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The development of improved numerical methods and physical models

of thermal ablation is necessary for reducing uncertainties in the prediction

of Thermal Protection System (TPS) performance and hence the reduction

of TPS weight and the maximization of aerospace vehicle payloads. Models

simulating ablation must address significantly disparate temporal and spa-

tial scales, including molecular scale chemical physics of resin pyrolysis and

macroscale resin and fiber ablation. Numerical methods must also be able to

account for solid erosion effects and the resulting geometry evolution.

This research has developed the first discrete nonholonomic Hamilto-

nian approach for the multiscale modeling of thermal ablation. The model

incorporates three scales of interest, including a reacting molecular dynam-

ics model at the nanoscale and hybrid particle element models at the meso

and macro scales. Unlike all previous works in literature, the disparate tem-

poral and spatial scales of the ablation problem are addressed, in part, by
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incorporating a fully coupled chemical-thermomechanical ablation model at

the mesoscale. The research builds on previous work on the hybrid parti-

cle element method by the addition of variable mass particles at the meso

and macro scales, as well as a description of the resin and fiber composite

architecture in the macroscale model. Solid erosion effects and the resulting

surface recession are accounted for explicitly in the particle-element kinemat-

ics. The presented methodology improves on existing macroscale models in

three main respects: first, the solid dynamics is modeled explicitly with full

chemical-thermomechanical coupling at the mesoscale and thermomechanical

coupling at the macroscale, second mass and energy is rigorously conserved in

the formulation of the state space equations, and third a general method of

accounting for solid erosion effects and geometry evolution is included. The

formulation is validated by comparison with published ablation experiments

on fiber reinforced phenolic and cyanate ester composites.
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Nomenclature

E(j), E(j) matrix element deviatoric strain

Ee(j), Ee(j) matrix element elastic strain

Ep(j), Ep(j) matrix element plastic strain

E(i,j) fiber element modulus (N)

Eg total gas internal energy (J/kg)

eg gas internal energy (J/kg)

C
(i)
j concentration of species j in particle i (mol/m3)

c(i), c(i) particle center of mass (m)

cp specific heat (J/kg-K)

csf fiber sound speed (m/s)

csr resin sound speed (m/s)

cvf fiber specific heat (J/kg-K)

cvr resin specific heat (J/kg-K)

D(i) fiber element damage variable

d(j) matrix element damage variable

e(i) particle Euler parameters

f mass fraction

f vis(i), fvis(i) particle viscous force (N)

g(i) particle four component angular momentum vector
(kg-m2/s)

Heff effective heat of ablation (J/kg)

Hg total gas enthalpy (J/kg)

Hpy resin heat of pyrolysis in a resin and fiber composite (J/kg)

h enthalpy (J/kg)

hext(i) particle external total enthalpy (J/kg)

hdec resin decomposition enthalpy (J/kg)

h̄ partial heat of charring (J/kg), defined in equation 1.14

h
(i)
k particle semi-major axes lengths (m)
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h(i) particle body fixed co-rotating angular momentum vector
(kg-m2/s)

J, J diffusive mass flux kg/m2-s

J(i) particle moment of inertia tensor (kg-m2)

J
(j)
c maximum matrix element compression

K permeability (m2)

k(k) reaction rate constant for reaction k (1/s)(mol/m3)1−m(k)
,

see Tables 2.10, 2.14, 2.19, 2.23, 2.28, 2.32, 2.37 and 2.41

k, k thermal conductivity (W/m-K)

L heating profile propagation distance (m), see equation 3.25

ℓ heating profile depth (m), see equations (2.31), (3.28)
and (3.29)

Mfrg system fragmented mass loss (kg)

Mj molar mass of species j (mol/kg)

Mvis(i) particle viscous torque (N -m)

ṁc char mass flux (kg/m2-s)

ṁg pyrolysis gas flux (kg/m2-s)

m(i) particle masses (kg)

Nr number of reactions

Ns number of chemical species

ne number of matrix elements

np number of particles

P pressure (Pa)

P (i) particle pressure (Pa)

p(i), p(i) particle translational momenta (kg-m/s)

Q total system heat input (J)

Qcw cold wall heat load (J)

Qrr re-radiated heat load (J)

qcond, qcond conductive heat flux (W/m2)
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qconv convective heat flux (W/m2)

qcw cold wall heat flux (W/m2)

qrad radiative heat flux (W/m2)

qrr re-radiated heat flux (W/m2)

R ideal gas constant (J/mol-K)

S, S matrix element stress tensor (Pa)

s surface recession (m)

s
(i)
j mass of species j in particle i (kg)

ṡ
cvc(i)
j rate of convection of gas species j out of gas control volume

in particle i (kg/s)

ṡ
reac(i)
j evolution of species j in particle i due to pyrolysis reactions

(kg/s)

T kinetic energy (J)

T ∗ kinetic co-energy (J)

t time (s)

U (i) particle internal energy (J)

U̇ con(i) particle numerical heat conduction (J/s)

U̇ ele(i) particle power flow due to element deviatoric deformation
(J/s)

U̇ inp(i) particle heat input (J/s)

U̇ irr(i) particle irreversible power flow (J/s)

U̇ trc(i) particle transpiration cooling (J/s)

U̇wrk(i) particle power flow due to volumetric compression (J/s)

û unit step function

u(i) particle specific internal energy (J/kg)

u
(j)
f matrix element failure internal energy (J/kg)

u
fib(i)
f fiber element failure internal energy (J/kg)

V system potential energy (J)
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V
e(j)
0 matrix element volume in reference configuration (m3)

V
(i)
g particle gas control volume (m3)

v, v velocity (m/s)

αij boolean matrix for fiber elements connectivities

α(j,k) reaction exponent for species j in reaction k

ΓD(i) fiber element strain energy release variable (J), see
Equation 3.65

Γd(j) matrix element strain energy release variable (J), see
Equation 3.64

γ Grüneisen parameter

ϵ emissivity

ϵ(i,j) fiber element strain

ϵp(j) matrix element accumulated plastic strain

ϵ
p(j)
f matrix element failure plastic strain

ζ(i,j) ellipsoidal distance metric for particles i, j

θ temperature (K)

κ(i) particle heat input decay constant (1/m)

λ(i) particle resin extent of pyrolysis

λ
(j)
f matrix element failure ablation progress

µ dynamic viscosity (kg/ms)

µ(j) element shear modulus (Pa)

ν(i) particle volume (m3)

ν
(i)
0 particle volume in reference configuration (m3)

νRF reference particle volume (m3)

ν(j,k) product stoichiometric coefficient for species j in reaction k

ν̂(j,k) reactant stoichiometric coefficient for species j in reaction k

ξ(i,k) reaction rate for reaction k in particle i (mol/m3-s)

ρ density (kg/m3)
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ρ̄ true density (kg/m3)

ρ(i) particle density (kg/m3)

ρ
(i)
0 particle reference density (kg/m3)

σ Stefan-Boltzmann’s constant (W/m2-K4)

σ(i,j) fiber element stress (N)

σ
(j)
s matrix element spall stress (Pa)

τ resin mass loss time constant (s)

ϕ volume fraction

ϕ(i,j) fraction of power flow in matrix element j given to particle i

ψ(i) matrix element strain energy density (J/m3)

ψ(i,j) fiber element strain energy density (J/m)

ωpyr gas mass source due to resin pyrolysis (kg/m3-s)

ωpyr
i gas mass source due to pyrolysis of resin constituent i

(kg/m3-s)

ω(i) particle body fixed co-rotating angular velocity (1/s)

Subscripts

c char

f fiber

g gas

m mesh

R resin species index

r resin

s solid

v virgin

w wall
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Chapter 1

Introduction

1.1 Background and Motivation

During hypersonic flight, vehicles are subject to intense aerodynamic

heating. A Thermal Protection System (TPS) is required to protect the vehicle

from the thermal loads. TPS materials fall into two categories: reusable and

nonreusable. Reusable materials operate by re-radiating the absorbed heat

back into the environment. The tiles on the underside of the Space Shuttle are

an example of such a material. Reusable TPS, while more costly to develop,

can be employed on multiple missions as long as their integrity has not been

compromised. Ablative materials reject heat through an additional process of

mass discard, the working principle being that the energy rejected by mass re-

moval does not propagate further into the structure. The most common form

of ablative materials is polymeric ablatives, which consist of a fiber reinforce-

ment with a resin infiltrant. Mass loss generally proceeds from pyrolysis of the

resin, chemical erosion of the matrix and fibers, and mechanical removal. The

modeling of these processes constitutes a coupled chemical-thermomechanical

problem that spans multiple temporal and spatial scales. Ablative TPS are

often designed with large safety margins due to uncertainties in the prediction

of the TPS performance, resulting in a higher TPS weight. Improved numer-
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ical methods for ablation modeling are thus important for further optimizing

TPS design.

The following sections provide a review of the current ablation liter-

ature. A review of macroscale ablation models is given first, followed by a

review of meso and nanoscale models.

1.2 Review of Thermal Ablation Modeling

Ablation models in literature model the material as a charring and

conducting continuum. The solid decomposes from a virgin to charred material

generating pyrolysis gases that percolate through the material and are ejected

at the surface. A schematic of the ablation problem is shown below in Figure

1.1.

Figure 1.1: Schematic of a charring ablator. Image is from Ref [3].

The solid is typically treated as a rigid and immobile entity, neglecting strength
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and mechanical effects. At the surface, ablation causes the surface to recede

due to erosion of the charred material.

Early work on ablation was done in the 1960s by Kendall et al. [87]

and Moyer and Rindal [118] on the 1-D Charring Materials Ablation (CMA)

program, described in a series of six NASA reports [14, 84–86, 118, 134]. Some

simplifying assumptions were employed in the CMA model, including exclud-

ing chemical kinetics and assuming that the pyrolysis gas generated from resin

decomposition was instantaneously ejected from the material. Later work was

done by Clark [41] in the 1970s on the development of a 1-D model accounting

for gas pressure due to pyrolysis gas accumulation, homogeneous and hetero-

geneous chemical kinetics, and separate temperatures for solid and gas. Much

of recent work, however, is largely derivative of the CMA model. This was

noted in a review by Lachaud et al. [97] in 2011, in which the author noted

that ablation models were mostly replicas or parallel developments of the CMA

ablation model. Laub et al. [99] also emphasized a stagnation in the abla-

tion literature in a presentation at NASA in 2011 titled “Ablator Modeling:

Why Not Much Has Changed Over the Past 45+ Years”. In particular, the

author noted that since the 1960s ablation modeling has benefited from ad-

vancements in parallel computing and improved numerical methods, which

has since resulted in the replacement of CMA with more recent Finite Vol-

ume and Finite Element codes [13], including extensions to 2-D [28, 46] and

3-D [5, 35, 95, 139]. Models describing internal gas pressure due to pyrolysis,

such as Darcy’s law [5, 35, 46, 95, 139], more detailed descriptions of pyroly-
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sis decomposition [155], and empirical estimates of mechanical erosion [113]

have been added to address specific cases. Authors have recently introduced

(or re-introduced) capabilities to account for homogeneous and heterogeneous

chemical kinetics [112, 138]. Efforts have also considered coupling ablation

models to Computational Fluid Dynamics (CFD) solvers [47, 138]. However,

the fundamental ablation modeling has not evolved.

This dissertation introduces a new integrated multiscale approach to

ablation modeling that departs sharply from current methods. However, the

following paragraphs describe a summary of the current modeling landscape

in the ablation literature for comparison and review of existing work. Since

the ablation literature has a strong historical development, a description of

the CMA model is given first, followed by more recent advancements.

1.2.1 Charring Materials Ablation Model

The energy balance in CMA is formulated in one dimension as [118]

∂

∂t
(ρshsA) =

∂

∂y

(
kA

∂θ

∂y

)
+

∂

∂y
(ṁghg) (1.1)

where ρs is the solid density, hs the solid enthalpy, hg the gas enthalpy, ṁg the

gas mass flux, k thermal conductivity, θ temperature, y the spatial coordinate,

and A a variable cross sectional area. The solid consists of resin and fiber:

ρs = Γρr + (1− Γ)ρf (1.2)

where Γ is a resin volume fraction and ρr and ρf are the resin and fiber densities

respectively. The fiber is assumed not to decompose in-depth and erodes only
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at the surface. The decomposition model for the resin is based on laboratory

pyrolysis data obtained from thermogravimetric analysis (TGA). Reflective of

TGA experimental data, the resin is assumed to consist of multiple pyrolyz-

ing constituents which undergo parallel irreversible pyrolysis reactions. The

decomposition of each constituent is modeled with an Arrhenius form:

ρr =

Np∑
i=1

ρi (1.3)

∂ρi
∂t

= −ki exp
(−Ei

Rθ

)
ρνi

(
ρi − ρci
ρνi

)mi

(1.4)

where Np is the number of pyrolyzing constituents, ρνi and ρci a constituent

virgin and char density, and R the universal gas constant. The constants ρνi ,

ρci , ki, Ei and mi are obtained from fit to TGA data.

The decomposition of the resin generates pyrolysis gases. The gas

source due to resin pyrolysis ωpyr is thus

ωpyr =

Np∑
i=1

ωpyr
i , ωpyr

i = −∂ρi
∂t

(1.5)

The CMA model assumes the pyrolysis gas is instantaneously ejected from the

material. Based on this assumption, the gas mass balance is expressed as [118]

∂ṁg

∂y
= −A ωpyr (1.6)

where the gas flux ṁg is defined as positive when flowing towards the surface

in the −y direction. The local gas flux is obtained by integration assuming an

impermeable back wall:

ṁg =

∫ yb

y

A ωpyrdy (1.7)
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where yb is the backwall spatial coordinate.

For the solid thermal model, material properties are interpolated be-

tween a fully virgin and fully charred state. For performing interpolation, an

extent of decomposition variable α is introduced as

α =
ρr − ρc
ρv − ρc

(1.8)

ρv =

Np∑
i=1

ρvi , ρc =

Np∑
i=1

ρci (1.9)

Fictitious virgin and char mass fractions are then defined by

fv =
αρv
ρs

, fc =
(1− α)ρc

ρs
(1.10)

The specific enthalpy of the solid (h) is then defined as a mass weighted average

of the virgin and char specific enthalpies (hv and hc) [118]:

h(θ) = fvhv(θ) + fchc(θ) (1.11)

where hv(θ) and hc(θ) are expressed as tabulated functions of temperature.

Substituting equations 1.2 to 1.11 into the energy balance (equation 1.1), the

energy balance can be written [118]

ρcp
∂θ

∂t
=

1

A

∂

∂y

(
kA

∂θ

∂y

)
− (hg − h̄)ωpyr +

1

A
ṁg

∂hg
∂y

(1.12)

where

cp = fvcv + fccc, cv =
∂hv
∂θ

, cc =
∂hc
∂θ

(1.13)

h̄ =
ρvhv − ρchc
ρv − ρc

(1.14)
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To account for recession, a translating spatial coordinate x is introduced as

x = y − s (1.15)

where s is the recession depth. The energy and mass balance equations in the

translating frame are then written [118]

ρscp
∂θ

∂t
=
1

A

∂

∂x

(
kA

∂θ

∂x

)
− (hg − h̄)ωpyr +

1

A
ṁg

∂hg
∂x

+ ṡρcp
∂θ

∂x
(1.16)

∂ρi
∂t

=− ωpyr
i + ṡ

∂ρi
∂x

(1.17)

The conducted heat flux and surface recession rate are imposed as

boundary conditions at the ablating surface. To determine these quantities,

the CMA model introduced the thermochemical ablation approach, still widely

used in current models, to describe the mass and energy balance between an ab-

lating surface and an external fluid environment. It is worth noting that the ex-

isting literature has not properly addressed jump conditions at the fluid–solid

interface in the thermochemical ablation model in CMA. Typical in the litera-

ture is the formulation of a “thin control volume” [45, 71, 95, 106, 111, 115, 138]

fixed to the receding surface, which is used to postulate the balance of mass

and energy fluxes. However, the size of the thin control volume is not stated.

Some authors [7, 26, 53, 127] have instead described the thermochemical abla-

tion model using control surfaces, which is adopted in the following description.

For the surface energy balance, it is assumed that the incoming and outgoing
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fluxes at the fluid-solid surface sum to zero [7, 71, 96, 111, 171]:

qconv − (ρv)whw −
Ns∑
i=1

Ji,whi,w + αqrad − ϵσθ4w = ṁchc + ṁghg − qcond (1.18)

where the subscript w denotes that quantities are evaluated in the fluid at

the wall. On the left hand side, qconv is the convective flux, (ρv)w is the total

convective mass flux away from the wall, hw is the wall enthalpy, Ji,w is the

diffusive flux of species i away from the wall, hi,w is the enthalpy of species i

at the wall, αqrad is the radiative flux, and ϵσθ4w is the re-radiated flux. On the

right hand side, ṁg is the pyrolysis gas flux entering the fluid-solid surface,

hc and hg are the char and pyrolysis gas enthalpies respectively, qcond is the

heat flux conducted into the solid, and ṁc is the char mass flux resulting from

erosion of the solid material, which is related to the surface recession velocity

as ṁc = ṡρc. Figure 1.2 shows a schematic of the surface energy balance.

gas

solid

Ns∑
i=1

Ji,whi,w qconv αqrad ϵσθ4w (ρv)whw

qcond ṁchc ṁghg

Figure 1.2: Energy balance at an ablating surface, adapted from Refs [7, 71,
96, 111].

For the surface mass balance, it is assumed that the incoming and outgoing

chemical element mass fluxes at the fluid-solid surface sum to zero where a

8



discontinuity is permitted in the chemical composition [7, 71, 96, 111, 171]:

Ns∑
i=1

mk,iJi,w + (ρv)wfk,w = ṁcfk,c + ṁgfk,g (1.19)

In the above, mk,i is the mass fraction of chemical element k in the ith species,

and fk,w, fk,c and fk,g are the mass fraction of element k in the fluid at the

wall, in the solid char, and in the pyrolysis gas respectively. Figure 1.3 shows

a schematic of the surface mass balance.

gas

solid

ṁcfk,c ṁg fk,g

Ns∑
i=1

mk,iJi,w (ρv)wfk,w

Figure 1.3: Elemental mass balance at an ablating surface, adapted from [7,
71, 96, 111].

The CMA model estimates the convective heat and diffusive mass fluxes from

a boundary layer approximation. The convective heat flux is estimated as:

qconv = ρeueCH(he−hw), where ρe and ue are a boundary layer edge density and

edge velocity, he a boundary layer edge enthalpy, and CH a heat transfer coef-

ficient [87]. The diffusive mass flux is estimated as: Ji,w = ρeueCM(fi,w − fi,e)

where CM is a mass transfer coefficient, and fi,e is the mass fraction of species

i at the boundary layer edge. Other expressions were also developed for the

case of unequal diffusion coefficients [87]. Finally, the char mass flux and fluid

9



composition at the wall were determined by assuming chemical equilibrium be-

tween the fluid and solid surface subject to the chemical elemental constraints

described in equation 1.19 and equal temperatures between the fluid and solid

[87]. The surface recession rate and other fluid thermodynamic quantities were

then computed from the char mass flux and wall composition.

The thermochemical ablation approach is added to the CMA model

to provide boundary conditions for the heat flux conducted into the material

and the surface recession rate. In particular, the material solver outputs a

pyrolysis gas flux and surface temperature and a chemistry solver then returns

a char flux and fluid thermodynamic quantities at the wall, from which the

recession velocity and conducted heat flux are then computed. Often, the

chemistry solver is not run concurrently with the ablation simulation but is

used to tabulate a table beforehand which is then interpolated by the ablation

solver (e.g., ṁc, hw = f(ṁg, θw, P ), where P is an environmental pressure

[38, 52]). Current ablation models continue to use the thermochemical ablation

approach introduced by CMA when assuming equilibrium surface chemistry,

though chemistry solvers have since been updated with improved algorithms.

Scoggins et al. [140] describes the implementation of a chemical equilibrium

solver based on the Gibbs function continuation method which has been used

by recent works in literature [38, 47, 96, 110].

The CMA model discretizes the energy and mass balance equations

using the finite difference method [118]. Since the pyrolysis reactions tend to

create a sharp pyrolysis front with steep density gradients, each node in the
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finite difference grid was additionally subdivided into nodelets for finer resolu-

tion of the density. The grid translates with surface recession (equation 1.15)

with the exception of the back boundary node, which shrinks with recession

(see Figure 1.4).

Figure 1.4: Finite difference grid used in Refs [83, 116, 152] in implementing
the CMA model. Image is from Ref [152].

The last node is deleted once a critical thickness is reached. [118].

For the temporal discretization, the energy and mass balance equations are

coupled explicitly.

The CMAmodel has seen recent use in performing 1-D analysis. Tahmsabi

et al. (2020) [152] used the CMA model in performing inverse estimation of the

time dependent heating environment and temperature dependent specific heat

cp(θ) (equation 1.14) and thermal conductivity as tabulated functions of tem-

perature or time. In particular, hypothetical temperature versus time curves

were assumed at various spatial locations, and a nonlinear least squares op-

timization algorithm was then used to determine the tabulated functions for

matching ablation simulation results to the hypothetical curves. A similar

analysis was done by Kato et al. [83] using experimental arc-jet test data.
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1.2.2 Fully Implicit Ablation and Thermal (FIAT) response model

The CMA program explicitly couples the energy balance equation to

the mass balance and surface mass and energy balance equations. FIAT (Ref

[33]) was developed as a more numerically stable replacement for CMA by,

as the name suggests, employing a fully implicit solution scheme. The main

differences between the FIAT and CMA model may be listed as: FIAT uses

finite volume for discretization, it includes an additional term to account for

internal radiation in the energy balance, the mesh is uniformly contracted

rather than translated to account for recession, and a unit cross sectional area

is assumed.

NASA recently used FIAT for extensive analysis of the Mars Persever-

ance rover heat shield in 2022 [2, 117]; however, existing publications on the

FIAT model in literature is rather sparse. The FIAT model is described in

Ref [33], in which the energy balance is stated as

ρcp
∂θ

∂t
=

∂

∂x

(
k
∂θ

∂x
− qR

)
− (hg − h̄)ωpyr + ṁg

∂hg
∂x

+ ṡρcp
∂θ

∂x
(1.20)

which, with the exception of the internal radiation term qR, is a copy of that in

the CMA model. It is noted, however, that the coordinate movement term has

not been corrected to account for a contracting mesh movement scheme. The

finite volume discretization is also excluded in the paper. Subsequent pub-

lications on FIAT have described the incorporation of equilibrium chemistry

solvers into the FIAT program ([113]), which simplifies the user interface but

has not further addressed the formulation. In Ref [33], the authors compare
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FIAT simulation temperature predictions with arc-jet thermocouple data for

PICA (Phenolic Impregnated Carbon Ablator). Predictions of char and gas

mass flux were compared with the CMA model.

1.2.3 CHarring Ablator Response (CHAR) model

In higher dimensions, the 1-D pyrolysis gas flow model in CMA cannot

be directly extended to higher dimensions due to the flow direction being ill-

defined (though limited attempts have been made [31]), not to mention that

the assumption of 1-D flow and instantaneous ejection may not be valid [169].

Authors have thus incorporated models describing pyrolysis gas transport.

Amar et al. [3, 5] developed CHAR, a 1, 2, and 3-D ablation program, using

the continuous Galerkin finite element method in an Arbitrary Lagrangian-

Eulerian (ALE) frame. They include a pyrolysis gas mass balance as [5]:

∂

∂t
(ϕgρg) +∇ · (ϕgρgvg) = ωpyr + vm · ∇(ϕgρg) (1.21)

where ϕg is porosity (assumed to be the gas volume fraction), ρg the gas density,

vg the gas velocity, and vm the mesh velocity. The gas velocity is obtained

from the steady form of Darcy’s law, describing fluid flow in a porous medium:

vg = − 1

ϕgµ
K∇P (1.22)

where P is the gas pressure, computed from the ideal gas law, µ is the dynamic

viscosity, and K is the permeability tensor. The energy balance is stated as
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[5]:

∂

∂t
(ρshs + ϕgρgEg)+∇ · (ϕgρgHgvg) =

∇ · (k∇θ) +∇(ρshs + ϕgρgEg) · vm (1.23)

where k is the thermal conductivity tensor, and Eg and Hg are the gas specific

total internal energy and total enthalpy:

Eg = hg −
P

ρg
+

1

2
vT
g vg (1.24)

Hg = hg +
1

2
vT
g vg (1.25)

For surface recession, CHAR uses the thermochemical ablation model

developed in CMA [5]. Mesh movement was based on treating the mesh as

a fictitious linear elastic solid that is deformed to conform to the computed

normal recession. The mesh velocity was computed by performing finite dif-

ferencing between mesh configurations. This method of using spring penalties

for moving the mesh has also been used by other authors [46, 153] in recent

literature.

For developing the finite element equations, the mass and energy bal-

ance equations were stated in the weak form as [5]:∫
Ω(t)

[
∂

∂t
(ϕgρg)ψ −∇ψ · ϕgρgvg − ωpyrψ − ψ∇(ϕgρg) · vm

]
dx+

∫
∂Ω(t)

ψϕgρgvg · n̂ds = 0 (1.26)
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∫
Ω(t)

[
∂

∂t
(ρshs + ϕgρgEg)ψ −∇ψ · ϕgρgHgvg +∇ψ · k∇θ−

ψm∇(ρshs + ϕgρgEg) · vm

]
dx+

∫
∂Ω(t)

(ψϕgρgHgvg + qcond) · n̂ds = 0

(1.27)

where ψ is a test function and qcond is the boundary heat flux.

For the finite element approximation, the authors employed first order

Lagrange shape functions for the test functions and finite element basis. The

nodal temperatures and gas pressures were chosen as the system unknowns

[3, 5]:

θh =
N∑
i=1

θiψi (1.28)

Ph =
N∑
i=1

Piψi (1.29)

whereN is the total number of nodes, and θi and Pi are the nodal temperatures

and pressures.

The authors employed two significant simplifying approaches to reduce

computational cost and handle sharp density profiles. First, for the solid den-

sity, the authors integrated the Arrhenius decomposition equations (equation

1.4) as a set of ordinary differential equations (ODEs) at each node, excluding

the formulation of a solid mass balance equation. Since equation 1.4 is formu-

lated for a fixed Eulerian frame, the temperature profile was interpolated onto

a fixed mesh for integrating the ODEs. Second, an inconsistent finite element
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interpolation is used in that a linear interpolation is assumed for all quantities

[3]:

(ρshs)h =
N∑
i=1

(ρshs)iψi (1.30)

(ϕgρgEg)h =
N∑
i=1

(ϕgρgEg)iψi (1.31)

(ϕgρgHg)h =
N∑
i=1

(ϕgρgHg)iψi (1.32)

where the above nodal quantities are computed from the nodal temperatures,

pressures and solid densities. The authors performed verification [3] using the

method of manufactured solutions for problems in an Eulerian frame without

thermal decomposition. A discussion on errors arising from the discretization

of the mesh movement terms and the effects of the simplifying approaches

described above was not included.

1.2.4 Modeling of Pyrolysis and Ablation Response (MOPAR) model

The MOPAR ablation program was developed at the University of

Michigan, which has received recent attention in the literature on the cou-

pling of material response solvers to CFD [46, 47]. The constitutive model is

similar to CHAR. The balance equations are discretized in 2-D using the Con-

trol Volume Finite Element Method (CVFEM) on an ALE frame. In CVFEM,

the balance equations are formulated in integral form and applied to control

volumes defined on a finite element mesh. The control volumes are defined

around each mesh vertice by joining element centers and side midpoints. A
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linear finite element interpolation is employed for the temperature, gas density,

and solid density, which is then used to define fluxes at the control volumes

interfaces [75, 82]. The gas mass balance is stated as [46]:

d

dt

∫
Ω(t)

ϕgρgdx+

∫
∂Ω(t)

ϕgρgvg · n̂ds =
∫

Ω(t)

ωpyrdx+

∫
∂Ω(t)

ϕgρgvm · n̂ds (1.33)

where the steady form of Darcy’s law is used for computing the gas velocity

(equation 1.22). For the solid mass balance, the authors employed a similar

approach to Amar et al. [5] in the CHAR ablation program where the solid

density at each node is obtained by integrating the Arrhenius decomposition

equations (equation 1.4) as a set of ODEs in an Eulerian frame, excluding the

formulation of a solid mass balance equation. The energy balance is stated as

[46]:

d

dt

∫
Ω(t)

(ρshs + ϕgρg eg)dx+

∫
∂Ω(t)

ϕgρghgvg · n̂ds =

−
∫

∂Ω(t)

qcond · n̂ds+
∫

∂Ω(t)

(ρshs + ϕgρghg)vm · n̂ds (1.34)

where the gas kinetic energy is neglected in the energy balance. In discretizing

the mass and energy balance equations, the nodal gas density and tempera-

tures were chosen as the solution variables.

The authors considered several methods for computing surface reces-

sion, including the thermochemical ablation model in CMA and coupling to

CFD. The mesh is moved to account for recession by treating it as a linear

elastic solid that is deformed to conform to the receding surfaces. However,
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details on how the mesh movement velocity is defined and the discretization

of the mesh movement terms are not described.

The authors performed 2-D simulations of the ablation of carbon phe-

nolic in a rocket motor nozzle [46]. Results were compared to recession predic-

tions at selected locations. The simulation overpredicted recession by about a

factor of two.

There is a point of concern in the energy balance in MOPAR. In par-

ticular, the gas enthalpy rather than the gas internal energy is convected with

the grid motion [46]. This differs from other work in literature employing the

finite volume method [153] in which the gas internal energy is the convected

quantity. Also, if the energy balance (equation 1.34) is written point-wise:

∂

∂t
(ρshs + ϕgρg eg) +∇ · (ϕgρghgvg) =

−∇ · qcond + ϕgρg(hg − eg)∇ · vm + vm · ∇(ρshs + ϕgρghg) (1.35)

it can be seen that the energy balance in MOPAR differs from CHAR (equation

1.23) regarding the mesh movement term. The two agree if the gas enthalpy

and gas internal energy are equal. MOPAR was developed based on work at

Sandia National Laboratories by Amar and Blackwell et al. [4] in which the

same issue is also present.

1.2.5 Porous Materials Analysis Toolbox (PATO) based on Open-
Foam

Lachaud et al. [92, 95] considered including homogeneous and hetero-

geneous reactions in modeling the decomposition kinetics and pyrolysis gas
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chemistry. The model was implemented using the finite volume method in

the ablation program PATO [95] (Porous-material Analysis Toolbox based on

OpenFOAM) in 1-D, 2-D and 3-D. The balance equations are presented in a

fixed frame, neglecting surface recession. The total gas mass balance is [92]

∂

∂t
(ϕgρg) +∇ · (ϕgρgvg) = ωpyr +

Ng∑
j=1

ωhet
j (1.36)

where Ng is the number of gas species and ωhet
j accounts for gas source terms

for species j due to heterogeneous reactions with the solid. The steady form

of Darcy’s law was used for computing the gas velocity. An individual mass

balance is included for each gas species:

∂

∂t
(ϕgρg fj) +∇ · (ϕgρgvg fj) +∇ · Jj =

Np∑
i=1

mj,iω
pyr
i + ωhet

j + ωhom
j (1.37)

where fj is the gas mass fraction of species j, mj,i the mass fraction of species

j in the pyrolysis products of pyrolyzing constituent i, Jj the diffusive flux,

and ωhom
j accounts for gas source terms due to homogeneous reactions. The

solid mass balance is

∂ρs
∂t

= −ωpyr −
Ng∑
j=1

ωhet
j (1.38)

The energy balance is formulated as [92]

∂

∂t
(ϕgρg eg + ρshs)+∇ · (ϕgρghgvg) +∇ ·

Ng∑
j=1

hjJj =

−∇ · qcond + µϕ2
gv

T
g K

−1vg (1.39)

where hj is the enthalpy of gas species j, and the last term accounts for viscous

heating associated with Darcian flow. The authors performed a comparison
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of 1-D simulation results with a replica of the CMA model on a hypothetical

material called TACOT (Theoretical Ablative Composite for Open Testing)

described by a properties database developed for purposes of performing code

to code comparisons [91]. Compared to the CMA model, PATO predicted a

lower pyrolysis gas enthalpy in the presence of homogeneous finite rate chem-

istry, resulting in a less endothermic resin pyrolysis [91]. Validation of PATO

with experimental data was not performed. The authors have noted in a pre-

vious publication [95] that validated finite rate chemistry models are generally

absent in the literature.

Meurisse et al. [110, 111] performed 2-D [110] and 3-D [111] simulations

of PICA (phenolic impregnated carbon ablator) using PATO. The authors em-

ployed the thermochemical ablation model developed in CMA for computing

recession, and mentioned that PATO supports an unstructured moving mesh

algorithm to account for recession. However, a description of the mesh move-

ment algorithm was not included, and the mass and energy balance equations

were formulated for a fixed mesh. Available works in the literature using

PATO have also not included a description of the finite volume discretization

[92, 95, 110, 111].

1.2.6 Incorporation of Ablation into CFD Models

The chart below shows a survey on published research topics in hyper-

sonics conducted in U.S. universities in 2017, presented by Boyd [23] at the

Hypersonics Weapons Summit in 2021. One of the main points made by the
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author was the presence of a heavy imbalance in the academic literature to-

wards aerothermodynamics research, with relatively significantly less attention

paid to materials response.

Figure 1.5: U.S. universities published research topics in hypersonics in 2017
[23]

Investigators have incorporated ablation by loosely coupling CFD models to

ablation solvers [29, 30, 34, 47, 64, 90, 108]. A time transient ablation solution

is typically coupled to a steady state CFD solution in loosely coupled meth-

ods. The CFD solution is then sequentially re-computed based on some up-

date criteria. Authors have also performed Volume Averaged Navier Stokes

(VANS) simulations where the solid is implied as an immobile phase in a fluid

simulation [42, 50, 112, 138, 153, 168]. Since the ratio of flow to thermal time

constants in hypersonic flight conditions is on the order of 10−9 [175], VANS

simulations have been limited to laboratory scale experiments, excluding hy-

personic conditions.

Schrooyen et al. [138] performed 2-D VANS simulations of porous flow
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through a carbon fiber pre-form where the solid was implied as a rigid immobile

phase in the fluid simulation. The model includes a mass balance of individual

chemical species and accounts for homogeneous and heterogeneous reactions.

The solid-fluid interface was implied by a strong ramping of the gas volume

fraction and the permeability, effectively imposing a drag force on the fluid

inside the solid. The fluid momentum balance can be stated as [138]:

∂

∂t
(ϕgρgvg) +∇ · (ϕgρgvgvg) = −ϕg∇P +∇ · τ − µK−1ϕ2

gvg (1.40)

where τ is a viscous stress tensor. The permeability was defined as a function

of the gas volume fraction [138]:

K−1 = k
S2
f,0(1− ϕg)

2

ϕ3
g

I (1.41)

where Sf,0 is an initial fiber volume specific surface area, and k a dimensionless

proportionality constant. The solid density evolved due to oxidation of the

carbon preform as:

∂ρs
∂t

= −Sf kf ρg fO2 (1.42)

where Sf is an estimated fiber surface area, kf an oxidation rate, and fO2 the

gas mass fraction of oxygen. For estimating Sf , a simple fiber geometry was

assumed consisting of infinitely long cylinders:

Sf =
2

r0
(ϕsϕs0)

1/2 (1.43)

where r0 is an initial fiber radius, ϕs the solid volume fraction, and ϕs0 the

initial solid volume fraction. The solid volume fraction was computed assuming
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a rigid immobile solid phase:

ϕs =
ρs
ρs0

ϕs0 (1.44)

where ρs0 is the initial solid density. The gas volume fraction was then com-

puted as:

ϕg = 1− ϕs (1.45)

The solid volume fraction was initialized as a sharp hyperbolic tangent func-

tion, and the mesh was refined around the interface. During the simulation,

the interface became more diffuse, which the authors [138] stated corresponds

to the presence of volumetric oxidation. The authors also considered more

complex functional forms for Sf to describe fiber pitting. The resulting simu-

lations were relatively sensitive to the associated geometric assumptions. The

governing balance equations were discretized using the discontinuous Galerkin

finite element method. The convective terms were discretized using the advec-

tion upstream splitting method; diffusive terms were discretized using sym-

metric interior penalties. The resulting equations were integrated using a fully

implicit scheme [138].

Miccoli et al. [112], who performed 2-D VANS simulations of TACOT

[91] in a plasmatron torch, extended the model by Schrooyen et al. [138] to

include a resin matrix where the fibers were permitted to ablate after the

matrix had fully pyrolyzed [112], describing the case where the matrix coats

the fibers and prevents oxidation. The simulation results were qualitatively
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compared to experimental data on char depth [112], though the authors noted

that the simulations were not run long enough to reproduce experimental

results.

Tahmasbi et al. [153] performed 2-D VANS simulations of pyrolysis

gas flow inside of an orthotropic ablator. Recession was imposed as a bound-

ary condition, and the mesh was moved to conform to the receding surfaces.

Weng et al. [168] performed 3-D simulations of pyrolysis gas flow inside of an

orthotropic ablator and neglected recession.

For loosely coupled methods, a time transient ablation model is typi-

cally coupled to a steady state CFD solver with an exchange of selected surface

quantities [29, 30, 34, 47, 64, 90, 108]. During the ablation simulation, the CFD

domain may be re-meshed and the solution updated based upon some update

criteria. In the fluid solver, an injection of gas species into the fluid domain

occurs at the surface due to erosion of the solid and ejection of pyrolysis gases

from the ablating material. Authors have considered non-equilibrium [29, 34]

and equilibrium [21] surface chemistry. The boundary conditions can generally

be described as [21, 29, 34]:

(ρvfi + Ji) · n̂ = ṁhet
i + ṁg fi,g, non-equilibrium (1.46)

(ρvfi + Ji) · n̂ = (ṁc + ṁg)fi,w, equilibrium (1.47)

where n̂ is the surface normal pointing outwards from the solid, ρ and v are

the fluid density and velocity, fi the gas mass fraction of species i, and Ji,

the diffusive flux of species i. For the non-equilibrium case, the right-hand
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side includes sources due to heterogeneous surface chemistry (ṁhet
i ) and the

ejection of pyrolysis gas, where fi,g is the mass fraction of species i in the

pyrolysis gas. For computing surface recession, the char mass flux is related

to the heterogeneous reaction terms as [34]

ṁc =

Ng∑
i=1

ṁhet
i (1.48)

For the equilibrium chemistry case, the gas composition at the wall fi,w is com-

puted using the thermochemical ablation model in CMA [21, 47]. Compared

to the uncoupled case, the elemental diffusive flux in the thermochemical abla-

tion model can be obtained from the fluid solver rather than a boundary layer

approximation [34]. In both cases, the total surface mass balance is [29]

ρv · n̂ = ṁc + ṁg (1.49)

since the diffusive fluxes are assumed to sum to zero.

For the fluid velocity at the solid surface, various boundary conditions

exist. For example, Bianchi et al. [21] uses

v =
1

ρ
(ṁc + ṁg)n̂,

∂P

∂n
= 0 (1.50)

where P is pressure, while Martin et al. [108] employs:

∂

∂n
(ρv2n + P ) = 0 (1.51)

where vn is the velocity normal component, and the tangential components

are assumed zero.
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For the surface energy balance, the fluid temperature at the wall is

prescribed by the solid material response solver [34]. The surface energy bal-

ance used in the CMA model is then employed for computing the heat flux

conducted into the solid material (equation 1.18) [34]. Compared to the un-

coupled case, the convective and radiative heat flux in the thermochemical

ablation model can be obtained from the CFD solution [34].

During the ablation simulation, the CFD domain may be re-meshed and

the solution updated based upon some update criteria. Chen et al. [34] re-

meshed the fluid domain and updated the CFD solution whenever the surface

temperature or surface recession had changed beyond some specified threshold.

Cross et al. [47] selected a certain number of time points in a rocket motor

firing to update the CFD solution.

For performing coupling, Kuntz et al. [90], who performed ablation

simulations in 2-D, considered a coupling scheme where the CFD solution was

held constant between updates; however, “large instabilities” were encountered

in the surface heating rates. The author attributed these instabilities to the

“highly nonlinear nature of the ablation process. Small changes in heating

rate and surface temperature result in large changes in ablation and surface

blowing rate. The large changes in the blowing rate cause significant changes in

subsequent heating rates . . .” [90], where surface blowing refers to the ejection

of mass from the ablating material into the fluid domain due to pyrolysis gas

ejection and erosion of the solid. The authors adopted an alternative method

where the CFD solution was linearly interpolated between updates. Since
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this required that the CFD solution be known at a future trajectory point,

iteration was required. Cross et al. [47], who coupled a CFD model to the

2-D MOPAR ablation program, noted that the simulation results by Kuntz

“suggest that the instability was not completely eliminated, and might have

become problematic again if the simulation was extended further in time” [47].

Cross et al. [47] employed a similar interpolation method but also spatially

smoothed the material response solution before passing it to the CFD solver.

The additional smoothing helped further suppress the instability, but was still

insufficient to remove it entirely. The authors note that such instabilities are

a common characteristic of loosely coupled ablation simulations which update

a flow domain with changes in geometry due to ablation [47].

More simple forms of coupling also exist. Chen et al. [32] proposed a

scheme in which the fluid solver neglected mass injection, and an engineering

correction was subsequently applied to the convective heat flux. In another

approach, Meurrise et al. [110] computed the CFD solution once using the

unablated shape and then interpolated the CFD solution onto the ablated

shape as the simulation progressed.

1.2.7 Summary

Macroscale ablation modeling has a strong historical development largely

based on the CMA model developed in the 1960s. Authors have added models

describing pyrolysis gas pressure, such as Darcy’s law, the inclusion of homo-

geneous and heterogeneous chemistry, and coupling to CFD. The fundamental
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ablation modeling, however, has not evolved significantly. The solid thermal

model in CMA describes the material as a fictitious mixture of fully virgin

and fully charred material. This description may be partly due to the fact

that it is difficult to obtain material properties during thermal decomposition

[118]. Beck [18] has noted that the thermal conductivity of the charred ma-

terial cannot be measured in laboratory experiments. Laboratory produced

chars are generally prepared by baking the material in an oven. The resulting

microstructure, however, differs from that produced in ground tests or flight.

Efforts have thus been made in estimating material properties via inverse es-

timation [18, 116, 152]. In particular, material properties, usually expressed as

tabulated functions of temperature, are varied using a nonlinear least squares

algorithm to match simulation results to experimental data [116, 152]. How-

ever, Beck [18] stated that properties derived via iterative correlation to experi-

mental data ought not to be considered material properties as they compensate

for “the uncertainties in all of the other properties/parameters in the material

thermal model” [18].

To perform code to code comparison, a public database TACOT [91]

(Theoretical Ablative Composite for Open Testing) has been compiled based

on experimentally derived material properties in literature, including arc-jet

ablation tests [44], which aims to represent the material PICA (phenolic im-

pregnated carbon ablator) [158]. Wang et al. conducted oxyacetylene torch

ablation tests of PICA and compared experimental surface temperature, re-

cession, and in-depth thermocouple data to a replica of the CMA model using
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TACOT material properties. The authors observed severe disagreement be-

tween simulation and experiment on all measured quantities, with surface re-

cession rates being “6.38 times (equilibrium) and 14.08 times (frozen) higher

than experimental data” [164], where the range occurred over various esti-

mates of the heat transfer coefficient ρeueCH in the thermochemical ablation

model. To help determine the source of the discrepancy, the authors conducted

a steady state ablation analysis in which they noted that the experimental re-

cession rates and surface temperatures could not be simultaneously met using

TACOT material properties and the CMA thermochemical ablation model.

Possible causes that the authors considered included TACOT properties being

poorly representative of PICA, multi-dimensional effects, experimental errors,

and non-equilibrium surface thermochemistry.

Most ablation models attempt to account for geometry evolution by

moving the mesh [6, 31, 46, 153]. For moving frame problems, however, care

must be taken that quantities are properly convected with grid motion and

that mass and energy are conserved [59, 63, 153]. These issues are often left

unaddressed [31, 35, 46, 95, 139]. Authors have also considered solving the gov-

erning equations in a stationary frame, re-meshing the domain, and interpo-

lating quantities to the new mesh [52, 131, 150].

Strength and mechanical effects are typically ignored in modeling the

solid material, and the solid is implied as a rigid and immobile entity. Me-

chanical analysis is performed in an uncoupled manner where the temperature

profile from an ablation solver is used to analyze thermal stresses and strains
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[60, 61, 131]. Quinn et al. [131] considered modeling the solid explicitly in

a Lagrangian frame. Recession was approximated by re-meshing the mate-

rial in the reference configuration and interpolating quantities onto the new

mesh. Fu et al. [60, 61] also considered modeling the solid in a Lagrangian

frame but neglected recession. In both cases, the solid dynamics were lim-

ited to small strain mechanical equilibrium and uncoupled from the rest of

the ablation kinematics. The models thus differed little from an uncoupled

mechanical analysis. The absence of mechanical coupling may be due to the

disparity between mechanical and thermal conduction time constants, requir-

ing that thermal conduction models exclude an explicit representation of the

solid material. This dissertation considers a mirrored approach in which the

solid is modeled explicitly, including strength effects and material erosion,

while conduction is kept to a minimum.

A summary of ablation models in the literature is listed in Tables 1.1

to 1.3. Five components are listed for each model: first is the model dimension-

ality (1D, 2D, or 3D), second is the numerical method used, third is whether

the discretization is presented, fourth is whether the model conserves mass

and energy, and the last is whether a solid model is included.
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Table 1.1: Summary of ablation models in literature in use by NASA.

F
I
A
T

T
I
T
A
N

3-D
F
I
A
T

C
H
A
R

I
C
A
R
U
S

P
A
T
O

Reference [33] [28] [35] [5] [139] [95]

Dimensionality (n-D) 1 2 3 1-3 3 1-3

Numerical method FV FV FV FEM FV FV

Describes discretization

Conserves mass and energy

Models solid

Discretization: green Numerical discretization included-
yellow Essential components of the numerical discretiza-

tion, such as formulation of the mesh movement
terms, are missing

-

red No description of numerical discretization-

Conservation: green Conserves mass and energy-
yellow Insufficient description of formulation to determine

if mass and energy are conserved
-

red Mass and energy not conserved-

Solid model: green Solid is explicitly modeled-
red Solid is implied-

31



Table 1.2: Summary of replicas or simplifications of NASA ablation models in
literature.

M
O
P
A
R

H
E
R
O

F
E
A
T
S

C
H
y
P
S

Dec
et al.

Appar
et al.

Reference [46, 107] [52] [20] [38] [49] [8]

Dimensionality (n-D) 2 2 2 2 1 2

Numerical method CVFEM FEM FEM DG FEM FV

Describes discretization

Conserves mass and energy

Models solid

Table 1.3: Summary of ablation models in literature including extension be-
yond the NASA models.

S
C
M
A

Micc-
oli

et al.

Schr-
ooyen
et al.

Tahm-
asbi
et al.

Weng
et. al

Quinn
et al.

Reference [150] [112] [138] [153] [168] [131]

Dimensionality (n-D) 2 2 2 2 3 2-3

Numerical method FV DG DG FV FV DG

Describes discretization

Conserves mass and energy

Models solid
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1.3 Review of Subscale Analysis

Recent literature has seen an increasing interest in analyzing the com-

posite material at the meso and nanoscales [13] to support the development

of higher fidelity ablation models. At the nanoscale, reactive molecular dy-

namic (RMD) simulations of resin pyrolysis are performed [17, 36, 68, 172].

Nanoscale simulations have typically focused on identifying resin decompo-

sition pathways [17, 36, 68, 172] with limited extension to higher scales. To

estimate composite properties for ablation models, authors have analyzed the

composite architecture at the mesoscale to estimate macrostructural properties

such as thermal conductivity, porosity, and permeability [56, 79, 137, 141, 174].

An explicit representation of the fiber and resin is employed in analyzing the

composite architecture, and composite properties are estimated by averaging

over a representative volume. Such models operate as addendums to existing

ablation modeling methodologies. Current ablation models account for spal-

lation by scaling the thermochemical mass loss by a constant empirical factor

[113, 128]. Fiber oxidation simulations [56, 93, 94, 161] have thus also been per-

formed at the mesoscale to improve understanding of spallation causes, where

it is understood that oxidation may lead to a weakening of the fibers at the

surface [94]. Authors have also studied the formation of surface roughness

patterns due to fiber oxidation since surface roughness may increase heating

by inducing turbulence [161].

The following sections describe recent work in the literature at each

scale with a focus on the applicability of current methods toward multiscale
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ablation modeling.

1.3.1 Review of Nanoscale Modeling

Nanoscale models generally focus on molecular dynamic simulations of

resin pyrolysis [17, 19, 36, 68, 105, 172]. For the extension to multiscale model-

ing, the extraction of decomposition and chemical kinetics is of primary inter-

est [19, 68]. During resin pyrolysis, the solid material is subject to changes in

chemical composition. Authors have employed various methods for defining

the extent of pyrolysis, with methods centered around defining a representa-

tive system reactant. Chen et al. [27], who simulated the pyrolysis of various

engineering polymers, chose the number of backbone monomers as the repre-

sentative system reactant. In the presented simulation results, the backbone

monomer population was observed to spike at the start of the simulation due

to the disassociation of the polymer chains, after which it gradually decreased

with the formation of subsequent pyrolysis products. The backbone monomer

population in the latter portion of the simulation was used for kinetics fit-

ting. Harpale et al. [68] conducted simulations of phenolic pyrolysis where the

phenolic rings were first cross linked to create an interconnecting net work of

C–C bonds during an initial curing simulation. The number of intact C–C

bonds was then used to define a representative system reactant during the

pyrolysis simulation. Bhesania et al. [19] used a dimensional reduction tech-

nique introduced by Sakano et al. [136] for reaction course graining to define a

representative system reactant. The authors first formulated a vector represen-
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tation of the system where each timeframe was described by a numerical vector

describing the coordination geometry of the chemical species. From the simu-

lation results, a matrix was constructed where the matrix rows corresponded

to selected timeframes during the pyrolysis simulation. A dimensional reduc-

tion was then performed, using non-negative matrix factorization, to reduce

the matrix column space to three principal components. In the presented

simulation results, the time evolution of the three components qualitatively

produced the expected behaviors of a reactant, product and intermediate in

a decomposition reaction. The component that most behaved like a reactant

was then used to define the extent of pyrolysis. In each case, the selected

reactant variable χ is fit assuming a reaction rate of Arrhenius form:

dχ

dt
= −kχn, k = A exp

(−E
Rθ

)
(1.52)

where a first order reaction (n = 1) is typically used. Validation of the kinetics

is based on matching the Arrhenius constants to TGA derived values [27, 68].

Chen et al. [27] ran a series of isothermal simulations, from which the pre-

exponential factor A and activation energy E were obtained by fitting to the

curve

ln(ki) = ln(A)− E

R

(
1

θi

)
(1.53)

where ki was obtained by fitting to the simulation results at each temperature

θi. This method is also employed by other authors in literature [65, 68, 163].

Bhesania et al. [19] performed non-isothermal simulations. In doing fitting, an
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instantaneous reaction rate k(t) was calculated assuming the following relation

χ(t) = χ0 exp(−kt) (1.54)

The same equation 1.53 was used to determine the Arrhenius constants. The

authors did not present results on reaction rate versus temperature during the

non-isothermal simulations.

In order to incorporate the RMD simulation results into a resin pyroly-

sis model, Harpale et al. [68] used an engineering control volume formulation to

estimate a resin charring velocity, which was then used to model the pyrolysis

of phenolic micro balloons. Bhesania et al. [19] related the MD reactant vari-

able to the remaining resin mass fraction in a 1-D phenolic pyrolysis simulation.

Chen et al. [27] considered the reproduction of differential thermogravimet-

ric curves (derivative of mass loss in TGA with respect to temperature) for

various engineering polymers. Authors generally employ the following relation

[19, 27, 68]

∂

∂t

(
ρ

ρ0

)
= −k

(
ρ

ρ0

)n

(1.55)

where ρ is the solid density, ρ0 the starting solid density, and k is obtained

from the MD simulation results. Authors have employed inconsistent values

for the exponent n in formulating pyrolysis models. Harpale et al. [68] and

Bhesania et al. [19] used a value of one for n to fit the RMD simulation results

but used a value of zero in the pyrolysis simulations. Chen et al. [27] did not

specify the exponent value.
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It is worth noting that existing extensions of RMD simulation results

to pyrolysis modeling provide limited fidelity. MD derived pyrolysis models in

literature assume a single constituent resin decomposition [19, 27, 68]. A coars-

ened representation of the RMD system is also employed, excluding chemical

kinetics. Current MD derived pyrolysis models thus do not pose an advantage

over TGA based models and have not seen incorporation into ablation models

in literature.

An approach that has not been taken in the current ablation literature

is the extension of the RMD chemical kinetics to higher scales. The most

significant difficulty to such an approach is the requirement of a multiscale

integration strategy, as the RMD chemical kinetics occur on a far smaller time

scale than macroscale simulations. The current literature may thus benefit

from new methods that leverage the chemical fidelity of RMD simulations and

provide an extension to higher scales.

1.3.2 Review of Mesoscale Modeling

Mesoscale simulations typically employ an explicit representation of the

composite fiber and resin architecture. The microscale structure can be gener-

ated algorithmically [78, 141, 174] or from experimental computed tomography

data [57, 58, 123, 160]. Mesoscale simulations fall into two categories: (1) es-

timation of composite properties [78, 79, 123, 137, 141, 174], and (2) oxidation

simulations [9, 57, 93, 102, 130, 160].

For the first category, mesoscale analysis aims to estimate compos-
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ite properties from the material microstructure to support ablation modeling

[79, 123, 137, 141, 174]. Properties extracted from mesoscale composite models

include thermal conductivity, permeability, tortuosity, porosity, and specific

surface area. Thermal conductivity is typically estimated by solving a steady

state heat equation from which a bulk conductivity is extracted [56, 141, 174].

Permeability and tortuosity can be obtained by stochastic methods, such as Di-

rect Simulation Monte Carlo or Monte Carlo Random Walk [22, 56]. Porosity

and specific surface area are calculated directly from the mesoscale geometry

[56]. These quantities are then input into ablation models [13, 95].

Semeraro et al. [141] estimated the thermal conductivity of short fiber

and woven carbon materials where the fiber structures were obtained from

experimental computed tomography (CT) scans. CT scans return a voxel rep-

resentation of the material, which consists of a Cartesian grid where each grid

is associated with a scalar value describing a mean X-ray attenuation. For

estimating thermal conductivity, the authors used the voxel-based represen-

tation to construct a Cartesian grid which was then discretized using Finite

Volume. An anisotropic thermal conductivity tensor was associated with each

grid, accounting for the anisotropic thermal conductivity of the carbon fibers

and carbon fiber tows, where the orientation of the thermal conductivity ten-

sor was estimated from the CT scan data [141, 142]. The effective thermal

conductivity was then obtained by solving a steady state heat equation over a

representative volume. Zhou et al. [174] estimated the thermal conductivity

of a silica reinforced phenolic composite where the resin and fiber structures
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were generated algorithmically, and the resin was assumed to fill the volume

between the fibers. Thermal conductivity was also estimated by solving a

steady state heat equation, where a finite element discretization was employed

using the commercial software ABAQUS, and isotropic thermal conductivity

was assumed for the fiber and resin constituents. For the resin thermal con-

ductivity, the authors performed a parametric study on the effects of matrix

porosity, assuming a random ellipsoidal pore distribution in the matrix con-

stituent.

Borner et al. [22] estimated the permeability of FiberForm, a com-

mercial short chopped carbon fiber material that has been used as the fiber

reinforcement in ablative materials such as PICA (phenolic impregnated car-

bon ablator [158]). The fiber structure of FiberForm was obtained from CT

scan data. Direct Simulation Monte-Carlo (DSMC), a stochastic method that

tracks the movement and collisions of a set of representative particles, was

then used to simulate gas transport through the material. Permeability was

then estimated based on the average mass flow rate and pressure drop across

a representative volume. The authors also performed studies on the effect

of temperature, porosity, and orientation on the permeability of FiberForm.

Jambunathan et al. [79] studied the permeability of FiberForm and a commer-

cial carbon felt material. The fiber structures were also obtained from CT scan

data, and DSMC was used to simulate gas transport through the material.

For the second category, mesoscale oxidation simulations attempt to re-

produce the oxidized composite geometries observed under Scanning Electron
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Microscopy (SEM), modeling surface roughening [102, 160, 161] and volumet-

ric oxidation [57, 93, 123]. Regarding motivation, surface roughening promotes

the transition from laminar to turbulent flow, increasing heating, and may

also increase the effective reactive surface area, accelerating recession [161].

For volumetric oxidation, it is suggested that oxygen penetration may weaken

the material in the surface layers leading to spallation [94].

For modeling oxidation, mesoscale models track the solid surfaces ex-

plicitly. The surfaces evolve as [93]

∂S

∂t
+ v · ∇S = 0 (1.56)

where S is a scalar level-set function defining the surface position, and v is

the surface velocity due to oxidation. The oxidation rate is modeled with a

simple first order form

v = −ΩkC n̂, k = k0 exp(−E/Rθ) (1.57)

where k is the gasification rate (m/s), C the molar oxygen concentration, Ω

the solid molar volume and n̂ the surface normal. The oxygen concentration

is modeled as

∂C

∂t
+∇ · (Cvg) = ∇ · (D∇C), in the fluid (1.58)

D∇C · n̂ = kC, at fluid-solid interface (1.59)

where D is a diffusion coefficient. For the bulk gas velocity vg and temperature

θ, current models typically assume isothermal conditions and zero bulk veloc-

ity [57, 93, 102, 123, 160, 161] or a fixed temperature profile and constant gas
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velocity [94]. For numerical discretization, a Cartesian Eulerian background

grid is employed with a surface tracking algorithm, including volume of fluid

[9, 160] and level set [130]. Authors have also used stochastic methods with

Monte Carlo Random Walk to model oxygen diffusion and a sticking proba-

bility for the surface reactions; the solid surface evolves based on a marching

cube algorithm [93]. Model validation is based on the reproduction of solid

morphologies observed under SEM.

Aspa et al. [9] developed a surface tracking algorithm based on the

volume of fluid method to simulate the oxidation of carbon-carbon compos-

ites. The authors performed simulations of a single fiber coated in a carbon

matrix with the aim being to reproduce a conical shaped morphology observed

under SEM (see Figure 1.6), where the conical shape was suggested to develop

due to differential oxidation of the carbon fibers and the surrounding matrix.

Mesoscale simulations were also conducted on the formation of cavities in the

space shuttle thermal protection system due to damage to the SiC coating,

exposing the underlying carbon-carbon composite. Isothermal conditions and

zero convective mass transport were assumed for all simulations. Qin et al.

[130] also performed oxidation simulations of a carbon-carbon composite as-

suming isothermal conditions and zero convection. A level-set algorithm was

used for tracking fiber and matrix surfaces. The authors performed simula-

tions of a fiber array immersed in a surrounding matrix, aiming to reproduce a

conical shaped fiber morphology observed under SEM. Simulations were also

performed for the recession of the carbon-carbon composite in the throat of a
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solid rocket motor, where environmental parameters, such as temperature and

oxidative species concentration, were obtained from a CFD solution. Simula-

tion results were qualitatively compared to SEM images of the ablated throat

in a solid rocket motor.

Lachaud et al. [92] performed oxidation simulations of PICA (phenolic

impregnated carbon ablator), a carbon fiber reinforced phenolic composite

with a short chopped fiber architecture [158]. Oxygen diffusion was simulated

using a Monte Carlo random walk algorithm. Oxidation of the matrix and

fibers was estimated using a sticking probability for the surface reactions, and

the surfaces were tracked using a marching cube approximation (see Figure

1.7).

(a) Simulated fiber oxidation in
Ref [9].

(b) SEM image of oxidized carbon
fiber surface in Ref [9].

Figure 1.6: Simulation of carbon fiber oxidation by Aspa et al. [130] using the
volume of fluid method on a Eulerian Cartesian grid. The authors perform
qualitative comparison of simulation results to SEM images of oxidized carbon
fibers.
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Figure 1.7: Simulation in Ref [92] on the oxidation of FiberForm (a short
carbon fiber composite) coated with phenolic. The fiber structure is obtained
from CT scan data. Oxygen diffusion is modeled using a random walk al-
gorithm on a 3-D Cartesian grid, and a sticking probability law is used to
estimate oxidation.

1.3.3 Summary

Current ablation models are based on methodologies developed in the

1960s. This stagnation has also been marked in recent literature [97, 99]. The

current avenue of improvement, as recently described by Barnhardt et al. [13],

is to construct microscale composite models for estimating composite proper-

ties, such as thermal conductivity, porosity, and permeability, from the ma-

terial microstructure for input into ablation models [13, 95]. However, such

methods do not fundamentally extend existing ablation modeling methodolo-

gies. Mesoscale oxidation simulations also lack meaningful extension to higher

scales and generally support phenomenological spallation models [94]. Cur-

rent nanoscale models also lack an extension of the chemical kinetics to higher

scales. The literature may thus benefit from a new integrated multiscale ap-
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proach that includes the integration of pyrolysis and ablation models at the

nano and meso scales.

1.4 Objective

This research develops the first integrated multiscale ablation model

spanning three levels of interest, as indicated in Table 1.4: nano, meso, and

macro scale. In particular, the mesoscale model serves as a link to integrate

the nanoscale RMD chemistry and the macroscale ablation model. The formu-

lation extends current ablation models in literature by addressing four main

issues. First, it develops a multiscale strategy for coupling the three scales

of interest: nano, meso, and macro scale. Second, as part of the multiscale

strategy, it incorporates a mesoscale model which simulates the fully coupled

chemical-thermomechanical ablation problem. Third, it enforces the conserva-

tion of mass and energy in formulating the state variable evolution equations

at each scale. Fourth, it explicitly models solid erosion effects for composite

geometries in the macroscale ablation model.

The formulation is discrete nonholonomic Hamiltonian at all scales. It

is pure particle at the nanoscale and hybrid particle element at the meso and

macroscale. Hamilton’s equations are formulated at each scale without refer-

ence to partial differential equations (PDE). This differs from the literature

in that it separates the discretization process (e.g., finite element) from the

solution method (e.g., weighted residuals for PDE). The benefit of this ap-

proach is that it allows for seamless element and particle based description of
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the material in an energy conserving formulation. A schematic of the multi-

scale structure is shown in Figure 1.8. RMD simulations are performed at the

nanoscale to obtain chemical kinetics models of the resin decomposition pro-

cess and pyrolysis gas reactions. The mesoscale model incorporates the RMD

chemical kinetics into a 1-D fully coupled chemical-thermomechanical simu-

lation of resin pyrolysis in a fiber and resin composite. From the mesoscale

simulation results, the energy required to pyrolyze the resin in the composite

material is computed and input into the macroscale model. The macroscale

model then simulates in three dimensions the thermomechanical response of

the composite to the applied mechanical and thermal loads. Included are

the effects of transpiration cooling, ablation of both the resin and fiber re-

inforcement and evolution of the TPS geometry. The macroscale simulation

incorporates a resin mass loss model obtained from the mesoscale simulation

results since the short time constants of the RMD kinetics preclude direct

simulation of transient chemical processes at the macroscale. The mechani-

cal time constant generally determines the macroscale time constant, which is

typically much shorter than conduction time constants. In order to directly

simulate the solid dynamics of surface erosion processes at the macro scale,

two assumptions are made: (1) heat conduction is limited to that which is

numerically required to obtain smooth solutions, and (2) the externally ap-

plied loading rates are amplified (on the order of 104) so that the total applied

thermal load occurs over a much shorter time than is typical of ablation ex-

periments. These assumptions are similar to those adopted, for example, in
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molecular dynamics simulations of plastic deformation mechanisms [62] and

macroscale shock compression processes [167], where accessible molecular scale

simulation times are much smaller than that representative of corresponding

macroscale experiments. As in the latter case, the validity of the numerical

modeling assumptions is evaluated by comparison of the simulation results to

experiment.

This research builds on previous research on the hybrid particle ele-

ment method [73, 101, 124, 145] by the addition of variable mass particles for

simulating mass loss due to resin pyrolysis. In the macroscale model, the fiber

reinforcement is represented by a set of tension only bar elements whose nodes

are located at the particle centers of mass. This builds on previous research

on the simulation of fabrics [132, 144] by combining particles, finite elements

and tension only bar elements to produce a composite description of the ma-

terial. Surface recession at the macroscale is captured by failing the elements

and fibers once specific thermal, mechanical, and ablation criteria are reached.

Since the failure criteria for the elements and fibers are distinct, the TPS ero-

sion is not limited by the requirement to follow a single recession surface. This

scheme also avoids the requirement of an adaptive mesh algorithm typically

employed in current literature.

1.5 Organization

This dissertation describes a three level multiscale modeling approach

to thermal ablation. The nanoscale RMD pyrolysis chemical kinetics was taken
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from previous work [162]. A full description of the nanoscale model is thus

not included here, and only the details of the incorporation of the RMD chem-

ical kinetics into the mesoscale model are included. Chapter 2 describes the

1-D mesoscale formulation, including the linking of the thermomechanical and

chemical kinetics models. Simulations are presented for two resin systems,

phenolic and cyanate ester. Chapter 3 describes the 3-D macroscale formu-

lation, including the incorporation of a resin mass loss model obtained from

the mesoscale simulation results. Simulations presented in Chapter 3 include

models of three fiber reinforcement architectures: 3-D, 2-D, and short fiber

architecture. Finally, Chapter 4 summarizes the main contributions of this

research.
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Table 1.4: Comparison of the three scales.

Scale Spatial Unit Temporal Unit Application

Molecular nm ps resin pyrolysis chemistry

Meso µm ns resin pyrolysis in fiber composite

Macro mm µs ablation and shape change

Figure 1.8: Multiscale model structure.
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Chapter 2

Mesocale Model

2.1 Introduction

The 1-D mesoscale model presented in this chapter extends previous

research on hybrid particle-element with chemical reactions [101] to include

variable mass particles. It fully couples the RMD chemical kinetics with the

thermomechanical response. The model uses 1-D linear finite elements, which

model the elastic response in tension and plastic strain evolution. The parti-

cles, located at the nodes of the elements, capture the compressive response

and are modeled as a mixture of fiber and resin. The particle mass evolution

is coupled to the RMD chemical kinetics to account for mass loss due to resin

pyrolysis. The principle purpose of the mesoscale simulation is to compute a

resin heat of pyrolysis within a fiber reinforced composite, which is a required

input to the macroscale simulation.

2.2 Chemical Kinetics Model

The RMD formulation and chemical kinetics models are not developed

in this dissertation but are taken from previous research [15, 16, 162]. The

RMD model is based on a nonholonomic formulation that differs from conven-
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tional molecular dynamics in that rate equations rather than analytic functions

determine the bond orders and bonding-debonding process. Readers interested

in the RMD formulation are directed to previous works by Bass et al. [15, 16].

For the resin pyrolysis simulations and the pyrolysis chemistry models, readers

are directed to previous work by Wang [162]. The RMD simulations of resin

pyrolysis [162] start with an initial NVE interval where the number of atoms,

volume, and energy are held constant, allowing for the disassociation of the

resin species. Following the NVE interval, a thermostat is applied, gradu-

ally reducing the simulation temperature to a target thermostat temperature

while holding the number of atoms and volume constant, allowing recombi-

nation reactions to occur. Accordingly, the kinetic modeling of the pyrolysis

chemistry is split into two parts: (a) fit to the disassociation portion of the

simulation and (b) fit to the recombination portion. The kinetic models have

the functional form:

Ċ
(i)
j =

Nr∑
k=1

(
ν(j,k) − ν̂(j,k)

)
ξ(i,k) (2.1)

where C
(i)
j is the molar concentration of species j in particle i, Nr is the

number of reactions, ξ(i,k) is the reaction rate for reaction k in particle i, and

ν(j,k) and ν̂(j,k) are the stoichiometric coefficients for the products and reactants

of species j in reaction k respectively.

The disassociation reactions rates have the functional form

ξ(i,k) = k(k)

(
ρ(i)

ρ
(i)
0

)1−m(k)
Ns∏
j=1

(
C

(i)
j

)α(j,k)
û
(
u(i) − uign

)
(2.2)
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where k(k) are the reaction rate constants, ρ(i) the density of particle i, ρ
(i)
0

a reference particle density, Ns the number of species, α(j,k) the rate expo-

nents, u(i) the particle specific internal energy density, uign the ignition inter-

nal energy density, and û the unit step function. The disassociation reactions

occurred rapidly in the early stages of the RMD simulation resulting in very

high reaction rates. The disassociation reaction rate constants k(k) used in

the mesoscale model were thus reduced by a constant factor from the RMD-

derived values to help mitigate time step constraints. Reflective of the RMD

simulations, the recombination reactions are initiated after the disassociation

reactions are complete. The recombination reaction rates have the form:

ξ(i,k) = k(k)

(
ρ(i)

ρ
(i)
0

)1−m(k)

f (k)(θ)
Ns∏
j=1

(
C

(i)
j

)α(j,k)
û(λ(i) − λmax) (2.3)

where λ(i) is the extent of resin pyrolysis computed as:

λ(i) = 1− C
(i)
R

C
(i)
R0

(2.4)

The constant index R denotes the resin species index, and C
(i)
R0 denotes the

starting resin species concentration. The recombination reactions are initiated

once λ(i) reaches a critical value λmax, which was set to 0.99 for all simulations

in this thesis. A dependence on temperature (θ) is also included through the

temperature dependent function f (k), which is modeled as having one of two
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forms,

f (k)(θ) =
1

1 + exp
(

θ−θ(k)

θ(k)

) , or (2.5)

f (k)(θ) =1− 1

1 + exp
(

θ−θ(k)

θ(k)

) (2.6)

where the forms were chosen in Ref [162] from fitting to the RMD simulation

results.

2.3 Species Masses Evolution

In the mesoscale model, the particle mass m(i) and the vector of species

masses s
(i)
j constitute part of the system generalized coordinates. The species

concentrations are related to the species masses as:

C
(i)
j =

s
(i)
j

ϕ
(i)
r ν(i)Mj

(2.7)

where ν(i) is the particle volume, ϕ
(i)
r the resin volume fraction, M denotes

molar mass, and s
(i)
R0 is the initial resin mass in particle i. The starting resin

mass s
(i)
R0 in a particle is calculated by

s
(i)
R0 = ρ

(i)
0 f

(i)
r ν

(i)
0 (2.8)

where f
(i)
r is the resin mass fraction, and ν

(i)
0 is the particle volume in the

reference configuration. The mesoscale simulation initializes the resin and

gas species masses with the same molar ratios as the RMD simulation. For

pyrolysis in air, the RMD simulations were initialized with the resin species
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and the air species nitrogen and oxygen. The nitrogen and oxygen quantities

were initialized with a ratio of 4:1, representing an air atmosphere. Sufficient

oxygen was supplied to achieve an oxygen balance of zero, corresponding to

all carbon being converted to carbon dioxide and all hydrogen being converted

to water. For pyrolysis in vacuum, the RMD simulations were initialized with

only the resin species [162].

The pyrolysis reactions act as source terms for the evolution of the

particle masses. The reaction source terms are:

ṡ
reac(i)
j = Ċ

(i)
j ϕ(i)

r ν(i)Mj (2.9)

The evolution of the particle mass is modeled as equal to the resin mass evo-

lution:

ṡ
(i)
R =ṡ

reac(i)
R (2.10)

ṁ(i) =ṡ
reac(i)
R (2.11)

It is assumed in the mesoscale model that the fiber remains chemically inert.

This is consistent with the purpose of the mesoscale model to compute a resin

heat of pyrolysis. It is noted, however, that the fiber, while chemically inert,

still affects the thermomechanical response.

The particle mass includes only the resin and fiber masses. For the gas

species, a gas control volume is associated with each particle in which the gas

species are assumed to reside. For simulations in air, the size of the control

volume Vg is calculated from the initial nitrogen and oxygen content. For
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simulations in vacuum, an air to resin mass ratio is used. Vg is computed as

V (i)
g =

1

ρair
(s

(i)
N20

+ s
(i)
O20

) (in air) (2.12)

V (i)
g =

1

ρair
s
(i)
R0ξ (in vacuum) (2.13)

where ρair is an air density, which is simply set to the density of air at sea

level (1.2254 kg/m3), s
(i)
N20

and s
(i)
O20

are the initial nitrogen and oxygen masses

for simulations in air, and ξ is an air to resin mass ratio. For simulations in

vacuum, ξ is set to the equivalent value for simulations in air. The gas species

masses evolution include two contributions: one from the pyrolysis reactions,

and the second from convection out of the gas control volume:

ṡ
(i)
j = ṡ

reac(i)
j + ṡ

cvc(i)
j , j ∈ gas (2.14)

The rate of convection (ṡcvc(i)) is modeled as proportional to the gas pressure:

ṡ
cvc(i)
j = −k(i)g

s
(i)
j

V
(i)
g

P (i)
g

ν
(i)
0

νRF

û(Cf
R − C

(i)
R ), j ∈ gas (2.15)

where P
(i)
g is the gas pressure, and νRF is a reference volume. k

(i)
g is a constant

which scales as:

k(i)g = k̂
1

ρair

V
(i)2/3
g

csr
(2.16)

where csr is the resin sound speed, and k̂ is a non-dimensional gas convection

coefficient. The pressure of the gas within this control volume is computed

from the ideal gas law. An initial ambient pressure Pg0 is computed as:

P
(i)
g0 =

(
s
(i)
N20

MN2

+
s
(i)
O20

MO2

)
Rθ0

1

V g(i)
(2.17)
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where R is the ideal gas constant. The gas pressure is then calculated by,

P (i)
g =

〈
Rθ(i)

1

V
(i)
g

∑
j∈gas

s
(i)
j

Mj

− P
(i)
g0

〉
(2.18)

where the summation is done over the gas species, and the Macaulay brackets

⟨x⟩ denote

⟨x⟩ =
{
x x > 0

0 x ≤ 0
(2.19)

2.4 Equations of State

Each particle is assumed to consist of a mixture of fiber and resin. The

mixture equation of state is formulated as [133]

P = ffPf
ρ0
ρf0

+ frPr
ρ0
ρr0

(2.20)

θ = fr
cvr
cv
θr + ff

cvf
cv
θf , cv = cvrfr + cvf ff (2.21)

where Pf and Pr are fiber and resin pressures, ρf0 and ρr0 are fiber and resin

reference densities, cvf and cvr are fiber and resin specific heats, θf and θr are

fiber and resin temperatures, ff and fr are fiber and resin mass fractions, and

ρ0 is a composite reference density. The fiber and resin equations of state take

a Mie-Grüneisen form:

Pf = ρf0c
2
sf

(
ρ

ρ0
− 1

)
+ γfρf0(u− u0) (2.22)

Pr = ρr0c
2
sr

(
ρ

ρ0
− 1

)
+ γrρr0(u− u0) (2.23)
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where csf and csr are fiber and resin sound speeds, γf and γr fiber and resin

Grüneisen parameters, u0 a reference internal energy density, and ρ a com-

posite density. In the absence of experimental data, a rough average of the

Grüneisen parameter may be estimated as [69]

γ =
αKs

cpρ0
(2.24)

where α is a volumetric thermal expansion coefficient, Ks a bulk modulus and

cp a specific heat. The fiber and resin temperatures are computed from the

fiber and resin specific heats:

θf =
1

cvf
(u− u0) + θ0 (2.25)

θr =
1

cvr
(u− u0) + θ0 (2.26)

where θ0 is a reference temperature. For the pyrolysis reactions, the disassoci-

ation chemistry begins once an ignition internal energy is reached (see Equa-

tion (2.2)). The ignition internal energy is calculated from a resin pyrolysis

temperature θpyr by

uign = cvr(θpyr − θ0) + u0 (2.27)

In modeling a given composite material, typical experimental quantities

that can be obtained are the true fiber and resin densities ρ̄f and ρ̄r, reference

composite density ρ0, and the resin and fiber mass fractions fr and ff . From
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these quantities, the fiber and resin reference densities are calculated as

ρf0 = ρ̄f

(
fr
ρ̄r

+
ff
ρ̄f

)
ρ0 (2.28)

ρr0 = ρ̄r

(
fr
ρ̄r

+
ff
ρ̄f

)
ρ0 (2.29)

which scales the true fiber and resin densities to account for composite porosity.

2.5 Heat Input Formulation

An external heat input is applied on the particles. The heat input

formulation adopted in this work is taken from the optical literature describing

the attenuation of a radiant flux in an absorbing body [121, 170]. In particular,

the flux q in an absorbing medium is assumed to decay according to the Bouger-

Lambert law ([170])

dq = −κqds (2.30)

where ds is the optical path length and κ an absorption coefficient. This heat

input form has also been employed in literature on the simulation of resin

pyrolysis in fiber composites under radiative heating [80, 121, 173]. In this

research, while the above form is employed for the heat input, the absorption

coefficient κ is formulated such that the heat input profile moves through

the material with resin pyrolysis and is not meant to be reflective of any

material absorption properties. The absorption coefficient is formulated for

each particle as:

κ(i) =
(
1− λ(i)

)
û
(
λmax − λ(i)

) 1
ℓ

(2.31)
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where ℓ is an absorption depth, and κ(i) evolves from 1/ℓ to zero with resin py-

rolysis in particle i. The heat flux attenuation in the particles can be described

by the following schematic:

h(np−1)h(np−1) h(np)h(np)

q(np−1) =

q(np) exp
(
−κ(np−1)2h(np−1)

) q(np) =

q(np+1) exp
(
−κ(np)2h(np)

) q(np+1) =

q0

Figure 2.1: Schematic of heat flux attenuation in the particles in the mesoscale
model.

where np is the total number of particles, h(i) a particle radius, and q0 the heat

flux impinging on the material. The heat flux at the particle interfaces can

then be defined as

q(np+1) = q0

q(i) = q0

np∏
j=i

exp(−κ(j)2h(j)) 1 ≤ i ≤ np (2.32)

The heat flux in the particles is then calculated by

U̇ inp(i) = q(i+1) − q(i) (2.33)
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Summing across the particles, the total system heating rate Q̇ is

Q̇ =

np∑
i=1

U̇ inp(i) = q0 − q(1) (2.34)

Q̇ = q0

[
1− exp

(
−

np∑
i=1

κ(i)2h(i)

)]
(2.35)

As seen in equation 2.35, variations in the total system heating rate are de-

pendent on the variable q(1) associated with the back most particle. As seen

in Figure 2.2, the heating depth ℓ is chosen to be reflective of a sharp heat-

ing profile resulting in the heat flux being negligibly small at the backside of

the domain. Figure 2.3 shows the particle heat input U̇ inp(i) versus particle

position as well as the heating rate Q versus time, in which a constant total

system heating rate is observed.

It is noted, however, that q(1) depends on the discretization and is

not non–negligible in general. Cases in which the total system heating rate

may vary include: (1) the pryolysis front progresses to the backside of the

domain, (2) ℓ is large relative to the domain size, and (3) a very course particle

resolution is used. For the mesoscale simulations conducted in this thesis, care

was taken to avoid the three aforementioned cases.
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Figure 2.2: Heat flux profile for the ablation simulation of a carbon fiber
reinforced phenolic composite at 20 ns, showing the heat flux attenuation
modulated by resin pyrolysis in the particles.
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Figure 2.3: Heat input profile at 20 ns and total system heating rate for the
ablation simulation of a carbon fiber reinforced phenolic composite.

60



2.6 Particle and Element Kinematics

The hybrid particle element interpolation builds upon previous work

[73, 124]. In the 1-D mesoscale formulation, a particle based density inter-

polation is used for calculating volumetric change in the particles, which is

formulated as

ρ(i)

ρ
(i)
0

= 1 +
1

2

np∑
j=1

(
ζ
(i,j)
0

ζ(i,j)
− 1

)
W (i,j), ζ(i,j) =

|c(i) − c(j)|
2h(i)

(2.36)

where c(i) is the center of mass of a particle, ρ(i) and ρ
(i)
0 a particle density and

reference density, h(j) a particle radius, and ζ
(i,j)
0 is the value of ζ(i,j) in the

reference configuration. The weighting function W (i,j) is defined by

W (i,j) = (1− δij)us

(
1− ζ(i,j)

ρ(j)

ρ
(j)
0

)
(2.37)

Similar to past work [124] which avoids the requirement for a differentiable

density interpolation, the time derivative of the particle density is defined by

ρ̇(i)

ρ
(i)
0

= −1

2

np∑
j=1

ζ̇(i,j)

ζ(i,j)2
ζ
(i,j)
0 W (i,j) (2.38)

The density interpolation Equation (2.36) is used for computing the particle

density while the density time derivative Equation (2.38) will be used for

computing generalized forces.

The particle centers of mass c(i) are the nodes of large strain finite

elements used to model the tensile response and elastic plastic evolution. A

deviatoric strain tensor is computed for each element, having the functional
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form

E(j) = E(j)(c(i)), Ė(j) = Ė(j)(c(i), ċ(i)) (2.39)

The strain is additively decomposed into elastic and plastic parts [73, 124]

E(j) = Ee(j) + Ep(j), Ėp(j) = Ėp(j)(c(i), Ep(j), ϵp(j), u(i), d(j)) (2.40)

where Ee(j) and Ep(j) are the elastic and plastic strain tensors respectively,

d(j) describes element damage, having a value of zero for intact elements and

one for failed elements, and ϵp(j) is an accumulated plastic strain obtained by

integrating

ϵ̇p(j) = |Ėp(j)| (2.41)

An element stress S(j) is calculated from the elastic strain by

S(j) = (1− d(j))µ(j) 1− ρr0/ρ̄r
1 + ρr0/ρ̄r

Ee(j) (2.42)

where µ(j) is a matrix modulus. The factor (1− ρr0/ρ̄r)/(1 + ρr0/ρ̄r) accounts

for matrix porosity [120]. Element failure in the mesoscale model is modeled

on three criteria: (1) a maximum historic element internal energy calculated

from its associated particles, (2) a maximum accumulated plastic strain, and

(3) a maximum historic element stress. The element fails when any three

exceed certain values. The damage variable is formulated as

d(j) = max
{
û(ϵp(j) − ϵ

p(j)
f ), û(u(j)max − u

(j)
f ), û(S(j)

max − σ(j)
s )
}

(2.43)

where u
(j)
max is a maximum historic element internal energy, S

(j)
max a maximum

historic element stress, and ϵ
p(j)
f , u

(j)
f , and σ

(j)
s are a failure plastic strain,

failure internal energy, and failure spall stress respectively.
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2.7 Hamiltonian Formulation

The system kinetic co-energy T ∗ and system potential energy V are

simply the sum of the particle kinetic co-energies and internal energies respec-

tively:

T ∗(m(i), ċ(i)) =

np∑
i=1

1

2
m(i)ċ(i)

2
(2.44)

V (U (i)) =

np∑
i=1

U (i) (2.45)

The particle momenta p(i) are

p(i) =
∂T ∗

∂ċ(i)
= m(i)ċ(i) (2.46)

The system kinetic energy is then defined via the Legendre Transform

T =

np∑
i=1

p(i)ċ(i) − T ∗ (2.47)

which has the canonical form

T (m(i), p(i)) =

np∑
i=1

p(i)2

2m(i)
(2.48)

The total differential of the kinetic co-energy is

dT ∗ =

np∑
i=1

(
p(i)dċ(i) +

∂T ∗

m(i)
dm(i)

)
(2.49)

From the Legendre Transform (equation 2.47), the kinetic energy has the total

differential

dT =

np∑
i=1

(
dp(i)ċ(i) + p(i)dċ(i)

)
− dT ∗ (2.50)

dT =

np∑
i=1

(
dp(i)ċ(i) − ∂T ∗

∂m(i)
dm(i)

)
(2.51)
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From the canonical form (equation 2.48), the total differential can also be

expressed as

dT =

np∑
i=1

(
∂T

∂p(i)
dp(i) +

∂T

∂m(i)
dm(i)

)
(2.52)

from which the following relations are obtained

∂T

∂m(i)
=− ∂T ∗

∂m(i)
= −1

2
ċ(i)2 (2.53)

ċ(i) =
∂T

∂p(i)
(2.54)

The system Hamiltonian is simply the sum of the total system kinetic and

potential energies

H = T + V (2.55)

2.7.1 Virtual Work

Forces that arise due to the particle mass evolution must be accounted

for in the formulation of the virtual work. The presence of additional forces

due to mass evolution has appeared in previous research on the application

of Hamilton’s equations to ALE frame reacting fluid simulations [70, 89]. The

treatment is adapted here for Lagrangian frame hybrid particle-element. The

system virtual work (δW ) is expressed as the sum of an internal (δW int) and

external (δW ext) portion:

δW = δW int + δW ext (2.56)
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The internal virtual work accounts for the particle mass evolution and is for-

mulated as

δW int =

np∑
i=1

(
ṁ(i)ċ(i)δc(i) − ċ(i)2δm(i)

)
(2.57)

which balances the rate of change of kinetic energy in the particles due to mass

loss. It is noted that the internal virtual work performs no net work on the

system, as the above yields zero when the variations are taken to be physical

(δc(i) = ċ(i)dt, δm(i) = ṁ(i)dt). The external virtual work is

δW ext =

np∑
i=1

(
hext(i) δm(i) + f ext(i) δc(i)

)
(2.58)

where hext(i) is a total external enthalpy and f ext(i) accounts for external load-

ing on the particles. In the mesoscale model, the gas pressure is applied as an

external mechanical loading,

f ext(i) = −P g(i) ν
(i)
0

νRF

+ fmech(i) (2.59)

Additional external loads fmech(i) may also be included.

2.7.2 Nonholonomic Constraints

The nonholonomic constraints include the evolution of the particle in-

ternal energy, which is

U̇ (i) = U̇ ele(i) + U̇wrk(i) + U̇ irr(i) − U̇ con(i) + U̇ inp(i) + U̇ trc(i) (2.60)

where U̇ ele(i) is associated with deviatoric deformation in the elements, U̇wrk(i)

with volumetric deformation of the particles, U̇ irr(i) with viscous dissipation in
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the particles, U̇ con(i) with heat conduction between the particles, U̇ inp(i) with

external heating of the particles, and U̇ trc(i) with transpiration cooling in the

particles. Power flow in the elements due to deviatoric deformation is [73, 124]

U̇ ele(i) =
ne∑
j=1

ϕ(i,j)V
e(j)
0 S(j)

(
Ė(j) − Ėp(j)

)
(2.61)

where ne is the number of elements, ϕ(i,j) is the fraction of the power in element

j transmitted to particle i and V
e(j)
0 is an element volume. Power flow in the

particles due to volumetric deformation is

U̇wrk(i) = m(i)P
(i)

ρ(i)2
ρ̇(i) (2.62)

and the irreversible power is

U̇ irr(i) =
ne∑
j=1

ϕ(i,j)V
e(j)
0 S(j)Ėp(j) + f v(i)ċ(i), (2.63)

f v(i) =

np∑
j=1

τ (i,j)
(
ċ(i) − ċ(j)

)
(2.64)

where τ (i,j) is a numerical damping coefficient. The interparticle conduction is

U̇ con(i) =

np∑
j=1

κ(i,j)
(
θ(i) − θ(j)

)
(2.65)

where κ(i,j) is a conduction coefficient. Transpiration cooling in the particles

is formulated as

U̇ trc(i) =

(
u(i) +

P (i)

ρ(i)
+ hdec

)
ṁ(i) (2.66)

where the energy ejected from the particle is defined as the sum of a parti-

cle enthalpy and a decomposition enthalpy hdec. The decomposition enthalpy
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quantifies the energy required to drive the resin pyrolysis reactions and is taken

from the literature. A positive value corresponds to an endothermic decom-

position and a negative value to an exothermic decomposition. The energy

ejected from the particle includes a chemical term in the form of the decom-

position enthalpy hdec and a dependence on the thermomechanical response

through the particle enthalpy.

2.7.3 Hamilton’s Equations

The system level model is obtained by combining the mesoscale Hamil-

tonian with the canonical Hamilton’s equations, virtual work expression, and

nonholonomic constraints describing the evolution of the particle internal en-

ergies and particle masses. The canonical Hamilton’s equations are

ṗ(i) = − ∂H

∂c(i)
+ qc(i), ċ(i) =

p(i)

m(i)
,

0 = − ∂H

∂U (i)
+ qU(i), 0 = − ∂H

∂m(i)
+ qm(i) (2.67)

where qc(i), qU(i), and qm(i) are generalized nonconservative forces determined

by the nonholonomic constraints and virtual work. Introducing Lagrange mul-

tipliers γU(i), and γm(i) for the nonholonomic constraints, the generalized forces

can be written

qc(i) =
1

2

np∑
j=1

(
m(i)ρ

(i)
0 ζ

(i,j)
0

(2h(i))2
P (i)

ρ(i)2
W (i,j)

ζ(i,j)3
γU(i) +

m(j)ρ
(j)
0 ζ

(j,i)
0

(2h(j))2
P (j)

ρ(j)2
W (j,i)

ζ(j,i)3
γU(j)

)(
c(i) − c(j)

)
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−
ne∑
j=1

V
e(j)
0 S(j)∂E

(j)

∂c(i)

np∑
k=1

ϕ(k,j)γU(k) − f v(i) + ṁ(i)ċ(i) + f ext(i) (2.68)

qU(i) =γU(i) (2.69)

qm(i) =−
(
u(i) +

P (i)

ρ(i)
+ hdec

)
γU(i) + hext(i) − ċ(i)2 + γm(i) (2.70)

Substituting the above into the degenerate Hamilton’s equations, the Lagrange

multipliers can then be solved for in closed form:

γU(i) = 1 (2.71)

γm(i) = u(i) +
P (i)

ρ(i)
+ h

(i)
dec +

1

2
ċ(i)2 − hext(i) (2.72)

Now that the Lagrange multipliers are known, the momentum balance equa-

tions can be derived as

ṗ(i) =
1

2

np∑
j=1

(
m(i)ρ

(i)
0

(2h(j))2
P (i)

ρ(i)2
W (i,j)

ζ(i,j)3
+
m(j)ρ

(j)
0

(2h(i))2
P (j)

ρ(j)2
W (j,i)

ζ(j,i)3

)(
c(i) − c(j)

)
−

ne∑
j=1

V
e(j)
0 S(j)∂E

(j)

∂c(i)
− f v(i) + ṁ(i)ċ(i) + f ext(i) (2.73)

ċ(i) =
p(i)

m(i)
(2.74)

which combined with the evolution equations for the internal state variables

constitute the system level equations.

2.8 Ablation Simulations

The simulations presented in this section proceed first with a verifica-

tion of the proper implementation of the mesoscale code, followed by validation
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simulations. After model validation, ablation simulations of three materials

are presented for incorporation into the macroscale model: a high and low

density carbon phenolic material and a carbon cyanate ester material. The

one-dimensional mesoscale program has a relatively low computational cost

and runs comfortably on a single thread, although the program also supports

OpenMP parallelization. A plot of run time versus thread count is shown in

Figure 2.6 for the ablation simulation of carbon reinforced phenolic presented

in section 2.8.1.

The first simulation verifies the proper implementation of the mesoscale

code by comparison with a wall shock problem for an inert material. Validation

of the hybrid particle element method in 1-D with test problems with known

exact solutions has been done in previous work [100, 124]. Park et al. [124]

verified the method for the wall shock problem of Noh [122] consisting of a

fluid stream colliding with a rigid wall, and for the bar impact problem of

Kolsky [88] consisting of an elastic bar subject to a sudden tensile pressure.

Verification is performed here for a 5 km/s wall shock problem to ensure proper

implementation of the code. For the verification simulation, the material is

assumed to have a composite density of 1450 kg/m3 and a fiber and resin mass

fractions of 0.625 and 0.375 respectively. The fiber and resin Mie-Grüneisen

equations of state parameters are those of carbon fiber (Table 2.5) and phenolic

resin (Table 2.3). The simulation results are in good agreement with the exact

solution obtained from solving the Rankine-Hugoniot equations (Figure 2.5).

The second simulation presents validation with published experimental
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data by Ladacki et al. [98] on the heat of pyrolysis of phenolic in a silica

fiber reinforced phenolic composite with 1790 kg/m3 composite density and 0.3

resin weight loading. The authors measured the heat of pyrolysis by measuring

the standard (298 K) heat of formation of the virgin and charred composite

by bomb calorimetry, where the charred material was prepared by heating

in a nitrogen environment. The composition of the pyrolytic volatiles was

measured by mass spectrometry and used to calculate the heat of formation

for the pyrolysis gas. The heat of pyrolysis Hpy was then calculated as

frHpy = fvolHf volatiles + (1− fvol)Hf char−Hf resin (2.75)

which assumes the following decomposition representation

virgin → fvol volatiles + (1− fvol) char (2.76)

where fr is the resin composite mass fraction, fvol the fraction of the composite

mass lost in the form of pyrolytic volatiles, and Hf denotes heat of formation.

It is noted that while the authors express the heat of pyrolysis Hpy as per

unit mass of resin, all experiments were conducted on the composite material.

For measuring the heat of formation in Ref [98], a sample was first sealed in

a fixed volume container (called a bomb) and then burned in a pure oxygen

environment. Measured quantities were the heat of reaction, calculated from

the temperature change of the bomb, and the combustion products water

and carbon dioxide. A heat of formation of the sample Hf (sample) was then

calculated as [98]:

Hf (sample) = Hf (CO2) +Hf (H2O)−Hf (O2)−Hc (2.77)
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where Hc is the measured heat of reaction. This method was used to measure

the heat of formation of the virgin and char composites. The silica fiber

was present in all the bomb calorimetry experiments and was assumed to be

chemically inert. The composite properties and experimental results in Ref

[98] are summarized in Table 2.2.

Reflective of the charred material being produced by heating in an in-

ert environment, comparison with the experimental results is made using the

chemical kinetics for phenolic pyrolysis in vacuum. In Ref [162], the disassoci-

ation chemistry for phenolic pyrolysis in vacuum consists of a single reaction:

C6H6O → 5.225H + 5C + 0.9O+ (2.78)

0.1C2 + 0.625CH + 0.1CO + 0.075CH2

The recombination reactions consist of four reactions:

C +O →CO

2C →C2

H + C →CH

H + CH →CH2 (2.79)

All of the chemistry model parameters, including the reaction rate constants

k(j), rate exponents α(i,j), temperature functions f (j), and stoichiometric coef-

ficients ν(i,j) and ν̂(i,j) for the disassociation and recombination reactions, are

provided in Tables 2.25 to 2.33. The material properties for phenolic resin
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and silica fiber used in the mesoscale model and their associated experimental

references are provided in Table 2.3 and Table 2.6.

Simulation results are compared to the experimental value for the heat

of pyrolysis [98]. The mesoscale model computes a heat of pyrolysis as the

total energy input into the system Q divided by the total mass lost from the

system M .

Hpy =
Q

M
, Q̇ =

np∑
i=1

U̇ inp(i), Ṁ =

np∑
i=1

ṁ(i) (2.80)

Figure 2.7 shows the mesoscale simulation results. The plot shows good agree-

ment between simulation (1.72 MJ/kg) and experiment (1.73 MJ/kg). The

particle density, particle reaction progress, particle internal energy, particle

pressure, element accumulated plastic strain, element damage, and element

stress are shown in Figures 2.7 to 2.10.

Since the particle heating produces mechanical waves which may reflect

off the back wall and interact with the pyrolysis front, the simulation domain

is enlarged with a buffer region. To reduce computational cost, larger particles

are employed in the buffer region resulting in a coarser particle resolution in

the buffer. Figure 2.12 show the particle diameters versus particle position

and particle index. The domain consists of two regions with uniform particle

diameters: a high resolution region, and a low resolution region. The high

resolution region is joined to the low resolution region by a graded segment,

where the diameter of each successive particle is increased by a constant factor.

A factor of 1.1 was employed for all simulations in this thesis. Figure 2.13
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shows a comparison of the element stress and particle compression profiles in

the high resolution region with and without particle grading in the buffer. In

the case without particle grading, a high particle resolution is employed for

the entire domain. For the case with particle grading, the particle diameter

differs by a factor of a hundred between the high and low resolution regions,

reducing the number of particles in the buffer region by a factor of seventy.

Negligible difference is observed in the simulation results, indicating that the

particle grading does not result in any reflection of mechanical waves.

As described in section 2.5, the heating of the particles is modulated

by the reaction progress and approximates a spacially exponentially decaying

heating profile which follows the reaction front. The heat input formulation

has two adjustable parameters: a heating rate, and heating depth (see equa-

tions (2.31) and (2.32)). It is of interest as to whether these parameters affect

the heat of pyrolysis computed by the mesoscale simulation as a dependence

on these parameters would introduce artifacts in the mesoscale simulation re-

sults. For a factor of four difference in both the heating depth and total

system heating rate, the heat of pyrolysis has minimal change, as shown in

Table 2.1. Convergence with respect to particle count is shown in Figure 2.11.

The simulation is observed to show good numerical convergence.
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2.8.1 Ablation Simulation for a Carbon Fiber Reinforced Phenolic
Composite

This section presents the simulation of resin pyrolysis in a carbon rein-

forced phenolic composite with a resin weight loading of 0.375 and composite

density of 1450 kg/m3. The purpose of this simulation is to compute a resin

heat of pyrolysis in the resin fiber composite for input into a macroscale model.

The composite parameters are representative of the material tested by Pesci

et al. [125], who conducted experimental plasma torch ablation testing of a

carbon fiber reinforced phenolic composite under various heat fluxes and ex-

posure times (see Appendix A). Reflective of the experimental environment,

the chemical kinetics for phenolic pyrolysis in air is used. In Ref [162], the dis-

association chemistry for phenolic pyrolysis in air consists of a single reaction:

C6H6O + 24N2 + 7O2 → (2.81)

5.833H + 4.833C + 48N + 13.5O + 0.167OH + CO + 0.167CO2

The recombination reactions consist of five reactions:

2N → N2

OH +H → H2O

O +H → OH

C +O → CO

CO +O → CO2 (2.82)

All of the chemistry model parameters, including the reaction rate constants

k(j), rate exponents α(i,j), temperature functions f (j), and stoichiometric coef-
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ficients ν(i,j) and ν̂(i,j) for the disassociation and recombination reactions, are

provided in Tables 2.25 to 2.33. The material properties for phenolic resin and

carbon fiber used in the mesoscale model along with their associated experi-

mental references are provided in Table 2.3 and Table 2.5. Figure 2.14 shows

the mesoscale simulation results for the heat of pyrolysis, having a value of

1.42 MJ/kg. The particle density, particle reaction progress, particle internal

energy, particle pressure, element accumulated plastic strain, element damage,

and element stress are shown in Figures 2.14 to 2.17.

Mesoscale simulations were also conducted for pyrolysis in vacuum.

The chemistry model for phenolic pyrolysis in vacuum is described in sec-

tion 2.8 and listed in Tables 2.25 to 2.33. The particle density, particle reac-

tion progress, particle internal energy, particle pressure, element accumulated

plastic strain, element damage, and element stress are shown in Figures 2.27

to 2.30. The simulation results have minimal difference from the air case.

2.8.2 Ablation Simulation for PICA (Phenolic Impregnated Car-
bon Ablator)

This section presents the simulation of resin pyrolysis in a high porosity

carbon fiber reinforced phenolic composite with a resin weight loading of 0.38

and composite density of 274 kg/m3. The purpose of this simulation, similar

to the preceding section, is to compute a resin heat of pyrolysis in the resin

fiber composite for input into a macroscale model. The composite parameters

are representative of the material called PICA, a light weight material that was
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first used as the forebody heat shield on the Stardust Sample Return Capsule

[147], the Mars Science Lander, and most recently on the Mars Perseverance

rover in 2020 [117]. Available experimental data on PICA is described in a

series of arc-jet tests done by Tran et al. [158], who conducted arc-jet testing

of PICA in air under various heat fluxes and exposure times with varying

sample geometries (see Appendix B). The mesoscale simulation results for

resin pyrolysis in air for PICA is shown in Figures 2.18 to 2.21.

The heat of pyrolysis for PICA computed from the mesoscale simulation

results is 1.41 MJ/kg, which is similar to the fully dense carbon phenolic

composite described in the preceding section. The fully dense material and

PICA are similar in terms of composite constituents and resin weight loading.

They differ in their fiber architecture, which is discussed in greater detail in the

macroscale model, and in their composite porosity. The fully dense material

supports significantly higher stresses than the high porosity PICA as shown in

Figures 2.17 and 2.21. However, the difference in porosity is observed to have

little effect on the heat of pyrolysis in the mesoscale simulation, with both

materials having a heat of pyrolysis of about 1.4 MJ/kg.

Mesoscale simulations were also conducted for PICA in vacuum (Fig-

ures Figures 2.31 to 2.34). Similar to the fully dense material described in the

preceding section, minimal difference is observed between the air and no air

cases.
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2.8.3 Ablation Simulation for a Carbon Fiber Reinforced Cyanate
Ester Composite

This section presents the simulation of resin pyrolysis in a carbon fiber

reinforced cyanate ester composite with a resin weight loading of 0.114 and

composite density of 1710 kg/m3. The purpose of this simulation, like the

preceding sections, is to compute a resin heat of pyrolysis in the resin fiber

composite for input into a macroscale model. The composite parameters are

representative of the material tested by Nahar [119], who conducted oxyacety-

lene torch ablation tests of a carbon reinforced cyanate ester material on an

oxyacetylene test bed (OTB) (see Appendix C).

Reflective of the experimental environment, the chemical kinetics for

cyanate ester pyrolysis in air is used. In Ref [162], the disassociation chemistry

for cyanate ester pyrolysis is modeled as a single reaction:

C17H14N2O2 + 61.5N2 + 19.5O2 → (2.83)

13.5H + 13.5C + 125.0N + 36.5O + 0.5OH + 3.0CO + 0.5CO2

The recombination reactions consist of five reactions, identical to those for

phenolic pyrolysis in air:

2N → N2 (2.84)

OH +H → H2O (2.85)

O +H → OH (2.86)

C +O → CO (2.87)

CO +O → CO2 (2.88)
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All of the chemistry model parameters, including the reaction rate constants

k(j), rate exponents α(i,j), temperature functions f (j), and stoichiometric coef-

ficients ν(i,j) and ν̂(i,j) for the disassociation and recombination reactions are

provided in Tables 2.16 to 2.24. The material properties for cyanate ester

and carbon fiber used in the mesoscale model along with the associated ex-

perimental references are provided in Table 2.4 and Table 2.5. Figures 2.22

to 2.25 shows the mesoscale simulation results. The heat of pyrolysis is 4.32

MJ/kg,which is higher than the carbon phenolic materials in the preceding

sections, which were around 1.4MJ/kg. It is noted that the cyanate ester ma-

terial has a very small resin weight loading of 0.114. A significant portion of

the energy input into the material is thus spent heating carbon with relatively

little mass being lost due to the small resin weight loading.

For comparison of phenolic to cyanate ester, a simulation was con-

ducted with a 0.38 resin mass fraction, similar to the resin mass fraction of

the carbon phenolic composites presented in the preceding sections (sections

2.8.1 and 2.8.2), which yields a heat of pyrolysis of 1.33 MJ/kg (Figure 2.26).

This is slightly lower than the carbon phenolic composites, which are around

1.4 MJ/kg. In terms of resin properties, cyanate ester has a higher pyrolysis

temperature (700 K [119]) than phenolic (500 K [98]) which results in a higher

ignition internal energy for the pyrolysis reactions. This, however, is off bal-

anced by the fact that cyanate ester decomposes exothermically (−47 kJ/kg

[35, 103]) in comparison to phenolic which decomposes endothermically (293

kJ/kg [151]). The mesoscale model predicts cyanate ester to have a slightly
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lower heat of pyrolysis Hpy in comparison to phenolic at a similar composite

resin mass fraction.

Mesoscale simulations were also conducted for pyrolysis in vacuum. In

Ref [162], the disassociation chemistry for cyanate ester pyrolysis in vacuum

is

C17H14N2O2 → 12.375H + 13C + 1.75N + 1.75O+

1.0625C2 + 0.125N2 + 1.625CH + 0.25CO (2.89)

The recombination reactions are:

C +O → CO

2C → C2

H + C → CH

H + CH → CH2

2N → N2 (2.90)

The chemistry model parameters for cyanate ester pyrolysis in vacuum are

listed in Tables 2.34 to 2.42. Similar to the phenolic cases, minimal difference

is observed between the air and vacuum simulation cases (Figures 2.35 to 2.38).

2.8.4 Summary

The purpose of the mesoscale model is to compute a resin heat of py-

rolysis in a fiber composite for input into the macroscale model. Validation

of the model was done by comparison to bomb calorimetry experiments on
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silica fiber reinforced phenolic. The inert pyrolysis chemistry model from Ref

[162] was used, reflective of the decomposed composite having been prepared

in a nitrogen environment. For extension to the macroscale model, simula-

tions of three materials were performed: a fully dense carbon phenolic, a low

density carbon phenolic (PICA), and a fully dense carbon cyanate ester ma-

terial. Reflective of the experimental environments, all simulations employed

the pyrolysis in air chemistry models.

Separate from extension to the macroscale model, simulations were

also performed for the three materials using the inert environment pyrolysis

chemistry models. Minimal difference was observed in comparison to the air

cases. This result is comparable to thermogravimetric analysis experiments

in literature conducted in air and nitrogen environments in which the main

difference observed was the presence of carbon oxidation in air [37, 77]. At

lower temperatures (< 630 K) prior to significant carbon mass loss, the total

mass loss behaviors were observed to be the same. In regards to the pyrolysis

chemistry, Chiantore et al. [37], who identified phenolic pyrolysis volatiles

using gas chromatography, noted that the principle pyrolysis volatile products

did not differ between a nitrogen and air environment, though the relative

amounts varied. The mesoscale simulation assumes the fibers to be chemically

inert in computing a resin heat of pyrolysis. Excluding carbon oxidation,

existing experimental works suggest that the resin mass loss kinetics have little

dependence on the degradation environment, which qualitatively support the

mesoscale simulation results.
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ċ

ṗ

U̇

1

ρ̇

mP /ρ2

f ext
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Figure 2.5: Mesoscale simulation of a 5 km/s wall shock at 0.315 ns in an
inert carbon fiber reinforced phenolic material with composite density of 1450
kg/m3 and resin weight loading of 0.375. The dotted lines show the exact
solution obtained from solving the Rankine-Hugoniot equations. Validation of
the hybrid particle element method in 1-D with wall shock problems has also
been done in previous work [100, 124], and is presented here for verification of
the mesoscale code implementation.
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a 900 particle count).
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Figure 2.7: Mesoscale simulation of phenolic pyrolysis in vacuum for a silica
fiber reinforced phenolic composite with 1790 kg/m3 composite density and 0.3
resin weight loading, showing the heat input versus mass loss and the density
spacial profile at 20 ns. The simulation heat of pyrolysis is computed from
the slope of the heat input versus mass loss curve, excluding the region with
transient start up effects. The experimental value is from Ref [98].
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Figure 2.8: Mesoscale simulation of phenolic pyrolysis in vacuum for a silica
fiber reinforced phenolic composite with 1790 kg/m3 composite density and
0.3 resin weight loading, showing the particle reaction progress and particle
internal energy profiles at 20 ns.
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Figure 2.9: Mesoscale simulation of phenolic pyrolysis in vacuum for a silica
fiber reinforced phenolic composite with 1790 kg/m3 composite density and
0.3 resin weight loading at 20 ns, showing the element accumulated plastic
strain and particle pressure profiles at 20 ns.
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Figure 2.10: Mesoscale simulation of phenolic pyrolysis in vacuum for a silica
fiber reinforced phenolic composite with 1790 kg/m3 composite density and 0.3
resin weight loading, showing the element damage and element stress profiles
at 20 ns.
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Table 2.1: Heat of pyrolysis Hpy versus system heating rate and heating depth.
The table below shows a set of 16 simulations where the system heating rate
and heating depth are both varied by a factor of four.

Hpy (MJ/kg) Heating Depth (nm)

Heating rate (J/ns) 20 40 60 80

22.394 1.703 1.706 1.707 1.708

44.788 1.707 1.709 1.710 1.710

67.182 1.713 1.712 1.711 1.710

89.577 1.716 1.712 1.712 1.713

20 40 60 80 100
model resolution (particles/µm)
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1.0

1.5
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∆H
py

experiment

Figure 2.11: Convergence with respect to particle count for a mesoscale sim-
ulation of phenolic pyrolysis in vacuum for a silica fiber reinforced phenolic
composite with 1790 kg/m3 composite density and 0.3 resin weight loading,
showing the computed Hpy at 20 ns.
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Figure 2.12: Graded mesh employed in the mesoscale simulations. The mesh
is split into a course and fine region where the spatial resolutions differ by
a factor of a hundred. The regions are joined by a graded region where the
particle sizes are gradually changed.
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Table 2.2: Heat of pyrolysis of phenolic in a silica fiber reinforced phenolic
composite (Ladacki et al. 1966 [98]).

composite density ρ0 1790a kg/m3

composite resin mass
fraction fr

0.30

(1/fr)Hf char 2.45 MJ/kg

(1/fr)Hf virgin −2.44 MJ/kg

(1/fr)Hf volatiles −3.97 MJ/kg

Hpy 1.73 MJ/kg

a The authors only report resin weight loading. The density is calculated
assuming a composite porosity of zero, in light of the material being a high
density material for use in the ablative nozzle extension of the Apollo system.

91



0.0 0.2 0.4 0.6 0.8 1.0
mass loss (g)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

he
at

in
pu

t(
kJ

)

Hpy = 1.424 MJ/kg

heat input (kJ) versus mass loss (g)

0 1 2 3 4
X (µm)

0

250

500

750

1000

1250

1500

de
ns

ity
(k

g/
m

3 )

density (kg/m3) vs position (µm)

Figure 2.14: Mesoscale simulation of phenolic pyrolysis in air for a carbon fiber
reinforced phenolic composite with 1450 kg/m3 composite density and 0.375
resin weight loading, showing the heat input versus mass loss and the density
spacial profile at 20 ns. The simulation heat of pyrolysis is computed from
the slope of the heat input versus mass loss curve, excluding the region with
transient start up effects.
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Figure 2.15: Mesoscale simulation of phenolic pyrolysis in air for a carbon
fiber reinforced phenolic composite with 1450 kg/m3 composite density and
0.375 resin weight loading, showing the particle reaction progress and particle
internal energy profiles at 20 ns.
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Figure 2.16: Mesoscale simulation of phenolic pyrolysis in air for a carbon
fiber reinforced phenolic composite with 1450 kg/m3 composite density and
0.375 resin weight loading, showing the element accumulated plastic strain and
particle pressure profiles at 20 ns.
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Figure 2.17: Mesoscale simulation of phenolic pyrolysis in air for a carbon fiber
reinforced phenolic composite with 1450 kg/m3 composite density and 0.375
resin weight loading, showing the element damage and element stress profiles
at 20 ns.
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Figure 2.18: Mesoscale simulation of phenolic pyrolysis in air for PICA, show-
ing the heat input versus mass loss and the density spacial profile at 20 ns.
The simulation heat of pyrolysis is computed from the slope of the heat input
versus mass loss curve, excluding the region with transient start up effects.
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Figure 2.19: Mesoscale simulation of phenolic pyrolysis in air for PICA at 20
ns, showing the particle reaction progress and particle internal energy profiles.
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Figure 2.20: Mesoscale simulation of phenolic pyrolysis in air for PICA at
20 ns, showing the element accumulated plastic strain and particle pressure
profiles.
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Figure 2.21: Mesoscale simulation of phenolic pyrolysis in air for PICA at 20
ns, showing the element damage and element stress profiles.
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Figure 2.22: Mesoscale simulation of cyanate ester pyrolysis in air for a carbon
fiber reinforced cyanate ester composite with 1710 kg/m3 composite density
and 0.114 resin weight loading, showing the heat input versus mass loss and the
density spacial profile at 20 ns. The simulation heat of pyrolysis is computed
from the slope of the heat input versus mass loss curve, excluding the region
with transient start up effects.
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Figure 2.23: Mesoscale simulation of cyanate ester pyrolysis in air for a carbon
fiber reinforced cyanate ester composite with 1710 kg/m3 composite density
and 0.114 resin weight loading, showing the particle reaction progress and
particle internal energy profiles at 20 ns.
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Figure 2.24: Mesoscale simulation of cyanate ester pyrolysis in air for a carbon
fiber reinforced cyanate ester composite with 1710 kg/m3 composite density
and 0.114 resin weight loading, showing the element accumulated plastic strain
and particle pressure profiles at 20 ns.
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Figure 2.25: Mesoscale simulation of cyanate ester pyrolysis in air for a carbon
fiber reinforced cyanate ester composite with 1710 kg/m3 composite density
and 0.114 resin weight loading, showing the element damage and element stress
profiles at 20 ns.
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Figure 2.26: Mesoscale simulation of cyanate ester pyrolysis in air for a carbon
fiber reinforced cyanate ester composite with 1540 kg/m3 composite density
and 0.38 resin weight loading, showing the heat input versus mass loss and the
density spacial profile at 20 ns. The simulation heat of pyrolysis is computed
from the slope of the heat input versus mass loss curve, excluding the region
with transient start up effects.
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Figure 2.27: Mesoscale simulation of phenolic pyrolysis in vacuum for a carbon
fiber reinforced phenolic composite with 1450 kg/m3 composite density and
0.375 resin weight loading, showing the heat input versus mass loss and the
density spacial profile at 20 ns. The simulation heat of pyrolysis is computed
from the slope of the heat input versus mass loss curve, excluding the region
with transient start up effects.
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Figure 2.28: Mesoscale simulation of phenolic pyrolysis in vacuum for a carbon
fiber reinforced phenolic composite with 1450 kg/m3 composite density and
0.375 resin weight loading, showing the particle reaction progress and particle
internal energy profiles at 10 ns.
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Figure 2.29: Mesoscale simulation of phenolic pyrolysis in vacuum for a carbon
fiber reinforced phenolic composite with 1450 kg/m3 composite density and
0.375 resin weight loading, showing the element accumulated plastic strain and
particle pressure profiles at 20 ns.
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Figure 2.30: Mesoscale simulation of phenolic pyrolysis in vacuum for a carbon
fiber reinforced phenolic composite with 1450 kg/m3 composite density and
0.375 resin weight loading, showing the element damage and element stress
profiles at 20 ns.
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Figure 2.31: Mesoscale simulation of phenolic pyrolysis in vacuum for PICA,
showing the heat input versus mass loss and the density spacial profile at 20 ns.
The simulation heat of pyrolysis is computed from the slope of the heat input
versus mass loss curve, excluding the region with transient start up effects.
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Figure 2.32: Mesoscale simulation of phenolic pyrolysis in vacuum for PICA
at 20 ns, showing the particle reaction progress and particle internal energy
profiles.
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Figure 2.33: Mesoscale simulation of phenolic pyrolysis in vacuum for PICA
at 20 ns, showing the element accumulated plastic strain and particle pressure
profiles.
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Figure 2.34: Mesoscale simulation of phenolic pyrolysis in vacuum for PICA
at 20 ns, showing the element damage and element stress profiles.
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Figure 2.35: Mesoscale simulation of cyanate ester pyrolysis in vacuum for a
carbon fiber reinforced cyanate ester composite with 1710 kg/m3 composite
density and 0.114 resin weight loading, showing the heat input versus mass
loss and the density spacial profile at 20 ns. The simulation heat of pyrolysis
is computed from the slope of the heat input versus mass loss curve, excluding
the region with transient start up effects.
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Figure 2.36: Mesoscale simulation of cyanate ester pyrolysis in vacuum for a
carbon fiber reinforced cyanate ester composite with 1710 kg/m3 composite
density and 0.114 resin weight loading at 20 ns, showing the particle reaction
progress and particle internal energy profiles at 20 ns.
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Figure 2.37: Mesoscale simulation of cyanate ester pyrolysis in vacuum for a
carbon fiber reinforced cyanate ester composite with 1710 kg/m3 composite
density and 0.114 resin weight loading, showing the element accumulated plas-
tic strain and particle pressure profiles at 20 ns.
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Figure 2.38: Mesoscale simulation of cyanate ester pyrolysis in vacuum for a
carbon fiber reinforced cyanate ester composite with 1710 kg/m3 composite
density and 0.114 resin weight loading, showing the element damage and ele-
ment stress profiles at 20 ns.
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Table 2.3: Phenolic material properties

Value Reference

density ρ̄res 1250 kg/m3 [17, 51]

pyrolysis temperature θpyr 500 K [98, 156]

heat of decomposition hdec 293 kJ/kg [151]

specific heat cvr 1674 J/kgK [166]

sound speed csr 2370 m/s [69]

Grüneisen γres 1.3 [69]

Young’s modulus 5.79 GPa [69]

Yield stress 136 MPa [165]

Table 2.4: Cyanate Ester material properties

density ρ̄res 1250 kg/m3 [119]

pyrolysis temperature 700 K [119]

heat of decomposition 280 kJ/kg [103]

specific heat cvr 1200 J/kgK [25]

sound speed csr 1425 m/s [11]

Grüneisen γres 0.11a

Young’s modulus 1.16 GPa [11]

Yield stress 55 MPa [11]

a Grüneisen γres is estimated from equation 2.24 where the volumetric thermal
expansion coefficient α is 62.6× 10−6 K−1 [11].
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Table 2.5: Carbon fiber material properties

Value Reference

density ρ̄fib 1800 kg/m3 [39]

specific heat cvf 771 J/kgK [81]

sound speed csf 2687 m/s [149]

Grüneisen γfib 0.26 [148]

Young’s modulus 28 GPa [149]

Yield stress 76 MPa [81]

melt temperature 3895a K [1]

a Carbon sublimation temperature used in place for melt temperature.

Table 2.6: Silica fiber material properties

density ρ̄f 2200 kg/m3 [66]

specific heat cvf 775 J/kgK [76]

sound speed csf 4084 m/s [67]

Grüneisen γf 0.64 [109]

Young’s modulus 73 GPa [67]

Yield stress 160 MPa [40]

melt temperature 1740 K [143]
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Table 2.7: Species indices and molar masses for the pyrolysis chemistry model
for phenolic pyrolysis in air [162].

Species Index i Molar mass

M(i) (g/mole)

C6H6O 1 94.1112

H 2 1.00794

C 3 12.0107

N 4 14.0067

O 5 15.9994

N2 6 28.0134

O2 7 31.9988

OH 8 17.0073

CO 9 28.0101

CO2 10 44.0095

H2O 11 18.0153
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Table 2.8: Stoichiometric coefficients ν(i,j) for the disassociation chemistry
model for phenolic pyrolysis in air [162].

ν(i,j) Reaction (j)

i 1

1 0

2 5.833

3 4.833

4 48

5 13.5

6 0

7 0

8 0.167

9 1

10 0.167

11 0
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Table 2.9: Stoichiometric coefficients ν̂(i,j) for the disassociation chemistry
model for phenolic pyrolysis in air [162].

ν̂(i,j) Reaction (j)

i 1

1 1

2 0

3 0

4 0

5 0

6 24

7 7

8 0

9 0

10 0

11 0

Table 2.10: Rate law constants for the disassociation chemistry model for phe-
nolic pyrolysis in air [162].

Reaction (j) Rate constant (k(j))

(1/s)(mol/m3)1−m(j)

m(j)

1 1.02× 109 1.5029
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Table 2.11: Rate law exponents for the dissasociation chemistry model for
phenolic pyrolysis in air [162].

Reaction (j) Species (i) α(i,j)

1 1 0.5013

1 6 0.5002

1 7 0.5014

Table 2.12: Stoichiometric coefficients ν(i,j) for the recombination chemistry
model for phenolic pyrolysis in air [162].

ν(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 0 0 0 0

3 0 0 0 0 0

4 0 0 0 0 0

5 0 0 0 0 0

6 1 0 0 0 0

7 0 0 0 0 0

8 0 0 1 0 0

9 0 0 0 1 0

10 0 0 0 0 1

11 0 1 0 0 0
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Table 2.13: Stoichiometric coefficients ν̂(i,j) for the recombination chemistry
model for phenolic pyrolysis in air [162].

ν̂(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 1 1 0 0

3 0 0 0 1 0

4 2 0 0 0 0

5 0 0 1 1 1

6 0 0 0 0 0

7 0 0 0 0 0

8 0 1 0 0 0

9 0 0 0 0 1

10 0 0 0 0 0

11 0 0 0 0 0
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Table 2.14: Recombination chemistry model for phenolic pyrolysis in air [162].

Reaction (j) Rate constant

(k(j))

1
s

(
mol
m3

)1−m(j)

m(j) Temperature

function f (j)(θ)

θ(j) (K)

1 6.9555× 107 1.7596 1

1+exp

(
θ−θ(j)

θ(j)

) 2118.3

2 1.0217× 103 2.9686 1

1+exp

(
θ−θ(j)

θ(j)

) 1641.1

3 1.9673× 106 2.0617 1

1+exp

(
θ−θ(j)

θ(j)

) 3166.0

4 4.4733× 105 2.2083 1

1+exp

(
θ−θ(j)

θ(j)

) 3166.0

5 2.0923 3.5070 1

1+exp

(
θ−θ(j)

θ(j)

) 1641.1

124



Table 2.15: Rate law exponents for the recombination chemistry model for
phenolic pyrolysis in air [162].

α(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 1.3069 1.1893 0 0

3 0 0 0 0.2886 0

4 1.7596 0 0 0 0

5 0 0 0.8724 1.9198 1.5637

6 0 0 0 0 0

7 0 0 0 0 0

8 0 1.6617 0 0 0

9 0 0 0 0 1.9433

10 0 0 0 0 0

11 0 0 0 0 0
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Table 2.16: Species indices and molar masses for the pyrolysis chemistry model
for cyanate ester pyrolysis in air [162].

Species Index i Molar mass

M(i) (g/mole)

C17H14N2O2 1 278.30526

H 2 1.00794

C 3 12.0107

N 4 14.0067

O 5 15.9994

N2 6 28.0134

O2 7 31.9988

OH 8 17.0073

CO 9 28.0101

CO2 10 44.0095

H2O 11 18.0153
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Table 2.17: Stoichiometric coefficients ν̂(i,j) for the disassociation chemistry
model for cyanater ester pyrolysis in air [162].

ν̂(i,j) Reaction (j)

i 1

1 1

2 0

3 0

4 0

5 0

6 61.5

7 19.5

8 0

9 0

10 0

11 0
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Table 2.18: Stoichiometric coefficients ν(i,j) for the disassociation chemistry
model for cyanater ester pyrolysis in air [162].

ν(i,j) Reaction (j)

i 1

1 0

2 13.5

3 13.5

4 125.0

5 36.5

6 0

7 0

8 0.5

9 3.0

10 0.5

11 0.0

Table 2.19: Rate law constants for the disassociation chemistry model for
cyanate ester pyrolysis in air [162].

Reaction (j) Rate constant (k(j))

(1/s)(mol/m3)1−m(j)

m(j)

1 8.2985× 109 1.5171
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Table 2.20: Rate law exponents for the disassociation chemistry model for
cyanate ester pyrolysis in air [162].

Reaction (j) Species (i) α(i,j)

1 1 0.5527

1 6 0.4407

1 7 0.5237

Table 2.21: Stoichiometric coefficients ν(i,j) for the recombination chemistry
model for cyanate ester pyrolysis in air [162].

ν(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 0 0 0 0

3 0 0 0 0 0

4 0 0 0 0 0

5 0 0 0 0 0

6 1 0 0 0 0

7 0 0 0 0 0

8 0 0 1 0 0

9 0 0 0 1 0

10 0 0 0 0 1

11 0 1 0 0 0
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Table 2.22: Stoichiometric coefficients ν̂(i,j) for the recombination chemistry
model for cyanate ester pyrolysis in air [162].

ν̂(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 1 1 0 0

3 0 0 0 1 0

4 2 0 0 0 0

5 0 0 1 1 1

6 0 0 0 0 0

7 0 0 0 0 0

8 0 1 0 0 0

9 0 0 0 0 1

10 0 0 0 0 0

11 0 0 0 0 0
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Table 2.23: Recombination chemistry model for cyanate ester pyrolysis in air
[162].

Reaction (j) Rate constant

(k(j))

1
s

(
mol
m3

)1−m(j)

m(j) Temperature

function f (j)(θ)

θ(j) (K)

1 3.1901× 1010 1.2473 1

exp

(
θ−θ(j)

θ(j)

) 3625.1

2 7.4324× 109 1.2822 1

exp

(
θ−θ(j)

θ(j)

) 2350.3

3 1.1821× 102 2.8715 1

exp

(
θ−θ(j)

θ(j)

) 3331.0

4 5.0899× 106 2.1191 1

exp

(
θ−θ(j)

θ(j)

) 3331.0

5 9.5821× 106 1.9644 1

exp

(
θ−θ(j)

θ(j)

) 2350.3
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Table 2.24: Rate law exponents for the recombination chemistry model for
cyanate ester pyrolysis in air [162].

α(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 0.6249 1.8920 0 0

3 0 0 0 1.1321 0

4 1.2473 0 0 0 0

5 0 0 0.9795 0.9870 1.4584

6 0 0 0 0 0

7 0 0 0 0 0

8 0 0.6573 0 0 0

9 0 0 0 0 0.5060

10 0 0 0 0 0

11 0 0 0 0 0
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Table 2.25: Species indices and molar masses for the pyrolysis chemistry model
for phenolic pyrolysis in vacuum [162].

Species Index i Molar mass

M(i) (g/mole)

C6H6O 1 94.11124

H 2 1.00794

C 3 12.01070

O 4 15.99940

C2 5 24.02140

CH 6 13.01864

CO 7 28.01010

CH2 8 14.02658
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Table 2.26: Stoichiometric coefficients ν(i,j) for the disassociation chemistry
model for phenolic pyrolysis in vacuum [162].

ν(i,j) Reaction (j)

i 1

1 0.0

2 5.225

3 5.0

4 0.9

5 0.1

6 0.625

7 0.1

8 0.075
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Table 2.27: Stoichiometric coefficients ν̂(i,j) for the disassociation chemistry
model for phenolic pyrolysis in vacuum [162].

ν̂(i,j) Reaction (j)

i 1

1 1

2 0

3 0

4 0

5 0

6 0

7 0

8 0

Table 2.28: Rate law constants for the disassociation chemistry model for phe-
nolic pyrolysis in vacuum [162].

Reaction (j) Rate constant (k(j))

(1/s)(mol/m3)1−m(j)

m(j)

1 1.0504× 1013 0.5687

Table 2.29: Rate law exponents for the dissasociation chemistry model for
phenolic pyrolysis in vacuum [162].

Reaction (j) Species (i) α(i,j)

1 1 0.5687
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Table 2.30: Stoichiometric coefficients ν(i,j) for the recombination chemistry
model for phenolic pyrolysis in vacuum [162].

ν(i,j) Reaction (j)

i 1 2 3 4

1 0 0 0 0

2 0 0 0 0

3 0 0 0 0

4 0 0 0 0

5 0 1 0 0

6 0 0 1 0

7 1 0 0 0

8 0 0 0 1
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Table 2.31: Stoichiometric coefficients ν̂(i,j) for the recombination chemistry
model for phenolic pyrolysis in vacuum [162].

ν̂(i,j) Reaction (j)

i 1 2 3 4

1 0 0 0 0

2 0 0 1 1

3 1 2 1 0

4 1 0 0 0

5 0 0 0 0

6 0 0 0 1

7 0 0 0 0

8 0 0 0 0
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Table 2.32: Recombination chemistry model for phenolic pyrolysis in vacuum
[162].

Reaction (j) Rate constant

(k(j))

1
s

(
mol
m3

)1−m(j)

m(j) Temperature

function f (j)(θ)

θ(j) (K)

1 1.7679× 106 1.9758 1

1+exp

(
θ−θ(j)

θ(j)

) 2000.0

2 1.3371× 107 1.6300 1

1+exp

(
θ−θ(j)

θ(j)

) 2000.0

3 1.4190× 108 1.1596 1− 1

1+exp

(
θ−θ(j)

θ(j)

) 2000.0

4 8.3811× 105 2.0234 1

1+exp

(
θ−θ(j)

θ(j)

) 2000.0

138



Table 2.33: Rate law exponents for the recombination chemistry model for
phenolic pyrolysis in vacuum [162].

α(i,j) Reaction (j)

i 1 2 3 4

1 0.0 0.0 0.0 0.0

2 0.0 0.0 0.6634 0.0234

3 1.4697 1.6300 0.4962 0.0

4 0.5061 0.0 0.0 0.0

5 0.0 0.0 0.0 0.0

6 0.0 0.0 0.0 2.000

7 0.0 0.0 0.0 0.0

8 0.0 0.0 0.0 0.0
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Table 2.34: Species indices and molar masses for the pyrolysis chemistry model
for cyanate ester pyrolysis in vacuum [162].

Species Index i Molar mass

M(i) (g/mole)

C17H14N2O2 1 278.30526

H 2 1.00794

C 3 12.01070

N 4 14.00670

O 5 15.99940

C2 6 24.02140

N2 7 28.01340

CH 8 13.01864

CO 9 28.01010

CH2 10 14.02658
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Table 2.35: Stoichiometric coefficients ν̂(i,j) for the disassociation chemistry
model for cyanater ester pyrolysis in vacuum [162].

ν(i,j) Reaction (j)

i 1

1 0.0

2 12.375

3 13.0

4 1.75

5 1.75

6 1.0625

7 0.125

8 1.625

9 0.25

10 0.0
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Table 2.36: Stoichiometric coefficients ν(i,j) for the disassociation chemistry
model for cyanater ester pyrolysis in vacuum [162].

ν̂(i,j) Reaction (j)

i 1

1 1

2 0

3 0

4 0

5 0

6 0

7 0

8 0

9 0

10 0

Table 2.37: Rate law constants for the disassociation chemistry model for
cyanate ester pyrolysis in vacuum [162].

Reaction (j) Rate constant (k(j))

(1/s)(mol/m3)1−m(j)

m(j)

1 3.8844× 1012 0.5
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Table 2.38: Rate law exponents for the disassociation chemistry model for
cyanate ester pyrolysis in vacuum [162].

Reaction (j) Species (i) α(i,j)

1 1 0.5

Table 2.39: Stoichiometric coefficients ν(i,j) for the recombination chemistry
model for cyanate ester pyrolysis in vacuum [162].

ν(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 0 0 0 0

3 0 0 0 0 0

4 0 0 0 0 0

5 0 0 0 0 0

6 0 1 0 0 0

7 0 0 0 0 1

8 0 0 1 0 0

9 1 0 0 0 0

10 0 0 0 1 0
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Table 2.40: Stoichiometric coefficients ν̂(i,j) for the recombination chemistry
model for cyanate ester pyrolysis in vacuum [162].

ν̂(i,j) Reaction (j)

i 1 2 3 4 5

1 0 0 0 0 0

2 0 0 1 1 0

3 1 2 1 0 0

4 0 0 0 0 2

5 1 0 0 0 0

6 0 0 0 0 0

7 0 0 0 0 0

8 0 0 0 1 0

9 0 0 0 0 0

10 0 0 0 0 0

144



Table 2.41: Recombination chemistry model for cyanate ester pyrolysis in vac-
uum [162].

Reaction (j) Rate constant

(k(j))

1
s

(
mol
m3

)1−m(j)

m(j) Temperature

function f (j)(θ)

θ(j) (K)

1 9.7359× 104 2.5781 1

1+exp

(
θ−θ(j)

θ(j)

) 1002.0

2 5.1752× 106 1.9907 1

1+exp

(
θ−θ(j)

θ(j)

) 1002.0

3 4.9200× 106 1.4597 1− 1

1+exp

(
θ−θ(j)

θ(j)

) 998.6

4 3.9367× 103 4.0 1

1+exp

(
θ−θ(j)

θ(j)

) 998.6

5 1.1267× 107 1.9759 1

1+exp

(
θ−θ(j)

θ(j)

) 1000.1
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Table 2.42: Rate law exponents for the recombination chemistry model for
cyanate ester pyrolysis in vacuum [162].

α(i,j) Reaction (j)

i 1 2 3 4 5

1 0.0 0.0 0.0 0.0 0.0

2 0.0 0.0 0.3791 2.000 0.0

3 0.5785 1.9907 1.0806 0.0 0.0

4 0.0 0.0 0.0 0.0 1.9759

5 1.9996 0.0 0.0 0.0 0.0

6 0.0 0.0 0.0 0.0 0.0

7 0.0 0.0 0.0 0.0 0.0

8 0.0 0.0 0.0 2.000 0.0

9 0.0 0.0 0.0 0.0 0.0

10 0.0 0.0 0.0 0.0 0.0
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Chapter 3

Macroscale Model

3.1 Introduction

The macroscale model simulates in three dimensions the thermome-

chanical response of the composite material to applied mechanical and ther-

mal loads, including the effects of transpiration cooling, ablation of both resin

and fiber, and evolution of the TPS geometry. The resin mass loss model is

derived from the mesoscale simulation results, since the small time constants

of the RMD kinetics preclude direct simulation of the chemical kinetics at

the macroscale. The macroscale model developed in this chapter builds upon

previous work on the hybrid particle element method [73, 101, 124, 145] by the

addition of variable mass particles for simulating resin pyrolysis and by the

addition of a fiber reinforcement model. The fiber reinforcement is represented

as a set of tension only bar elements whose nodes are located at the particle

centers of mass. This builds on previous research on the simulation of fabrics

[132, 144] by combining particles, finite elements, and tension only bar ele-

ments to produce a composite description of the material. Mass loss at the

macroscale includes mass loss in the particles due to resin ablation and bulk

material removal from failure of the elements and fibers. The total simulated

mass loss as a function of total heat input into the material is compared to
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published experimental results to validate the method.

The following sections describe the macroscale model formulation. To

exclude reiteration of previous work, focus is given on the extensions of existing

formulations.

3.2 Mass Kinetics

As mentioned, the macroscale model incorporates a resin ablation model

from the mesoscale simulation results for the heat of pyrolysis. The particle

mass evolution at the macroscale takes a simple first order form

ṁ(i) = −1

τ

〈
m(i) −m0 +

1

Hpy

⟨u(i) − u0⟩m(i)

〉
û
(
m(i) −m

(i)
0 ff

)
(3.1)

where τ is a time constant describing the rate at which the particle mass

relaxes to a target value computed from the resin heat of pyrolysis and the

particle internal energy. The particle fiber mass content is treated as constant

in the macroscale model; however, fiber ablation is still accounted for in the

composite model by the failure of the fiber elements and bulk mass removal.

A particle ablation progress variable λ(i) is defined in the macroscale model as

λ(i) = 1− m(i)

m
(i)
0

(3.2)

3.3 Composite Model

The macroscale model builds on previous research on the hybrid particle

element method [73, 124, 132, 144, 145] by combining particles, finite elements,
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and tension only bar elements to produce a composite description of the mate-

rial. The ellipsoidal particle centers of mass are the nodes of large strain finite

elements used to model the tensile response and elastic plastic evolution. Sim-

ilar to the mesoscale model, a deviatoric strain is computed for each element

having the functional form

E(j) = E(j)
(
c(i)
)
, Ė(j) = Ė(j)

(
ċ(i), c(i)

)
(3.3)

The strain is additively decomposed into elastic and plastic parts

E(j) = Ee(j) + Ep(j), Ėp(j) = Ėp(j)(c(i),Ep(j), ϵp(j), u(i), d(j)) (3.4)

The accumulated plastic strain ϵp(j) is obtained by integrating

ϵ̇p(j) =

(
1

2
tr
(
Ėp(j)T Ėp(j)

))1/2

(3.5)

An elastic strain energy density ψ(j) is associated with each element and is

defined as

ψ(j) = (1− d(j))µ(j)tr
(
Ee(j)TEe(j)

)
(3.6)

from which a deviatoric stress is calculated as

S(j) =
∂ψ(j)

∂Ee(j)
= (1− d(j))2µ(j)Ee(j) (3.7)

where µ(j) is a shear modulus and d(j) models the transition from an intact to

failed element. The element damage evolution used here is

ḋ(j) =
Λ(j)

n̂∆t
û(1− d(j)) (3.8)
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where ∆t is the time step, n̂ the number of steps used to model transition

from an intact to failed element, and

Λ(j) = max
{
û(ϵp(j) − ϵ

p(j)
f ), û(u(j)max − u

(j)
f ),

û(J (j)
c − J

(j)
min), û(σ

(j)
max − σ(j)

s ), û(λ
(j)
f − λ(j))

}
(3.9)

The above function initiates element failure when the accumulated plastic

strain ϵp(j), maximum historic element internal energy u(j)max, minimum ele-

ment Jacobian J
(j)
min, maximum eigenvalue of the deviatoric stress σ(j)

max, and

element ablation progress λ(j) reach associated critical values for the failure

plastic strain ϵ
p(j)
f , failure internal energy u

(j)
f , maximum compression J (j)

c ,

spall stress σ(j)
s , or failure ablation progress λ

(j)
f . The element maximum his-

toric internal energy u(j)max and ablation progress λ(j) are computed from its

associated particles.

The ellipsoidal particle centers of mass also define a set of tension only

bar elements used to model the fiber reinforcement. A strain is computed for

each bar element, having the functional form [144]

ϵ(i,j) = ϵ(i,j)
(
c(i), c(j), e(i), e(j)

)
(3.10)

where ϵ(i,j) is the strain of the bar element with vertices defined by the centers

of mass of particles i and j, and the euler parameters e(i) describe the angular

orientation of the ellipsoidal particles [73, 144]. An elastic strain energy density

ψ(i,j) is associated with each bar element and is defined as

ψ(i,j) =
1

2
E(i,j)(1−D(i,j))⟨ϵ(i,j)⟩2 (3.11)
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from which a fiber stress σ(i,j) is derived

σ(i,j) =
∂ψ(i,j)

∂⟨ϵ(i,j)⟩ = E(i,j)(1−D(i,j))⟨ϵ(i,j)⟩ (3.12)

where E(i,j) is an average Young modulus and D(i,j) models the transition from

an intact to failed bar element. The modulus and damage for each bar element

are computed from the particles as

E(i,j) =
1

2

(
E(i) + E(j)

)
(3.13)

D(i,j) =
1

2

(
D(i) +D(j)

)
(3.14)

The fiber damage evolution used here has the same form as the element damage

evolution:

Ḋ(i) =
Λ

(i)
f

n̂∆t
û(1−D(i)) (3.15)

Λ
(i)
f is formulated as

Λ
(i)
f = û(u(i)max − u

fib(i)
f ) (3.16)

where fiber failure is initiated when the maximum historic internal energy u
(i)
max

exceeds a fiber failure internal energy u
fib(i)
f .

3.4 Equations of State

The mixture equation of state at the macroscale is the same as that in

the mesoscale, and briefly restated here:

P = ffPf
ρ0
ρf0

+ frPr
ρ0
ρr0

θ = fr
cvr
cv
θr + ff

cvf
cv
θf , cv = cvrfr + cvf ff
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Since the macroscale model does not directly incorporate the RMD chem-

istry, the macroscale formulation has no explicit dependence on temperature

which is treated only as a model output. The constituent temperatures in the

macroscale are calculated by

θf = min

(
1

cvf
(u− u0) + θ0, θ

max
f

)
(3.17)

θr = min

(
1

cvr
(u− u0) + θ0, θ

max
r

)
(3.18)

where θmax
f and θmax

r are a maximum fiber and resin temperature. For the resin,

the maximum temperature is set to the pyrolysis temperature. An oxidation

temperature of 1000 K is used for the fiber [126].

3.5 Heat Input

The macroscale model employs a simple heat input formulation where a

per unit mass heat input is applied to the particles residing inside a cylindrical

control volume. Inside the volume, the heat input has an exponentially de-

caying spacial profile described by a moving surface. The surface has either a

planar or radial geometry. As ablation proceeds, the surface descends through

the cylindrical volume, propagating the heat input profile.

For convenience, the following description assumes that the cylindrical

control volume is centered along the y–axis. A radial distance for each particle

is then calculated as:

r(i) =

[(
c(i) − c(i)

T
ŷ ŷ
)T (

c(i) − c(i)
T
ŷ ŷ
)]1/2

(3.19)
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where ŷ is the unit y basis vector. The bottom of the control volume is defined

as the xz plane containing the point b0:

b0 = {0, −s0, 0} (3.20)

where s0 is a constant. The upper surface of the control volume consists of

either a planar or hemispherical surface. Relative to b0, a particle distance

R
(i)
0 and height H

(i)
0 are calculated as:

R
(i)
0 =

[(
c(i) − b0

)T (
c(i) − b0

)]1/2
(3.21)

H
(i)
0 =

(
c(i) − b0

)T
ŷ (3.22)

A particle then resides within the control volume based upon the following

boolean variables:

η
(i)
H =û(i)

(
Rc − r(i)

)
û
(
H

(i)
0

)
û
(
Rs −R

(i)
0

)
(3.23)

η
(i)
P =û(i)

(
Rc − r(i)

)
û
(
H

(i)
0

)
û
(
Hs −H

(i)
0

)
(3.24)

where η
(i)
H is for a hemispherical upper surface, and η

(i)
P for a planar upper

surface. The constant Rc is the radius of the cylindrical control volume. The

upper surface of the control volume consists of either a hemispherical surface

with radius Rs and origin b0, or a planar surface located a height Hs above

b0.

For defining the heat input spacial profile inside the control volume, a

translating point b is defined as:

b = {0, −(L0 + L), 0} (3.25)
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where L varies with time. Relative to b, the distance R(i) and the height H(i)

are then defined as

R(i) =
[(
c(i) − b

)T (
c(i) − b

)]1/2
(3.26)

H(i) =
(
c(i) − b

)T
ŷ (3.27)

The heat input into a particle is then calculated by

U̇ inp(i) =qm
(i)
0 exp

(
−1

ℓ

〈
Rs −R(i)

〉)
η
(i)
H , hemispherical (3.28)

U̇ inp(i) =qm
(i)
0 exp

(
−1

ℓ

〈
Hs −H(i)

〉)
η
(i)
P , planar (3.29)

where q is a power per unit mass heat input and ℓ is a heating depth. In the

macroscale simulations, the upper surface of the control volume was initialized

in contact with the sample surface. The heating profile was then propagated

down through the material as ablation proceeded. A schematic of the heat

input is shown in Figure 3.1.

The evolution of the variable L evolves to translate the heating profile

downwards through the control volume. The following functional form was

considered for L:

L = L(Mfrg, Q, Hpy, A0, ρ0) (3.30)

where Mfrg is the total system fragmented mass loss, Q is the total system

heat input, A0 is the area of the upper face of the sample in the reference

configuration, and ρ0 is the material reference density. The functional forms

for L that were considered in this work are discussed in more detail in the

preliminary analysis and model validation sections.
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L

(a) Radial geometry

L

(b) Planar geometry

Figure 3.1: Macroscale heat input schematic. Above the heating surface in the
shaded region, the particles receive a constant per unit mass heat input; below
the heating surface, the particles receive an exponentially spatially decaying
per unit mass heat input, where the decay direction is denoted by the red
arrows.

3.6 Particle Kinematics

The particle kinematics in the macroscale is taken from previous work

[73, 146] and briefly described here. A particle based density interpolation is

used for calculating volumetric change in the particles. For the ellipsoidal

particles, the density interpolation is expressed as a function of the ellipsoidal

coordinates ζ(i,j) which are calculated by

ζ(i,j) =
(
r(i,j)

T
Ĥ(j)r(i,j)

)1/2
, r(i,j) = c(i) − c(j) (3.31)

where

Ĥ(j) = R(j)H(j)R(j)T (3.32)
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with

H(j) =


2βh

(j)
1 0 0

0 2βh
(j)
2 0

0 0 2βh
(j)
3


−2

(3.33)

In the above, h
(j)
k are the semi-major axes of an ellipsoid and β is a constant

which allows for close packing in the reference configuration. The rotation

matrix R(j) relates a vector described in a fixed coordinate system (r) to a

corresponding vector described in a body fixed co-rotating frame as (r̂)

r̂ = R(j)T r (3.34)

The rotation matrix R(i) is expressed as a function of the particle euler coor-

dinates as

R(j) = E(j)G(j)T (3.35)

where

E(j) =


−e(j)1 e

(j)
0 −e(j)3 e

(j)
2

−e(j)2 e
(j)
3 e

(j)
0 −e(j)1

−e(j)3 −e(j)2 e
(j)
1 e

(j)
0

 (3.36)

G(j) =


−e(j)1 e

(j)
0 e

(j)
3 −e(j)2

−e(j)2 −e(j)3 e
(j)
0 e

(j)
1

−e(j)3 e
(j)
2 −e(j)1 e

(j)
0

 (3.37)

The angular velocity of the particles ω(j) expressed in a body fixed co-rotating

frame is related to the euler parameters velocities as

ω(j) = 2G(j)ė(j), ė(j) =
1

2
G(j)Tω(j) (3.38)
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where

G(j)G(j)T = I (3.39)

From the above relations, the ellipsoidal coordinate velocities can be written

ζ̇(i,j) =
1

ζ(i,j)

[(
Ĥ(j)r(i,j)

)T
ṙ(i,j) +

(
H(j)r̂(i,j) × r̂(i,j)

)T
2G(j)ė(j)

]
(3.40)

where r̂(i,j) = R(j)r(i,j).

The volumetric compression of the particles is calculated by

ρ(i)

ρ
(i)
0

= 1 +
1

N (i)

np∑
j=1

(ζ(i,j)0

ζ(i,j)

)3

− 1

W (i,j) (3.41)

where N (i) is the number of near neighbors for a particle in the reference

configuration, ζ
(i,j)
0 is the ellipsoidal coordinate in the reference configuration,

andW (i,j) is a weighting function which ensures that only neighboring particles

interact,

W (i,j) = (1− δij)û

1− ζ(i,j)

ζ
(i,j)
0

(
ρ(j)

ρ
(j)
0

) 1
3

 (3.42)

The preceding calculations are used for computing particle compression. The

rate of change of the particle compression appears in the particle internal en-

ergy evolution and is used in the calculation of generalized forces and torques.

The rate of change of the particle compression is formulated as

ρ̇(i)

ρ
(i)
0

= − 3

N (i)

np∑
j=1

(
ζ
(i,j)
0

ζ(i,j)

)3
ζ̇(i,j)

ζ(i,j)
W (i,j) (3.43)
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3.7 Hamiltonian Formulation

The total kinetic co-energy of the system is simply the sum of the

particle kinetic co-energies

T ∗(ċ(i), ė(i), e(i),m(i)) =

np∑
i=1

(
1

2
m(i)ċ(i)

T
ċ+ 2m(i)ė(i)

T
G(i)T J(i)G(i)ė

)
(3.44)

where m(i)J(i) is the moment of inertia tensor for a particle. The conjugate

momenta are

p(i) =
∂T ∗

∂ċ(i)
= m(i)ċ(i) (3.45)

g(i) =
∂T ∗

∂ė(i)
= 4m(i)G(i)T J(i)G(i)ė(i) (3.46)

The kinetic energy is then defined via the Legendre Transform

T =

np∑
i=1

(
ċ(i)

T
p(i) + ė(i)

T
g(i)
)
− T ∗ (3.47)

which has the canonical form

T (p(i),g(i), e(i),m(i)) =

np∑
i=1

(
p(i)Tp(i)

2m(i)
+

1

8m(i)
g(i)TG(i)T J(i)−T

G(i)g(i)

)
(3.48)

The kinetic co-energy has the total differential

dT ∗ =

np∑
i=1

(
p(i)T dċ(i) + g(i)T dė(i) +

∂T ∗T

∂e(i)
de(i) +

∂T ∗

∂m(i)
dm(i)

)
(3.49)
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From the Legendre transform (equation 3.47), the kinetic energy has the fol-

lowing total differential

dT =

np∑
i=1

(
ċ(i)

T
dp(i) + p(i)T dċ(i) + ė(i)

T
dg(i) + g(i)T dė(i)

)
− dT ∗ (3.50)

dT =

np∑
i=1

(
ċ(i)

T
dp(i) + ė(i)

T
dg(i) − ∂T ∗T

∂e(i)
de(i) − ∂T ∗T

∂m(i)
dm(i)

)
(3.51)

From the canonical form (equation 3.48), the total differential can also be

written

dT =

np∑
i=1

(
∂T T

∂p(i)
dp(i) +

∂T T

∂g(i)
dg(i) +

∂T T

∂e(i)
de(i) +

∂T T

∂m(i)
dm(i)

)
(3.52)

from which the following relations are obtained

∂T

∂e(i)
= − ∂T ∗

∂e(i)
,

∂T

∂m(i)
= − ∂T ∗

∂m(i)
(3.53)

ė(i) =
∂T

∂g(i)
, ċ(i) =

∂T

∂p(i)
(3.54)

Employing the above relations, the following partial derivatives are evaluated

[146]:

w(i) = − ∂T

∂m(i)
=

1

2
ċ(i)

T ˙c(i) + 2ė(i)
T
G(i)T J(i)G(i)ė(i) (3.55)

k(i) = − ∂T

∂e(i)
= 4m(i)Ġ(i)T J(i)Ġ(i)e(i) (3.56)

The system Hamiltonian consists of the sum of the system kinetic (T ) and

potential (V ) energies,

H = T + V (3.57)

159



The system potential energy is the sum of the particle internal energies and

elastic energy stored in the elements

V =

np∑
i=1

U (i) +
ne∑
i=1

V
e(i)
0 ψ(i) +

np∑
i=1

np∑
j=1

αijV
f(i,j)
0 ψ(i,j) (3.58)

where the boolean αij determines whether a fiber element connects particles

i and j, and the fiber volume V
f(i,j)
0 is simply the average of the associated

particle volumes,

V
f(i,j)
0 =

1

2

(
ν
(i)
0 + ν

(j)
0

)
(3.59)

The system potential energy has the functional form

V = V
(
U (i), c(i), e(i), d(j), D(i),Ep(j)

)
(3.60)

which defines the generalized conservative forces

∂V

∂U (i)
= 1 (3.61)

∂V

∂c(i)
=

ne∑
j=1

V
e(j)
0 S(j) :

∂E(j)

∂c(i)
+

np∑
j=1

αijV
f(i,j)
0 σ(i,j)∂ϵ

(i,j)

∂c(i)
(3.62)

∂V

∂e(i)
=

np∑
j=1

αijV
f(i,j)
0 σ(i,j)∂ϵ

(i,j)

∂e(i)
(3.63)

The strain energy release rates due to damage evolution in the elements are

∂V

∂d(j)
= −V e(j)

0 µ(j)tr
(
Ee(j)TEe(j)

)
= −Γd(j) (3.64)

∂V

∂D(i)
= −

np∑
j=1

αijV
f(i,j)
0

1

4
E(i,j)⟨ϵe(i,j)⟩2 = −ΓD(i) (3.65)

The stress associated with plastic evolution in the elements are

∂V

∂Ep(j)
= −V e(j)

0 S(j) (3.66)
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3.7.1 Virtual Work

Forces that arise due to the evolution of the particle masses must be

accounted for in the formulation of the virtual work. Similar to the mesoscale

model, the virtual work is considered as the sum of an internal and external

portion [70, 89].

δW = δW int + δW ext (3.67)

where the internal virtual work is associated with the forces arising from par-

ticle mass evolution. The internal virtual work is formulated as

δW int =

np∑
i=1

[
ṁ(i)

(
ċ(i)

T
δc(i) + 4

(
G(i)T J(i)G(i)ė(i)

)T
δe(i)

)
−

δm(i)
(
ċ(i)

T
ċ(i) + 4ė(i)

T
G(i)T J(i)G(i)ė(i)

)]
(3.68)

which balances the rate of change of kinetic energy in the particles due to mass

loss. It is noted that the internal virtual work performs no net work on the

system, as the above yields zero when the variations are taken to be physical

(δc(i) = ċ(i)dt, δe(i) = ė(i)dt, δm(i) = ṁ(i)dt). The external virtual work is

δW ext =

np∑
i=1

(
hext(i)δm(i) + f ext(i)

T
δc(i) + 2Mext(i)TG(i)δe(i)

)
(3.69)

where hext(i) is an external enthalpy, and f ext(i) andMext(i) account for external

forces and torques that may be exerted on the particles.
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3.7.2 Nonholonomic Constraints

The nonholonomic constraints include the evolution of the particle in-

ternal energy, which is

U̇ (i) = U̇wrk(i) + U̇ irr(i) − U̇ con(i) + U̇ inp(i) + U̇ trc(i) (3.70)

where U̇wrk(i) is associated with volumetric deformation of the particles, U̇ irr(i)

with viscous dissipation between particles and damage evolution and plastic

evolution in the elements, U̇ con(i) with heat conduction between the particles,

U̇ inp(i) with external heating of the particles, and U̇ trc(i) is associated with tran-

spiration cooling in the particles. Power flow in the particles due to volumetric

deformation is

U̇wrk(i) = m(i)P
(i)

ρ(i)2
ρ̇(i) (3.71)

The irreversible power in the particles includes viscous dissipation between

particles and damage and plastic evolution in the elements

U̇ irr(i) =fv(i)
T
ċ(i) +Mv(i)T 2G(i)ė(i) +

ne∑
j=1

ϕ(i,j)Γd(j)ḋ(j) + ΓD(i)Ḋ(i)+

ne∑
j=1

ϕ(i,j)V
e(j)
0 tr

(
S(j)T Ėp(j)

)
(3.72)

where fv(i) and Mv(i) are a viscous force and viscous torque,

fv(i) =

np∑
j=1

τ (i,j)
(
ċ(i) − ċ(j)

)
(3.73)

Mv(i) =

np∑
j=1

m(i,j)R(i)T
(
2R(i)G(i)ė(i) − 2R(j)G(j)ė(j)

)
(3.74)
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and τ (i,j) and m(i,j) are viscosity coefficients. Numerical conduction between

particles has the form

U̇ con(i) =

np∑
k=1

κ(i,j)(θ(i) − θ(j)) (3.75)

where κ(i,j) is a numerical conduction coefficient. The transpiration cooling in

the particles is formulated as

U̇ trc(i) =

(
u(i) +

P (i)

ρ(i)
+ hdec

)
ṁ(i) (3.76)

where the energy ejected from the particle is defined as the sum of a particle

enthalpy and a decomposition enthalpy hdec.

3.7.3 Hamilton’s Equations

The system level model is obtained by combining the macroscale Hamil-

tonian with the canonical Hamilton’s equations, virtual work expression, and

nonholonomic constraints describing the evolution of the particle internal en-

ergies, particle masses, element plastic and accumulated plastic strain, and

element damage. A holonomic constraint for the particle euler parameters is

also present,

e(i)
T
e(i) = 1 (3.77)
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The canonical Hamilton’s equations are

ṗ(i) = − ∂V

∂c(i)
+ qc(i), ċ(i) =

p(i)

m(i)
, ġ(i) = − ∂V

∂e(i)
+ k(i) + qe(i),

ė(i) =
1

4
G(i)T J(i)−1

G(i)g(i), 0 = w(i) + qm(i), 0 = − ∂V

∂U (i)
+ qU(i),

0 = − ∂V

∂Ep(j)
+QEp(j), 0 = − ∂V

∂d(j)
+ qd(j), 0 = − ∂V

∂D(i)
+ qD(i) (3.78)

where qc(i), qe(i), qm(i), qU(i), QEp(j), qd(j), and qD(i) are generalized non con-

servative forces. Introducing Lagrange multipliers γm(i), γU(i), Xp(j), γd(j), and

γD(i) for the nonholonomic constraints, and a Lagrange multiplier γe(i) for the

holonomic euler parameter constraint, the generalized forces are

qc(i) =3

np∑
j=1

(
m(i)ρ

(i)
0

N (i)

P (i)

ρ(i)2
ζ
(i,j)3
0

ζ(i,j)5
Ĥ(j)W (i,j)γU(i)+

m(j)ρ
(j)
0

N (j)

P (j)

ρ(j)2
ζ
(j,i)3
0

ζ(j,i)5
Ĥ(i)W (j,i)γU(j)

)
r(i,j) − fv(i)γU(i)+

ṁ(i)ċ(i) + f ext(i) (3.79)

qe(i) =3

np∑
j=1

m(j)ρ
(j)
0

N (j)

P (j)

ρ(j)2
ζ
(j,i)3
0

ζ(j,i)5
2G(i)T

(
H(i)r̂(i,j) × r̂(i,j)

)
W (j,i)γU(j)

− 2G(i)TMv(i)γU(i) + 4ṁ(i)G(i)T J(i)G(i)ė(i) + 2G(i)TMext(i)+

γe(i)e(i) (3.80)

qm(i) =hext(i) − 2w(i) −
(
u(i) +

P (i)

ρ(i)
+ hdec

)
γU(i) + γm(i) (3.81)

qU(i) =γU(i) (3.82)

QEp(j) =− V
e(j)
0 S(j)

np∑
i=1

ϕ(i,j)γU(i) +Xp(j) (3.83)
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qd(j) =− Γd(j)

np∑
i=1

ϕ(i,j)γU(i) + γd(j) (3.84)

qD(i) =− ΓD(i)γU(i) + γD(i) (3.85)

Substituting the above into the degenerate canonical Hamilton equations, the

Lagrange multipliers associated with the nonholonomic constraints can be

solved for in closed form.

γU(i) = 1, γm(i) = u(i) +
P (i)

ρ(i)
+ hdec + w(i) − hext(i)

Xp(j) = 0, γd(j) = 0, γD(i) = 0 (3.86)

The generalized forces and torques due to particle interactions can then be

written

qc(i) =3

np∑
j=1

(
m(i)ρ

(i)
0

N (i)

P (i)

ρ(i)2
ζ
(i,j)3
0

ζ(i,j)5
Ĥ(j)W (i,j)+

m(j)ρ
(j)
0

N (j)

P (j)

ρ(j)2
ζ
(j,i)3
0

ζ(j,i)5
Ĥ(i)W (j,i)

)
r(i,j) − fv(i) + ṁ(i)ċ(i) + f ext(i) (3.87)

qe(i) =3

np∑
j=1

m(j)ρ
(j)
0

N (j)

P (j)

ρ(j)2
ζ
(j,i)3
0

ζ(j,i)5
2G(i)T

(
H(i)r̂(i,j) × r̂(i,j)

)
W (j,i)

− 2G(i)TMv(i) + 4ṁ(i)G(i)T J(i)G(i)ė(i)+

2G(i)TMext(i) + γe(i)e(i) (3.88)

The method employed for treating the remaining Lagrange multiplier γe(i) due

to the holonomic euler parameter constraint (equation 3.77) is taken from

previous work [146] and briefly described here. An angular momentum vec-

tor h(i) = m(i)J(i)ω(i) is introduced, which can be related to the conjugate
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momentum vector g(i) as

h(i) = m(i)J(i)ω(i) =
1

2
G(i)g(i) (3.89)

The time derivative of h(i) is then

ḣ(i) =
1

2
Ġ(i)g(i) +

1

2
G(i)

(
− ∂V

∂e(i)
+ k(i) + qe(i)

)
(3.90)

The above can be re-written by noting that the skew symmetric matrix Ω(i)

associated with the angular velocity ω(i) as

Ω(i)r = −ω(i) × r (3.91)

is related to the euler parameter velocities by

Ω(i) = 2G(i)Ġ(i)T = −2Ġ(i)G(i)T (3.92)

Using the above relation, the following can be derived

Ġ(i)g(i) = G(i)k(i) = −Ω(i)h(i) (3.93)

The time derivative of h(i) can then be written

ḣ(i) = −Ω(i)h(i) − 1

2
G(i) ∂V

∂e(i)
+

1

2
G(i)qe(i) (3.94)

Finally, the Lagrange multiplier γe(i) is eliminated by the identity

G(i)e(i) = 0 (3.95)

allowing ḣ(i) to be written as

ḣ(i) = −Ω(i)h(i) − 1

2
G(i) ∂V

∂e(i)
+ q(i) (3.96)
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where q(i) is

q(i) =
1

2
G(i)qe(i)

q(i) =3

np∑
j=1

m(j)ρ
(j)
0

N (j)

P (j)

ρ(j)2
ζ
(j,i)3
0

ζ(j,i)5
(
H(i)r̂(i,j) × r̂(i,j)

)
W (j,i)

−Mv(i) + 2ṁ(i)J(i)G(i)ė(i) +Mext(i) (3.97)

The final Hamilton equations are then

ṗ(i) =− ∂V

∂c(i)
+ qc(i) (3.98)

ċ(i) =
p(i)

m(i)
(3.99)

ḣ(i) =−Ω(i)h(i) − 1

2
G(i) ∂V

∂e(i)
+ q(i) (3.100)

ė(i) =
1

2m(i)
G(i)T J(i)−1

h(i) (3.101)

which combined with the evolution equations for the particle internal energies,

particle masses, element plastic and accumulated plastic strain and element

damage, constitute the system level equations.
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ṗ ḣ
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ċ

ṁ
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Figure 3.2: Macroscale model bond graph. The particle internal energies are
treated as generalized coordinates where the associated efforts are unity. This
has also been employed in previous work by Hean and Fahrenthold [54, 70].
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3.8 Preliminary Analysis

As described in section 3.5, a per unit mass heat input is applied to

the particles residing within a heating control volume. The heat input has

an exponentially decaying spatial profile described by a moving surface which

translates through the control volume, propagating the heat input profile.

Propagation of the heating profile based on the total fragmented mass loss

was first considered:

L = L̂
Mfrg

A0ρ0
(3.102)

where L describes the translation of the heating surface (see equation 3.25),

and L̂ is a dimensionless surface translation constant. The above aims to

propagate the heat input with the erosion of the material. However, the heat

input propagation behavior was sensitive to particle sizes and exhibited poor

convergence with particle resolution. A second expression based on the total

system heat input was thus considered, which is used for all the preliminary

simulations presented in the following sections:

L = L̂
Q

Hpyρ0A0

(3.103)

In implementing the above, once a particle is spalled off from the bulk material

due to the failure of its associated elements, an aerodynamic loading is applied

to the fragmented particle to transport it out of the heating volume.

Validation of the macroscale model is based on comparing simulation

predictions of mass loss at a given heat input to experimental mass loss mea-
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surements. Experimental methods, however, cannot make direct measure-

ments of the actual heat flux on the material [129] and generally report ex-

perimental heat flux conditions as a “cold wall” heat flux measured by an

actively cooled calorimeter [158]. For performing comparison to experiment,

an experimental heat input is defined in this work as the cold wall heat load

minus the re-radiated heat load:

Qcw −Qrr = (qcw − qrr) AT (3.104)

where qcw is the reported experimental cold wall heat flux, A the projected

area, T the exposure time, and qrr an estimated re-radiated flux. The re-

radiated flux is calculated as

qrr = ϵσθ4sur (3.105)

where ϵ is the material emissivity, σ is Stefan-Boltzmann’s constant, and θsur is

the reported experimental surface temperature. In subtracting the re-radiated

heat load from the cold wall heat load, re-radiation is then excluded in the

macroscale model. Further details regarding the above calculation are provided

in the appendix for each validation test case.

The following sections present simulations for three fiber reinforcement

architectures: a 3-D, 2-D and short fiber architecture. Each architecture is dif-

ferentiated by how the fiber bar element connectivities are selected. In previous

research on the simulation of fabrics [133, 144], the fabric weave pattern was

explicitly represented by the bar elements and particles. In this dissertation,
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since the particle centers of mass define the vertices of hexahedral elements

and tension only bar elements, the bar elements approximately capture the

architecture of the fiber reinforcement and do not explicitly represent weave

patterns. The macroscale program is parallelized with hybrid OpenMP-MPI.

Previous work has analyzed the code performance in more detail [72] where

maximizing shared memory was observed to produce the best performance, as

particle methods require that each particle’s time varying near neighbor set be

tracked, resulting in substantial computational cost for the associated message

passing. The preliminary simulations presented in the following sections were

conducted on two nodes (Intel Xeon Phi 7250) with OpenMP parallelization

on each node and message passing between nodes, requiring 10-33 wall clock

hours.

3.8.1 Ablation Simulation for a Carbon Fiber Reinforced Phenolic
Composite

This section presents the macroscale ablation simulation of a carbon

fiber reinforced phenolic composite. The composite parameters are the same

as the mesoscale simulation (section 2.8.1), with a composite density of 1450

kg/m3 and resin mass fraction of 0.375, which are representative of the material

tested by Pesci et al. [125], who conducted experimental plasma torch ablation

tests of a carbon fiber reinforced phenolic composite under various heat fluxes

and exposure times (see Appendix A).

The test article geometry consists of a cylinder with a hemispherical
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cap, having a sample radius of 0.5 cm and a total height of 1.3 cm. A schematic

of the test article from Ref [125] is provided in Figure A.1. The authors per-

formed testing under three cold wall heat fluxes (0.626, 0.903, 1.379 MW/m2)

with four exposure times for each flux (30, 50, 70, 90 s). Total mass loss was

measured by weighing the samples prior to and after testing. The reported test

conditions, mass loss, and calculated values of Qcw and Qrr are listed in Table

A.1, where Qcw and Qrr are calculated by equations A.1 and A.2. The authors

did not measure surface temperature, which is needed for the calculation of the

re-radiated heat load Qrr. In this research, the surface temperatures are es-

timated based on other plasma torch experiments in the literature conducted

by Silva et al. [43], who conducted ablation tests of tape wrapped carbon

phenolic at similar heat fluxes of 0.626, 0.903 and 1.376 MW/m2, and are

listed in Table A.1. A plot of the experimental mass loss versus the calculated

Qcw −Qrr is shown in Figure A.2.

Figure 3.3 shows the initial configuration in the macroscale ablation

simulation. The fiber reinforcement is modeled with a 3-D geometry where

the fiber bar elements are visualized in black. The ablated configuration at

a heat input of 15 kJ is shown in Figure 3.4. As mentioned, experimental

methods cannot directly measure the heat flux on the material; the preceding

section defines an experimental heat input as the cold wall minus re-radiated

heat load Qcw−Qrr. At a given total mass loss, the simulation heat input was

observed to be consistently lower than the value of Qcw−Qrr. Match between

the simulation heat input and Qcw − Qrr, shown in Figure 3.5, requires very
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high resin and fiber specific heats in the macroscale model. Table 3.2 lists the

material properties used in the multiscale model.

3.8.2 Ablation Simulation for PICA (Phenolic Impregnated Car-
bon Ablator)

This section presents the macroscale ablation simulation of PICA (phe-

nolic impregnated carbon ablator). The composite parameters are the same

as the mesoscale simulation (section 2.8.2), with a composite density of 274

kg/m3 and a resin mass fraction of 0.38 [114]. Tran et al. conducted arc-jet

testing of PICA under various heat fluxes and exposure times with varying

sample geometries (see Appendix B). The sample geometries were cylindrical

with a flat surface, having diameters of 1, 2, 3, and 4 inches (2.54, 5.08, 7.62,

10.16 cm). Cold wall heat fluxes ranged from 426–3362 W/cm2. Table B.2

lists the arc-jet test cases reported in Ref [158], including the sample diam-

eters, cold wall fluxes, exposure times, surface temperatures and total mass

loss. Table B.3 includes the calculated values of Qcw and Qrr.

In order to achieve the experimental heat flux range, the sample di-

ameters were varied by a factor of four in the experimental tests (see Table

B.2). Figure B.2 shows a plot of the experimental mass loss versus the cold

wall minus re-radiated heat load Qcw −Qrr in which the mass loss versus heat

input behavior is observed to be test article size dependent. A more uniform

trend, though with still significant scatter, can be achieved by normalizing

the total mass loss as M/Dn, where M is the total mass loss, D is the sample
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diameter, and n is an exponent. This behavior is also qualitatively reproduced

by the macroscale model. A dimensional analysis for this relation is presented

in appendix B. Figure B.3 shows a plot of the normalized experimental mass

loss versus Qcw −Qrr with n set to a value of 1.47.

The initial configuration for the 10.16 cm diameter model in the macroscale

ablation simulation is shown in Figure 3.6. PICA uses Fiberform, a commer-

cial insulation material with a short chopped carbon fiber architecture [158], as

the fiber substrate. Reflective of the structure of Fiberform, the fiber bar ele-

ments are selected as having random lengths and orientations. Since the fibers

lack cohesive connectivity, the fibers are released from the bulk material once

the surrounding elements are ablated, which is reflective of arc-jet experiments

of PICA in which exposed fibers are observed to spallate from the surface of

the material [95, 128]. The ablated configuration at a heat input of 0.85 MJ

is shown in Figure 3.7. Similar to the ablation simulations of the high density

carbon phenolic material presented in the preceding section, match between

the simulation heat input and the experimental cold wall minus re-radiated

heat load Qcw −Qrr at a given total mass loss, shown in Figures 3.8 and 3.9,

requires very high resin and fiber specific heats in the macroscale model. Table

3.2 lists the material properties used in the multiscale model.
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3.8.3 Ablation Simulation for a Carbon Fiber Reinforced Cyanate
Ester Composite

This section presents the macroscale ablation simulation of a carbon

fiber reinforced cyanate ester composite. The composite parameters are the

same as the mesoscale simulation (section 2.8.3), with a composite density of

1710 kg/m3 and resin mass fraction of 0.114, which are representative of the

material tested by Nahar [119], who conducted oxyacetylene torch ablation

tests of a carbon fiber reinforced cyanate ester material. The test article

geometry is a cylinder with a radius of 1.5 cm and height of 1.27 cm. The

oxyacetylene tests were conducted according to ASTM E 285 [10]. The heat

flux was estimated by the author from the torch conditions as 1000 W/cm2,

though no calorimeter measurements were reported. The total mass loss was

measured at 0.588 g at an exposure time of 28 s. A summary of the sample

parameters and oxyacetylene torch test results are listed in Table C.1. A

surface temperature is not reported, which is needed for the calculation of

the re-radiated heat load Qrr. The surface temperature in this research is

estimated as 2273 K from published oxyacetylene torch ablation experiments

in the literature conducted on the same experimental apparatus on a fully

dense carbon phenolic material [77]. An additional issue is that the flame

diameter is significantly smaller than the sample diameter. In this research,

a rough estimate of the experimental cold wall minus re-radiated heat load

Qcw −Qrr was made by assuming a Gaussian radial distribution for the heat

flux based on the literature [104, 135, 154]. The heating radius is estimated
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from the ablation test images provided in Ref [119]. The estimated values of

Qcw and Qcw−Qrr are 17.6 and 15.2 kJ respectively and are listed in Table C.1,

with the details of the calculations described in the appendix (see appendix

C).

The initial configuration for the ablation problem is shown in Figure

3.10. The fiber reinforcement is modeled with a 2-D geometry, reflecting the

material’s laminate architecture. The ablated configuration at a heat input

of 14.8 kJ is shown in Figure 3.11. Similar to the ablation simulations of the

carbon phenolic materials presented in the preceding sections, match between

the simulation heat input and the experimental cold wall minus re-radiated

heat load Qcw − Qrr at a given total mass loss requires very high resin and

fiber specific heats in the macroscale model. Table 3.5 compares the simulated

total mass loss versus experiment. Table 3.4 lists the material properties used

in the multiscale model.

In the oxyacetylene experiments, minimal recession was observed with

mass loss resulting primarily from the ablation of the resin matrix. This is

reflected in the simulation in which there is no bulk mass removal. As an

extension to more severe ablation conditions, a simulation was also conducted

with a total heat input of 238 kJ , shown in Figure 3.12, which results in a

total mass loss of 7.81 g and significant ablation of the fiber.
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3.8.4 Summary

This section presents the simulations of three materials with different

fiber reinforcement architectures: a 3-D, 2-D and short fiber architecture. For

each case, the total simulated mass loss versus the total heat input into the

material is compared to published experimental results. In comparing simu-

lation to experiment, the simulation heat input is equated with the cold wall

minus re-radiated heat load Qcw −Qrr.

Table 3.1 shows a comparison of the three materials (carbon reinforced

phenolic, carbon reinforced cyanate ester, and PICA) on the resin heat of

pyrolysisHpy computed from the mesoscale simulation results, and the effective

heat of ablation Heff computed from the macroscale simulation results as the

total heat input divided by the total mass loss. The total mass loss in the

macroscale model includes both resin and fiber mass loss. The Heff metric

has relevance in previous literature [157, 158] where material performance in

experimental arc-jet ablation tests was similarly assessed based on an energy

per unit mass ablation quantity. As seen in Table 3.1, the carbon reinforced

cyanate ester material has a higher computed resin heat of pyrolysis Hpy than

the carbon reinforced phenolic material and PICA. However, as discussed in

the mesoscale model (see section 2.8.3), the high resin heat of pyrolysis for the

carbon cyanate ester composite is due primarily to the low resin weight loading,

which results in a significant portion of the heat input into the material being

spent on heating the carbon. In the macroscale model, the carbon reinforced

cyanate ester is predicted to have a similar effective of heat ablation Heff to

177



the carbon reinforced phenolic. Since the ablation experiments for the carbon

cyanate ester composite had negligible carbon ablation [119], the macroscale

model is used to extend beyond the experimental test range in order to compare

the carbon cyanate ester composite with the other materials. Out of the three

materials, PICA is predicted to have the best performance in terms of Heff .

At a given total mass loss, the simulation heat input tends to be lower

than the value of Qcw −Qrr, requiring very high resin and fiber specific heats

in the macroscale model to obtain a match between the two quantities. The

preliminary results thus suggest that the simulation heat input is not an accu-

rate physical equivalent to the experimental cold wall minus re-radiated heat

load. This matter may be explained by the fact that experimental cold wall

heat fluxes overestimate the actual heat flux on the material [83, 127, 129]. For

estimating the actual heat flux, the literature generally estimates a so-called

“hot wall” heat flux (qhw) as qhw = qcw(1 − hw/hr) [83, 127] where hr is a

recovery enthalpy and hw is an estimated fluid enthalpy at the solid surface.

The correlation aims to relate the convective heat flux from a cold surface to

a hot surface, which is taken to be a better estimate of the actual heat flux on

the material. The preliminary results suggest that a simulation hot wall heat

input is essentially being compared to an experimental cold wall heat input.

Thus, to compare simulation to experiment, the following section presents the

formulation of a cold wall heat input model.
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Table 3.1: Comparison of the three ablative materials presented in sec-
tions 3.8.1 to 3.8.3 (carbon reinforced phenolic, PICA, and carbon reinforced
cyanate ester) on the computed resin heat of pyrolysis Hpy and effective heat
of ablation Heff .

Ha
py

(MJ/kg)

Hb
eff

(MJ/kg)

Carbon reinforced phenolic 1.4 27

PICA 1.4 43

Carbon reinforced cyanate ester 4.3 30c

a The resin heat of pyrolysis Hpy is computed from the mesoscale simulation
results (see sections 2.8.1 to 2.8.3).
b The effective heat of ablation Heff is computed from the macroscale simu-
lation results as the total heat input divided by the total mass loss.
c The Heff value is computed for the simulation case with significant carbon
ablation, which extends beyond the experimental ablation test [119] in which
only a thin layer of matrix material was removed.

Table 3.2: Comparison of macroscale and mesoscale material properties for a
carbon fiber reinforced phenolic composite.

material property Macroscale Mesoscale

fiber specific heat cvf 2000 J/kgK 771 J/kgK

resin specific heat cvr 2720 J/kgK 1674 J/kgK

heat of decomposition hadec 0 293 kJ/kg

heat of pyrolysis Hpy 2 MJ/kg 1.42 MJ/kg

fiber failure internal energy ufibf 10.08 MJ/kg na

a The difference between the meso and macroscale value of 293 kJ/kg for hdec
is less than 1% of both the simulation and experimental values for the ratio of
heat input to total mass loss.
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Figure 3.3: Ablation simulation of a carbon fiber reinforced phenolic compos-
ite, showing the initial unablated configuration.
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Figure 3.4: Ablation simulation of a carbon fiber reinforced phenolic compos-
ite, showing the ablated configuration at a heat input of 15 kJ .
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Figure 3.5: Ablation simulation of a carbon fiber reinforced phenolic compos-
ite, showing simulation versus experiment on total mass loss versus heat input.
The low and high resolution simulations are with 30 and 60 elements across
the sample height respectively.
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Table 3.3: Comparison of macroscale and mesoscale material properties for
PICA (phenolic impregnated carbon ablator).

material property Macroscale Mesoscale

fiber specific heat cvf 2000 J/kgK 771 J/kgK

resin specific heat cvr 2720 J/kgK 1674 J/kgK

heat of decomposition hadec 0 293 kJ/kg

Heat of pyrolysis Hpy 1 MJ/kg 1.41 MJ/kg

fiber failure internal energy ufibf 10.08 MJ/kg na

a The difference between the meso and macroscale value of 293 kJ/kg for hdec
is less than 1% of both the simulation and experimental values for the ratio of
heat input to total mass loss.

Figure 3.6: PICA (Phenolic Impregnated Carbon Ablator) 10.16 cm diameter
model, showing hexahedral and bar element plot in initial configuration.
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Figure 3.7: PICA (Phenolic Impregnated Carbon Ablator) 10.16 cm diameter
model, showing ablated geometry at a heat input of 0.85 MJ . Elements are
colored on ablated mass fraction.
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Figure 3.8: Arc-jet testing of PICA (Phenolic Impregnated Carbon Ablator),
showing mass loss versus cold wall minus re-radiated heat loads (Qcw −Qrr).
The low and high resolution simulations were 14 and 28 elements across the
model height respectively.
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Figure 3.9: Arc-jet testing of PICA (Phenolic Impregnated Carbon Ablator),
showing ∆m/D1.47 versus cold wall minus re-radiated heat loads (Qcw −Qrr).
The higher resolution simulations are 28 elements across the model height, and
the lower resolutions run are 14 elements across the model height.
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Table 3.4: Comparison of macroscale and mesoscale material properties for a
carbon fiber reinforced cyanate ester composite.

material property Macroscale Mesoscale

fiber specific heat cvf 2000 J/kgK 771 J/kgK

resin specific heat cvr 2720 J/kgK 1200 J/kgK

heat of decomposition hadec 0 −47 kJ/kg

heat of pyrolysis Hpy 11.76 MJ/kg 4.32 MJ/kg

fiber failure internal energy ufibf 10.02 MJ/kg na

a The difference between the meso and macroscale value of 47 kJ/kg for hdec
is less than 1% of both the simulation and experimental values for the ratio of
heat input to total mass loss.
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Figure 3.10: Carbon cyanate ester ablation problem, showing hexahedral and
bar element plot in initial configuration.
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Figure 3.11: Carbon cyanate ester ablation problem, showing sectioned ablated
geometry at a heat input of 14.8 kJ . Fibers are colored on temperature,
elements are colored on ablated mass fraction.
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Figure 3.12: Carbon cyanate ester ablation problem, showing sectioned ab-
lated geometry at a heat input of 238 kJ . Fibers are colored on temperature,
elements are colored on ablated mass fraction.

Table 3.5: Carbon cyanate ester ablation problem, showing simulation versus
experimental results on total mass loss and heat load (Qcw − Qrr). The low
and high resolution simulations are with 14 and 28 elements across the sample
height respectively.

Qcw −Qrr ∆m (Qcw −Qrr)/∆m

Experiment 15.2 kJ 0.588 g 25.8 MJ/kg

Simulation high res 14.8 kJ 0.516 g 28.7 MJ/kg

Simulation low res 15.0 kJ 0.532 g 28.20 MJ/kg
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3.9 Model Validation

The preliminary simulation results suggest a simulation cold wall heat

input model must be formulated to compare simulation to experiment. This

section thus develops a cold wall heat input model which can be directly in-

corporated into the macroscale model.

A cold wall heat input is defined in the macroscale model as the total

heat load applied inside the heating control volume. In order to record the heat

load, the spalled off particles are left inside the heating volume rather than

being transported out. The fragmented particles inside the heating volume

then record a cold wall heat input. The cold wall model is implemented by

removing the aerodynamic loading on the fragmented particles; the heating

profile is also propagated at a constant velocity.

Validation simulations are performed for the high density carbon fiber

reinforced phenolic composite presented in section 3.8.1. The experimental

heat input is defined as before in the preliminary analysis as the cold wall

minus re-radiated heat load Qcw − Qrr; however, the simulation cold wall

heat input is now used for comparison to experiment. The simulation results,

shown in Figure 3.13, have a much-improved match with experiment and good

convergence with particle resolution. Match with experiment is also achieved

using very reasonable properties for the resin and fiber specific heats. Table

3.7 lists the material properties used in the multiscale model. The ablated

configuration at a heat input of 15 kJ is shown in Figures 3.14 to 3.16.
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A comparison of the ablated profiles for the cold wall and hot wall

models is shown in Figure 3.19 where, in the hot wall model, an aerodynamic

loading is applied to the fragmented particles to transport them out of the

heating volume. As shown in Figure 3.19, the ablated profiles have no ob-

servable difference. This verifies that the cold wall and hot wall models differ

only in the total recorded system heat input and not in the other ablation

kinematics. Figure 3.17 compares the system heat input between the hot wall

and cold wall models, where the hot wall heat input is predicted to be roughly

half of the cold wall heat input. Since experiments cannot directly measure

the hot wall heat load, an advantage of the macroscale model is thus that it

can directly incorporate an estimation of the hot wall heat load.

In order to include full thermomechanical coupling in the macroscale

model, the externally applied loading rates are amplified (on the order of 104)

so that the total applied thermal load occurs over a much shorter time than

is typical of ablation experiments. In order to determine the sensitivity of the

macroscale model to the applied loading rates, a series of simulations are con-

ducted where the per unit mass heat input, heating surface velocity, and resin

ablation rate constant (equation 3.1) are varied by a factor of four. The simula-

tion parameters are listed in Table 3.6, and the simulation results for mass loss

versus heat input are shown in Figure 3.20. As seen in Figure 3.20, negligible

difference is observed in the simulation results for simulations conducted using

different system rates. A sensitivity study on the use of amplified rates cannot

be performed at the long time scales of ablation experiments. However, within
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the feasible simulation time scales, the presented results suggest that applying

an equal thermal load across varying simulation times has a negligible effect

on the simulation results.

Figure 3.13: Comparison of macroscale simulation results at various model
resolutions versus plasma torch test data (Ref [125]) on the ablation of a
carbon reinforced phenolic composite. The model resolutions correspond to
30, 60, 90 and 120 elements across the sample height.
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Figure 3.14: Macroscale simulation of a carbon reinforced phenolic composite,
showing the ablated configuration. Elements are colored on temperature while
the fiber reinforcement is visualized in grey.
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Figure 3.15: Macroscale simulation of a carbon reinforced phenolic composite,
showing the ablated configuration with visualization of only the matrix ele-
ments. Elements are colored on temperature.
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Figure 3.16: Macroscale simulation of a carbon reinforced phenolic composite,
showing the ablated configuration with visualization of the fragmented par-
ticles. Elements are colored on temperature while the fiber reinforcement is
visualized in grey.
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(a) Simulation cold wall heat input versus
mass loss.

(b) Simulation hot wall heat input versus
mass loss.

Figure 3.17: Simulation hot wall and cold wall heat input versus mass loss
for a carbon phenolic reinforced composite. The hot wall and cold wall model
refer to the case with and without aerodynamic loading on the fragmented
particles respectively. The experimental data for mass loss versus Qcw − Qrr

is from Ref [125].
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Figure 3.18: Plot of hot wall versus cold wall heat input for the ablation
simulation of a carbon phenolic reinforced composite. The model resolutions
correspond to 30, 60, 90 and 120 elements across the sample height.
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Figure 3.19: Macroscale simulation of a carbon reinforced phenolic composite,
comparing the ablated configuration with and without external mechanical
loading on fragmented particles.
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Table 3.6: Rate parameters for series of simulations for a carbon fiber rein-
forced phenolic composite.

q 1/τ L̇

(MJ/µs kg) (1/µs) (cm/µs)

1.25 0.025 0.00125

2.5 0.05 0.0025

5.0 0.1 0.005

Figure 3.20: Comparison of simulations of a carbon reinforced phenolic com-
posite at various loading rates (see Table 3.6). Experimental data is from Ref
[125].
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Table 3.7: Comparison of macroscale cold wall model and mesoscale model
material properties for a carbon fiber reinforced phenolic composite.

material property Macroscale Mesoscale

fiber specific heat cvf 720 J/kgK 771 J/kgK

resin specific heat cvr 1464 J/kgK 1674 J/kgK

heat of decomposition hadec 0 293 kJ/kg

heat of pyrolysis Hpy 5 MJ/kg 1.49 MJ/kg

fiber failure internal energy ufibf 1.91 MJ/kg na

a The difference between the meso and macroscale value of 293 kJ/kg for hdec
is less than 1% of both the simulation and experimental values for the ratio of
heat input to total mass loss.

201



Chapter 4

Conclusions and Recommendations for Future

Work

This work extends the state of the art in thermal ablation modeling

by introducing the first integrated multiscale ablation model. The model has

three levels of interest: nano, meso, and macroscale. At the nanoscale, re-

active molecular dynamic simulations are performed of resin pyrolysis where

the RMD simulations and pyrolysis chemical kinetics are taken from previous

work [15, 16, 162]. The mesoscale model then incorporates the resin pyrolysis

chemistry developed from the RMD simulation results into a one-dimensional

fully coupled chemical-thermomechanical model of resin pyrolysis in a resin and

fiber composite. A resin heat of pyrolysis is then computed from the mesoscale

simulation results, which is incorporated into a resin mass loss model at the

macroscale. The macroscale model then simulates in three dimensions the ab-

lation of the resin and fiber and the resulting ablator geometry evolution in a

fully coupled thermomechanical simulation.

The meso and macroscale models employ the hybrid particle element

method in constructing a detailed model of the solid. This research extends

previous work on the hybrid particle element method by the addition of vari-

able mass particles and a description of the resin and fiber composite archi-
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tecture in the macroscale model. A significant benefit to the hybrid particle

element method is its ability to explicitly capture the the solid erosion and

surface recession in the particle-element kinematics through a seamless par-

ticle and element based description of the material in an energy conserving

formulation. In summary, the significant contributions of this research may be

stated as follows: (1) it presents a multiscale strategy for coupling the three

primary scales of interest: nano, meso and macro scale, (2) as part of the mul-

tiscale strategy, it incorporates a mesoscale model which simulates the fully

coupled chemical-thermomechanical ablation problem, serving to integrate the

temporally and spatially disparate nano and macro scales, (3) it enforces con-

servation of mass and energy in the formulation of the state variable evolution

equations at each scale, and (4) it includes explicit modeling of solid erosion

effects through a hybrid particle element composite model at the macroscale.

The one-dimensional mesoscale model is presented in Chapter 2. The

model extends previous research on hybrid particle element with chemical

reactions by the addition of variable mass particles, where the particle mass

evolution is coupled to the RMD chemical kinetics, accounting for mass loss

due to resin pyrolysis. The resin heat of pyrolysis computed from the mesoscale

simulation results is compared to published bomb calorimetry experiments to

validate the mesoscale model. For incorporation into the macroscale model,

the resin heat of pyrolysis computed from the mesoscale simulation results is

used in the formulation of a resin mass loss model at the macroscale.

The three-dimensional macroscale model is presented in Chapter 3.
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The model extends previous work on hybrid particle element by the addition

of variable mass particles and by combining particles, hexahedral elements,

and tension only bar elements to construct a model of the resin and fiber

composite architecture. Mass loss at the macroscale includes mass loss in the

particles due to resin pyrolysis and the spalling of the particles due to element

failure. Validation is performed by comparison to experiment on total mass

loss versus heat input. A new approach is also developed for performing model

validation which allows for incorporating the estimation of hot wall heat loads.

Some possible directions for future work are mentioned here. As de-

scribed in section 3.8, an attempt at propagating the heat input profile with

the fragmented mass encountered poor convergence with particle resolution.

Future work may thus consider further addressing this matter by developing a

robust heat input model that adaptively responds to the eroded geometry. Fu-

ture work may also consider loosely coupling the presented multiscale model to

a CFD solver. A sensitivity study on the parameters in the multiscale model,

such as the resin heat of pyrolysis used for integrating the meso and macro

scales, may be conducted to fit the simulation results better to experiment.

Models describing the mechanical property degradation of the composite might

also be developed. This may include, for example, additional state variables

that describe a reduction in material stiffness as a function of the stress, strain,

or temperature history [48]. Lastly, a conduction model might be incorporated

into the multiscale model, where a strategy would have to be developed for

bridging the disparate mechanical and conduction timescales.

204



Appendices

205



Appendix A

Plasma Torch Test Data for a Carbon Fiber

Reinforced Phenolic Composite

Pesci et al. performed plasma torch testing of a carbon fiber reinforced

phenolic composite [125]. The material has a composite density of 1400–1500

kg/m3 and a resin mass fraction of 0.35–0.4 with a hemispherical cap geometry,

having a total height of 1.3 cm with a radius of .5 cm (shown in Figure A.1).

The authors performed testing under three cold wall heat fluxes (0.626, 0.903,

1.379 MW/m2) with four exposure times for each flux (30, 50, 70, 90 s).

Experimentally measured values were the total mass loss obtained by weighing

samples prior and after testing. The test conditions and results reported in

the paper are listed in Table A.1.

From the reported experimental parameters, a cold wall heat load Qcw

is estimated in this thesis as

Qcw = qcwAT, A = πr2 (A.1)

where qcw is the cold wall heat flux reported in the paper, A the projected

area, and T the exposure time. A re-radiated heat load is also estimated as

Qrr = qrrAT, qrr = ϵσθ4surf (A.2)

206



where qrr is a re-radiated flux, ϵ emissivity, and θsurf is surface temperature.

The authors do not report emissivity or surface temperature. For equation

A.2, the emissivity is estimated from the literature as 0.9 [158] for carbon

phenolic. The surface temperatures are based on plasma torch experiments

conducted by Silva et al. [43], who conducted ablation tests of tape wrapped

carbon phenolic at similar heat fluxes of 0.626, 0.903 and 1.376 MW/m2. The

surface temperatures and computed values for qrr, Qcw and Qhw are also listed

in Table A.1. A plot of the experimental mass loss versus Qcw −Qrr is shown

in Figure A.2.
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Figure A.1: Test article geometry for plasma torch testing of a carbon fiber
reinforced phenolic composite. The above figure is from Ref [125]. All units
are in mm.
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Table A.1: Plasma torch testing of a carbon fiber reinforced phenolic composite
[125]. The first three columns are estimated from Figure 6 in Ref [125].

Exposure qcw Mass loss θasurf qbrr Q†
cw Q†

rr Qcw −Qrr

Time (s) (W/cm2) (g) (K) (MW/m2) (kJ) (kJ) (kJ)

30 62.6 0.19 1232 0.118 2.95 0.555 2.4

50 62.6 0.36 1232 0.118 4.92 0.925 3.99

70 62.6 0.31 1232 0.118 6.88 1.29 5.59

90 62.6 0.23 1232 0.118 8.85 1.66 7.19

30 90.3 0.28 1412 0.203 4.26 0.957 3.3

50 90.3 0.37 1412 0.203 7.09 1.6 5.5

70 90.3 0.39 1412 0.203 9.93 2.23 7.7

90 90.3 0.38 1412 0.203 12.8 2.87 9.89

30 137.9 0.31 1650 0.378 6.5 1.78 4.7

50 137.9 0.48 1650 0.378 10.8 2.97 7.83

70 137.9 0.55 1650 0.378 15.2 4.16 11.0

90 137.9 0.62 1650 0.378 19.5 5.35 14.1

a The surface temperature θsurf is estimated based upon plasma torch exper-
iments in the literature for carbon phenolic under similar conditions [43].

b qrr, Qcw and Qrr are calculated from equations A.1 and A.2.
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Figure A.2: Plasma torch testing of a carbon fiber reinforced phenolic compos-
ite [125]. The above figure shows the experimental mass loss versus (Qcw−Qrr),
where Qcw and Qrr are calculated by equations A.1 and A.2. The uncertainty
in the experimental mass loss reported by the authors were based on the in-
strument used for weighing the samples before and after the plasma torch tests
(±0.07 g) [125].
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Appendix B

Arc-Jet Test Data for PICA (Phenolic

Impregnated Carbon Ablator)

Tran et al. performed arc-jet testing of PICA (Phenolic Impregnated

Carbon Ablator) [158]. The material has a composite density of 274 kg/m3 and

a resin weight loading of 0.38 [114]. The sample geometries were cylindrical

with a flat surface having diameters of 1–4 inches. A schematic of the samples

are shown in Figure B.1. Cold wall heat fluxes ranged from 426–3362 W/cm2.

Table B.2 lists the arc-jet test cases reported in Ref [158], including the sample

diameters, cold wall fluxes, exposure times, surface temperatures and total

mass loss. Table B.3 includes the calculated values of Qcw and Qrr, where Qcw

and Qrr are calculated as in the preceding section by equations A.1 and A.2.

Figure B.2 shows a plot of the experimental mass loss versus the calculated

Qcw − Qrr. As seen in the plot, the data does not appear to fall onto a

single curve, especially for the varying diameter samples. It is observed that

normalizing the total mass loss as ∆m/Dn, where ∆m is mass loss, D the

sample diameter, and n an exponent, produces a plot better resembling a

single curve. A plot with n set to a value of n = 1.47 is shown in Figure B.3.

The authors note that for the smaller diameter samples (1–3 inches),
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the calorimeter cold wall heat flux measurements were adjusted for sample

diameter, converting the heat flux readings from a 4 inch diameter calorimeter

to the smaller sample diameters. The cold wall heat flux was assumed to scale

inversely with the square root of the sample diameter based on the following

stagnation point heat transfer correlation developed by Fay and Riddell [55,

74, 158]:

qcw = C∆h

(
P

R

)1/2

(B.1)

where ∆h is the stagnation enthalpy potential (recovery enthalpy of the free

stream minus enthalpy at the material surface), P the stagnation pressure, C

a heat transfer coefficient, and R the sample radius.

Based on the above relation, a dimensional analysis is presented here

for the relation ∆m/Dn versus (Qcw−Qrr). We begin by postulating that the

total mass loss is a function of the following form

∆m = f(qcw, qrr, R,∆h,C, P,H, τ) (B.2)

where H is an effective heat of ablation which accounts for the material prop-

erties in a lumped form, and τ is the exposure time. The above quantities

can be expressed in three fundamental units kg, m and s as shown in Table

B.1. Thus, five dimensionless parameters can be constructed from the eight

function arguments, which, building from Ref [74], are chosen as

πcw = qcwR
1

H3/2C2
, πrr = qrrR

1

H3/2C2
, πτ = τP

1

H1/2C2
,

πp = PR
1

C2H
, πf = qcw

1

C∆h

(
R

P

)1/2

(B.3)
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where the last dimensionless variable πf is simply the Fay-Riddell heat transfer

correlation (equation B.1) and is equal to one. The total mass loss is non-

dimensionalized as

πm =
∆m

Rn
Hn−2C2n−6P 2−n (B.4)

Employing the Buckingham Pi-theorem [24], equation B.2 can be written in

the following form

πm = g(πcw, πrr, πτ , πp) (B.5)

We additionally postulate that the function g can be written as

πm = g((πcw − πrr)πτπp) (B.6)

from which we write

∆m

Rn
= H2−nC6−2nP n−2g

(
(Qcw −Qrr)P

2 1

C6H3

)
(B.7)

For constant heat transfer coefficient, stagnation pressure, and constant mate-

rial with varying model radii, an argument can be made, based on dimensional

analysis, that ∆m/Rn and (Qcw − Qrr) are the variables of interest. Hiester

et al. notes that for the fluid properties of air, the heat transfer coefficient

C is approximately constant in the range of arc-jet test conditions [74]. The

stagnation pressure P in the PICA ablation tests varies (see Table B.2). It is

understood that the pressure may contribute to spallation of the material [159].

However, for experimental arc-jet testing of PICA, spallation is estimated to

be around 5% [12]. It is suggested in the current analysis that variations in
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the stagnation pressure has two effects: one on the cold wall heat flux, and

then second order mechanical effects. The total mass loss is thus assumed to

depend on the heat input Qcw −Qrr and the sample size, excluding variations

on the stagnation pressure.

Table B.1: Dimensional analysis of arc-jet test data for PICA.

Variable Units Fundamental Units

∆m kg kg

qcw W/m2 kg/s3

qrr W/m2 kg/s3

R m m

H J/kg m2/s2

∆h J/kg m2/s2

C W kg/m3/2J Pa1/2 kg1/2/m

P Pa kg/ms2

τ s s
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Figure B.1: Schematic of model geometries used in the Arc-jet testing of PICA
(Phenolic Impregnated Carbon Ablator) from Ref [158].

215



Table B.2: Arc-jet testing of PICA (Phenolic Impregnated Carbon Ablator).
The following data is from Ref [158].

Sample ID Diameter qcw Exposure θsurf Mass loss P a

(cm) (W/cm2) Time (s) (K) (g) (kPa)

PICA-M4-A 2.555 3362 10 2755 1.814 43.57

PICA-M1-1 5.098 1136 25 2811 6.350 21.278

PICA-M5-26 5.090 1902 17 2700 4.536 34.451

PICA-M6-27 5.098 2158 14 3033 4.536 43.57

PICA-M2-6 7.630 483 25 2700 12.701 30.398

PICA-M2-7 7.628 1209 25 3311 11.340 34.451

PICA-M2-5 7.645 1363 17 2866 9.979 43.57

PICA-M3-10 10.104 426 25 2533 24.494 43.57

PICA-M3-8 10.152 454 25 2755 14.969 11.146

PICA-M3-11 10.142 511 25 2866 14.061 21.278

PICA-21G-PS 10.163 568 25 2978 19.504 42.556

PICA-M3-12 10.114 568 11 3144 10.886 42.556

PICA-M3-9 10.140 852 25 3089 18.597 43.57

PICA-M3-14 10.152 965 22 3089 19.504 43.57

a Stagnation pressure
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Table B.3: Arc-jet testing of PICA (Phenolic Impregnated Carbon Ablator
[158]), including calculated values of Qcw and Qrr.

Sample ID Diameter Mass loss qarr Qa
cw Qa

rr Qcw −Qrr

(cm) (g) (W/cm2) (MJ) (MJ) (MJ)

PICA-M4-A 2.555 1.814 294 0.172 0.015 0.157

PICA-M1-1 5.098 6.35 319 0.579 0.163 0.417

PICA-M5-26 5.090 4.536 271 0.658 0.094 0.564

PICA-M6-27 5.098 4.536 432 0.617 0.123 0.493

PICA-M2-6 7.630 12.701 271 0.552 0.31 0.242

PICA-M2-7 7.628 11.34 613 1.382 0.701 0.681

PICA-M2-5 7.645 9.979 345 1.064 0.269 0.795

PICA-M3-10 10.104 24.494 210 0.854 0.421 0.432

PICA-M3-8 10.152 14.969 294 0.919 0.595 0.324

PICA-M3-11 10.142 14.061 345 1.032 0.696 0.336

PICA-21G-PS 10.163 19.504 401 1.151 0.813 0.338

PICA-M3-12 10.114 10.886 499 0.502 0.441 0.061

PICA-M3-9 10.140 18.597 464 1.719 0.938 0.782

PICA-M3-14 10.152 19.504 464 1.719 0.827 0.892

a qrr, Qcw and Qrr are calculated from equations A.1 and A.2 where the re-
radiated flux is calculated from the experimental surface temperatures. The
emissivity is also taken from the experimental reference with a value of 0.9.
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Figure B.2: Arc-jet testing of PICA (Phenolic Impregnated Carbon Ablator).
The above figure shows the experimental mass loss versus (Qcw −Qrr), where
Qcw and Qrr are calculated by equations A.1 and A.2.
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Figure B.3: Arc-jet testing of PICA (Phenolic Impregnated Carbon Ablator).
The above figure shows the mass loss normalized by D1.47 versus (Qcw −Qrr),
where Qcw and Qrr are calculated by equations A.1 and A.2.
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Appendix C

Oxyacetylene Torch Ablation Test Data for a

Carbon Fiber Reinforced Cyanate Ester

Composite

The author conducted oxyacetylene torch testing, as part of a masters

thesis, of a carbon fiber reinforced cyanate ester composite with a composite

density of 1710 kg/m3. The resin mass fraction is not reported for the ablation

test articles. It is estimated here from the constituent densities of cyanate

ester (1250 kg/m3) and carbon fiber (1800 kg/m3) with a value of 0.114. The

ablation article has a cylindrical geometry with a diameter and thickness of 3.0

cm and 1.27 cm respectively. The oxyacetylene tests were conducted according

to ASTM E 285 [10]. The heat flux was estimated in the masters thesis from

the torch conditions as 1000 W/cm2, though no calorimeter measurements

were reported. The total mass loss was measured at 0.588 g. Minimal surface

recession was observed at under one millimeter measured by a dial gauge. A

summary of the sample parameters and oxyacetylene torch test results are

listed in Table C.1.

From the ablation images provided in the thesis, the flame diameter is

significantly smaller than the sample diameter. In this research, the radial dis-

tribution of the torch heat flux is estimated as having a Gaussian distribution
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based on the literature [104, 135, 154]. A functional form similar to Ref [104]

is employed,

qcw = q0 exp

(
−5

r2

R2

)
(C.1)

where q0 is the maximum heat flux, r the distance from the torch center line,

and R an effective heating radius. The above profile qualitatively matches

CFD temperature simulation results of oxyacetylene torch ablation tests in

literature [154]. From the ablation test image provided in the thesis, R is

estimated as 1 cm. The cold wall heat load is then calculated as

Qcw =Tq02π

∫ 1.5

0

exp
(
−5r2

)
rdr

Qcw =28 ∗ 1000 ∗ π
5

(
1− exp(−5 ∗ 1.52)

)
Qcw =17.6 kJ (C.2)

For computing the re-radiated heat load Qrr, it is assumed that the re-radiated

flux follows a similar radial profile where q0 = ϵσθ4surf . A surface temperature

is not reported in the masters thesis. For calculating Qrr, the surface tem-

perature is estimated as 2273 K from published oxyacetylene torch ablation

experiments in the literature conducted on the same experimental apparatus

on a fully dense carbon phenolic material [77]. The emissivity is estimated

from the literature as 0.9 [158]. The calculated values of Qcw and Qrr are

listed in Table C.1.
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Table C.1: Sample parameters and oxyacetylene torch ablation test results
of a carbon fiber reinforced cyanate ester composite [119]. Qcw and Qrr are
calculated assuming a Gaussian heating profile as described in equation C.2.

Sample parameters

Diameter 3.0 cm

Thickness 1.27 cm

Density 1710 kg/m3

Resin mass fractiona 0.114

OTB Test

Heat fluxb 1000 W/cm2

Surface temperaturec 2273 K

Exposure time 28 s

Mass loss 0.588 g

Qcw 17.6 kJ

Qcw −Qrr 15.2 kJ

a The resin weight loading is computed in this thesis from the reported
constituents and composite densities, assuming a porosity of zero.

b The heat flux in the paper was estimated by the author based on the
oxyacetylene torch conditions, though calorimeter measurements were not
reported.

c The surface temperature was not reported. A surface temperature is
estimated in this thesis from published oxyacetylene torch ablation experi-
ments in the literature conducted on the same experimental apparatus on a
fully dense carbon phenolic material [77].
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Appendix D

Mesoscale Program User Guide

D.1 Overview

The mesoscale program employs the hybrid particle-finite element method

to perform a one-dimensional simulation of resin pyrolysis in a resin and fiber

composite. The following sections describe the code compilation, input file,

and code output.

D.2 Code Compilation

The program can be compiled with any C compiler for serial execu-

tion or parallel execution with OpenMP support. Table D.1 lists the compi-

lation commands for the GCC compiler. The listed commands generate an

executable titled parallel or serial, corresponding to compilation with or

without OpenMP parallelization.

Table D.1: Compilation commands for the mesoscale program.

parallel gcc meso.c -lm -fopenmp -O3 -o parallel

serial gcc meso.c -lm -O3 -o serial
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D.3 Units

SI units are employed:

mass kilograms
length meters
time seconds
energy Joules
temperature Kelvin
velocity meters per second
species concentration moles per meters cubed

D.4 Input File Description

The program reads all simulation parameters from the input file meso.inp.

The file format and example input files are provided at the end of this user

guide. The input file consists of the following sections:

Control: This section specifies the simulation time duration, the num-

ber of printouts generated during the simulation, the domain length, and the

number of particles in the domain. A buffer region is appended to the back-

side of the domain to prevent the reflection of mechanical waves, where the

size of the buffer region is automatically computed by the program. A flag is

included that permits the user to explicitly set the buffer region size. In order

to reduce the computational cost, the buffer region employs a particle grad-

ing that successively increases the particle sizes by a constant factor (capped

by a maximum factor) to reduce the number of particles; the default grading

parameters may also be tuned by the user.

Loading: This section specifies the heat flux applied on the particles,
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and the heating depth, which controls the heat flux profile.

Resin: This section specifies the resin density, sound speed, Grüneisen

parameter, specific heat, and reference temperature.

Fiber: This section specifies the fiber density, sound speed, Grüneisen

parameter, specific heat, and reference temperature.

Material: This section specifies the composite density, resin mass frac-

tion, and fiber mass fraction. The program computes the composite porosity

based on these quantities. For a fully dense material, the user can input a neg-

ative value for the composite density, in which case the program will compute

the composite density assuming zero porosity. This section also specifies the

resin shear modulus, yield stress, ultimate strength, failure accumulated plas-

tic strain, fracture strain, and failure temperature. A flag is included where

the program will adjust the resin shear modulus, yield stress, and ultimate

strength by a factor of (1− ϕ) to account for the composite porosity (ϕ).

Species: This section specifies the number of chemical species, the

chemical species molar masses, and whether the simulation is conducted in

an air or vacuum environment.

Reaction Rate Constants: This section specifies the number of chemical

reactions and the reaction rate parameters. The chemical reactions have the

following form:

d

dt
Ci =

Nr∑
j=1

ξ(j)
(
ν(i,j) − ν̂(i,j)

)
(D.1)
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where Ci are species concentrations (moles per volume), Nr is the number

of reactions, and ν(i,j) and ν̂(i,j) are the product and reactant stoichiometric

coefficients for species i in reaction j respectively. The reaction rates ξ(j) are

defined as:

ξ(j) = k(j)f (j)(θ)
Ns∏
i=1

Cα(i,j)

i (D.2)

where k(j) are the reaction rate constants, Ns is the number of species, α(i,j)

the reaction exponents, and f (j)(θ) are temperature dependent functions. The

program supports three functional forms for f (j)(θ):

f (j)(θ) =

[
1 + exp

(
θ − θ(j)

θ(j)

)]−1

type 0 (D.3a)

f (j)(θ) =1−
[
1 + exp

(
θ − θ(j)

θ(j)

)]−1

type 1 (D.3b)

f (j)(θ) =1 type 2 (D.3c)

It is assumed in the mesoscale program that only one reaction consumes

the resin species, referred to in this user guide as the disassociation reaction.

Reaction Stoichiometric Matrix: This section specifies the reaction sto-

ichiometry. The stoichiometric coefficients are input as the matrix ν(i,j)− ν̂(i,j).

Reaction Exponent Matrix: This section specifies the reaction expo-

nents. The exponents are input as the matrix α(i,j).

Pyrolysis: This section specifies the parameters associated with resin

decomposition, including the resin decomposition enthalpy, resin pyrolysis

temperature, and maximum extent of resin pyrolysis. The program automat-

ically initializes a gas control volume associated with each particle in which
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the gas species are assumed to reside. A flag is included that allows the user

to explicitly set the gas control volume size as a factor of the particle volume.

D.5 Code Output

The program writes to files particle and element quantities where all

files are written in text format. Table D.2 lists the output files and associated

quantities. The program writes to the file ablation at each printout the

following eight quantities: 1) simulation time, 2) time step, 3) total mass loss,

4) total heat input, 5) total system energy, 6) total system mass, 7) exact

system energy, and 8) exact system mass. The exact system mass and energy

are obtained by integrating the power flow and mass flow entering and leaving

the system. The last four quantities can be used to verify the conservation of

mass and energy.

For files which contain time dependent quantities, the printout index is

appended to the filenames to distinguish between printouts. The time stamps

at each printout uniformly divide the simulation time duration.

At the conclusion of the simulation, the total number of particles (in-

cluding buffer particles), wall time, run time, and number of threads used, if

compiled with OpenMP support, are written to the file meso.runtime.
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Table D.2: Mesoscale program output filenames and associated descriptions.
All files are written in text format. The printout index is appended to the
filenames to distinguish between printouts.

File Name Simulation Quantity

ablation system energy (J), mass (kg),
and simulation time (s)

gasvol† particle gas control volume (m3)

def particle volumetric compression

den particle density (kg/m3)

diam† particle diameters (m)

dmg element damage

efp element accumulated plastic strain

ie particle specific internal energy (J/kg)

m particle mass (kg)

pe particle pressure (Pa)

pegas particle gas pressure (Pa)

qflux particle heat flux (W/m2)

qinp particle heat input rate (W )

rpv particle resin extent of pyrolysis

sm particle species masses (kg)

strain element elastic strain

stress element stress (Pa)

te particle temperature (K)

v particle velocity (m/s)

x particle position (m)

† The particle diameters and gas control volumes are
time independent and are thus written once at the
start of the simulation. All other files are gener-
ated at each printout where the printout index is
appended to the filenames.
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D.6 Input File Format

In the following, “default” values provided for entry fields must be

entered by the user.

Line Columns Data Type Description

Control

1 – – blank (optional section title)

2 1-12 float dimensionless time step factor, default=10.0

2 12-24 float simulation stop time (s)

2 24-36 float number of print outs

3 1-12 float domain length, excluding buffer (m)

3 12-24 float number of particles in domain, excluding
buffer

4 1-12 integer flag to set buffer length (yes=1, no=0),
default=0

4 12-24 float buffer length (m)

5 1-12 float particle grading factor, default=1.1

5 12-24 float maximum particle grading, default=100.0

Loading

1 – – blank (optional section title)

2 1-12 float heat flux (W/m2-s)

2 12-24 float heating depth (m)

Resin

1 – – blank (optional section title)

2 1-12 float resin density (kg/m3)

Continued on next page
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3 1-12 float resin sound speed (m/s)

3 12-24 float resin Grüneisen parameter

4 1-12 float resin specific heat (J/kg-K)

4 12-24 float resin reference temperature (K)

Fiber

1 – – blank (optional section title)

2 1-12 float fiber density (kg/m3)

3 1-12 float fiber sound speed (m/s)

3 12-24 float fiber Grüneisen parameter

4 1-12 float fiber specific heat (J/kg-K)

4 12-24 float fiber reference temperature (K)

Material

1 – – blank (optional section title)

2 1-12 float composite density (kg/m3)

2 12-24 float resin mass fraction

2 24-36 float fiber mass fraction

3 1-12 float resin shear modulus (Pa)

3 12-24 float resin yield stress (Pa)

3 24-36 float resin ultimate strength (Pa)

4 1-12 float resin failure accumulated plastic strain

4 12-24 float resin failure elastic strain

4 24-36 float resin failure temperature (K)

5 1-12 integer flag to scale elastic properties (yes=1, no=0),
default=1

6 1-12 float dimensionless numerical viscosity, default=1.0

Continued on next page
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6 12-24 float dimensionless numerical conduction,
default=10−4

Species

1 – – blank (optional section title)

2 1-12 integer number of species

2 12-24 integer resin species index (index from zero)

3 1-12 integer air case boolean (in air=1, in vacuum=0)

3 12-24 integer oxygen species index (index from zero)

3 24-36 integer nitrogen species index (index from zero)

Ns rows follow with one row for each species

– 1-12 string species name

– 12-24 float species molar mass (kg)

Reaction Rate Constants

1 – – blank (optional section title)

2 1-12 integer number of reactions

2 12-24 integer disassociation reaction index (index from zero)

Three rows follow with Nr columns per row. Each column corresponds to a
chemical reaction. Each entry composes 12 spaces.

3 – float reaction rate constant k(j)

(1/s)(mol/m3)1−m(j)
, m(j) =

∑Ns

i=1 α
(i,j)

4 – integer temperature function type (0, 1, or 2)

5 – float temperature parameter θ(j) (K)

Continued on next page
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Reaction Stoichiometric Matrix

1 – – blank (optional section title)

Ns rows follow with Nr columns per row. Each row corresponds to a chemical
species, and each column to a chemical reaction. Each entry composes 12
spaces.

– – float product minus reactant stoichiometric
coefficient for associated species and reaction
(ν(i,j) − ν̂(i,j))

Reaction Exponent Matrix

1 – – blank (optional section title)

Ns rows follow with Nr columns per row. Each row corresponds to a chemical
species, and each column to a chemical reaction. Each entry composes 12
spaces.

– – float reaction exponent for associated species and
reaction (α(i,j))

Pyrolysis

1 – – blank (optional section title)

2 1-12 float resin pyrolysis temperature (K)

2 12-24 float resin decomposition enthalpy (J/kg)

2 24-36 float maximum extent of resin pyrolysis

3 1-12 float dimensionless gas convection coefficient,
default=106

4 1-12 integer flag to set gas control volume (yes=1, no=0),
default=0

4 12-24 float dimensionless gas control volume
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D.7 Input File Examples

Pyrolysis simulation of a high density carbon phenolic material in air:

CONTROL

10.0 20.00e-9 100

4e-6 800

0

1.1 100.0

LOADING

7.25e10 5.00e-8

RESIN

1250.0

2370.0 1.3

1674.0 300.0

FIBER

1800.0

2687.0 0.26

771.0 300.0

MATERIAL

1450.0 0.375 0.625

5.79e9 136.0e6 272.0e6

0.25 10.0 500.0

1

1.0 1e-4

SPECIES

11 0

1 2 3

C6H6O 94.0e-3

N 14.0e-3

O2 32.0e-3

N2 28.0e-3

CO2 44.0e-3

OH 17.0e-3

CO 28.0e-3

H 1.0e-3

C 12.0e-3

O 16.0e-3

H2O 18.0e-3

REACTION RATE CONSTANTS

6 0

1.01997e+09 6.95552e+07 1.02167e+03 1.96735e+06 4.47335e+05 2.09225e+00

2 0 0 0 0 0

0 2.1183e+03 1.6411e+03 3.1660e+03 3.1660e+03 1.6411e+03
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REACTION STOICHIOMETRIC MATRIX

-1.0 0.0 0.0 0.0 0.0 0.0

48.0 -2.0 0.0 0.0 0.0 0.0

-7.0 0.0 0.0 0.0 0.0 0.0

-24.0 1.0 0.0 0.0 0.0 0.0

1.66667e-01 0.0 0.0 0.0 0.0 1.0

1.66667e-01 0.0 -1.0 1.0 0.0 0.0

1.0 0.0 0.0 0.0 1.0 -1.0

5.833333333 0.0 -1.0 -1.0 0.0 0.0

4.833333333 0.0 0.0 0.0 -1.0 0.0

13.5 0.0 0.0 -1.0 -1.0 -1.0

0.0 0.0 1.0 0.0 0.0 0.0

REACTION EXPONENT MATRIX

0.5013 0.0 0.0 0.0 0.0 0.0

0.0 1.7596 0.0 0.0 0.0 0.0

0.5014 0.0 0.0 0.0 0.0 0.0

0.5002 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 1.6617 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 1.9433

0.0 0.0 1.3069 1.1893 0.0 0.0

0.0 0.0 0.0 0.0 0.28855 0.0

0.0 0.0 0.0 0.87235 1.9198 1.5637

0.0 0.0 0.0 0.0 0.0 0.0

PYROLYSIS

500.0 293e3 0.99

1e6

0
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Pyrolysis simulation of a high density carbon phenolic material in vacuum:

CONTROL

10.0 20.00e-9 100

4e-6 800

0

1.1 100.0

LOADING

7.25e10 5.00e-8

RESIN

1250.0

2370.0 1.3

1674.0 300.0

FIBER

1800.0

2687.0 0.26

771.0 300.0

MATERIAL

1450.0 0.375 0.625

5.79e9 136.0e6 272.0e6

0.25 10.0 500.0

1

1.0 1e-4

SPECIES

8 0

0

C6H6O 94.0e-3

H 1.0e-3

C 12.0e-3

O 16.0e-3

C2 24.0e-3

CH 13.0e-3

CO 28.0e-3

CH2 14.0e-3

REACTION RATE CONSTANTS

5 0

1.05040e+13 1.76789e+06 1.33713e+07 1.41897e+08 8.38106e+05

2 0 0 1 0

0 2000.0 2000.0 2000.0 2000.0
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REACTION STOICHIOMETRIC MATRIX

-1.0 0.0 0.0 0.0 0.0

5.225 0.0 0.0 -1.0 -1.0

5.0 -1.0 -2.0 -1.0 0.0

0.9 -1.0 0.0 0.0 0.0

0.1 0.0 1.0 0.0 0.0

0.625 0.0 0.0 1.0 -1.0

0.1 1.0 0.0 0.0 0.0

0.075 0.0 0.0 0.0 1.0

REACTION EXPONENT MATRIX

0.5687 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.66341 0.023431

0.0 1.4697 1.6300 0.49622 0.0

0.0 0.50613 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 2.000

0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0

PYROLYSIS

500.0 293e3 0.99

1e6

0
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Pyrolysis simulation of a low density carbon phenolic material in air

CONTROL

10.0 20.00e-9 100

4e-6 800

0

1.1 100.0

LOADING

1.37e10 5.00e-8

RESIN

1250.0

2370.0 1.3

1674.0 300.0

FIBER

1800.0

2687.0 0.26

771.0 300.0

MATERIAL

274.0 0.380 0.620

5.79e9 136.0e6 272.0e6

0.25 10.0 500.0

1

1.0 1e-4

SPECIES

11 0

1 2 3

C6H6O 94.0e-3

N 14.0e-3

O2 32.0e-3

N2 28.0e-3

CO2 44.0e-3

OH 17.0e-3

CO 28.0e-3

H 1.0e-3

C 12.0e-3

O 16.0e-3

H2O 18.0e-3

REACTION RATE CONSTANTS

6 0

1.01997e+09 6.95552e+07 1.02167e+03 1.96735e+06 4.47335e+05 2.09225e+00

2 0 0 0 0 0

0 2.1183e+03 1.6411e+03 3.1660e+03 3.1660e+03 1.6411e+03
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REACTION STOICHIOMETRIC MATRIX

-1.0 0.0 0.0 0.0 0.0 0.0

48.0 -2.0 0.0 0.0 0.0 0.0

-7.0 0.0 0.0 0.0 0.0 0.0

-24.0 1.0 0.0 0.0 0.0 0.0

1.66667e-01 0.0 0.0 0.0 0.0 1.0

1.66667e-01 0.0 -1.0 1.0 0.0 0.0

1.0 0.0 0.0 0.0 1.0 -1.0

5.833333333 0.0 -1.0 -1.0 0.0 0.0

4.833333333 0.0 0.0 0.0 -1.0 0.0

13.5 0.0 0.0 -1.0 -1.0 -1.0

0.0 0.0 1.0 0.0 0.0 0.0

REACTION EXPONENT MATRIX

0.5013 0.0 0.0 0.0 0.0 0.0

0.0 1.7596 0.0 0.0 0.0 0.0

0.5014 0.0 0.0 0.0 0.0 0.0

0.5002 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 1.6617 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 1.9433

0.0 0.0 1.3069 1.1893 0.0 0.0

0.0 0.0 0.0 0.0 0.28855 0.0

0.0 0.0 0.0 0.87235 1.9198 1.5637

0.0 0.0 0.0 0.0 0.0 0.0

PYROLYSIS

500.0 293e3 0.99

1e6

0
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Pyrolysis simulation of a low density carbon phenolic material in vacuum

CONTROL

10.0 20.00e-9 100

4e-6 800

0

1.1 100.0

LOADING

1.37e10 5.00e-8

RESIN

1250.0

2370.0 1.3

1674.0 300.0

FIBER

1800.0

2687.0 0.26

771.0 300.0

MATERIAL

274.0 0.380 0.620

5.79e9 136.0e6 272.0e6

0.25 10.0 500.0

1

1.0 1e-4

SPECIES

8 0

0

C6H6O 94.0e-3

H 1.0e-3

C 12.0e-3

O 16.0e-3

C2 24.0e-3

CH 13.0e-3

CO 28.0e-3

CH2 14.0e-3

REACTION RATE CONSTANTS

5 0

1.05040e+13 1.76789e+06 1.33713e+07 1.41897e+08 8.38106e+05

2 0 0 1 0

0 2000.0 2000.0 2000.0 2000.0
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REACTION STOICHIOMETRIC MATRIX

-1.0 0.0 0.0 0.0 0.0

5.225 0.0 0.0 -1.0 -1.0

5.0 -1.0 -2.0 -1.0 0.0

0.9 -1.0 0.0 0.0 0.0

0.1 0.0 1.0 0.0 0.0

0.625 0.0 0.0 1.0 -1.0

0.1 1.0 0.0 0.0 0.0

0.075 0.0 0.0 0.0 1.0

REACTION EXPONENT MATRIX

0.5687 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.66341 0.023431

0.0 1.4697 1.6300 0.49622 0.0

0.0 0.50613 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 2.000

0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0

PYROLYSIS

500.0 293e3 0.99

1e6

0
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Pyrolysis simulation of a carbon cyanate ester material in air

CONTROL

10.0 20.00e-9 100

4e-6 800

0

1.1 100.0

LOADING

8.57e10 5.00e-8

RESIN

1250.0

1425.0 0.11

1200.0 300.0

FIBER

1800.0

2687.0 0.26

771.0 300.0

MATERIAL

-1.0 0.114 0.886

1.16e9 55.0e6 110.0e6

0.25 10.0 700.0

1

1.0 1e-4

SPECIES

11 0

1 2 3

C17H14N2O2 278.0e-3

N 14.0e-3

O2 32.0e-3

N2 28.0e-3

CO2 44.0e-3

OH 17.0e-3

CO 28.0e-3

H 1.0e-3

C 12.0e-3

O 16.0e-3

H2O 18.0e-3

REACTION RATE CONSTANTS

6 0

8.29853e+09 3.19006e+10 7.43240e+09 1.18212e+02 5.08995e+06 9.58208e+06

2 0 0 0 0 0

0 3.6251e+03 2.3503e+03 3.3310e+03 3.3310e+03 2.3503e+03
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REACTION STOICHIOMETRIC MATRIX

-1.0 0.0 0.0 0.0 0.0 0.0

125.0 -2.0 0.0 0.0 0.0 0.0

-19.5 0.0 0.0 0.0 0.0 0.0

-61.5 1.0 0.0 0.0 0.0 0.0

0.5 0.0 0.0 0.0 0.0 1.0

0.5 0.0 -1.0 1.0 0.0 0.0

3.0 0.0 0.0 0.0 1.0 -1.0

13.5 0.0 -1.0 -1.0 0.0 0.0

13.5 0.0 0.0 0.0 -1.0 0.0

36.5 0.0 0.0 -1.0 -1.0 -1.0

0.0 0.0 1.0 0.0 0.0 0.0

REACTION EXPONENT MATRIX

0.5527 0.0 0.0 0.0 0.0 0.0

0.0 1.2473e+00 0.0 0.0 0.0 0.0

0.5237 0.0 0.0 0.0 0.0 0.0

0.4407 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 6.5733e-01 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 5.0601e-01

0.0 0.0 6.2490e-01 1.8920e+00 0.0 0.0

0.0 0.0 0.0 0.0 1.1321e+00 0.0

0.0 0.0 0.0 9.7954e-01 9.8697e-01 1.4584e+00

0.0 0.0 0.0 0.0 0.0 0.0

PYROLYSIS

700.0 -47.0e3 0.99

1e6

0
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Pyrolysis simulation of a carbon cyanate ester material in vacuum

CONTROL

10.0 20.00e-9 100

4e-6 800

0

1.1 100.0

LOADING

8.57e10 5.00e-8

RESIN

1250.0

1425.0 0.11

1200.0 300.0

FIBER

1800.0

2687.0 0.26

771.0 300.0

MATERIAL

-1.0 0.114 0.886

1.16e9 55.0e6 110.0e6

0.25 10.0 700.0

1

1.0 1e-4

SPECIES

10 0

0

C17H14N2O2 278.0e-3

H 1.0e-3

C 12.0e-3

N 14.0e-3

O 16.0e-3

C2 24.0e-3

N2 28.0e-3

CH 13.0e-3

CO 28.0e-3

CH2 14.0e-3

REACTION RATE CONSTANTS

6 0

3.88441e+12 9.73592e+04 5.17522e+06 4.91996e+06 3.93672e-03 1.12672e+07

2 0 0 1 0 0

0.0 1002.0 1002.0 998.6 998.6 1000.1
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REACTION STOICHIOMETRIC MATRIX

-1.0 0.0 0.0 0.0 0.0 0.0

12.375 0.0 0.0 -1.0 -1.0 0.0

13.0 -1.0 -2.0 -1.0 0.0 0.0

1.75 0.0 0.0 0.0 0.0 -2.0

1.75 -1.0 0.0 0.0 0.0 0.0

1.0625 0.0 1.0 0.0 0.0 0.0

0.125 0.0 0.0 0.0 0.0 1.0

1.625 0.0 0.0 1.0 -1.0 0.0

0.25 1.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 1.0 0.0

REACTION EXPONENT MATRIX

0.5 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.3791 2.000 0.0

0.0 0.5785 1.9907 1.0806 0.0 0.0

0.0 0.0 0.0 0.0 0.0 1.9759

0.0 1.9996 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 2.000 0.0

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0

PYROLYSIS

700.0 -47.0e3 0.99

1e6

0
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D.8 Plot Script

The following Matlab script plots the quantities described in Table D.2

with respect to the particles’ reference configuration (position at time zero).

The buffer region, which is appended to the backside of the domain to prevent

the reflection of mechanical waves, is excluded in the plots, where the buffer

region consists of particles with a negative spatial position in the reference

configuration. Following the plot script, the figures for the pyrolysis simulation

of high density carbon phenolic in air are provided. The corresponding input

file is given in the preceding section. Since the pyrolysis reactions occur rapidly

at the heating front, the gas species densities tend to have a step response

centered around the heating profile. Thus, only the oxygen species spatial

profile is shown in the following figures, though the following script plots all

of the species present in the simulation.
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c l e a r a l l ;

% pr in tout index
N = 100 ;

% d i r e c t o r y conta in ing s imu la t i on output f i l e s
d i r e c = ” . . / ” ;

x = load ( s p r i n t f ( '%s/x 000 ' , d i r e c ) ) ;
i e = load ( s p r i n t f ( '%s/ i e %03d ' , d i r ec , N) ) ;
de f = load ( s p r i n t f ( '%s/ de f %03d ' , d i r ec , N) ) ;
dmg = load ( s p r i n t f ( '%s/dmg %03d ' , d i r ec , N) ) ;
den = load ( s p r i n t f ( '%s/den %03d ' , d i r ec , N) ) ;
pe = load ( s p r i n t f ( '%s/pe %03d ' , d i r ec , N) ) ;
e fp = load ( s p r i n t f ( '%s/ e f p %03d ' , d i r ec , N) ) ;
rpv = load ( s p r i n t f ( '%s/ rpv %03d ' , d i r ec , N) ) ;
s t r e s s = load ( s p r i n t f ( '%s/ s t r e s s %03d ' , d i r ec , N) ) ;
te = load ( s p r i n t f ( '%s/ t e %03d ' , d i r ec , N) ) ;
v = load ( s p r i n t f ( '%s/v %03d ' , d i r ec , N) ) ;
q f l ux = load ( s p r i n t f ( '%s/ q f l u x %03d ' , d i r ec , N) ) ;
qinp = load ( s p r i n t f ( '%s/ qinp %03d ' , d i r ec , N) ) ;
m = load ( s p r i n t f ( '%s/m %03d ' , d i r ec , N) ) ;

gasvo l = load ( s p r i n t f ( '%s/ gasvo l ' , d i r e c ) ) ;
pegas = load ( s p r i n t f ( '%s/ pegas %03d ' , d i r ec , N) ) ;

smfi lename = s p r i n t f ( '%s/sm %03d ' , d i r ec , N) ;
f i l e = fopen ( smfi lename ) ;
spec i e s names = f g e t l ( f i l e ) ;
spec i e s names = s p l i t ( s t r t r im ( spec i e s names ) ) ;
f c l o s e ( f i l e ) ;
s p e c i e s = readmatr ix ( smfilename , 'NumHeaderLines ' , 1) ;

massOut = ze ro s (1 , N) ;
heatInp = ze ro s (1 , N) ;
f o r i =1:N

f i l e = fopen ( s p r i n t f ( '%s/ ab l a t i o n %03d ' , d i r ec , i ) ) ;
l i n e = f g e t l ( f i l e ) ;
whi l e l i n e ˜=−1

i f conta in s ( l i n e , ' t o t a l mass l o s s ' )
l i n e = s p l i t ( s t r t r im ( l i n e ) ) ;
massOut ( i ) = st r2doub l e ( l i n e {end }) ;

end
i f conta in s ( l i n e , ' t o t a l heat input ' )

l i n e = s p l i t ( s t r t r im ( l i n e ) ) ;
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heatInp ( i ) = st r2doub l e ( l i n e {end }) ;
end
l i n e = f g e t l ( f i l e ) ;

end
f c l o s e ( f i l e ) ;

end

% element c en t r o id po s i t i o n
xe = (x ( 1 : end−1) + x ( 2 : end ) ) . ∗ . 5 ;

% exc lude bu f f e r r eg i on in p l o t s
ind = x>=0;
inde = xe>=0;

x = x( ind ) ;
xe = xe ( inde ) ;

i e = i e ( ind ) ;
pe = pe ( ind ) ;
rpv = rpv ( ind ) ;
den = den ( ind ) ;
de f = de f ( ind ) ;
dmg = dmg( inde ) ;
e fp = efp ( inde ) ;
s t r e s s= s t r e s s ( inde ) ;
te = te ( ind ) ;
v = v( ind ) ;
q f l ux = q f lux ( ind ) ;
qinp = qinp ( ind ) ;
m = m( ind ) ;

pegas = pegas ( ind ) ;
s p e c i e s = sp e c i e s ( ind , 1 : end ) ;
gasvo l = gasvo l ( ind ) ;

s i z e = [684 , 4 9 6 ] ;
l ayout = ” l o o s e ” ;
l i n ew id th = 1 ;

f i g = f i g u r e ( ) ;
f i g . Po s i t i on ( 3 : 4 ) = [336 , 3 1 5 ] ;
p l o t (massOut .∗1 e3 , heatInp .∗1 e−3, 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( 'mass out ( g ) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ' heat input ( kJ ) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ' heat input ( kJ ) vs mass out ( g ) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
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setLim ( gca , massOut .∗1 e3 , heatInp .∗1 e−3) ;
s a v e f i g ( f i g , ' f i g 1 ' )

f i g = f i g u r e ( ) ;
t i l e d l a y o u t (2 , 2 , ” Ti l eSpac ing ” , layout ) ;
f i g . Po s i t i on ( 3 : 4 ) = s i z e ;

ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , i e .∗1 e−3, 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' i n t e r n a l energy ( kJ/kg ) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' i n t e r n a l energy ( kJ/kg ) vs p o s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , x .∗1 e6 , i e .∗1 e−3) ;

ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , pe .∗1 e−6, 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' pre s su r e (MPa) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' pre s su r e (MPa) vs po s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim0 ( ax , x .∗1 e6 , pe .∗1 e−6) ;

ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , rpv , 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' r e s i n extent o f p y r o l y s i s ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' r e s i n extent o f p y r o l y s i s vs p o s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , x .∗1 e6 , rpv ) ;

ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , den , 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' dens i ty ( kg/m$ˆ3$) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' dens i ty ( kg/m$ˆ3$) vs p o s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim0 ( ax , x .∗1 e6 , den ) ;

s a v e f i g ( f i g , ' f i g 2 ' )

f i g = f i g u r e ( ) ;
t i l e d l a y o u t (2 , 2 , ” Ti l eSpac ing ” , layout ) ;
f i g . Po s i t i on ( 3 : 4 ) = s i z e ;
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ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , def , 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' vo lumetr i c compress ion ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' vo lumetr i c compress ion vs po s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , x .∗1 e6 , de f ) ;

ax = n e x t t i l e ;
p l o t ( ax , xe .∗1 e6 , dmg, 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' element damage ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' element damage vs po s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , xe .∗1 e6 , dmg) ;

ax = n e x t t i l e ;
p l o t ( ax , xe .∗1 e6 , efp , 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' accumulated p l a s t i c s t r a i n ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' accumulated p l a s t i c s t r a i n vs p o s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , xe .∗1 e6 , e fp ) ;

ax = n e x t t i l e ;
p l o t ( ax , xe .∗1 e6 , s t r e s s .∗1 e−6, 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' s t r e s s (MPa) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' s t r e s s (MPa) vs po s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , xe .∗1 e6 , s t r e s s .∗1 e−6) ;

s a v e f i g ( f i g , ' f i g 3 ' )

f i g = f i g u r e ( ) ;
t i l e d l a y o u t (2 , 2 , ” Ti l eSpac ing ” , layout ) ;
f i g . Po s i t i on ( 3 : 4 ) = s i z e ;

ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , te , 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' temperature (K) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' temperature (K) vs po s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , x .∗1 e6 , te ) ;
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ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , v , 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' v e l o c i t y (m/ s ) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' v e l o c i t y (m/ s ) vs p o s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , x .∗1 e6 , v ) ;

ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , q f l ux .∗1 e−9, 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' heat f l u x J/ns−m$ˆ2$ ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' heat f l u x ( J/ns−m$ˆ2$) vs p o s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , x .∗1 e6 , q f l ux .∗1 e−9) ;

ax = n e x t t i l e ;
p l o t ( ax , x .∗1 e6 , qinp .∗1 e−9./(m.∗1 e3 ) , 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( ax , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( ax , ' heat input J/ns−g ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ax , ' heat input ( J/ns−g ) vs p o s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim (ax , x .∗1 e6 , qinp .∗1 e−9./(m.∗1 e3 ) ) ;

s a v e f i g ( f i g , ' f i g 4 ' )

f i g = f i g u r e ( ) ;
f i g . Po s i t i on ( 3 : 4 ) = [336 , 3 1 5 ] ;
p l o t ( x .∗1 e6 , pegas .∗1 e−6, 'LineWidth ' , l i n ew id th ) ;
x l ab e l ( gca ( ) , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( gca ( ) , ' gas p r e s su r e (MPa) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( ' gas p r e s su r e (MPa) vs po s i t i o n ($\mu$m) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
setLim0 ( gca ( ) , x .∗1 e6 , pegas .∗1 e−6) ;
s a v e f i g ( f i g , ' f i g 5 ' )

f i l e = fopen ( s p r i n t f ( '%s/meso . inp ' , d i r e c ) ) ;
f o r i =1:23

l i n e = f g e t l ( f i l e ) ;
end
l i n e = s p l i t ( s t r t r im ( l i n e ) ) ;
ns = str2num ( l i n e {1}) ;
r e s i n i nd e x = str2num ( l i n e {2}) + 1 ;
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f o r i =1: ns
i f i ˜=r e s i n i nd e x

f i g = f i g u r e ( ) ;
f i g . Po s i t i on ( 3 : 4 ) = [336 , 3 1 5 ] ;
p l o t ( x .∗1 e6 , s p e c i e s ( 1 : end , i ) . / gasvol , 'LineWidth ' ,

l i n ew id th ) ;
x l ab e l ( gca ( ) , 'X ($\mu$m) ' , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
y l ab e l ( gca ( ) , ' dens i ty ( kg/m$ˆ3$) ' , ...

' I n t e r p r e t e r ' , ' l a t e x ' ) ;
t i t l e ( spec i e s names { i }) ;
setLim0 ( gca ( ) , x .∗1 e6 , s p e c i e s ( 1 : end , i ) . / gasvo l ) ;
s a v e f i g ( f i g , spec i e s names { i })

end
end

% se t p l o t l im i t s
func t i on setLim (ax , x , y )

xmin = min (x ) ;
ymin = min (y ) ;
xmax = max(x ) ;
ymax = max(y ) ;
x in t = xmax − xmin ;
y in t = ymax − ymin ;
xlim ( ax , [ xmin−.05∗ xint , xmax+.05∗ x int ] ) ;
yl im ( ax , [ ymin−.05∗ yint , ymax+.05∗ y int ] ) ;

end

% se t p l o t l im i t s with y l im i t s e t to zero
func t i on setLim0 ( ax , x , y )

xmin = min (x ) ;
ymin = 0 ;
xmax = max(x ) ;
ymax = max(y ) ;
x in t = xmax − xmin ;
y in t = ymax − ymin ;
xlim ( ax , [ xmin−.05∗ xint , xmax+.05∗ x int ] ) ;
yl im ( ax , [ ymin−.05∗ yint , ymax+.05∗ y int ] ) ;

end
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Figure D.1: Pyrolysis simulation of a high density carbon phenolic material in
an air environment, showing total heat input versus mass loss.
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Figure D.2: Pyrolysis simulation of a high density carbon phenolic material in
an air environment, showing the internal energy, pressure, extent of pyrolysis,
and density spatial profiles.
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Figure D.3: Pyrolysis simulation of a high density carbon phenolic material
in an air environment, showing the volumetric compression, damage, accumu-
lated plastic strain, and stress spatial profiles.
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Figure D.4: Pyrolysis simulation of a high density carbon phenolic material in
an air environment, showing the temperature, velocity, and heat input spatial
profiles.
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Figure D.5: Pyrolysis simulation of a high density carbon phenolic material in
an air environment, showing the total gas pressure and oxygen density spatial
profile.
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vation law in ALE formulations. Mecánica Computacional, XXVIII(November):1477–

1488, 2009.
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