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the model. A regression by the least square method 
is applied to calculate the model’s parameters. The 
model shows good flexibility in fitting the test data 
of the alumina-spinel refractory over the three creep 
stages. A temperature and stress dependence model is 
derived for the theta coefficients, reducing the num-
ber of material parameters necessary to describe the 
material’s behaviour. The experimental creep curves 
are presented, as well as the curves resulting from the 
identified parameters. The implications of the chosen 
creep data set on the definition of the model and its 
adequacy for this novel application are discussed.

Keywords Compressive creep · Refractories · 
Alumina-spinel · Theta projection method · Steel 
industry

1 Introduction

Refractories are materials designed to withstand 
severe service conditions such as exposure to ther-
momechanical loads, corrosion/erosion from solids, 
liquids, and gases, gas diffusion, and mechanical 
abrasion [1]. These characteristics allow refractories 
to be used in high-temperature processes in a variety 
of sectors, including cement production, aerospace 
applications, and the production of iron and steel 
[1–3]. Most of the refractory consumption comes 
from the iron and steel-making industry, in which 
many pieces of equipment have refractory linings to 
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reduce heat losses during the production process and 
to protect steel vessels against overheating and sub-
sequent mechanical failure [1]. Between all the phe-
nomena to which the refractory lining is exposed 
during service in the steel industry, the effect of 
the time-dependent response of the material is cru-
cial in determining the performance of the lining 
[1–3]. The time-dependent behaviour of refracto-
ries includes creep and stress relaxation phenomena 
that are defined by a slow continuous deformation 
of a material under constant stress and temperature, 
and a decrease of stress under constant deformation 
[4], respectively, and which represent the viscous 
response of the material. When modelling refractory 
linings, stress accumulation might result in mechani-
cal failure due to the lack of a nonlinear viscous 
behaviour [2]. Hence the importance of a good repre-
sentation of the viscous behaviour of refractory mate-
rials as to understand and be able to predict structural 
performance. Since creep and stress relaxation can be 
modelled through analogous mathematical models 
[5], it is admissible to refer to creep when referencing 
viscous behaviour. Furthermore, it is usual to choose 
one type of experimental protocol to obtain the data-
set. Therefore, creep will be the focus of the present 
work.

Refractories experience significant creep when 
exposed to high temperatures (in the range of half of 
the melting temperature) [6], and usually show three 
characteristic stages. During the first stage, named 
primary creep, the creep rate declines gradually with 
time. In the secondary stage, the creep rate is almost 
constant. Lastly, the third creep stage region is where 
the creep rate increases and leads to failure [7]. Tem-
perature and stress have a significant impact on creep 
behaviour: under low temperature and stress condi-
tions, creep might be negligibly small, whereas it 
develops faster at high temperature and stress condi-
tions [8].

To precisely characterize high-temperature creep 
behaviour of metals and alloys, considerable efforts 
have been made to obtain a fundamental understand-
ing of the creep mechanism and to develop creep con-
stitutive models [9], such as the power law equation 
[10] applied to describe the behaviour of materials up 
around 1500 °C, the continuum damage equation [11] 
used to represent metals response about 700 °C, and 
the theta projection method [12] employed for tem-
peratures up to 1300 °C.

In 1929, Norton [10] proposed the power law 
equation, further developed with the publication of 
Bailey’s work [13], forming the Norton-Bailey creep 
law, which is popular for its simplicity in applica-
tion to stress analysis. Continuum damage mechan-
ics (CDM) was proposed in 1958 by Kachanov [11]. 
By selecting appropriate constitutive equations and 
damage variables, this method was used to estimate 
the rupture time and strain of components that oper-
ate at elevated temperatures. In 1965, the Garofalo 
equation was introduced to describe the relationship 
between creep strain rate and time [14]. All the afore-
mentioned models, however, only specify the primary 
and secondary creep phases. It was only in 1982, with 
the development of the theta projection method by 
Evans and Willshire [12] that a description covering 
all creep processes including the tertiary stage up to 
rupture was proposed, thus offering a general descrip-
tion of the creep curve. The theta projection method 
has been successfully employed to describe the creep 
behaviour of metals and alloys [8, 9, 15–18], being 
able to describe the complete creep curve in one 
equation and allowing more accurate prediction of 
long-term creep behaviour from the extrapolation of 
short-term experimental data when compared to other 
methods [9].

As the creep behaviour of ceramics is similar to 
metals and alloys [6], the creep response of refrac-
tories is commonly represented by models devel-
oped for metals. The Norton-Bailey creep model 
[2, 19–22] in particular, is one of the most used due 
to its simplicity, good representation of the creep 
behaviour for this class of materials, and avail-
ability in commercial finite element software codes. 
However, the Norton-Bailey creep model cannot 
represent the complete creep curve and it requires 
the definition of primary and secondary states sepa-
rately. In addition, creep does not follow one simple 
power law relationship over a wide range of stress, 
typically following one power law at low stress lev-
els and another power law at high stress levels—a 
phenomenon known as “power law breakdown” 
[23], which does not allow for a generalized appli-
cation of the Norton-Bailey’s coefficients. Further-
more, the coefficients themselves are highly temper-
ature dependent, thus, complicating the obtention 
of a representative creep model using a small data 
set. Finally, the application of the Norton-Bailey 
creep law for refractories requires different sets of 
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coefficients for each creep stage, stress range, and 
temperature level, which leads to a lack of gener-
alization that increases the number of model coef-
ficients required, and thus demands an abundant 
database, hence complicating the numerical simula-
tion of refractory structures.

The theta projection method, on the other hand, 
can represent the complete creep curve by apply-
ing a continuous approach for its coefficients, where 
equations in terms of stress and temperature define 
the theta coefficients employed to obtain the creep 
response over various temperatures and stress levels. 
Moreover, this creep equation may be implemented 
in most commercial software through user supplied 
subroutines. Finally, the theta projection method can 
accurately predict the material’s long-term creep 
behaviour from the extrapolation of short-term exper-
imental creep strain data [9]. The cumulative set of 
factors mentioned justifies the interest in applying the 
theta projection creep method to represent refractory 
creep. In the present work, the application of the theta 
projection creep method is adopted to characterize the 
compressive creep of alumina-spinel refractories over 
a range of stresses and constant temperatures levels. 
The goal is to represent all creep stages and their tran-
sition with a single equation while using a few param-
eters to describe the variation of creep with temper-
ature and stress. Monotonic increase of creep strain 
with temperature and stress is considered for devel-
oping the model. Alumina spinel refractory bricks 
employed in steel plants, especially in the working 
lining of steel ladles, were studied in this work. This 
work was developed within the scope of ATHOR Pro-
ject [24], a Marie Skłodowska-Curie Action Euro-
pean Training network dedicated to Advanced THer-
momechanical multiscale mOdelling of Refractory 
linings, and therefore the material studied was defined 
according to the guidelines of the project. The alu-
mina-spinel material is described in Sect. 2 together 
with the creep data set utilized. Considering the small 
quantity of creep data available for this material, two 
data sets originating from different test protocols 
were combined. Section  3 presents a review of the 
theta projection method and its evolution, followed by 
the definition of the model applied in this work and 
the description of the fitting process. In Sect.  4, the 
performance of the model is presented and the impli-
cations of its use are discussed. Final remarks are pre-
sented in Sect. 5.

2  Material and experimental creep tests

2.1  Investigated material

According to the alumina spinel brick’s technical 
data sheet [25], the bricks’ raw materials include 
white fused alumina, calcined alumina, and spinel. 
The bricks used here were composed of 94%  Al2O3, 
5% MgO, 0.3%  SiO2, and 0.1%  Fe2O3 [25]. The bulk 
weight was 31.3 kN/m3, and the open porosity was 
19 vol% [25]. In the scope of ATHOR Project [24] 
the alumina spinel bricks were amply characterized 
[26–31]. The material’s dynamic Young’s modulus 
evolution with temperature [28] obtained through 
ultrasonic pulse velocity tests is presented in Fig.  1 
and will be employed in the evaluation of the creep 
law. This choice was made since ultrasonic measure-
ments can define instantaneous Young’s modulus, 
while in static mechanical tests, the static load is 
applied slowly, thus receiving interference from time 
effects such as creep at high temperatures. The Pois-
son’s ratio is 0.3 and the thermal expansion coeffi-
cient is 8.9 ⋅ 10−6◦C−1 [31].

2.2  Uniaxial compressive creep strain tests

Two types of testing procedures were employed to 
characterize the creep behaviour of the alumina spi-
nel refractory bricks studied in this work: steady-
state temperature creep tests and transient tem-
perature creep tests. In the steady-state temperature 
creep tests, Fig. 2a, the specimen was heated until it 
reached thermal equilibrium under a predefined max-
imum temperature. At this stage, the mechanical load 

Fig. 1  Alumina-spinel Young’s modulus evolution with tem-
perature (adapted from [28])
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was applied, and the deformation started to be meas-
ured. In the transient creep tests, shown in Fig.  2b, 
the specimen was loaded before heating to a prede-
fined maximum temperature, and the deformation 
was measured from the moment when the mechanical 
load started to be applied.

The test protocol and the creep data used in this 
work will be presented in subsequent sections. Both 
data sets were gathered within ATHOR network [24]: 
the steady-state creep data was developed by ATHOR 
colleagues in Montanuniversitaet in Leoben and 
reported in detail in Samadi et al. [32], while the tran-
sient data is novel and will be presented next.

2.2.1  Steady‑state temperature creep tests

Samadi et  al. [32] presented a steady-state tempera-
ture creep data set for alumina-spinel refractories, 
obtained by following a methodology developed by 
Jin et  al. [19] for uniaxial compressive creep tests. 
The testing machine of [19] measures the displace-
ments developed during the creep testing using two 
extensometers positioned on the front and rear sides 
of the furnace, with an initial distance between them 
of 50 mm. The entire sample is located inside the fur-
nace, together with the upper and the lower pistons. 
A schematic representation of the compressive creep 
experimental setup is presented in Fig. 3.

The samples used in this test are solid cylinders 
with 35  mm in diameter and 70  mm in height. At 
the beginning of the test, after their placement in the 

testing apparatus, a compressive preload of 0.05 MPa 
was applied to hold the specimen in place during the 
heating process. A cylindrical electrical furnace was 
employed to heat the specimen to the desired tem-
perature at a rate of 10  °C/min. To ensure thermal 
homogenization, a dwell period of 1  h was applied. 
Afterwards, the defined testing force was applied 
to the specimen, and only at this moment, the dis-
placement started to be measured. This implies that 
the deformation results did not include temperature 
effects, comprising only elastic and creep strain. The 
loading cases studied are presented in Table  1. For 
each case of applied stress at a given temperature, 
three specimens are tested.

The complete compressive creep curves obtained 
experimentally at the three different temperatures 
and stress levels are presented in Fig.  4. It is possi-
ble to observe that for each temperature level, creep 
strain increases with the increase of applied stress, 
as expected. Considerable scatter in the data can be 
observed. Figure 4a, for example, shows that, for the 
material studied in this work, under a compressive 
stress of 8 MPa at 1300 °C, one specimen failed after 
11.5 h, while another one failed after 3 h, a consider-
able difference. The dispersion in the data is normal 
for refractory materials and can be explained by many 
factors [3]. From a material standpoint, the produc-
tion processes, such as pressing and heat treatment, 
may be responsible for heterogeneity in the bricks 
used to create the samples. With an aggravation 
that refractories often have large grain sizes, around 

Fig. 2  Experimental protocol: a steady-state tests, b transient temperature tests
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10 mm [32], in comparison to the size of mechanical 
test samples. Regarding the testing methodology, var-
iations in the results might be caused by the presence 
of micro-cracks in the sample. Those can occur dur-
ing the sample’s production or be caused by misalign-
ment of the load [3]. Although there exists a consider-
able scatter in the data sets, it is possible to observe 
a consistent tendency in the mean creep curves con-
cerning the temperature and stress levels.

2.2.2  Transient temperature creep tests

The experimental campaign for the determination 
of creep in compression under transient temperature 
was carried out at RWTH Aachen University, follow-
ing the methodology proposed in ISO 3187 [33]. The 

setup scheme of the test is presented in Fig.  5. The 
measurement of temperatures is made at two different 
points through thermocouples that are installed near 
the specimen to monitor its temperature, and near the 
heating elements to control the furnace temperature. 
The specimens employed were cylinders with a diam-
eter of 50 mm and a height of 50 mm. Because of the 
differential measuring system adopted for the deter-
mination of deformation, the cylindrical test pieces 
have co-axial holes of 12.5 mm diameter. The differ-
ential displacement of two corundum tubes through 
linear variable differential transducers (LVDTs) is 
used to measure the change in length of the speci-
men. After the specimen is placed in the testing appa-
ratus, a compressive load is applied when the fur-
nace is turned on, causing a permanent compressive 
stress of 0.2  MPa throughout the entire experiment. 
The specimen is heated by the electrical furnace up 
to the desired temperature (1150, 1200, 1380, 1450 
or 1500 °C according to Table 2) with a rate of 2 °C/
min followed by a dwell period of 50  h. The defor-
mation measurement started simultaneously with the 
initial mechanical loading procedure. Therefore, the 

Fig. 3  Setup of the steady-
state temperature compres-
sive creep test (adapted 
from [19])

Table 1  Loading conditions for steady-state temperature creep 
tests

Temperature (°C) 1300 1400 1500

Applied stress (MPa) 8–9–10 4–4.5–5 3.5–4–4.5
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Fig. 4  Steady-state tem-
perature creep tests results: 
a 1300 °C, b 1400 °C, and 
c 1500 °C
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displacement measured includes elastic deformation, 
thermal expansion, and creep strain. For each temper-
ature, only one specimen was tested.

The results obtained in terms of strain evolution 
in time are presented in Fig.  6. For each tempera-
ture test, the experimental strain and the tempera-
tures were measured at the centre of the specimens. 
In addition, a curve with the sum of elastic strain 
�∕E generated by the mechanical stress of 0.2  MPa 
and thermal (�ΔT) expansion is shown to aid in the 
description of results.

Figure  6a refers to the test with a dwell tem-
perature of 1150  °C. Observing the total experi-
mental strain and the thermoelastic strain curve, 
it becomes clear that the creep developed during 
the heating procedure is rather negligible, as both 
curves overlap. It is only with the start of thermal 
dwell, marked by the vertical line (A) that non-
negligible creep is generated. The creep developed 
while the temperature was held constant is repre-
sented by Δ�

crCT
 . For this temperature a modest 

value of approximately 3 ⋅ 10−4 was developed over 
50 h, as shown in point (B). This remark corrobo-
rates the hypothesis that alumina-spinel refractories 
begin to develop non-negligible viscoelastic behav-
iour at around 1100  °C [34]. The results for the 
specimen with a maximum temperature of 1200 °C, 
shown in Fig.  6b, reinforce this hypothesis as the 
occurrence of creep strain becomes noticeable only 
after thermal equilibrium is attained (vertical line 
(A)). But differently from the results of 1150  °C 
the creep curve is well developed in its shape, pro-
ducing a creep strain of  1.5 ⋅ 10−3 (point (B)). From 
the observation of the results for 1380 °C shown in 
Fig.  6c, the start of the development of non-neg-
ligible creep strain is marked by the deviation of 
the total strain experimental curve from the ther-
moelastic one at 1150 °C, represented by the verti-
cal line (A). The difference between the thermoe-
lastic curve and the actual observed behaviour up 
to the end of the heating-up procedure, represented 
by the vertical line (B), is caused by compressive 
creep effects, which will be referenced as tran-
sient-temperature creep and represented by Δ�

crTT
 . 

A transient-temperature creep strain of approxi-
mately 1.1 ⋅ 10−3 (point (C)) is developed in the 
1.3 h it takes for the temperature to go from 1150 
to 1380 °C. In the following 50 h dwell period, the 
creep strain developed is approximately 4.6 ⋅ 10−3 
(point (D)). The total creep developed during the 
experiment is represented by the sum of transient-
temperature creep ( Δ�

crTT
 ) and the creep developed 

under constant temperature ( Δ�
crCT

) . The same 
trend is repeated for 1450 and 1500 °C. The results 
for 1450  °C presented in Fig.  6d, show that dur-
ing the 2.9 h needed for the temperature to increase 
from 1150 to 1450  °C, a creep strain of 2.7 ⋅ 10−3 
is developed (point (C)). Followed by the develop-
ment of 5 ⋅ 10−3 (point (D)) during the 50  h dwell 
period. Figure  6e shows the results for 1500  °C, 

Fig. 5  Setup of the transient temperature compressive creep 
(adapted from [29])

Table 2  Loading conditions for transient temperature creep 
tests

Heating rate (°C/min) Max. tem-
perature (°C)

Dwell period (hour)

2 1150 50
1200
1380
1450
1500
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Fig. 6  Transient temperature creep test results: a 1150 °C, b 1200 °C, c 1380 °C, d 1450 °C and e 1500 °C
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where the transient creep strain is 3 ⋅ 10−3 (point 
(C)) and the creep developed under constant tem-
perature is 5.7 ⋅ 10−3 (point (C)). In the test results 
with a maximum temperature of 1450 and 1500 °C 
it is possible to note that around 1300  °C, repre-
sented by point (E), the total experimental strain 
reaches a maximum value and starts to decrease, 
which means that at this point the increment of 
compressive creep strain generated is higher than 
the increment of thermal strain, thus decreasing the 
total strain measured.

Considering for calibration only the creep strain 
developed under constant temperature would imply 
an underestimation of the creep strain since the 
creep developed under transient temperature would 
not be represented. The strategy proposed in this 
work to minimize the effects of this implication in 
the curve used in the calibration process is to con-
sider the creep developed during the heating proce-
dure. Figure 7 illustrates the change of the coordi-
nate system performed to obtain the data referent 
to the compressive creep strain under constant tem-
perature. Initially, the origin of the axis is shifted 
to the point from which thermal equilibrium is 
attained within the specimen ( I → II ). In the 
sequence, the term Δ�

crTT
(T) representing the total-

ity of creep developed under transient temperature 
conditions and shown in Fig. 6 for each dwell tem-
perature test is added to all points ( II → III ). The 
compressive creep results that will be employed for 
the calibration purpose in this work are presented 
in Fig. 8. All the results from transient temperature 
creep tests presented in the following sections will 
be presented in the treated form.

3  The theta projection method

3.1  Classical and modified theta projection methods

The theta projection model was originally proposed 
by Evans and Willshire [12] to simulate multistage 
creep deformation (primary, secondary, and tertiary), 
and accurately predict long-term creep behaviour. 
The theta creep strain formulation under constant 
temperature and stress is presented in Eq. (1).

Here, �
cr

 is the creep strain, t is time and 
�
i
(i = 1, 2, 3, 4) are non-negative model parameters, 

named theta coefficients. Primary creep strain is 
controlled by the material constants �1 and �2 , while 

(1)�cr = �1

(

1 − e−�2t
)

+ �3

(

e�4t − 1
)

Fig. 7  Process of data 
treatment of the transient 
temperature creep tests 
results

Fig. 8  Transient temperature creep tests results under constant 
temperature
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material constants �3 and �4 regulate the tertiary 
creep.

The format of the curve defined by Eq. (1) and the 
influence of each term on the shape of the curve are 
illustrated in Fig. 9. The first term on the right-hand 
side of Eq. (1) is appropriate to represent the primary 
creep strain, as it increases slowly over time while the 
slope progressively decreases to zero. The parameter 
�1 represents the total primary creep strain while �2 
determines the shape of this component. The sec-
ond term of the equation is suitable to represent the 
tertiary stage, as it starts negligibly small and then 
grows exponentially with time. In it, the parameter 
�3 scales the tertiary creep strain while �4 defines the 
curvature [15]. An approximate stable creep strain 
that might correspond to secondary creep is obtained 
during the change in dominancy from the first term to 
the second term [8]. Furthermore, the material con-
stants �

i
 ( i = 1, 2, 3, 4 ) are both temperature ( T  ) and 

stress ( � ) dependent. The relation between T , � and �
i
 

was originally proposed by Eq. (2) [35].

Here a
i
 , b

i
 , c

i
 and d

i
 ( i = 1, 2, 3, 4 ) are material 

constants.
To better accommodate the experimental data for 

different materials, variations of the original theta 
projection model have been developed. Those mod-
els are called a “modified theta projection model” and 
might differ from the original model in various ways. 
Some of the modified models include an extra linear 

(2)ln
(

�
i

)

= a
i
+ b

i
� + c

i
T + d

i
�T

[36] or exponential [18, 37] term to the theta projec-
tion creep equation. Another modification, contrary 
to the original theta projection model, expressed the 
creep strain as a logarithmic function [17]. In addi-
tion, different correlations were proposed to define 
the material constants �

i
 . A few proposals adopt 

mechanical parameters in the definition of material 
constants [16, 38, 39]. In a study by Evans [40], vari-
ous interpolation/extrapolation functions for the theta 
coefficients within the theta projection technique are 
evaluated, and a more generalized function for the 
material constants �

i
 is proposed. The new correlation 

proposed is presented in Eq. (3).

Again, here, a
i
 , b

i
 , c

i
 , d

i
 , and e

i
 ( i = 1, 2, 3, 4 ) are 

constants.

3.2  Theta projection model applied to refractories

In this work, the original function proposed by Evans 
and Willshire [12] in Eq. (1) was applied to model the 
creep behaviour of the alumina-spinel refractories at 
high temperatures. The choice was made considering 
the good agreement between the experimental data 
studied here and the proposed equation. On the other 
hand, the material constants �

i
 ( i = 1, 2, 3, 4 ), which 

are both temperature ( T  ) and stress ( � ) dependent, 
were chosen to be fitted according to the general form 
of Eq. (3) proposed by Evans [40].

3.3  The fitting process/Identification of creep 
parameters

The procedure of the overall methodology devel-
opment of this study is presented in Fig.  10. In the 
experimental part, a total number of 32 specimens 
were used for the uniaxial compression creep testing 
at temperatures ranging from 1150 to 1500  °C with 
holding stresses of 0.2–10  MPa. The total strain vs. 
time data was acquired for each of the specimens. 
There is one data set of 27 steady-state temperature 
creep tests composed of experiments in three tem-
perature levels. For each temperature, three distinct 
mechanical loads were investigated. Finally, each 
temperature and load combination was repeated three 
times. The other data set was formed by data from a 
single mechanical load tested over five temperature 

(3)ln
(

�
i

)

= a
i
+ b

i

1

T
+ c

i

�

T
+ d

i
ln

(

1

T

)

+ e
i
�

Fig. 9  Illustration of theta-projection method (adapted from 
[36])
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levels obtained from transient temperature creep tests. 
The use of one data set to calibrate the creep model 
and the other to validate would be usually adequate. 
Here, however, it would implicate the construction of 
a model using a restricted data set in terms of size, 
and range of stress and temperatures, which could 
lead to restrictions in the applicability of the model.

Hence, data originating from both data sets will be 
used to calibrate the theta projection creep model. For 
that, some simplifications needed to be adopted. The 
samples used in the tests, for example, are different, 
but considering that both their sizes are representative 
of the alumina-spinel matrix, the differences caused 
by size and shape may be disregarded. Another point 
to be addressed regards the repeatability of the tests, 
or lack of evidence of it, in the case of the transient 
temperature creep tests. As observed in the steady-
state results, there is a considerable difference in 
the behaviour of repetitions of equal specification in 
equal conditions. Therefore, there exists a range of 
acceptable results for comparison purposes. This does 
not exist for the cases in which only one test was exe-
cuted during the calibration process.

The calibration of the creep model is imple-
mented in two stages: in the first stage a set of theta 
coefficients �

i
(T , �) are obtained for each case of 

applied stress at a given temperature. In the second 

stage, a continuous function is fitted to generalize 
the definition of �

i
 over a range of temperatures and 

stress. Finally, the obtained results are validated 
against the experimental data.

As two different types of data sets were merged: 
one from the steady-state temperature creep tests 
and the other from the transient temperature creep 
tests, different pre-treatments were employed to 
obtain the creep strain data. As mentioned before, 
the measured results for the steady-state tempera-
ture tests comprise both elastic and creep deforma-
tion. Therefore, to obtain the creep strain �

cr
 , the 

elastic strain �∕E is subtracted from the total strain 
�
tot

 obtained experimentally, as:

where σ is the applied stress and E is Young’s modu-
lus obtained from Fig. 1.

The original transient creep test results contained 
thermal, elastic, and creep deformation. The treat-
ment to obtain the compressive creep data was pre-
sented in Sect. 2 and illustrated in Fig. 7. It included 
the subtraction of both elastic �∕E and thermal 
strain (�ΔT) using Eq.  (5). Furthermore, the ori-
gin of the axes was shifted to the instant in which 
thermal equilibrium was attained, and the term 

(4)�
cr
= �

tot
−

�

E

Fig. 10  Overall diagram of creep testing, model development, validation, and comparison
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Δ�
crTT

(T) was added to all the entries of the shifted 
data.

Finally, the database is compiled with time ver-
sus creep strain data at constant temperatures. From 
the transient temperature creep tests, the experiments 
with maximum temperatures of 1200, 1380, 1450, 
and 1500 °C were employed in the calibration proce-
dure. The results for the experiment with a maximum 
temperature of 1150 °C were disregarded since creep 
starts developing around this temperature and the 
creep values are almost negligible.

3.3.1  Creep strain model

The material constants �
i
 are obtained from uni-

axial testing data at constant stress and temperature. 
The nonlinear least square method [41] is applied to 
obtain suitable �

i
 values. In this method, the �

i
 coef-

ficients are obtained by minimizing the error between 
the experimentally obtained creep curves and those 
predicted using Eq.  (1) represented by Eq.  (6). The 
native MATLAB [42] function lsqcurvefit is used 
to minimize the function presented in this equation. 
During the fitting, a constraint was applied that all �

i
 

values should be positive. In addition, for the creep 
tests at the same temperature, tests with higher stress 
loads were restrained to give higher fitted model 
parameter �

i
 . The first constraint generally guarantees 

that three terms represent the primary, secondary and 
tertiary stages properly, while the latter one assures 
that under the same temperature, creep strain mono-
tonically increases with stress load. Furthermore, to 
avoid the effect of weights caused by different-sized 
data sets in the data-fitting procedure, subsets of data 
were created with the same number of points from the 
smallest data set available for each case. The sizes of 
the subsets vary between 3000 to 25,000 points, with 
more points on the tests that lasted longer.

Here, the creep curve contains n time points and 
�
cri

 is the experimental creep strain at the time t
i
 . An 

iterative algorithm based on the trust-region-reflective 

(5)�
cr
= �

tot
−

�

E
− �ΔT

(6)

�
n−1 =

n−1
∑

i=1

{

�
cri

−
[

�1

(

1 − e
−�2t

)

+ �3

(

e
�4t − 1

)]}2

method [43] was used to find optimum values for �
i
 

which minimize �n−1 . 

3.3.2  Temperature and stress dependence model

The theta coefficients �
i
 obtained for each experimen-

tal curve are dependent on the applied stress and tem-
perature. Therefore, they must then be related to the 
applied test condition using a suitable function, which 
results from Eq. (3).

Here, a
i
 , b

i
 , c

i
 , d

i
 , and e

i
 ( i = 1, 2, 3, 4 ) are material 

constants obtained from k creep experiments, with 
applied stress and temperature of �

k
 and T

k
 , respec-

tively. Suitable a
i
 , b

i
 , c

i
 , d

i
 , and e

i
 values are obtained 

by minimizing the error between the obtained theta 
coefficients �

i
 and those predicted using Eq. (7). The 

native MATLAB [42] function lsqcurvefit is once 
again used to perform this minimization process.

In Fig. 11, the overall two-stage procedure to cali-
brate the theta projection creep model is summarized. 
It is important to note that the second stage of the 
calibration procedure is independent of the first stage 
and is carried out in order to obtain generalized val-
ues for the �

i
 coefficients.

4  Results and discussion

Using the approach described, the proposed model 
and the identification of creep parameters procedure 
were implemented in MATLAB. Predicted creep 
curves were compared with experimental data. The 
efficiency of the model is discussed in two instances: 
regarding the first stage of calibration, where the 
material constants �

i
 were directly obtained, and the 

effectiveness of the temperature and stress-dependent 
model to reproduce the experimental data. Finally, the 
material constants �

i
 derived functions are debated 

and the influence of the data set is discussed.
The material constants �

i
 (i = 1, 2, 3, 4) under dif-

ferent temperatures and stresses that satisfy Eq.  (1) 
are presented in Table 3. Figure 12 illustrates the pre-
dicted theta projection creep curves compared with 
the experimental data. The experimental results are 
presented in colours, while the numerical estimation 

(7)

ln
(

�
i

)

k
= a

i
+ b

i

1

T
k

+ c
i

�
k

T
k

+ d
i
ln

(

1

T
k

)

+ e
i
�
k
, i = 1, 4
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is presented in black. For the cases where three speci-
mens were tested, the experimental results are pre-
sented through a shaded area. Generally, the three 
stages of the creep process were demonstrated by 
the curves with the creep strain rate decreasing at the 
early stage, then stabilizing, and finally increasing. 
Tertiary creep is insufficiently replicated when com-
pared to experimental results, therefore it should be 
further investigated for applications in which collapse 
is more representative than the case of the refractory 

used in the lining of steel ladles. Still, good agree-
ment was achieved between the model predictions 
and experimental data for all the curves, in the rest of 
the response.

The final step of the calibration process is the 
definition of the temperature and stress dependence 
model for the theta parameters previously obtained. 
Based on Eq. (3), the a

i
 , b

i
 , c

i
 , d

i
 , and e

i
 ( i = 1, 2, 3, 4 ) 

coefficients for each �
i
 were calculated, and their 

values are given in Table  4. The importance of this 

Fig. 11  Evaluation procedure to calibrate the theta projection creep model

Table 3  Model parameters 
for alumina-spinel 
refractory

Temperature 
(°C)

Stress (MPa) �1 �2 �3 �4

1200 0.2 5.23E–04 5.08E–05 3.28E–02 1.58E–07
1300 8 1.31E–02 1.98E–03 2.39E + 00 5.73E–07

9 1.50E–02 2.20E–03 2.39E + 00 7.98E–07
10 1.50E–02 2.24E–03 2.39E + 00 1.66E–06

1380 0.2 2.47E–03 5.33E–05 4.06E-02 2.87E–07
1400 4 1.74E–02 7.06E–04 1.81E + 00 2.89E–07

4.5 1.74E–02 1.28E–03 2.93E + 00 5.27E–07
5 1.75E–02 2.07E–03 2.93E + 00 1.25E–06

1450 0.2 2.68E–03 5.51E–05 4.48E–2 2.87E–07
1500 0.2 3.10E–03 1.18E–04 5.30E–02 2.87E–07

3.5 1.67E–02 1.80E–03 5.32E–02 4.95E–05
4 1.68E–02 1.87E–03 5.35E–02 6.73E–05
4.5 1.68E–02 1.87E–03 5.37E–02 2.24E–04
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Fig. 12  Creep simulation predictions compared with experimental creep tests at a 1200 °C, b 1300 °C, c 1380 °C, d 1400 °C, e 
1450 °C and f 1500 °C
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model resides in its generalization capability. Based 
on the obtained database, it becomes possible to pro-
pose a creep model that should work for a wide range 
of stress and temperature load conditions (except ter-
tiary creep), which is valuable in the numerical simu-
lation of the material behaviour of refractories.

The surface functions of �
i
 (i = 1,2,3,4) are pre-

sented in Fig. 13, together with the original values of 
the theta parameters obtained in the first stage of the 
calibration process, and the distance between them 

and the fitted surface (given by the arrows shown). 
In general, the temperature and stress dependence of 
the coefficients is strong. Additionally, an increment 
in stress will produce different variations in �

i
 coef-

ficients according to the temperature level. Higher 
temperatures imply greater variations, which con-
firms that creep phenomena are exacerbated with 
temperature increases and agrees with the hypothesis 
of a monotonic increase of creep strain with tempera-
ture and stress. Finally, it is important to comment on 

Table 4  The a
i
 , b

i
 , c

i
 , d

i
 , e

i
 

(i = 1,2,3,4) coefficients for 
each �

i
 based on Eq. (3)

i a b c d e

1 9.95E + 02 − 1.72E + 05 − 2.60E + 03 1.21E + 02 2.23E + 00
2 − 1.17E + 02 1.54E + 04 − 4.02E + 03 − 1.33E + 01 3.51E + 00
3 3.74E + 03 − 6.08E + 05 − 2.30E + 03 4.57E + 02 2.03E + 00
4 − 3.59E + 03 5.75E + 05 − 6.57E + 03 − 4.36E + 02 5.42E + 00

Fig. 13  Temperature and stress dependence model fit for �
i
 coefficients, across the relevant stress and temperature ranges
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the implication of the characteristics of the data set 
on which the surface is based. The nonlinear regres-
sion is used to fit the data into an equation that can 
be used to make predictions. In the optimal scenario, 
there will be enough points in the data set for it to 
be split into two groups: one to fit the equation and 
the other to validate the result. For nonlinear func-
tions, for example, it is usual to employ a minimum 
of three points over different orders of magnitude to 
fit an equation. Considering that the creep data set 
used in this work has a maximum of four mechanical 
loads tested for each temperature level, it is compli-
cated to split the dataset into two to define the non-
linear function and assess its performance. Moreover, 
the load levels applied for each temperature stage 
have small deviations, which might compromise the 
fit of the function and hamper the efficiency of the 
function across a wide range of stresses. Furthermore, 
when comparing the stresses applied at different tem-
peratures in the dataset, they vary significantly (e.g. 
1300 °C compared to the other levels), or they do not 
change much (1400 to 1500 °C), hence making it dif-
ficult to assess the implications to the predictive capa-
bilities of the model.

The error between the original values of the �
i
 coef-

ficients and the estimated �
i
 parameters are inherent to 

the fitting process and may be caused by the scatter-
ing of the creep data. The relative error between the �

i
 

coefficients are below 10 for 85% of the points com-
pared. The 15% remaining points have relative errors 
ranging between 22 and 137% and refer to �3 , which 
suggests an incompatibility between the data and the 
proposed temperature and stress dependence function 
for the coefficient �3 , or the presence of outliers. Still, 
the results may also indicate some lack of aptitude of 
the model in representing the third-stage creep and 
failure for the alumina-spinel refractory.

The final estimation of creep strain using a global 
model across a relevant range of temperatures and 
stress levels is made through Eq.  (1) using the con-
stants in Table  4, which are applied in Eq.  (3), to 
obtain the �

i
 coefficients. The final theta projection 

prediction results are shown in Fig. 14. The obtained 
curves agree well with the experiments, although the 
global fitting of the �

i
 coefficients alter the values and 

shape of the curves at the experimental reference val-
ues. At 1300, 1400, and 1500 °C the theta projection 
curves are mostly within the range of experimental 
results, and the existing deviations are not significant 

when compared to the scatter of the test results. For 
the transient temperature creep tests, the results can 
still be considered in reasonable agreement even if 
some difference is found. As there is no repetition 
of the experimental results, it is impossible to con-
clude if the result is a lower or upper bound. Finally, 
it is possible to infer that the temperature and stress 
dependent model combined with the original theta 
projection creep equation represents well the experi-
mental creep behaviour trend of alumina-spinel 
refractories.

At last, the final theta projection creep predictions 
are compared to the Norton-Bailey creep estimates 
for 1300  °C. Using the Norton-Bailey creep param-
eters presented by Samadi et  al. [32], and the exact 
integration of the Norton-Bailey creep equation, the 
comparison of creep tests at 1300 °C is presented in 
Fig.  15. The experimental results are presented in 
colours, the theta projection creep predictions are 
presented in black, and the Norton-Bailey results are 
presented in red. In detail, it is possible to observe 
that the Norton-Bailey creep predictions present good 
results for primary stage creep, which is expected 
since the parameters are calibrated regarding primary 
stage data. On the other hand, the overall shape of the 
Norton-Bailey creep curve is unable to grasp the evo-
lution of a complete creep curve which confirms that 
this model is capable only of representing individual 
stages. Differently, the theta projection creep curves 
present a much better fit to the complete curve. For 
the other temperatures, the same trend is expected.

5  Conclusions

Creep is an important phenomenon to be considered 
in materials forming structures exposed to high tem-
peratures and stresses. At service conditions in indus-
trial vessels, the creep deformation experienced by 
refractories is one of the most important phenomena 
when addressing the life cycle of the material, as well 
as the definition of the initial geometry of the refrac-
tory bricks and the heating time of the vessel. Hence, 
a good creep model for alumina-spinel refractories 
is needed for efficiency and safety analysis of the 
vessels.

In the present study, the theta projection method 
is adapted for alumina-spinel refractories. The theta 
projection creep model represents the complete 
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Fig. 14  Final theta projection creep predictions compared with experimental creep tests at a 1200  °C, b 1300  °C, c 1380  °C, d 
1400 °C, e 1450 °C and f 1500 °C
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creep curve, particularly primary and secondary 
creep, which are the relevant phenomena for refrac-
tory applications. In the model, creep curves are 
described as a function of time with four model 
parameters �

i
 ( i = 1, 2, 3, 4 ). An initial data set of 

model parameters was constructed by fitting the 
results of 32 creep tests, run at 6 temperatures, 
from two different test protocols. After fitting the 
individual curves, the theta values (�

i
)  were fit to 

create a unified creep model enabling the deter-
mination of creep curves for distinct temperature 
and stress loads. The fitting process employing the 
nonlinear least square method was automated using 
MATLAB [42] to find the minimum of a nonlinear 
multivariable function. The use of steady-state in 
combination with transient temperature creep data 
to calibrate the theta projection creep model ena-
bled the generated model to correctly replicate the 
results from both types of tests. The predictions 
of the unified model were in good agreement with 
the experimental results in most load cases. Com-
pared to other creep models applied to represent 
the alumina-spinel creep behaviour, this model has 
the large advantage of a general prediction of creep 
over a wide range of stresses and temperatures, with 
good agreement with experimental data. Moreover, 
the unified approach adopted led to the development 
of a more consistent and universal creep model, 

which is prepared for further development, such as 
the inclusion of improvements to better represent 
creep under transient temperature and the effects 
of the tertiary creep stage. Finally, further experi-
mental data and numerical studies on the numeri-
cal application of this model are necessary before 
employing this model in the numerical analysis of 
refractory structures to define operating conditions 
and safety levels.
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