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or "rather short" are almost meaningless because of lack of
common standard among individuals as a basis of comparison.
When we state that a person is five feet nine inches tall,

we know exactly what is meant. Increased precision has been
made possible by the invention of smaller units of measure or
by reducing units to fractional parts. Inaccuracy of measure-
ment is the consequence of lack of skill in applying the tools,
of fallure to describe by reference to a standard, of lack of
insight as to procedure, and of inaccuracy of the measuring
devices themselves. Without measuring devices, homes could
not be bullt, automobiles could not be constructed, and
mechanical progress would be impossible. Man is always at
work devising new ways of measuring the forces of nature and
aspects of the environment which he cannot now understand be-
cause they cannot be measured. Ordinary description merges
gradually into measurements as standards and comparisons be=-
come more and more accurate.

Number enables man to deal systematically with quantitative
aspects of his environment. The number system 1s at the basis of
such plans of systematic arrangement as the Dewey decimal sys-
tem used in many of our libraries. Statistical tables, charts,
graphs, and similar diagrammatic devices'are convenlent ways of
arranging large bodies of data in a systematic way so that they
can be readily considered and interpreted. Organized tabular
material, such as railroad time-tables, catalogues, are economi=-
cal ways of systematizing much information. Budgets are sys-
tematic ways of allotting income and guiding expenditures.

Oﬁr units of measurement ensable us to collect systematic,
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with barter, then the use of objects such as beads, shells,
claws of animals, wampum, then crude metallic forms, to our
present system of money, which includes metals, paper bills,
and indirect means of indicating values, such as bonds, trade
acceptances, and bills of exchange. Similarly the clock as’
we have 1t today advanced from such crude units of measurement
as moons, days, candle clocks, water clocks, sundials, sand

glasses to the really wonderful, marvellously accurate time-

pieces of the present time controlled by electricity which can

measure time in fractional parts of a second. A similar evolu=-
tion has taken place in the development of units for measuring
length, area, volume, weight, and temperature. An appreciation
of this evolutionary process should eventuate in the gensraliza-
tion that future improvements and refinements are likely and in
many cases desirable. The pupil will thus be led to realize
that we live in a world characterized by constant change.
Number has enabled man to gain increasing control over
nature and to use the forces of nature to his advantage. Man
invented the magnetic compass which enables him to determine
direction. The woodsman, the mariner, and the traveler are
safer because of this device. The aviator has measuring in-
struments which enable him to fly at night or through a fog
with a minimum of risk. The thermomecer enables man to take
steps to regulate the temperature in foods in cold storage as
a means of preventing theif decay. The microscope enables the
sclentist to stuvdy minute germ cells and to determine their
qualities. Medicine studies disense by determining its quan-

titative relationships and characteristics. The measurement

Te



of volume is involved in the control of ventilation and
humidity.

Number has been an important element in developing co=-
operation among individuals, state, and nations of the earth.
When each town and tribe had its own system of money there was:
so much confusion that trading was diffienlt. To obviﬁte
this, tribes, cities, even nations finally agreed to accept
a uniform system of money. The necessity of eliminating con-
fusion in regard to railrced timetables led to an agreement
to adopt the standard time belts which are now commonly accepted.
Confusion due to lack of uniformity in systems of measurement
among the nations led to the invention of the metric system which
is now the accepted standard in all countries except Great
Britain and the United States. Insurance is a form of coopera=-
tive arrangement for the more efficlient handling and use of
money. Taxation may be considered to be the means whereby
members of soclety contribute more or less freely and willingly
to the general welfare.

The intelligent consideration of accurate quantitative in-
formation should be the basis on which decisions are made as
to the problems involved in production, distribution, and con-
sumption of the necessities of 1life. To be able to arrive at
satisfactory solutions for such problems as the individual
meets, he should have, or know how to secure, accurate and
reliable information of a qﬁantitative kind and the ability
to interpret facts rationally and correctly.

Mathematics affords "an exact and easily workable symbolism

for the expression of ideas" in precise way. Expressions such

8.
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- as average, median, mode, and standard convey simply and exact-
ly ideas which it would be very difficult to express without
these convenient symbols. Our magazines, newspapers, and books
contain discussions in which appear many new terms such as
index figures of bank fallures, car loadings, prices, and so
on, each of which is the attempt to express concisely a series
of complicated relationships. The correct understanding of
such quantitative terms as bonds, stocks, margins, involves
not only a knowledge of their exact technical meanings, but
also of the psychology they may suggest, such as the glamor of

vivid advertisements, the methods of high-pressure salesmen.
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11.

Standardized tests in arithmetic have been in general
uﬁe for the past fifteen years and mast of them have been of
the survey type. The principle involved in the survey testing
is that of securing a sampling of pupil achievement in a wide :
raﬂge of subject matter. When such samplings are tabulged
and compared with norms representing many school systems, such
a measure has value. General standards have been maintained
through such comparisons. The value of the survey type is
almost always general in nature. Probably once in four or
five years 1s often enough for a school to apply survey tests,
provided sufficient use 1s made in the meanwhile of diagnostic
tests and of the preventive and remedial measures suggested
by diagnostic steps. If given too often these survey tests
tend to place pressure on teacher and pupils for securihg bet=-
ter results without a clue or hint as to how such results should
be obtained.

A more detailed treatment of results than that usually
made of survey-tést scores 1is necessary before difficulties can
be dlagnosed. To make possible an analysis of difficulties
is the purpose of the diagnostic test. Until one knows what are
the hard spots in learning arithmetic, and until he knows what
difficulties are experienced in the various classes in a school,
he i1s unable to address himself definitely to the problem of |
helping children learn in the most efficlent mamner. When a
teacher first begins his work with a new class, he 1s com=
paratively ignorant of the abilities of the pupils. To be
truly diaghostic, test results must first reveal weaknesses

in all significant types of exercises in specific processes
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methods which are very crude and laborious and which should be
replaced by more efficieﬁt methods of thinking.

The selection of a *est should depend lergely on the sub-
Ject matter 1t contains. No test is better than the problems
it contains. The selection of materials in a test is of
importance for its validity, for getting a real measure of the
thing one sets out to measure. Since the survey test is
limited in time and material, it is likely to have a better
selection of material if it covers a relatively short range of
subject matter. For the sake of validity and reliability, it
is important the survey test contain problems that are fre-
quently taught and used, and that are typical of others closely
related in the skills involved.

The survey test must be given in a short period of time.
It will probably cover the bare essentials so far as significant
types of examples in an operation are concerned. All tests
should be long enough to cover adequately the field to be
measured, but short enough so that the administering is not
burdensome. A test need not be longer for diagnostic purposes
than for a survey, but the range of materisl used should bs
much less. A comparatively narrow unit must be used for
diagnosis, so that all significant types in a process may be
included.

Difficulties in an arithmetical process are chiefly due
to three factors: the strudture of a problem, the complexities
and variations from type that develop in a process owing to
increased length of a problem, and the combinations involved.

The reliability of a survey test may be judged fairly by
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analysis of its content and structural makeup. Unreliability

or inaccuracy of measurement is caused by inadequate sampling,
inadequate or ambiguous directions, unfamiliar forms of problems,
and any other conditions distracting to pupils. If the test

is made up of parts, each dealing with only one operation or

a closely related group of skills, then the total score of

each part will give some 1dea of the ability of a pupil in the

cperation sc measured.
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to compel their acquisition, it must be the office of educa=
tion to cultivate them. Human beings cannot be taught to think
unless placed in situations requiring thought. These situations
are called problems, and arithmetic affords exercises which are
likewise called problems. There is a distinction between
problems of arithmetic, and problems of life. In arithmetic

the problems do not 'arise'. The problem of arithmetic, however,
may be made exceedingly valuable. They afford practice in
thinking situations through. The problems of arithmetic are

the most significant part of the subject. In problem=-solving
the pupil gets all the benefit that he can from doing abstract
number work, plus a benefit peculiar to problem work - which is

thinking.

18.
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20.

What is a problemT' It is a situation that can only be
reacted to intelligently and with the employment of insight.
If the pupil does not react intelligently, even though he gets
the right answer, he has not really solved the problem. The .
problematic character of the situation 1s such as has been ex-
perienced by somebody. What is a problem for one may be a
routine situation for another. A problem needs must refer to
a situation which 1is sufficiently familiar to the pupil for him
to be able to realize the full significance of the conditions,
and to see clearly what it is that he has to find out. Many
so=called problems that appear in textbooks are not really
problems for many pupils. Every problem is less of a problem
to the extent to which it can be solved by memory of the methods
by which similar problems have previocusly been solved. The ex-
pression drill in problem solving, might be a misnomer. It is,
of course, desirable that pupils avail themselves of the economy
of thinking which becomes possible when they recognize that an
exercise is similar to one with which they have previously
dealt intelligently. It 1s clear that at various points in
a solution the pupil uses knowledge acquired in the solution of
other problems, yet the: reasoning employed as a whols has never
been used before. Solution of problems by school pupils should
be of this same insightful character. Teachers of arithmetilc
are coming to consider that their two most important teaghing
tasks are that of increasing the skill with which their pupils
use the fundamentals, and that of increasing their knowledge of

when to use them.
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Problems in arithmetic may vary from, "How much do five
pencils cost at two cents each?™, to those in which a whole
set of social,relations is involved. Problems of the first
type emphasize the computational function of arithmetic while
those of the second type bring out the informational, sociologi=
cal, and psychological functions. In our standard scales for
measuring problem-solving ability, we find only problems of
the first type. No method has been devised for measuring the
ability to do the thinking or to perform the activities in-
volved in solving problems of the second type. Bobbitt says,
that in the community life, arithmetic is not primarily a maetter
of solving problems but rather of seeing things in quantitative
ways and thinking in quantitative terms.

The greatest single factor which reduces the scores ﬁade
by pupils on tests in problem solving is inaccuracy in the re-
quited computations. Lutes has shown that if pupils are given
practice beforehand on the computations involved in problems
in tests, care beihg taken to make certain that the pupils will
be unable subsequently to recognize the particular processes by
embracing them in a mixed drill with others, there is a marked
increase in the test score. This is due to the reduction in
the number of errors in computations rather than to improve-
ment in the thinking required to determine the method of solv-
ing the problem. If the purpose of measuring problem=-solving
ability is to measure the power of the pupil to think through
the steps in reasoning out a solution rather than to measure
ability to compute, it seems reasonable to propose:-that we re-

duce difficulty of computation to a minimum and check only to

22,
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The essential technical background of a person who wishes
to make a diagnosis of difficulties in arithmetic includes:

(1) a knowledge of types of behavior which are evidences
of underiying causes of inability not only in afithmetic, but
in reiated subjects such as reading, and the analytical ability
to observe and interpret these manifestations of difficulty;

(2) an adequate technique for bringing to the surface, facts
concerning the nature of the pupil's disability or methods of
work which otherwise would not be noted; ﬂ
‘ (3) a thorough knowledge of the factors underlying the
development of arithmetical ability and the ways in which these
‘factors operate;

(4) a knowledge of the specific skills and controls which
constitute the list of hablts needed for successful work in
arithmetic; |

(5) a knowledge of what remedial measures to apply when
the diagnosis has been made.

Some contributing factors to failure to master arithmetic
¢ ﬁrocesses are of a permanent kind; others are temporary in char-
‘:éter and can be obviated. These contributing factors vary

;1dely from pupil to pupil and may appear in various combinations.
: Lack of mentality or native ability is undoubtedly the
é;eatest single cause of failure to iearn. In most schools
iﬁachers now have access to records which show the mental level
gf the pupil as detarmined by intelligence tests. Such ihformation
i;.invaluable in making a diagnosis.
oy Physicai handicaps often serliously interfere with the

0§elopment of power in arithmetic. The undernourished, anemic,

25.




26.

fatigued child cannot make the sustained effort required.
Defects of vision and of hearing are serious handicaps. For-
vtunately the careful examinations by the school doctors and the
nurse can locate these faults and steps can be taken to remedy
the conditions.

Emotional factors such as fear of the teacher, dislike
for the subject may result in the development of a cendition
which will lead to unsatisfactory growth in arithmetic, for
pupils with such emotional maladjustments may make little ef=-
fort to master the subject by showing little or no initiative in
their work. If the right attitude between teacher and pupil
exists, the pupil will regard the teacher as s counselor and
guide. Fanlty attitudes of the pupil toward his school work
- are often due to unsatisfactory environment, such as strained
relations in the home, indifference of parents toward his suc=-
cess in school, and broken homes. Dishonesty, untrustworthiness,
and other undesirable moral traits often develop in such situations.
It is the duty of the teacher to be familiar with the social
background of the pupils in her class in order that she may
g intelligently analyze the needs of each individual, and make
‘.necessary ad justments of 1nstruction{

Pedagogical factors over which the school has some control
often contribute to the failure of pupils to make satisfactory
progress in arithmetice. Instruction may be unskillfully done;
 materials of instruction may be inadequate and poorly constructed
without consideration of the known difficulties the subject pre-
sents; instruction may be by mass methods and not individualized,

‘a condition which mesults in the development of many faulty in-

R
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efficient habits of work by the pupils; difficulty with some
‘ process'may be due to weakness 1n some more basic skill which
should have been mastered; due to excessive absence or to trans-
~ fler from one school to another, there may be bilg gaps in the
‘bupil's knowledge of processes. Almost all of thé above cén be
'obviated. An important and integral part of any diagnostid and
remedial work is to make certaln that pupils are using well=-
- motivated and efficiently organized, and well-graded materials
of instruction.

The approach to diagnosis of arithmetic difficulty may be
either thiough measurement and general observation, or through
the use of more refined and speclalized clinic methods. Three
kinds of diagnosis may be differentiated; general, analytical,

- and psychological.
| By general diagnosis is meant any procedure which gives the
.teacher a general plcture, not a detalled one, of the pupil's

ability in arithmetic, as survey tests might do, ylelding scores

- which can be iInterpreted to show the general level of the pupil's

- ability in arithmetic. Tests of this kind merely enable the teacher
- to select those pupils whose performances are below standard so
that their work can be more carefully observed and systematically
‘Eihnlyzed to‘determine specific deficiencies and faults and what
%teps should be taken in the remedial work.

Analytical diagnosis is to enable the teacher to determine
‘the specific phases of arithmetic in which the pupil is de-
ficient. The basis of an analytical diagnosis may be a2 pupil's
performance on a series of carefully constructed diagnostic tests,

each of which yields a measure of the pupil's ability in a single
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phase of arithmetic. Another kind of dliagnostic test con=-

sists of a wide variety of types of examples.in a particular
process. Such exercises are very valuable to the teacher whsn
a process is first being taught since the results enable the
teacher to determine what types the pupils have not learned to
solve. The method of analytical diagnosis reveals the processes
in which a pupil 1s deficient, or the specific phases of a process
which may be the source of difficulty. These results yield only
a partial diagnosis, since the teacher must in addition deter=-
mine the causes of the difficulty by more penetrating techniques
that such tests provide, especially in the case of pupils whose
work exhibits serious weaknesses.

By psychological diagnosis is meant any procedure the
teacher may use to identify the more subtle causes or nature of
the difficulties located by the analytical. To be able to make
a satisfactory psychological analysis, the teacher must know the
possible causes and symptoms of maladjustment, the most common
feults that have been found to exist in the work of pupils,
various methods of making the dlagnosis, and the use that can be
made of data in various school records. Through observation of
the pupil at work or play, the teacher can learn much concern-
ing the pupil's social behavior as well as his work habitse.
Fanlty procedures can thus be readily discovered.

Through an analysis of the pupil's written work, the causes
of many errors can be determihed. An analysis of the written
work does not reveal the mental processes of the pupil at each
step of the solution. They may have been involved and un-

economical but this is not evident from what is written on the
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paper, so more intensive study must be made.

A type of diagnosis which may be used in such cases has
been developed by Courtis and has since been employed in many
of the investigations of causes of difficulty in arithmetical
processes, that 1s, the analysis of the oral responses of the '
pupil as he works the problem aloud. The pupil is asked to state
aloud the mental steps he may take in solving the problem and the
language he may employ. This plan may be supplanted by sympathetic
questioning to locate faults of which the pupil may not be con-
scious. This enables the teacher to note any roundabout, in-
volved, or otherwise faulty hablts of work which may be the basis
of the difficulty. It is apparent that such faults cannot be
detected by test scores or analysis of the written worke They
must be searched out by techniques that are more clinical in
nature. Such faults so discovered will impress on the teacher
the necessity of seeing to it from the beginning that effective
procedures and economical thought processes are mastered.

The use of such_ciinical me thods in diagnosis brings to
classroom Instruction the technique that 1s found in other
professions, such as medicine. Modern clinical medicine uses
diagnostic devices which determine with precision what the cause
of the difficulty is, and 1n the light of such information pre~
scribes the remedial treatment.

The procedure to follow in making a clinical diagnosis may
be summarized thus: v

"(1) The teacher should give a survey
test to secure an initial picture as to
the status of the class as a whols.

(2) The teacher should make a careful

‘snalysis of the work on the test to locate
- the obvious deficlencies or the types of
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pared on certain of the standard diag-
nostic tests. It 1s obvious that the
teacher must have a firsthand apprecia=-
tion of the various kinds of errors that
may be discovered and of thelr symptoms.
Sometimes the pupll stops in the middle

of an example and apparently is blocked

by some difficulty. By careful question-
ing the teacher should make an effort to
get the pupil to tell what his mental
processes are during the period of apparent
inactivity. Altho the method of securing
the pupil's testimony as to his mental
processes may not be a wholly reliable one,
due to his inability to describe them ac-
curately, an observing teacher with insight
can usually secure quite a viwvid picture of
what mental activity takes place. The
length of the time required for a dlagnosis
will, of course, vary according to the ex-
tent and nature of the faults discovered in
the pupil's work. The average time required
for a single process is between fifteen and
thirty minutes.

(8) When the work of the test has been
completed the teacher should carefully analyze
the notes taken during the examination and
summarize the findings of the diagnosis.
These may be recorded on the standardized
blank, on the pages of a notebook in which
records of a diagnosis are kept, or may be
filed in some other convenient form for
reference.

(9) The necessary reteaching and remedial
work should then be undertaken in the light
of the findings of the diagnosis." 1

1. Brueckner and Melby, Diagnosis and Remedial Teaching,

Leo J. Brueckner through diagnostic procedure found the

chief causes of pupil d4ifficulty in problem-solving to be:

"(1) Failure to comprehend the problem
in whole or in part, due to inferior
reading ability, inability to visualize the
situation, lack of practise in solving
problems, and similar conditions; (2) care-
lessness in reading, resulting in the omis-
sion of essentlal ideas or misreading;

(3) inability to perform the computations
involved, either thru forgetting of the
procedure or failure to learn 1it; (4) con-



fusion of process, resulting in the
random trial of any process that may
come to mind; (5) lack of knowledge of
essential facts, rules, and formulas
such as how many inches there are in a
yard, or how to find the perimeter of a
rectangle; (6) carelessness in arranging
the written work, and general lack of
neatness; (7) ignorance of quantitative
relations due to lack of vocabulary or
of understanding of principles, such as
the relation between selling price, cost,
profit, and margin; (8) lack of inter=-
est, due to repeated failure, to 4diffi-
culty of problem material, its unattract-
iveness, and the like; (9) general lack
of mental ability." 2

2. Brueckner, Leo J., Diégnostic and Remedial Teaching of

Arithmetic,

Brueckner says the foregoing faults can be located by

sultable dlagnostic tests and devices, using the following

steps:

"(1) Give the entire class survey
tests in arithmetic processes and in
problem solving to get measures of the
pupils! ability to compute and to solve
problems.

(2) Observe the work of pupils of
inferior ability in problem solving
located by thils test especially during
the reading period and when solving
problems.

(3) Give analytical diagnostic tests
in problem solving to determine the
specific nature of the difficultye.

(4) Analyze written work in problem
solving to discover, if possible, the
nature of the difficulty.

(5) Supplement these data by a per=-
sonal interview during which a clinical
procedure should be followed and the
pupil's methods of work analyzed in de-
tailo

(6) Use any avallable data such as
health records, social records, reading
test records, intelligence test scores,
and the like, that will help to arrive

at a conclusion as to the source of dif-

ficultye.

32.




(7) Scrutinize carefully and eritically
the quality of problem material that is
presented to determine to what extent its
inadequacies and deficiencies may be the
contributing factor.™ 3
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Thelremedial instruction is concerned with the removal
of factors that have led to the difficulty and with the sub-
stitution of efficient methods of work for wasteful procedures
that the pupil may have acquired. There appear to be at least
three essential elements in a remedial program: developing a '
purposeful cooperative attitude of the pupil, correcting mihor
deficienclies due to temporary difficulties or specific gaps in
training, and general reteaching in cases which exhibit such
serious deficienclies that a restudy of essential fundamentals is
necessary. The necéssity for remedial teaching in the case of
any pupll indicates the presence of an emergency situation which
must be corrected. Helpful instruction can be done by remov=-
gi ing the conditions that cause failure and building up in the
| pupil the feeling of satisfaction that results from successful
efforts. This may be accomplished by pointing out efficient
methods of attack, using simpler types of material, helping the
pupil to measure the success of his.efforts, using well-graded
practise exerclses, progress charts, and to show the utilitj
of number, a variety of attractive, interesting activities. Some
1@;Hpnpils have such a marked lack of ability to master arithmetic
:;» that remedial teaching in their cases is difficult. Brueckner
3 %pubmits the following general principles as basic in remedial
é‘ instruction:

(1) Having the pupils solve many
interesting, wellgraded problems during
the arithmetic period will yield big
returnse.
(2) Superior pupils apparently can

devise technics of problem solving that
are highly efficient and should be en-

couraged to do so.
(3) Pupils of average or lower ability

Bt sl e



36.

must be taught systematic procedures to
use in problem solving, since otherwise
they may invent and acquire wasteful, un-
economical methods of work. There
probably is no single best way for all
pupils »

(4) Increasing accuracy of computation
thru wellplanned use of systematically
organized practise exercises will greatly
increase scores on problem tests because
of the elimination of the large number
of errors in problems due to failure to
compute correctly.

(5) Exercises in careful exact read-
ing, such as following directions, are
very helpful.

(6) Vocabulary exercises on important
arithmetic terms and number concepts are
essential.

(7) The use of original problems and
concrete applications growing out of
local situations and experiences of pupils
is a valuable means of developing in the
pupil the ability to sense number rela-
tions and to generalize his number con=-
ceptse

(8) In connection with work on various
original problems, such specific reading
skills as use of the index, table of
contents, abllity to summarize, and the
like, are essential and should be taught
as a part of the instruction in arithmetice.

(9) Neatness of work and orderly ar-
rangement of solution should be emphasized.

(10) Standardized tests and other ob-
jective methods of showing the pupil his
improvement in solving arithmetic problems
at regular intervals during the year are
an essential element in a remedial program.” 1

Zﬁl. Brueckner, Leo J., op. cilt.,
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The results of critical studies of sources of difficul-

ties have enabled authors of instructional material to devise
learning exercises for practice which will greatly reduce the
difficulty of these steps.

Brueckner has summarized the principles that should under-
lie the organization of practice work in arithmetic:

"(1) A background of meanings and ap-
preclations of the uses and functions
of number in the lives of children should
form the basis of arithmetic work in the
primary grades and should be associated
with the formal teaching of number pro-
cesses in all grades.

(2) The organization of practise in
arithmetic processes must be individualized
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