is still exponential. Fix p € [0,4). Notice that as e — 0

~ 2™

[SiS]

(3.52)

B

and then (see Remark 3.12) one can use Proposition 3.11.
In this case there is no bound state contribution. Using the properties of
Z,(z) (see Appendix A), one obtains

Proposition 3.13 (Regular case). (i) Using (3.47) and (3.48), we have
2 —

5 . 4—p
5\/513(2\/&)“9(5 ), (3.53)

and up to error terms as in Theorem 3.7 we have

Ag,r(t) = Qqum%t —

Au(t) = Ao, (1), (3.54)
(ii) Forp e [0,4) we have
A = &2 (3.55)
and for p € (0,4) we have
A(B)fF = e 2 (3.56)

i both cases up to errors vanishing as € — 0.
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The formula (3.56) agrees with the heuristic formula (3.11), as well as
with the rigorous result in [16] for p = 1. Notice that, as expected, as p
approaches 4 from below, the exponential decay law becomes less and less
accurate, so one needs to compute corrections. Proposition 3.13 gives only
the first order correction in 2/ \/W , but the method of proof provides also
the higher order corrections.

The bound state regime
If
a=—b" b>0, (3.57)

then for
p € [0,4) (3.58)

one expects (see the heuristics) a bound state regime i.e. to leading order
the contribution comes from the bound state. The result below provides the
mathematical substantiation as well as the first order correction. Again the
proof gives the means to compute higher order corrections.

As in the previous case, as ¢ — 0, we have

2

c ek (3.59)
|
Note that x; > 0, and there is a contribution from the pole of Fle) at
Z,€
Ty = —K7.
The analogue of Proposition 3.13 reads
Proposition 3.14 (Regular case).
i B oo (4-7)
A (t) = —ig | |Ig(Z laft) + O, (3.60)
o
and up to error terms as in Theorem 3.7 we have
2
A(t) = A, (1) + (1 - iég—)em?t. (3.61)
2 {/lal
To leading order one obtains the bound state behavior
At = 1. (3.62)
The non-exponential regime
We come now to the most interesting part of our analysis, when
la] =be?, b>0, with p>4. (3.63)
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According to the heuristics, for these values of p the decay law is neither
(quasi)-exponential nor bound state like. We consider two cases separately.

Case 1: The threshold regime given by p > 4.
In this case the survival probability amplitude is given by

Proposition 3.15 (Regular case). Up to errors as in Theorem 3.7 we have
A(t) = T (ie2BVE) + O(eP7). (3.64)

The result (3.64) implies that the decay law is non-exponential for all
p > 4.

Remark 3.16. The error term becomes more and more important, as p
approaches the critical value p = 4. As before, higher order corrections to
the leading term can be computed in terms of Z, . The leading term is
independent of o and equals the threshold case o = E; = 0. Since Z; can be
expressed (see Appendix A) in terms of the error function, one can rewrite
(3.64) as follows:

Ac(t) = w(e™12BVE) + O(eP) = e (1 —erf(e™/*s'/2)) + O(eP ™), (3.65)
where
s = et (3.66)

In particular, (3.66) implies that the threshold decay time scale in the regular

case is t ~ e~

Case 2: The “crossover regime”, which is given by p = 4.
This case has been considered in [8]. Indeed, in this case in scaled vari-

ables s = e*3%t, f = 640;2 (note that for p = 4, f =const.) we have directly
from (3.43) and (3.33):
R 1 00 y1/2 o
At) = —/ — e "Ydy, 3.67
) mJo (f—y)?+y (3.67)

and the integral has been analyzed numerically in [8]. The decay law is non-
exponential for finite f, while as f — o0, one reaches the exponential and
bound state behaviour, respectively.
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3.7.2 The singular case

We now turn to the singular case, where the function approximating F'(z, ¢)
is given by Hy(z) = a — z — £%3/k, with « lying in a small neighborhood of
the origin, and § > 0. The results are similar to those in the regular case,
but a bit more complicated, due to the singular behavior of H(z).

We recall (3.37) that

N 1 >
A =1 / e~ T H, (x + i0) " da. (3.68)
T Jo
Passing to the variable k = \/z = ik, we can write it as
R R
Aes ) =— dk, 3.69
== s (3.69
where
P,(k) = K* 4+ ak — 4, (3.70)

and the integral on the r.h.s. of (3.69) is to be understood as the improper

k2
integral lim Ao [, S k2dk.
If the zeroes of P, are distinct, the partial fraction decomposition leads

to the following result.

Proposition 3.17 (Singular case).

Al (t) = — Z q; T (irt) (3.71)

where kj, j = 1,2,3, are the roots of Ps(k) (as given by the Cardano formula,

see (4.82) below), and

K2

j
;= 3.72
@ 3k7 +a (3.72)

are the corresponding residues of —PS(QH) at k = kK, 7 =1,2,3.

Without using the explicit formulae for x; we can get the following prop-
erties of the roots of Ps(k):

i. Ps(k) = 0 always has a positive solution, which we label k3. It corre-
sponds to the bound state at &), = —k2.

ii. For Js
o # ag(e) = -3 (28/2)” (3.73)
all k; are distinct. Note again that the case oo = ayp (g) belongs to the
Crossover regime.
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iii. For a > ay (¢) the other two solutions k; and k9 are complex conjugates
K3

with real part equal to —%t. We label by k; the one with positive
imaginary part.

iv. For a < ag (¢), k1 and kg are real, K1, ko < 0, and k1 + Ky = —K3.

We recall that we take |a| = beP. For p # % the somewhat complicated
expressions for x; and g; have simple expansions in the limit ¢ — 0. Combin-
ing these expansions with the properties of Z,, one arrives at results, which
are very similar to those in the regular case. As before, we give only “first
order” corrections, but higher order corrections can be computed. These
expressions are much more complicated.

The exponential regime
If we have
a=>b" b>0; pel0,4/3), (3.74)

the decay law is still exponential at small €. Notice that as e — 0

~etT2, (3.75)

Using the properties of Z,(z) one gets the following result.

Proposition 3.18 (Singular case). (i) We have

AL(t) = 2gpe™3t — pe (7. (iVat) — ivVatT(ivat)) + O (2372 (3.76)

20,3/2
(ii) Forp € [0,4/3), we have
A(t)]? = e (3.77)
and for p € (0,4) we have
A(t)]p = 2o R (3.78)
i both cases up to errors vanishing as € — 0.

A remark is in order here. In spite of the fact that there is a bound
state at 7, = —k3 for “large” positive «, its contribution is small and can be
absorbed in the error term.

The bound state regime
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In the case

a=—be’, b>0; pel0,4/3), (3.79)
the heuristics predicts a bound state regime: The leading order contribution
comes only from the bound state at 7, = —«3. The result below, similar to

Proposition 3.14, provides the mathematical substantiation, as well as the
first order correction.

Proposition 3.19 (Singular case).

e sz(L (iv/1alt) = iv]aliZ:(iv/]af) + OECH),  (3.80)

and up to error terms as in Theorem 3.8
Ac(t) = Ao (1) + 2g5e™". (3.81)
To leading order one obtains the bound state behavior
|A(t)]? = 1. (3.82)

The non-exponential regime

As in the regular case, according to the heuristics for a = be?, b € R,
p > 4/3, the decay is neither exponential nor bound state like. As in the
regular case, we shall distinguish between two cases.

Case 1: The threshold regime, which is p > 4/3. Up to errors as in Theorem
3.8 we have the result.

Proposition 3.20 (Singular case). Assume p > 4/3. Then we have

3
o, 1 s
A(t) = Zetat — 3 > Ti(ip; B2Vt + O(e773). (3.83)
j=1

3

Notice that in contrast to the regular case, there is a non-vanishing con-
tribution from the bound state.

Case 2: The “crossover regime”, which in the singular case takes place at
the value p = 4/3. When p = 4/3, f = 3723, b € R does not depend on
g, so there is no useful expansions for x;, ¢;, j = 1,2,3. Accordingly (it has
been done in [8] using the scaled variable s = %/33%/3t) one writes (3.37) as

i) = 2 [ e
(1) == e’ Y,
mJo y(f—y?+1

and the integral can be analyzed numerically. In accordance with the above
results, as f — 400 one reaches the exponential and bound state behavior
respectively; we refer to [8] for details.
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4 The proofs

We now give the proofs of the results stated in the previous section.

4.1 Proof of Proposition 3.1

Assumption 2.3 and (2.7) (see also (3.13)) imply that for 0 < x < a we can
write R in the form
R(z) = By —x — 22 fi(r) with  sup |fi(2)| < co. (4.1)
0<z<a
We have R(0) = E;. For a sufficiently small £ we have R(a) < 0, and also

that R(z) is strictly decreasing. Thus it follows that the equation R(z) = 0
has a unique solution, xy € (0,a), which satisfies

o — El — €2$gf1(.’13'0), (42)

which together with (4.1) finishes the proof.

4.2 Proof of Proposition 3.2

Part (i). One can obtain (3.21) and (3.22) by a rather tedious perturbation
procedure for solving the equation for z;; instead we shall give below a simple
geometric argument. Consider first, for m > 0 and n ~ 1, the (unique)
positive solution y of

ne?

Jmn(y) =m+y— 7 =0. (4.3)
Using Cardano’s formulae one can see that

g3 for0<m< %/354/3,

o~ ot 4.4)
—, form Z '/, (
m

2/3

A simpler argument for (4.4) is to argue as follows. Let 7§ = (ne?)?/?, such

that f,,.(y) = m. Then
d
— > 1 4.
o ) > (45)

implies that § —m < § < § ~ £¥3, which gives the first part of (4.4).
Assume m > %3, Then for y < %3 we have
ne? — ne? - . ne?
m——=<m+y— —- < const.m— —r,
y1/2 y1/2 y1/2
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which implies

2

ne ne?

2 oo (T2
const.m _y_<m) ’
and thus the second part of (4.4).

Consider now F(z,¢) for x < 0 and |z| sufficiently small. Recall that for

x < 0 we have x = |2|*/2. Then

2. .
Il < P(r,e) < By —a — 297! (4.6)

2
By~ 8|96|1/2— 2|x|1/2’

and the estimates (4.4) lead to (3.21).
The argument for (3.22) is similar. Consider f,,,(y) for m < 0. Notice
that (4.5) still holds true and implies

<

< g <|m|+

n

Use again (4.6).

Part (ii). Note that in this case F'(0,¢) = Ej, and as always (see (2.7) and
Proposition 2.2) for z < 0 we have -LF(z,e) < —1. This implies the non-
existence of bound states for £ > 0, the existence and uniqueness of the
solution for £ < 0 (recall that for e sufficiently small and —5 < E; we have
F(—a,e) > 0), as well as (3.23).

4.3 Proof of Theorem 3.7
Consider first the case E; > 0, such that xq > 0 exists.

Lemma 4.1. Assume Ey > 0. For ¢ > 0 sufficiently small, and 0 < xo < 5
we have

/C 1 1 ’d
— x
o | F(z+1i0,e) H.(x+10)
< e?ln %, Jor 0 <z < 5 (47)
g2, for 0 <xzg < &P, any p > 0.

Proof. We recall that we always have ¢ < a/2. Furthermore, recall also that
g1 < 0. Then Assumption 2.3 and (3.13) imply

R(r) = Bi—v—e2?fi(z), I(z)=eVa(gi+0(x) = —*Vafo(a), (4.8)
with f; uniformly Lipschitz on [0, ¢], 7 = 1,2. Taking ¢ small enough, (4.8)
implies

|R(2)| = 5l = x|, [(2)] = 36" Valal. (4.9)
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By definition of the model function (see Section 3.5) we have

a=E, — x5 fi(xo), B = fawo). (4.10)

Since both f; and fy are uniformly Lipschitz, we get

|F(xz+1i0,¢) — H.(z +i0)|
< &¥(J2* fu(x) — g fr(@o)| + V| fo(@) — fa(zo)])
< ez — xol(2 + V), (4.11)

where Z lies between = and zy. Putting together (4.9) and (4.11) we get

C
/
We estimate the integral on the right hand side in (4.12) on three subinter-

vals. Consider first f;m. In this case & < & SV, |[vr—a0| < z, |[x—20| > 2/2,
and then

1
F(r+i0,¢) H, (x—i—z

Hrzwl@t Vo) g

o |lr—x0]?+etx

’dx
0)

€ /C |:L’—3:0|(x—i—\/_) 52 A " dr < € (4.13)

v 1T — xo|? + et ~ o T+ et

Consider now [, Here we have & < z, such that

0|z — zo|(2 + V) o To— T
dr < \/xo/
/0 0

|z — 0|2 + etz |z — xo|? + etz

1
Y

=/ dy. (4.14

0/0 v+ =(1-vy) )

In estimating the last integral in (4.14) we use the notation m = % > et
We get

1/2 y 1/2 y 1
-y 3 dy :—1 14— 4.15
/0 y2+m(1—y)yw/0 y2+m n(d+ o) (4.15)
1 1
Yy 1 1 m
R S 5/ (i + D, 4.16
/1/2y2+m(1—y) 1a L+m(l+y) “m (1+3) (4.16)
Since sup,- uIn(l+ 3-) < oo, the estimates (4.15) and (4.16) imply
1

1
/ Y gy <n-. (4.17)

o ¥+ (1-y) €
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Finally consider

/2360 |x—$0|(i‘+\/f)dx - \/x_O/Qmo T — I "

o T =m0+t |x—x|2+€4
< \/—/ e = VR In(l + ) S \/—m— (4.18)

Putting together (4.13), (4.14), (4.17), and (4.18), one obtains (4.7) and the
proof of Lemma 4.1 is finished. O

u2+64

Consider now E; < 0. In this case we claim the following result.

Lemma 4.2. Assume Ey < 0. Forc > 0 sufficiently small, and —5 < E; <0
we have

¢ 1
— dr < 4.19
A F(z +i0,¢) Hcp+w’x 2 (4.19)
Proof. In this case we write for x < 0
F(z,e) = By —x — g12\/|z| + 2|z[>2 f (z). (4.20)

From Assumption 2.3 (recall that for F'(z,¢) is analytic for « < 0) follows
that |[z|/2L(|z[¥%f(x))] < 1. The equation for § (the equality of the
derivatives of F and H, at x;) leads to

=—g1+2V be (22 f(2))]

Ty

which implies
1B+ g91] < [ (4.21)

The equation for « is
o — 2y 4 2/ | x| 3 = F(ap, ) = 0.
Using (4.21) we get
a=xy, — 2\/|xs|B =z + 2V || + 20| */?). (4.22)
On the other hand, F'(xy,¢) = 0 and (4.20) give

By =z + 2/ |xy|g1 + €20(|2[>/?), (4.23)
which together with (4.21) yields

la — By| < e2|a 2. (4.24)
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As in the proof of the previous lemma, we need estimates on |F'| and |H,|.
We claim that

min{|F(x +1i0,¢)|, |H.(x +i0)|} > ((|E1| + )% + gieta) /2 (4.25)

Concerning |F|, the estimate for the imaginary part is the same as in the
previous lemma, ie. |I(z)| > |gi|e*/z. As for |R(z)|, (4.8) is written as
R(z) = Ey — z(1 + %z f1(x)), such that R(xz) < Fy — %, and then |R(z)| >
s(|Ey| + x). As for |H,|, from its definition follows

|H,(x +i0)]* = |a — 2> + £* 3?2 (4.26)

For a sufficiently small € (and using F; < 0), the results (4.24) and (3.23)
imply

E
a < B+ |a— Ey| = By 4+ O EP?) < 71 (4.27)

On the other hand, for |z,| sufficiently small, we get from (4.21) the estimate

19|
5
Putting together (4.26), (4.27), and (4.28), one obtains (4.25). Furthermore,
from (4.20), (3.33), (4.21), and (4.24), we get

B==—g+0+9 =g —0(wl) = == (4.28)

|F(z 4 i0) — H(x +i0)| = |Ey — a +ie®\/|z|(g1 + B)| + O(*|z|>?)
S (|l + |/ |2] + |2>?), (4.29)

which together with (4.25) gives

r

Consider now various terms in (4.30). Due to (3.23) we have the following
three estimates.

1
— d
F(x+10,¢) H(x—i—zO ’ T3

3/2 /_ 3/2

(| EL| +2)? + g154

EAKS /C ! dr < |z, /C ! dr < [zl <1
0 (|E1|+fv)2+g%€4x N o ([Bul )2 ™ || ™7

< |7
Tp =~ |Tp —51
ol | |E|+x +gle4 <| '/u |+x ~ 1B
T <
0 (|E1|+x) +9154 0
which together with (4.30) gives (4.19). O
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Proof of Theorem 3.7. From this point onwards the proof of Theorem 3.7
follows closely the proof of Theorem 3.3 in [8]. For the convenience of the
reader we outline it for the case F; > 0. We take F; sufficiently small (e.g.
Ey < %), such that o < §. Then for # > ¢ we have |H,(x +10)|* Z 2* + ¢'x.
Using (3.33) we get | Im H,.(z + i0)| < \/x. Thus

/oo | Im H,.(z —.|—i0)|dx < ©  /z
e |Hq(x+1i0)? ~ ). at4etx

dr ~ . (4.31)

Let now

C

o 1 —itx ; —1
A (t) = 71]1{% =) e " ImF(x +in,e) dz.

Due to Assumption 2.3 the limit 1 \, 0 can be taken, such that

™

A (t)=— / e " Im F(x +1i0,¢) 'da. (4.32)
0

Lemma 4.1 and (4.31) imply that

|A. (1) — —/ e " Im H,(z +i0) " 'dzx|
0

™

(4.33)

~

g2, for 0 < 29 < P, any p > 0.

21y 1
< {5 InZ, for0 <z < g,
We finish the proof by using “Hunziker’s trick”, see[12]. More precisely,
observe that

|AC,6(t) - Ae(t)l < |Ac,6(0) - Aa(o)l = |Ac,€(0) - 1|* (434)
From [8, Lemma 3.4(i)] we get

1 oo
—/ Im H,(x +i0) 'dr = 1. (4.35)
T Jo
Putting together (4.33), (4.34), (4.35), and (4.33) for ¢t = 0, finishes the proof
of Theorem 3.7 for the case £y > 0.

The proof for the case is £ < 0 similar: use Lemma 4.2 and (see Lemma
3.4(ii) in [8])

1

1 oo
—t —/ Im H,(z 4 i0) 'de =1. O (4.36)
0

%HT(xb) T
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4.4 Proof of Theorem 3.8

The proof consists of the same steps as in the proof of Theorem 3.7. In this
case I(z) = 22~ ?(g_1 + O(x)) = 2272 f,(x) (not the same function that
was also denoted by f)2 above). Consider first the case £y > 0, such that
xo > 0 exists.

Lemma 4.3. For ¢ > 0 sufficiently small and 0 < xo < 5 we have

e? 1 4/3 < c
/c 1 1 e x1/2lng, Jor V2 S wg < 8,
- T
o [Fl@+i0,e)  Hy(z+i0)l" ~)""
e*/3, for 0 < xy < %3,

(4.37)

A computation similar to the one in the proof of Lemma 4.1 leads to

r

where Z lies between x and zy. The term containing z is the same as in the
. 2 ¢ |z—zolz—l/2
regular case, so we have to consider only e fo T—roPreiaT +E4x_1d1‘.

Consider first the case zo > %%, Observe that

1 1
F(z+i0,e) Hy(z+i0

“lx— zo|(Z + xil/z)

o |T—x0)2+eta!

] ’dm <é? dx, (4.38)

|z — wolz/?

1
S a) (439)
| — xo]2 + et~ = 2

and then

* o — x| V2

2 2
dor < e°. 4.40
c /0 | — xo|? + etx~! r=e ( )

We use the following estimate

~1/2 ~1/2 —1/2 -1/2 1 |$ - $0| —1/2
eV < eV — P g = =T a— + 24
T~ Ty
|$—$0| —1/2
= 2 + x5 .
Tx,
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We then get

c o —-1/2 2 c o 2
52/ |z — xo|x dr < € / |z — 0] i
2 | —xo|? + eta ! at/? Jo w|w — wo|? + £

N 62 c |$ . x0|
x(l)/2 o | — x| 4 ta!
< g2 [ 1 g2 [C |z — x0
— |
~ 12 1/2 2 | 4
xo/ o2 %/ o |z —aP+ ¢
g? .
_ n J—
~ 12
T €
Consider now the case zo < €3, Due to (4.39) it remains to estimate
fcconst _4/3- Here one has $ < x — g <z and then
c |z — wo|lz1/? , [ 2172
i seE P —
const. g4/3 |I - .170| +etw const. g4/3 T + €°x
C
~3/2 4/3
5/ 732 dx < 3, (4.41)
const. g4/3

and the proof of Lemma 4.3 is finished.
The next step (still for the case E; > 0 ) is to control the error when F'
is replaced by H, in the bound state contribution.

Lemma 4.4. Assume FE1 > 0. Let &, be the unique solution on (—o0,0) of
the equation Hs(x) = 0. Then

4

1 1 6—2, for xy > ¥/?
‘d S ’5 g (4.42)
%F(l'b) @Hs(%)
13 for xy < 5.
Proof.
‘ 1 1 ’ - ’ 1 1 ’
%F(.’L‘b) %Hs(i'b) - %F(.’L‘b) %Hs(l'b)
1 1
+ ‘ - . ‘ (4.43)
%H(ZL‘[,) %HS(ZL‘Z,)

Consider the first term in (4.43). Assumption 2.3 and (3.32) follows that

d d e’ 2
F o s ‘ < J— _ 5 4.44
_d.r (l’b) —H (xb) ~ |ﬂ g 1| |J7b|3/2 + |xb|1/2 ( )

dx
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d d
P ()| > | Hy(a)| = 1+ PR (4.45)
Furthermore, the equation for (3 is
@52 9—152 2 1/2
ENEE - ENEE +e°0(zy"),
which implies
B=g-1+0O(x). (4.46)

Using (4.44), (4.45), and (4.46), we get

2 2

1 1 Toe? £ € —2
- < ( n ) (1 + —) (447
L P () ﬁHs(ﬂcb)‘ RNEAREI A RS |y|3/2 (447)

From (3.21) and (2.17) one has

134 0 < @y < %3,

|7p] =~ 5_42 2 > 1 (4.48)
El

Combining (4.47) with (4.48) one obtains

1 1 13 for 0 < xy < %3,

- <{ et (4.49)

LP(xy)  LH(x) —, for zg 2 3.
0

1 1

LH(wy)  ALHs(E)|

The last step in proving Lemma 4.4 is to estimate

Taylor’s theorem implies

)
——H(u)
1 1 277 -
dx b dzts\ b |d_H8(u)’

X

where u lies between &, and ;. Since H,(Z) = 0 and |-LH (z)| > 1, we get
|5 — Zp| < | Hi()]-
Since F'(x) = 0, one has from (2.7), (3.32), (3.35), (3.19), and (4.46) that

|Hy(2y)| = |Hy(20) — F(20)]
S |lzo — Er| + €%|g-1 — Bl |a| ™% + €2 |?
< 222 + oy TV 4 || V2. (4.51)
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Again we have to consider two cases separately. First we consider the case
zo < %3, The result (3.35) and the proof of Proposition 3.2, together with
(4.48) leads to

|2p| = || %3,
Since u lies between a;, and @, we get |-LH(u)| ~ 1 and |$—22H(u)| ~ g4/,
Inserting these results into (4.51) one gets from (4.50) the result
1 1
< g3, (4.52)

LH(xzy)  LH (@)
Consider now the case zg > £%3. By the same argument as before

4
loy| = |Tp| = Ju| ~ =.
4

Then |-L H(u)| ~ 1+ z—ﬁi) and |$—22H(u)| ~ :—é, which together with (4.51) and
(4.50) leads to

1 1 et
- — < . (4.53)

%H(mb) %Hs(xb) x3
Putting together (4.49), (4.52), and (4.53) finishes the proof of the Lemma
4.4. [

We are left with the estimate of the error for the case E; < 0. Since the
pole positions and the residues for F' and H, coincide by the definition of H,
(see Section 3.5) the error comes only from the positive semi-axis integral.

Lemma 4.5. For ¢ > 0 sufficiently small and —5 < Ey <0,

r

Proof. The arguments that lead to (4.21) (4.24) and (4.11), can be applied
in this case and yield

2
£
——— for |Ey| = %3
L Ee (4.54)
F(x+1i0,e) Hg(z+1:0) ~
gt/ for |Ey| < e*3.

Y

18— g-1] S|l and  |o — Ey| S w2, (4.55)
and furthermore

|F(z+1i0) — Hy(z +i0)| = |Ey — a+1ie2\/]z|(g_1 — B)| + £2O(|z]>?). (4.56)
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Using (4.55) in (4.56), one gets
|[F(z +0) — Hy(2)] S (Jan]"? + ||| 72 + [a]/2). (4.57)
Since E; < 0, one has |R(z)| > (|E1| + z)/2. Furthermore,
[I(2)] = 2272 (g1 + O(x)),

and then

4
Pz +i0)] 2 (18] +2)*+ )" (4.58)
The result (3.32) leads to
4
\H,(z +i0)] > ((a — 2) + %)1/2. (4.59)

The problem with |H,| is that a — x might vanish for some = > 0. However,
for z 2 2, we can use (4.55) to get

x x x x + |
o= _ B+ 1B -—a> _E >
r— 5 1~|—2—|— 1 04_2 1> 5

and then from (4.57), (4.58) and (4.59) one has

/C
const. g2

d
F(z+i0,e) Hy(z+i0)|""

c 1/2 12 4 1)2
< 52/ ool ot sl AT 4 60)
const. &2 (|E1| + 37)2 + %

1 1 ’

We estimate (4.60) for |E;| < %3, In this case we get Proposition 3.2(i)
2| < %3, and then

dx

52 /c |-Tb|1/2 + |xb|x—1/2 4 $1/2
const. &2 (|E1| + 37)2 + %

<82/cx€2/3+€4/3x—1/2+x1/2dx

0 173+€4
00 1 1 yl/2 1y 1/2

554/3/ YV gy (4.61)
0 14y

Using Proposition 3.2(i) once more, we get for |Ei| > £¥? that |z;| < |F,
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and then that

c 1/2 -1/2 1/2
52/ o' A+ Japa™ 4+ 2T
const. &2

|E1| + l‘) + £
/ |E) |1/2+|E |z~ 1/2+ac/ J
x
< |E1|1/2 / TEE dy < e%/°. (4.62)
The last step is to estimate
2/const. 2 |xb|1/2 + |xb|x71/2 +$1/2
€ I dz.
0 (1B +2)* + 5

As before, Proposition 3.2(i) implies for |E;| < %3 that |z,| < &%/3, and then

dx

) /const. g2 |~rb|1/2 + |$b|$_1/2 4 .%'1/2
€ 1
0 (|E1| + 17)2 + %
. /const. e 22/3 4 A3,-1/2 4 1/2 1/2
~ o x3 4 ¢t
const. g2/3 14+ 1/2 4 -1/2
< 64/3/ Yy Yy
~ 0 (1+y3)L2

xdx

(4.63)
For |E,| 2 %3, again from Proposition 3.2(i), |2s| < |Ey|, and then

dx

E /const. g2 |$b|1/2 + |xb|x_1/2 + 21/2
0 (|1Br| + )2 + <
) const. &2 |E1|1/2 + |E1|x_1/2 4+ 1/2
/0 (x + |Er]) 5

/const. % 1+y1/2 +y71/2
0 L+y

< e

~

dx

| By |dy ~ 2. (4.64)

Now (4.54) follows from (4.61) and (4.64), and the proof of the lemma is
finished. O

Proof of Theorem 3.8. From this point the proof is the same as the proof of
Theorem 3.7: use Lemmas 4.4 -4.5 and (see the proof of Lemma 3.2 in [8])

1 : L[~
(Z‘b) ™ Jo

d
i Hr
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4.5 Proof of Proposition 3.11

Straightforward computation, which we omit.

4.6 Proof of Proposition 3.13

With the notation
£432

= - 4.66
r « 1 ( )
we can write (3.47) and (3.48) as follows.
e 1 LerB
wy = ()i = 5 g =g+ (CT =12 (4.67)

Note that % ~ 275 we have k; = Ry. Thus ik; and iks lie in the third and

fourth quadrants respectively. Using (A.8) and (4.67), one obtains by direct
computation

~

Lo 1
As,r - 2Q2em€2 - §(Il(ﬁl\/¥) + Il (H_l\/%)

fe?
T

1 (Ti(kaVt) = To(FIVE).  (4.68)

+1
Now using (4.67) and the Taylor expansion for Zl(/ﬁ\/f) around iry/t one
gets (with a slight abuse of notation)
2 2 d2

Ty (kiVt) = Ty (irVt) — %gﬁd%z(m/%) + (%\/E) —T(3),

where Im Z = rv/t. This expansion (and the corresponding expansion for
T, (R1V/'t)) gives, together with (A.5), (A.6), (A.7), and Lemma A.4 the result

R 4

a2 BEP— €
A, =2¢e" — ng(zr\/g) + O(ﬁ) (4.69)

Expand once again Z3(ir+/t), this time around iy/at, see (4.66), and the proof
of the first part of the proposition is concluded.

For the second part of the proposition, we first note that Z, are uni-
formly bounded on the imaginary axis (see Lemma A.5). In order to com-
pute |A.(t)|* up to errors vanishing as e — 0, one need only to consider the
first term on the r.h.s. of (3.53). By (3.47) we have Im 3 = S&?r, such that
neglecting the terms vanishing as € — 0 in (3.48) we get

|A(t)]> = e720r="t, (4.70)
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To further simplify (4.70), we employ the following elementary inequality.
For a > 0, |b| < § we have

210
sup |e” (@O _ gmat| > 2/h sup ye”. (4.71)
£20 a y>0

Now (3.55) follows from (4.70), (4.71), and the fact that
r=+a(l+0(P)). (4.72)
Finally, the definition of 3 implies that
B=—g1 +O(), (4.73)

which together with (3.55) and (4.71) gives (3.56), and the proof is finished.

4.7 Proof of Proposition 3.14

For the computation of flw (t) we proceed exactly as in the proof of Propo-
sition 3.13, with the difference that here there is no need to use Lemma A.3.
In this case k; and ko are real,

and a computation similar to the one leading to (4.69) gives

4

; per £
Ay = iS5 T (ir'VE) + (9(772> (4.74)
The contribution of the bound state at z, = —r? (see (3.36)) reads after a
straightforward computation
1 s 2\ 2
—ﬁeiltlﬂb = (1 — 5—€>€Ztﬁl. (475)
T H,.(7) 27!

Recall that |a| = P. Thus

4

r = \/|oT|(1 + (9(8—)> = V]al(1 + O(E*7)).

lav
Expanding in (4.74) Z3(ir'\/t) around iy/|a[t, and using an argument similar

to the one leading to (4.69), one obtains (3.61). Finally (3.62) is a direct
consequence of (3.61).
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4.8 Proof of Proposition 3.15

54ﬂ2

Recall that |a] = beP, p > 4. As e — 0, and |of << =5

Expanding in (3.47) and (3.48), one gets

, we get K; = Kj.

1+ 0(E), ke=—-8(1+0("1), (4.76)

R1 =

«
5 (
@ =0(E""), p=1+0(""). (4.77)

An argument similar to the one leading to (4.69) implies that (see (3.46) and
(A.7)) )
As,r =1 (252ﬁ\/g) + O(5p74)- (478)

Thus (4.77) implies that the contribution (when it exists) of the bound state
is also of the order O(eP~*), which together with (4.78) finishes the proof of
(3.64).

4.9 Proof of Proposition 3.17

As the proof of Proposition 3.11 this is a straightforward computation.

4.10 Proof of Proposition 3.18

In what follows we need the formulae for ;. Using the scaled quantities

f=E0)Pa, y=(*6)"’x, (4.79)
one has
K = (£°0)"y; (4.80)
where y; are the solutions of

y? + fy— 1. (4.81)

The Cardano formula gives (for the labelling of x; see the discussion following
Proposition 3.17).

/
y; = pi(r = g) (4.82)
where o
o 14 (14 25)12\ 13
pj = es Uy = ( ( ; il > . (4.83)

In (4.83) the principal determination of fractional powers is taken.
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We recall that we are assuming o = be? and 0 < p < 4/3. Thus f =
b3~2/3=(3-P) 5 00 as e — co. Expanding in (4.82) one obtains

2
K1 = z\F(l + zf?’/g + (’)(f‘?’))

kg = ﬂe (1+0(f7%2)

and ) B2
. PE _
q1 = 5 Z4063/2 + O(f 3)
42 = q1 (4.85)
a3 =0(f7).

Now (4.85) and Lemma A.5 imply that
asTi(irsVt) = O(f )

uniformly in ¢ > 0, such that up to errors of order 4737, we have

- Z q; 11 (ik; V1)

From this point the proof of Proposition 3.18 is a repetition of the proof of
Proposition 3.13.

4.11 Proof of Proposition 3.19

In this case all x;, ¢; are real, and as € — 0 we have

= (1 071)
2
wr = lof2(~1+ 2|5‘3/2 +0(f17) (4.86)

2
— o (14 5 + O
and

=O(|f17)
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1 [e? 5
IB3=75— W +O(|f]7) (4.87)
1 [e? 5
Q1—§+W+O(|f| )-

Thus we have

@Iy (irVt) = O(|f]7),

uniformly in ¢ > 0, such that up to errors of order 437,

A (t) = — Z ¢; L1 (ik;\V'1).

7=13

Repetition of the proof of (3.60) leads to (3.80). Adding the contribution of
the bound state one obtains (3.81). Finally, taking into account (4.87) one
obtains (3.82) and the proof of Proposition 3.19 is finished.

4.12 Proof of Proposition 3.20

In this case we have f — 0 as ¢ — 0. Expanding in (4.82) one obtains

1
Ry = piB PP OES), gy =5 +O(E D). (4.88)

Using the expansion of Z,(ir;v/t) around ip,; 333/, one obtains from
(3.71) (by an argument similar to the one leading to (4.69))

~

3
1
Acsll) = =3 S " Ti(ip; 8PPV + O(er7H).
j=1
Adding the bound state contribution and using (4.88) in the form
i1k3t 2 i1Kk3t _4
2q5¢"" = 2™+ O(3),

one obtains (3.83).

A The Function Z,

Define for integers p > 1, and for complex z with Im z # 0, the function

T,(z) = i/oo " dx. (A1)

i J_o (x—2)P
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The integral in (A.1) is absolutely convergent, if p > 2. For p = 1 one can
define it by

To(2) = lim — / e (A.2)
A—oco i | 4 x — 2
One can also define
|
To(2) = JEEO%/A(& dx. (A.3)

As an alternative to (A.2) one can use the formula

2z [® eTia?
= — dx (A4)

L) i Jo x2—22

The functions Z, for p > 2 are up to a multiplicative constant the derivatives
of 7, since we have

1 ar!
Iy(2) = MWL(Z) (A.5)
Lemma A.1. For p > 2 we have
Z,(2)| < W/Oo(l + 2%) P4 (A.6)
Proof. The result follows from a simple computation, which we omit. O
Lemma A.2. Forp>1andbe R\ {0} we have
Z,(ib) = (—1)PZ,(—ib). (A7)
Proof. Using (A.4) we get
7,(ib) = 2 /OO o= (DT,
T Jo x%4b?
This result, together with (A.5), implies (A.7). O

Lemma A.3. Assume that Rez # 0 and Im z # 0. Then we have the result

T1(2) = Ta(—i2) — (sign(Re 2) — sign(Im z)) e ", (A.8)

Proof. This result follows from the calculus of residues. We sketch the details.
Consider the contour I'4 in the complex plane, as shown in Figure 1. We
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Figure 1: The integration path "4

assume A > |z|. The residue theorem implies that we have

/ ¢ d¢ = —(sign(Re z) — sign(Im z))me_“’Q. (A.9)
r,6—%

The contributions from the two circular arcs vanish as A — oo, since sin(2t)
is negative for ¢ satisfying 7/2 < ¢t < m and 37/2 < t < 2w. Thus we have

2

A —iz A iy?
€ €
/ dm—l—/ —dy
AT —Z A Ytz

== (sign(Re z) — sign(Im z))zﬁre_iz2 +o(1) (A.10)

The result now follows by rewriting the second term on the left using complex
conjugation, and by taking the limit A — oo.

O

Lemma A.4. For Imz # 0 and p > 2 we have
T, () + 2L, (2) = %pzpﬂ(z). (A.11)
Proof. Follows from an integration by parts. The details are omitted. O
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Lemma A.5. We have for allp > 1 that

sup|Z,(ib)| < oo. (A.12)
b>0

Proof. For p =1 we use (A.4) to get

2 [ eit? 2 [* =z
T:(ib :‘— 7dt’<—/ —dt = 1.
[:(@)] 7T/0 2+ |7 ), t?+2a?

For p > 2 we get a uniform estimate for b > 1 from (A.6). For 0 < b < 1 we
can deform the integration contour in Z,(ib) into the lower half plane, e.g.
follow the real axis from —oo to —1, the unit circle in the lower half plane,
and then the real axis from 1 to oco. Then we get a uniform estimate also in
this case. O

We now establish the connections with the error function. To this end we
recall some definitions, see [1, page 297].

erf(z \/,/ (A.13)
erfc(z) =1 —erf(z (A.14)

The integral in (A.13) can be taken along any path in the complex plane
connecting 0 and z. We also need

_22

w(z) =e 7 erfe(—iz) for Imz >0, (A.15)

see [1, 7.1.3]. Note that all these functions are entire functions.
We define the function

oo —t? oo —t2

R 1 e 20z e
W(z):;/ooz—tdt:7 i 22—t2dt for Im z # 0. (A.16)
We have the result [1, (7.1.3)]
w(z) = w(z) forImz > 0. (A.17)

In the lemma below, which gives the relation between Z;(z) and w(z),
we use Arg z to denote the determination of the argument taking values in
(0, 27).

Lemma A.6. Assume that Imz # 0 and Im(e"™/*z) # 0. Then we have

Ti(2) = 0(2)e™ + w(ei™*2), (A.18)
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Figure 2: The integration path 4

where
, 3m/4<Argz <m,

o(z) =14 =2, Tr/4<Argz < 2m, (A.19)

0, otherwise.

Proof. Let z be fixed and satisfying the assumption in the Lemma. We
denote by v4 the path shown in Figure 2, where A > |z|.
The calculus of residues yields that

e ic”

d¢ = o(z)mie ™",
YA (—2

where o(z) is defined in the Lemma.

On the other hand, using the explicit parameterization and the fact that
the contributions from the two circular arcs tend to zero as A — oo, cf. the
proof of Lemma A.3, we also have

—i¢? oo, —ix? 0o —t?
¢ dg:/ ‘ dx—/ _C _dt+o(1).

_ _ _ pim/4
A C—2 r—z ot — ey

Thus the result follows by taking the limit A — oo and using the definitions
of Z;(z) and w(z), noting the choice of signs in these definitions. O

We finish by giving also the relation between Z; (z) and w(z). From (A.17)
and Lemma A.3 one has the result
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Lemma A.7. Let for Imz # 0, ¥(z) = sign(Im z). Then
Ti(2) = 2(2) w(Z(2)e™*2). (A.20)

Proof. For 0 < Argz < 3w/4 (A.20) follows from (A.17) and Lemma A.3.
By analytic continuation one obtains (A.20) for ¥(z) > 0. Similarly, for
/4 < Argz < 2w, (A.20) follows from (A.17), Lemma A.3, and w(—z) =
2¢%" —w(z), see [1, 7.1.11]. O
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