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Abstract. To study the internal structure of the exotic hadron X(3872), consid-
ering the coupled-channel potential between quarks and hadrons is necessary
because X(3872) is regarded as a mixture state of cc̄ and D0D̄∗0. In this work,
we construct the hadron-hadron potentials coupled to the quark channel and
study the properties of the D0D̄∗0 potentials for X(3872). In particular, we com-
pare various local approximations by focusing on the scattering phase shifts.

1 Introduction

The study of potentials of hadron interactions reveals their essential mechanism. For ex-
ample, the origin of the attraction in the nuclear force was explained by Yukawa using π
exchange potential [1]. Later, realistic nuclear forces and chiral effective field theory were
developed [2–4]. Now, the nuclear force can also be studied by lattice QCD [5, 6]. Mean-
while, the static QQ̄ potentials was found to be useful to study the color confinement in QCD.
In fact, the linear quark potential obtained by the strong coupling expansion [7] indicates the
confinement. From the viewpoint of phenomenology, the Cornell potential (Coulombic plus
linear) is known to reproduce the charmonium spectrum [8, 9], which is also confirmed by
lattice QCD [10].

Quark potentials and hadron potentials have been studied independently with different
degrees of freedom. However, QCD allows the mixing of states with the same quantum
numbers. For example, X(3872) is considered to be a mixture of the cc̄ and DD̄∗ states [11,
12]. As an example of the study of the channel coupling, the string breaking of the static
potential has been described by the lattice QCD calculation [13]. However, the effect of
channel coupling in the hadron potential is not well explored.

In this work, we derive the effective hadron potentials from the coupled-channel problem
between quarks and hadrons. We utilize the framework of the hadron-hadron potential with
the quark contribution to construct the DD̄∗ interaction for X(3872) by numerical calcula-
tions. A detailed discussion can be found in Ref. [14].

2 Formulation

We introduce |cc̄⟩ as a quark channel wavefunction and |D0D̄∗0⟩ as a hadron channel wave-
function. To achieve JPC = 1++ of X(3872), the cc̄ channel (D0D̄∗0 channel) is combined
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in the 3P1 state (S-wave)1 . In this study, we follow the Feshbach’s method [15, 16] to de-
scribe the effective interaction in the coupled-channel system for X(3872). The Hamiltonian
H that couples the cc̄ channel with the D0D̄∗0 channel with the transition potential Vt and the
coupled-channel Schrödinger equation are given by

H =
(
T cc̄ 0
0 T D0D̄∗0 + ∆

)
+

(
Vcc̄ Vt

Vt 0

)
, H

(
|cc̄⟩
|D0D̄∗0⟩

)
= E
(
|cc̄⟩
|D0D̄∗0⟩

)
, (1)

where T cc̄, and T D0D̄∗0 are the kinetic energies of the quark and hadron channels, respectively.
Vcc̄ is the confinement potential for quarks, and ∆ is the threshold energy of the hadron
channel.

By eliminating the quark channel, the effective potential between hadrons are obtained
as VD0D̄∗0

eff (E) = VD0D̄∗0 + VtGcc̄(E)Vt with the Green’s function for the quark channel
Gcc̄(E) = (E − (T cc̄ + Vcc̄))−1 , which satisfies the single-channel Schrödinger equation[
T D0D̄∗0 + ∆ + VD0D̄∗0

eff (E)
]
|D0D̄∗0⟩ = E |D0D̄∗0⟩ .

To obtain the coordinate space representation ⟨r|VD0D̄∗0
eff (E) |r′⟩ = VD0D̄∗0

eff (r, r′, E), we
solve the Schrödinger equation for the quark channel in the absence of the channel coupling,
(T cc̄ + Vcc̄) |ϕ0⟩ = E |ϕ0⟩ . Since Vcc̄ is the confinement potential, there are no scattering solu-
tions, and only the discrete eigenstates exist. Among the complete set of the discrete eigen-
states of the cc̄ potential in the 3P1 channel, we pick up the contribution from the χc1(2P)
state which locates slightly above the D0D̄∗0 threshold. Here we adopt the Yukawa-type tran-
sition form factor ⟨ϕ0|Vt |r⟩ = g0e−µr/r with µ being the cutoff. We then obtain the nonlocal
effective D0D̄∗0 potential coupled with the ϕ0 state as

VD0D̄∗0
eff (r, r′, E) =

g2
0

E − E0

e−µr

r
e−µr

′

r′
, (2)

where E0 is the energy of ϕ0 relative to the threshold of the D0D̄∗0 channel and g0 is the
coupling constant which is determined to reproduce the mass of X(3872) as in Ref. [14]. Due
to the channel coupling, we see that the effective potential VD0D̄∗0

eff (r, r′, E) is nonlocal and
energy dependent, and also it diverges at the quark channel eigenenergy E = E0.

Because the physical properties of the nonlocal potentials are not clear, we introduce the
formal derivative expansion and the derivative expansion by the HAL QCD method based
on Ref. [17], which are the approximation methods of converting the nonlocal potential to a
local one. In this work, we generalize the methods from Ref. [17] for the energy dependent
nonlocal potential as in Eq. (2). The formal derivative expansion is the method of expanding
nonlocal potentials in powers of the derivatives by the Taylor expansion. We obtain the lowest
order local potential from Eq. (2) by the formal derivative expansion as

V formal(r, E) =
g2

0

E − E0

4π
µ2

e−µr

r
. (3)

In the HAL QCD method, we assume that the wavefunction from the nonlocal potential
satisfies the Schrödinger equation with a local potential, and then invert the equation to get
the local potential. To apply this method to the energy dependent nonlocal potential (2), we
calculate the scattering wavefunction ψk(r) and the phase shift δ at a fixed momentum k.
Thanks to the separable form of Eq. (2), the wavefunction and the phase shift are obtained

1Hereafter, “D0D̄∗0” stands for the abbreviation of the linear combination (|D0D̄∗0⟩ + |D∗0D̄0⟩)/
√

2.

analytically. For instance, the explicit expression of the phase shift δ(k) is given as

k cot δ(k) =
4πmµg2

0 − µ4E0

8πmg2
0

+
8πm2g2

0 − µ5 + 4mµ3E0

16πm2µg2
0

k2 +
−µ2 + mE0

8πmg2
0

k4 − 1
16πm2g2

0

k6.

(4)

Using the wavefunction and the phase shift, we obtain the local approximated potential by
the HAL QCD method at the lowest order as

VHAL(r; k0) =
k2

0

2m
+
−k2

0 sin [k0r + δ(k0)] − µ2 sin δ(k0)e−µr

2m{sin [k0r + δ(k0)] − sin δ(k0)e−µr} , (5)

where k0 is the momentum at which the wavefunction ψk0 is calculated. We note that the local
potential by the HAL QCD method (5) is energy independent, but depends on this momentum
k0. The Schrödinger equation with this potential is

[
−∇2/(2m) + VHAL(r; k0)

]
ψ(r) = Eψ(r).

At E = (k0)2/(2m), we obtain ψ = ψk0 and the exact phase shift of the nonlocal potential is
reproduced. However, at E � (k0)2/2m, the exact wavefunctions are in general not obtained.

3 Numerical results

We numerically study the local D0D̄∗0 potentials, which have a shallow bound state X(3872)
with the binding energy B = 40 keV. We set E0 ≃ 0.078 GeV from the quark model [9] and
the cutoff µ = 0.14 GeV from the π exchange.

We compare the local potential by the formal derivative expansion with E = 0 (dashed
line) and the one by the HAL QCD method with k0 = 0 (dashed-dotted line) in the left
panel of Fig. 1. We find the quantitative difference of the potentials, even though both are
constructed from the same nonlocal potential (2). In particular, the difference is pronounced
in the short distance region of r ≲ 0.4 fm.

We next investigate how the difference of the local potentials affects on the phase shift
δ(k). We show the phase shifts δ by the formal derivative expansion (dashed line) and by the
HAL QCD method (dashed-dotted line) as functions of the dimensionless momentum k/µ in
the right panel of Fig. 1. By comparing the dashed line with the dashed-dotted line, we find
that the difference in potentials seen in the left panel affects the phase shifts quantitatively.
We also show the exact phase shift δ (solid line) by the original nonlocal potential (4) in
Fig. 1. We find that the exact phase shift is better reproduced by the HAL QCD method than
the formal derivative expansion. In particular, the potential by the HAL QCD method works
well in the small k region, indicating that the scattering length defined by the slope of the
phase shift at k = 0 is also reproduced.

4 Summary

In this paper, we have discussed the properties of the effective potentials with the channel
coupling of the quark and hadron degrees of freedom. We have shown that the effective
single-channel potential is nonlocal and energy dependent, reflecting the channel coupling
effect. We have examined the local approximation methods of the obtained nonlocal effective
potential using the model of X(3872) to extract the physical mechanism of the interaction. In
this study, we have introduced two approximation methods: the formal derivative expansion
and the HAL QCD method.

The approximated local potentials and the scattering phase shifts from the potentials have
been computed numerically. We have shown the quantitative deviation of the obtained local
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Figure 1. [left] The comparison of the local potentials by the formal derivative expansion V formal(r, E =
0) (dashed line) and by the HAL QCD method VHAL(r; k0 = 0) (dashed-dotted line) as functions of the
relative distance r. [right] The phase shifts from the local potentials by the formal derivative expansion
(dashed-dashed line) and by the HAL QCD method (dotted line) as functions of the dimensionless
momentum k/µ with the cutoff µ = 0.14 GeV in comparison with the exact phase shift (solid line).

potentials and phase shifts for different approximation methods. It has been found that the
HAL QCD method works better than the formal derivative expansion, even for the energy-
dependent nonlocal potential.
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