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Abstract

Intelligent reflecting surface (IRS) is a promising technology that provides high throughput in
future communication systems and is compatible with various communication techniques, such as non-
orthogonal multiple-access (NOMA). This paper studies the downlink transmission of IRS-assisted
NOMA communication, considering the practical case of imperfect channel state information (CSI).
Aiming to maximize the system sum rate, a robust IRS-aided NOMA design is proposed to jointly find
the optimal beamforming vector for the access point and the passive reflection matrix for the IRS. This
robust design is realised using the penalty dual decomposition (PDD) scheme, and it is shown that the
results have a close performance to their upper bound obtained from the corresponding perfect CSI
scenario. The presented method is compatible with both continuous and discrete phase shift elements
of the IRS. Our findings show that the proposed algorithms, for both continuous and discrete IRS, have
low computational complexity compared to other schemes in the literature. Furthermore, we conduct a
performance comparison between the IRS-aided NOMA and the IRS-aided orthogonal multiple access
(OMA). This comparison shows that robust beamforming techniques are crucial for the system to reap

the advantages of IRS-aided NOMA communication in the presence of CSI uncertainty.
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I. INTRODUCTION

NE of the most recognized multiple-access techniques for future communication systems
() is the non-orthogonal multiple access (NOMA), which enables multiple users to share
the same resource block. These resource blocks could be orthogonal bandwidths, different time
slots or orthogonal spatial directions, when the system contains multiple-antenna access points
(AP). Contrary to NOMA, in the orthogonal multiple access (OMA) techniques, each resource
block is dedicated to only one user. Thus, by using NOMA, the system’s spectral efficiency is
potentially improved by a factor of K compared to OMA systems, where K is the number of
users served on each resource block. Despite all its benefits, the application of NOMA is limited
to the case where the directions of users’ channel vectors are similar [1]. Therefore, to broaden
the application of NOMA and improve its performance, intelligent reflecting surfaces (IRS) can

be utilized to manipulate the direction of the users’ channel vectors [2].

IRS is a promising technology for the next generation of wireless networks, improving both
spectral and energy efficiency through passive phase shifters that reconfigure the wireless propa-
gation environment [3]—[5]. IRS is compatible with numerous communication techniques, such as
millimeter-wave, Terahertz, physical layer security, simultaneous wireless information and power
transfer (SWIPT), unmanned aerial vehicle networks (UAV), MIMO, and NOMA [6]-[9]. Most
IRS-assisted system designs assume that cascaded AP-IRS-user channels are available at the AP,
as the estimation of IRS-related channels separately is difficult without active elements. Recent
works have addressed the issue of channel estimation error in IRS-aided systems, proposing
robust solutions [10]-[12]. Thus, in this paper, we focus on designing a robust IRS-aided NOMA

communication system.

A. Prior Works Regarding IRS-Aided NOMA

The application of the IRS for NOMA communication has attracted extensive research atten-
tion. In [2], the authors proposed a simple IRS-assisted NOMA downlink transmission. First,

they employed spatial-division multiple-access (SDMA) at the AP to generate orthogonal beams



by using the spatial directions of nearby user channels. Then, the IRS-assisted NOMA was used
to ensure that additional cell-edge users can also be served on these beams by aligning the
effective channels of cell-edge users with the predetermined beams. In [13], the performance
comparison between NOMA and two types of OMA, namely frequency-division multiple-access
(FDMA) and time-division multiple-access (TDMA) was studied in an IRS-aided downlink
communication network. The transmit power minimization problem was solved for discrete
phase shifters at the IRS. It was shown that TDMA is always more power-efficient than FDMA,
but the power consumption of TDMA compared to NOMA depends upon the target rate and
the location of the users. The authors of [14] investigated the spectral efficiency improvement
of NOMA networks by considering an IRS-aided single-input single-output (SISO) network.
Specifically, they attempted to enhance the performance of the user with the best channel gain,
while all other users depended on the IRS. The authors of [15] considered the downlink transmit
power minimization problem for the IRS-aided NOMA system. They addressed the resulting
intractable non-convex bi-quadratic problem by solving the non-convex quadratic problems
alternately, and to solve the non-convex quadratic problems, they employed a difference-of-
convex (DC) programming algorithm. In [16], for the first time, the sum rate maximization
problem was addressed for a MISO IRS-aided NOMA system in the downlink transmission.
By using the alternating optimization technique, they designed the passive phase shifts of the
IRS and the active AP beamforming vector, alternately, for two cases of ideal and non-ideal
IRS phase shifters. In addition, the authors of [17] introduced a fairness-driven solution for
optimizing the rate performance in an IRS-assisted NOMA system, where a max-min problem
was defined and solved for target decoding signal-to-interference-plus-noise-ratio (SINR) of all
users by employing a combined-channel- strength (CCS)-based user ordering method, resulting
in readily decoupling the problem. In [18], the downlink transmission of an IRS-aided NOMA
system was investigated in terms of the energy efficiency/spectral efficiency trade-off. A multi-
objective optimization problem was formulated for jointly optimizing the power allocation, active
precoding and passive beamforming. Then, the weighted sum method was used to transform
this problem into a single objective problem which was then solved via an iterative alternating
optimization algorithm, where in each iteration a convex optimization was solved by CVX. In
[19], [20], the authors aimed to maximize the sum rate in the uplink transmission of an IRS-aided
NOMA system, and they proposed a semi-definite relaxation (SDR)-based algorithm that reached
near-optimal solutions. The authors of [19] showed that the IRS-aided NOMA outperforms the



IRS-aided OMA in terms of the sum rate. The authors of [21], studied both uplink and downlink
transmission of IRS-aided NOMA and OMA systems. In [22], the authors investigated the
situations in vehicular communications where IRS-aided NOMA outperforms its counterparts
realized by OMA, and consequently presented an IRS deployment policy in hybrid access-
assisted vehicular networks. In [23], IRS-aided covert communications in the downlink and uplink
transmission were studied where a legitimate transmitter applied NOMA in communicating
with a covert user terminal and a public user through leveraging the uncertainty appeared in
the wireless environments, whereas the legitimate transmitter-covert user link remained hidden.
Authors of [24], studied the performance of IRS-aided NOMA systems with a particular focus
on 1-bit coding while taking the residual interference into account within successive interference
cancellation (SIC) scheme to avoid error propagation and quantization error and consequently
decoding errors. In [25], an IRS-aided backscatter NOMA system with only two user terminals
was studied and the closed-form outage probability expressions were derived and validated in
terms of the power allocation, the number of IRS reflectors, the IRS coefficients and the rate
thresholds. In [26], the power optimization of a secure RIS-aided NOMA communication system
was investigated to mitigate the information leakage to the eavesdroppers while the legitimate
users’ reception quality vulnerability was minimized. However, this study considered the channel
state information (CSI) uncertainty only for the eavesdropper and assumed that the perfect CSI
of the legitimate users were available at the AP through some channel estimation methods. The
authors in [27], presented a detailed overview of the IRS-aided NOMA communication systems

in the literature.

B. Motivations and Contributions

All of the aforementioned contributions have considered the availability of perfect CSI, while
due to the passive nature of the IRS, channel acquisition in IRS-aided systems is quite challeng-
ing, especially for IRS-related channels. Although, some papers have presented robust beamform-
ing designs for IRS-aided MIMO systems [10]-[12], [28], [29], to the best of our knowledge,
no one has ever considered the effect of CSI uncertainty entirely in IRS-assisted NOMA and
IRS-aided OMA systems. To address this issue, a robust design for an IRS-assisted NOMA
communication system is devised in this paper. To better clarify, the contributions of this paper

are summarized as follows:



« In this paper, for the first time, the channel estimation error is considered in the IRS-aided
NOMA communication, and a robust design for IRS-assisted NOMA is presented. To do
so, an approximation for the channel estimation error is derived and the rates of the users
are formulated based on the CSI uncertainty. Then, using the block successive upper bound
minimization/maximization (BSUM) [30], we calculate a tractable lower bound for the sum
rate. The penalty dual decomposition (PDD) technique [31] is utilised to design a joint
beamforming technique for the IRS and the AP that is robust to the CSI uncertainty. We
maximize the lower bound of the sum rate through a low-complexity iterative algorithm,
where in each step closed-form solutions are calculated for the optimization variables. The
performance of the robust IRS-aided NOMA is compared with that of the non-robust and
the perfect CSI scenarios.

« We establish a comparison benchmark by providing a solution for the sum rate maximization
problem in an IRS-aided OMA system. To this end, we present a robust IRS-aided OMA
design using FDMA and TDMA. By comparing NOMA and OMA in three cases of perfect
CSI, imperfect CSI with robust design and imperfect CSI with non-robust design, we
provide a new understanding of IRS-aided OMA and IRS-aided NOMA systems and their
performance in different situations.

o We consider both discrete and continuous IRS, and we present optimal solutions for pas-
sive beamforming in both cases, without increasing the computational complexity. These
passive beamforming methods are used for both IRS-aided NOMA and IRS-aided OMA
communication systems.

o Based on our results we can claim that: i) the proposed method is robust to channel
estimation error, ii) the computational complexity of the proposed algorithm is very low
compared to other methods in the literature, iii) IRS-assisted NOMA outperforms IRS-
assisted OMA in terms of spectral efficiency under perfect CSI scenario, and iv) in the
imperfect CSI scenario, the IRS-aided NOMA undergoes a critical performance loss and
in severe channel uncertainties, it performs inferior to IRS-aided OMA unless the robust
beamforming design is used. Thus, according to our findings, it can be claimed that con-
sideration of CSI uncertainty is crucial in IRS-aided NOMA systems, and the necessity of

a robust beamforming design is then highlighted.

The rest of this paper is organized as follows. The system model is presented in section



II. Section III is dedicated to the problem formulation of IRS-aided NOMA and section IV
provides the PDD-based algorithm as a solution. In Section V the IRS-assisted OMA system
is presented and the sum rate maximization problem is solved for FDMA and TDMA modes.
Section VI provides a complexity analysis for the IRS-aided NOMA and OMA designs. Section
VII includes the simulation results, and finally, section VIII concludes this paper. Throughout
the paper, the variables, constants, vectors and matrices are represented by small italic letters,
capital italic letters, small bold letters and capital bold letters, respectively. If A represents a
matrix, the element in its 7th row and jth column is represented by a;;, and its ith column/row
is referred to by a;. The notation |.| denotes the absolute of a variable, the notation ||.|| stands
for the norm of a vector or the Frobenius norm of a matrix, depending on the argument, and
||.]|oo stands for the infinity norm of a matrix. Also, Re{.}, (.)* and (.)¥ stand for the real part
of a complex variable, the conjugate of a complex variable and the conjugate transpose of a

complex vector/matrix, respectively.

II. SYSTEM MODEL

Consider the downlink transmission of an AP with /V antennas to 27 single-antenna users. This
transmission is aided by an IRS equipped with M phase shifters. A smart controller in the AP
is responsible for managing the IRS by sharing information and coordinating the transmission.
The power of the signals being reflected by the IRS multiple times is much smaller than that of
the signal reflected once, and thus it can be ignored [32]. We investigate an indoor application
undergoing a rich scattering propagation environment; hence, we consider only non-line-of-sight
(NLOS) channels in our model [33]-[37]. As shown in Fig. 1, the users are uniformly distributed
in a disc D, with the radius r,, where the AP is located at the centre. In addition, we assume
that this disc is broken down into two zones, i.e. a smaller disc D; with radius r; and the same
origin is located inside the disc D,. Specifically, the radius of D; is smaller than that of the D,,
that is r, > r;. Furthermore, L primary users are assumed to be randomly distributed in D;,
while K secondary users are uniformly distributed in the rest of D, outside D;, i.e. {D, — D;}.
Hence, user [ € {1, ..., L} and user k € {1, ..., K} are randomly scheduled and matched together
in a cluster. As the users in distinct clusters are allocated with orthogonal resource blocks owing
to employing frequency division multiplexing (OFDM), and consequently they might hardly

interfere each other, we aim to investigate the effects of intra-cluster interference rather than
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Figure 1: The system model and cluster design [38].

inter-cluster interference.The clusters here refer to a classification of effective channels into
superior and inferior channels in a NOMA system. For simplicity, we assume L = K, thus we
have Z clusters in the system, where Z = L = K.

According to Fig. 1, the channel vectors from the AP to the [-th primary user and the k-th

secondary user, and from the IRS to these users are denoted by h[f‘]pr e CxN, th}U’s e CN,

h[ﬁ]’p € CY™M and h[sz]J,s € C™M respectively, while each element of these vectors undergoes the

) ) . ! ! k !
Rayleigh flat fading, i.e. hE‘X]U,p N(0 5,[4]Up ), h AUs ~ CN(0, ,[4ng ) [I]U,p N(0 BIUp )

and h%s ~ CN(0, ﬁ%sl) where 5%]@, j[f(]]’s, ﬁIU , and 51Us represent the large-scale fading
coefficients of their respective channels. The channel matrix between the AP and the IRS is
represented by G ,; € CM*Y which also follows the complex normal distribution as vec(G a7) ~
CN (0, BarI), with B4; being its large-scale fading coefficient. It is assumed that the cascaded
AP-IRS-user channels are available at the AP imperfectly, and the source of this imperfection is
the mobility of the users. Hence, we can assume hgﬂU’p = ﬁ[fll]up + flEi]U’p, hgf]U’s = ﬁ%s + ﬁf}U’s,
h%’p — h!l wp t h[U , and h[k] = fl[fk&s + fl[lkl]] , where fl[ﬂU " fl[f]as, fl[IZ]UJ) and fl[lkz]]’S represent
the estimated channel vectors, and fl{ilap, flf]us, h[I”Up and h[k] stand for the channel estimation

error vectors with the following distributions
by, B, ~ CN(0,030T) 0
and

B%,p , B[I"/’(]LS ~ CN (0,0%,1). 2)

We assume only the distribution of channel estimation error caused by the users’ mobility with



respect to the AP and IRS, the estimated cascaded AP-IRS-user channels, and the estimated
AP-user channels are needed for the beamforming design [10]. Therefore, by defining an error
distribution as the estimation error threshold, we aim to compensate for a tolerated estimation
error together with optimizing joint AP-IRS elements. Note that the superscripts in the notation
of channels demonstrate the number of the user, and the subscripts inform us about the two
nodes of the channel and the type of the user, i.e. primary (p) or secondary (s). For example,
the subscript AU means that the channel in question is between the AP and a user. For the rest
of this paper, all superscripts in [.] represent the number of a user, the letter p in the subscripts

refers to a primary user, and the letter s in the subscripts refers to a secondary user.

Prior to optimizing IRS-AP elements, we should consider a user pairing policy for applying
NOMA to the users with the same dedicated resource blocks. The users are initially categorized
into primary and secondary users, located at the center and edge of a cell defined by the disk
D,. The pairing process involves selecting a primary user from those within D; and a secondary
user from those in D, — D; for each primary-secondary user pair. This paper investigates the

use of both continuous and discrete phase shifters for IRS:

o Continuous IRS: In an ideal case, the IRS phase shifters are continuous, i.e. the set of
phase shifts can be expressed as ¥; = {6;|0; = e/¥i 1); € [0, 27]}.

« Discrete IRS: In a non-ideal scenario, the phase shifts are selected from a discrete set of
phases, i.e. Uy = {6;]0; = ¢/¥i,4; € B}, where B = {332, m =1, ..., A} and A denotes
the number of possible phases that can be selected by each phase shifter of the IRS. In

other words, A implies the resolution of the phase shifters.

III. IRS-AIDED NOMA

L+K)x

We assume the information-bearing vector s € C( Lis expressed as

T
s = [Sz[)l],...,SI[)L],SLH,...,SSK}} , 3)

where sg] and s represent the signal intended for the /-th primary user and the k-th secondary

user, respectively. In this case, xg] = lepsg] and x 2 wkvssgﬂ] denote the transmit vectors
intended for the [-th primary user and the k-th secondary user, respectively, where w;,, and wy,

are their corresponding active beamforming vectors at the AP, and w;,w/" and w; w//  are



their corresponding transmit powers. The signal received by the [-th primary user and the k-th

secondary user are then written as

yz[]z] _ (hg‘]ap i h[fl%]7p‘I’GA1> <Xz[a” 4 x U]y 4 n][f] = hlixl] 4 plxMGsle) | nL”, 4)

PP p

4 = (Wl + B WGy ) (o xfw k) gl — X g pEx Rl g (5)

S S

where U(s,l,p) stands for the secondary user that occupies the same spectrum as that of the
[-th primary user, U(p, k, s) stands for the primary user that occupies the same spectrum as
that of the k-th secondary user, W represents the diagonal phase shift matrix of the IRS, and
h][,f] and h!™ are the effective channels between the AP and the users which are defined by
hg] = hZ]U’p—l—h%’p\I'G a7 and B = h[ﬂﬂs +h[]1§]]’S\IIG A1, respectively. Finally, ng] ~ CN(0,02)
and nl¥ ~ CN (0,02) represent the additive white Gaussian noise at their respective users. Now,

by reformulating the received signal in (4) and (5) in terms of the estimated channels, we have

ylI=hUxl 1 RUMGaD] 4 Ukl | BUMGap] 4 gl ©)
I NG I O T H NG N L) I )
where
hig, ) £ Bl g0+ VED - (®)
hif, o 2 B+ VE- ®)
v £ (diag (©))" = [0, ...,0u]. (10

In (8) and 9), A, | = diag (B}

c, IU{p,s}

nel and I:I[Ci]{p g = diag (fl[ﬁ] » S}) G 45 represents the cascaded channel estimation error. The

distribution of the effective channel estimation error vector fl[{i s} for large values of M is

) G 47 1s the estimated cascaded AP-IRS-user chan-

approximated by
1 L] 2
hy o ~CN (0,071), (11)

where 07 = 0%+ Moc?%; ;. The approximation in (11) is derived in the appendix of [10] where
it is shown that this approximation becomes more accurate when the number of IRS elements is
large. Also, it can be easily shown that this approximation remains valid whether the IRS phase
shifts are continuous or discrete. This approximation is valid for uncorrelated channels, however,
up to a certain amount of correlation is tolerable. The effect of channel correlation on the system

performance can be a topic to be analyzed in future works. We consider the decoding order {k,}



for decoding user k € {1,..., K} and user [ € {1, ..., L} while using the successive interference
cancellation (SIC) method. In other words, the [-th primary user first decodes the data flow of the
U(s, 1, p)-th secondary user, then by cancelling its resulting interference, it decodes its own data
flow. The k-th secondary user, then, decodes its own data flow by treating the signal from the
U(p, k, s)-th primary user as the interference term. With this assumption, the following theorem

can be presented.

Theorem 1. The achievable sum rate of the users is obtained by

Rlsum] Z Rl + Z R (12)

in which
|y’

1
R = ~ log (1 +
P 2 o
Z % (|| Wil [2 + |[Wersp).l12) +

is the minimum achievable rate of the l-th primary user and

=) (13)

’fl[k]wksP

1
R = — log, (1 n

BEWe )12+ B (W)l 2+ [[Wisll2) + %

is the minimum achievable rate of the k-th secondary user. In addition, the achievable rate of

the secondary user U(s, 1, p) when it is decoded by the [-th primary user is obtained as follows

o (1] 2
RUGLDI — 1Og2( (B We(s 1p).s| ) as)
S ~ (1 o2 02 )

z |h£ﬂwp + % ([[Wipll? + [[Wagsip) o] [2) + B

The proof of Theorem 1 is given in Appendix A. To ensure that the [-th primary user can
cancel the interference from the U(s, [, p)-th secondary user, the rate of the U(s, [, p)-th secondary
user when it is decoded by the [-th primary user should be no lower than the rate of the (s, [, p)-
th secondary user when it decodes its own data flow, i.e. Rsups’l Mo UG e o1 L)

I U(s.0.p)]
[17]. Based on (14) and (15), this can also be achieved if b Iﬁ LiCE ;;’i;' L
Wl P )

W(s,1,p),s |
= RIT 2ty

l e
o2 o2 .. .o

{1,..., L}, where by = 2 (||wip||* + [|We(s,ip).s| ) + Z. Now, we aim to jointly optimize the

active beamforming at the AP and the phase shifts at the IRS to maximize the sum achievable

data rate. Specifically, the optimization problem is formulated as follows

max SRy A+ RY
st |6=1,i€e{l,., M},
trace (WWH ) <P,

2 ﬁ[u( \Lp)]
P o IR

|1:11[7l]wl/{(s,l,p),k WM(S 1,p), 9|
‘Bg]wlpp“’bl - ‘hu(slp) |2+b l S {17~-.,_[/}7

(16)




where W = [Wy,,..., WL, Wi, ..., Wgk|, and P is the AP power budget. The optimization
problem (16) incorporates R;Ll] and R¥ which are nonlinear components with respect to (w.r.t)
v and W, and make the problem non-convex. Additionally, the final constraint in (16) implies a
strong and mutual coupling between v and W which can be hardly dealt with in its initial form.
On the other hand, it is obvious that most presented methods for optimizing IRS elements take
continuous phases in consideration for the reflection coefficients, whereas practical scenarios
impose discrete phase shifts making the optimization problem intractable. Hence, in this paper,
we aim to address this non-convex problem towards finding near-optimal solutions with a low

complexity form in both cases of continuous and discrete phase shifts.

IV. THE PDD TECHNIQUE

In this section, inspired by the PDD method [31], [39], we propose a novel algorithm to
solve the problem in (16). To this end, we first introduce a set of auxiliary variables as & =

{T,v, W, W}, where T = WYH? W = W, and we define

a7 BT RN T T (17)

With these definitions, the optimization problem becomes
max Zszl RI[J” + 25:1 ng}
s.t. 10| =1, ie{1,.., M},
trace (WWH) < P,

) (18)
, Led{l,..., L},

‘tl,lF < ‘tL—H/l(s,l,p),l

‘tL+U(s,l,p),L+Z/{(S,l,p)|2 < min{‘tl,u(s,l,p)JrL 2 }tLJru(s,l,p),l‘Q} . ledl, ..., L},
T=W{H? W=W.

Note that if the third and fourth constraints of (18) hold, then the third constraint of (16)
will definitely hold, but not vice versa. Please refer to Appendix B for further explanation.
Also, unlike the third constraint of (16), the two new constraints in (18) no longer have any
limitations on the level of estimation error and noise, but this feature is created by limiting the
feasibility region. In other words, by limiting the feasibility region, the third constraint of (16)
has been simplified. To obtain the augmented Lagrangian problem, all equality conditions except

for |6;] = 1,7 € {1, ..., M}, should be brought into the objective function [10], [39]. The reason

is that by keeping this condition in the constrains, a closed-form solution can be calculated



with projection. The details are explained later in subsection IV-A. This leads to the following

optimization problem

max Yor Ry o+ 3, BY - Q,(8)

s.t. 10 =1, ie{1,.. },
trace (WWH) (19)
|t < ’tL-H/{(slp clefl, .. L},

’ , }tL+u(s,l7p)’l‘2} , led{l,..., L},

’tL+U(5,l,P),L+U(s,l,p)| < mm{

where ), (S) is calculated by
L+K L+K L+K

(Zum Wt AullP+ YNty —wl

=1 j=1
In (20), w; and Ww; stand for the ith column of W and W, respectively. Also, hl] represents the

). (20)

j-th row of the matrix H. The penalty parameter for the Lagrangian function is denoted by -,
and A, and A, are the dual variables of the equality conditions in problem (18). The vector
Ay, is the ith column of the matrix A, and Ay, is the element in the ith row and jth column of
Ay,. The constraint T = WHH# s only necessary to hold for the diagonal elements of T and
the elements of T which represent the primary and the secondary users that are paired together.

Thus (20) can be rewritten by
L+K L+K L+ K

(Zuwl Wt AullP+ YNty —wl

i=1 j=1,
where J; = {jlj =1, j = L+U(s,i,p) or j =U(p,i — L, s)}. With this in mind, all other

) e

jGZ

elements of T can be set to zero. Now, in order to apply BSUM to (19), we introduce the

following theorem.

Theorem 2. The objective function of the optimization problem in (18) can be rewritten as

max. 3 (10g(c)) — aufila, $)) + S (1og(di) — dige(re. S)) 22)

QisTi,Cirdi =1

k=1
where
~ 0'2 0'2
filar, 8) = [1 = g'hllw * + é%HfJ?VVupH2 + 16 Wi ). [°) + ?"\QZIQ, (23)
_ 1. [K] 2 1. [K] 2 Ufb * 2 % 2 Ony. 12
u(ri, §) =1 = rph Wi [" + | Wk 0" + — (116 Weus) o7 + 17wl [7) + 5l ™

(24)

The proof of this theorem can be simply achieved by using the first-order optimality condition



on (22). Note that the function in (22) is convex w.r.t. the variables ¢;, r;, ¢; and d. To obtain
the optimal values for these variables, we set the derivative of (22) w.r.t. ¢/, ¢/, r;, and dj, to

zero, which results in the following solutions

7(S) = by vy 5)
4 NG 2 % 2 2 o2’
lhy w2 + 2 (|[Wipl 2 + [[Wusip.sl|?) + %2
, 1 Ihiw, |2
W"(S) = fila,S) = o, 9 — 9\ , 0%’ (26)
I\ 2 ([[wipl? + 1 Worgs sl ?) + %
o ltlgdvvks
(S) = HF] IING > 2 2) 4 oz’ @7)
Ih Wi 2 4 [ Wogks )2 + 2 (Wl 2+ [[Wesl?) +
Ok
dzpt(S) _ ;S =14+ n |h[ ]Wk s|2 . %)
9r(1%, S) B We 01012+ B ([ Wertuts)opl 12+ Wi [2) +

This theorem gives a lower bound for the objective function of (18) as

L K L
Z(ZRI[JZ] + ZREU = <10g(01) —afila,S > + Z <log (di) — dkgk(rk,3)>- (29)
=1 h=1 =1

This locally tight lower bound is tractable and by using it as the objective function, the following

optimization problem is driven

L
msin ;clfl(ql, +degk Tk, S) + Q4 (S)
s.t. 6| =1,4i€e{l,..,M},

trace (WWH) < P,

tal® < |trsusipma|®s 1€ {1, L},

2 .
|t sta(s.p) Lta(s )| < 00 {}tl,u(s,z,m

(30)

’ ; |tL+Z/l(s,l,p),l|2} , led{l, ... L}
Note that (30) is obtained by using the right hand side of (29) instead of the objective function

in (19), and removing the constant terms, log(¢;) and log(dy) from the objective function.

A. The BSUM Algorithm

By applying the BSUM method, the optimization problem in (30) can be solved via the

following steps, each resulting in a closed-form solution for a sub-set of the variables.

1) Step 1: Solving (30) for W: In order to determine the minimum point of the objective
function presented in equation (30) w.r.t. W, which is expressed as p(W) = Zlel afila,S) +
Zle digi(Tk, S)+Q~(S), the first-order optimality condition is employed. This involves setting



the derivative of the objective function w.r.t. Wlh; and W]?S to zero, as % = 0 and %’;&Y,V) =0.
b ’ l,p k,s

These equations result in

2
o ~ N ~ ~
Wip = <27|QZ|QCZ—Z}LI + 29|q PR+ 2 |ry ) Py DS PIRH DT 4 T

S

o S - - -1/ -
+ 27|7‘u(s,l,p)|2du(s,l,p)7h1 +h[HRl 4 hg"(s’l’p)]Hh[su(s’l’p)]> <Wz,p — Ay, + 2ycighll

+ h}[ﬂH(tzl + ’y)‘;klz,) + hEJ(s’lvp)]H(tzLJru(s,l,p) + 7)\21,L+u<s,z,p)))’ le{l,...,L}, (31)
2 aj 2 7 1 KIHT [K] 2, O 0 [U(p,k,s) | H, [U(p,k,8)]
Wi.s :(2”y|qu(p’kjs)| Cu(p7k73)71 -+ 2’)/|T’k| dkhs hs + 2’}/‘7’k| dkfz[ + I+ hp ” hp v
e\ — 1 . .
+ BRI (W = Y+ 29l B ()
LRGN (s yA;;LW(p’k,S))), ke{l,... K}, (32)

for the primary users and the secondary users, respectively. The results in (31) and (32) are

global minimum points of p(W), since this function is differentiable and convex w.r.t W.

2) Step 2: Solving (30) for W: Now, we need to consider the auxiliary variable W. The
corresponding optimization problem w.r.t W is a projection of a point onto a ball centered

at the origin'. The closed-form solution exists as
W = Pp(W +7A,,), (33)
where Pp(X) denotes the projection of X onto the convex set P.

3) Step 3: Solving (30) for T In this step, the optimization problem is solved w.r.t T. Similar
to step 2, we can obtain the variable T through projection. To do so, we project the points ¢;; and

trtu(s i) L+tu(sip)s VI € {1,..., L}, into the balls centered at the origin with radii [t7474(sp).|?

and min {}tw(s,l’pHL 2 , {tLJru(s,l’p),lF}, Vi € {1, ..., L}, respectively. In other words, 2L projec-

tions take place to solve the problem w.r.t T, as

tiy = Pp, (Wbl )\, ), (34)
tL""u(s’lvp)’LJ"u(svl:p) = PPQ (Wg(s,l,p),shg/[(s,hp)]l{ + ’7>\hL+M(SJ«P)7L+M(SJJ’))’ (35)

where Pp, (z) and Pp,(x) denote the projection of = onto the convex sets P, and P, respectively.

4) Step 4: Solving (30) for v: The final step is to solve the problem for the variable v. To do

so, we first replace hl by its definition in (8) and we write the objective function in (30) w.r.t

'The projection of a point X into a set X is defined by lgnig X — P]J|. In the case X is a sphere centered at the origin with
€

radius of R (X = {X|||X]| < R}), the projection of X is obtained by Rm.



the variable v. Assuming we have continuous phase shifters in the IRS, the problem could be

rewritten as

i Av7 —2Re{nv},
|9¢\=1,I§l€1{% ,,,,, M} VAV e{ v } (36)
where,
K
A= Z | PRI g AR G PRI g 2R g U0 k)] ko) (R
k=1
L+K L+K
+ ZCHQZ\ H z]HH e 4 Z Z H[J]W WHH[]]H 37
=1 1
Jed
L+K L+K A
n=> > t;wlHM - b wow/HW 1+ wiHDH
=1 j=1,
jed
K
+ de’f'kW[L+k]HH[L+k — dy|ry |2h[L+k] [L+K] [L—i—k]HH[L_,_k}
k=1

+ chql NHpH cl|ql|2f1[fll]Uw[l]w[l]HICIg}H. (38)

In (37) and (38), HC is the cascaded channel of the j-th user when j € {1, ..., L+ K}, and it is
defined by HY' = diag(fl%)G a1, where ﬁ[IJ]U is the j-th row of [le”U?;, - fl[ﬁ};, ﬁ%i, . h%]sT] .
Now for one specified 0y, k = 1, ..., M, the optimization problem becomes

lgn‘ax 2 Re{exb;}, (39)

in which e, = n, — Ef\ik 6;a;,. The solution to this optimization problem is
€k

@.

For a scenario where a discrete IRS is used with the discrete set of phases ¥y, the following

0 = (40)
optimization problem should be solved
2 Re{enb;}. (41)
The optimization problem (41) can be further simplified as
max 2 leg| cos(vy — Zeg). (42)

0,€® N k=1,... M

where Zej, denotes the argument of e;. The optimal solution to the problem in (42) can be found



as follows

2rm/

X —4ek>, m’e{1,...,A}}}. 43)

For instance, the solution to this optimization problem, given 1-bit phase shifters (A = 2), for

O, = {ejwm’m = argmax{cos (
m/

a specified 0y, k =1,..., M is given by

e/, Re{ex} <0
O = (44)

e?¥2 otherwise,
while for 2-bit phase shifters (A = 4), the solution to Problem (42) is
(ejwl, | Re{ex}| < |Im{ex}| and Im{ex} > 0,
e’2 |Re{ex}| > [Im{ex}| and Re{er} <0,

- (45)
ejw:s’ |Re{€k}| < \Im{ek}| and Im{ek} <0,

e’¥4, | Re{ex}| > |Im{ex}| and Re{e} > 0.
Given the solutions for a specific £ € {1,..., M} in (43), an iterative algorithm is proposed to
alternately optimize one phase shift while keeping the others fixed until final convergence. This

algorithm is guaranteed to converge in both cases of continuous and discrete IRS phase shifts.

The BSUM algorithm to solve the optimization problem in (30) is summarised in Algorithm 1.
The parameters are initialized at the beginning of the overall algorithm which will be explained
in the following sub-section. The termination criterion of Algorithm 1, is achieving a certain
accuracy for the variables, i.e. Algorithm 1 is terminated when (W, W,v,T) = |[[W(i) —
W (i — D +[[W (i) = W (i = D)l + [[v(i) = v(i = D)I[ + [|T(i) = T(i = || < noa(W, W, v, T),
where i is the number of iteration, 7o = 0.1, and a(W, W, v, T) = ||[W/||+|[W||+|[v|| +|T]|.

B. The Overall PDD Algorithm and Convergence Analysis

The PDD algorithm for solving Problem (30) is described in Algorithm 2. As described in
Algorithm 2, the PDD method is a double loop algorithm, where in the inner loop the optimization
problem is solved via the BSUM method and in the outer loop the dual Lagrangian variables and
the penalty parameter are updated. A detailed convergence analysis for the PDD algorithm using
the BSUM method is provided in [31], thus to avoid redundancy we only refer to [31] regarding
the convergence of this algorithm. Specifically, it is shown that under appropriate conditions, the

sequence generated by the PDD method tends to a KKT point of the main problem. In Algorithm



Algorithm 1 The BSUM method to optimize (30)
Repeat

1. Compute g™, r¥, ¢ and d¥* by (25)-(28)
. Compute W by (31), (32)

. Compute W by (33)

. Compute T via (34) and (35)

. Calculate A and n by (37) and (38)

AN L B W

. Repeat:
For k € {1,...., M}: Compute 6, by solving either (39) or (42)
Until v converges
7. Recalculate H with the updated v

Until some termination criterion is met.

2, the update method for the dual variable A, in the kth iteration is

Au(k) = Ay(k —1) + %(W(k) — W(k)). (46)

The other dual Lagrangian variable, Ay, is updated in the same manner. Also, the penalty

parameter in the kth iteration is updated by

V(k) = ¢y(k —1), (47)

where ¢ € (0,1) is a decreasing parameter.

Algorithm 2 The overall PDD algorithm

Initialize v, Ay, Ay,n,¢ v, W such that all constraints are met

Compute H based on (17), T = WIH? W = W.

Repeat
1. Optimize (30) via the BSUM method in Algorithm 1
2. 1If [(W ~W)T (T - WHI:IH)T] <mn: Update Ay, A, as in (46)
Else:  Update v by (47)

.

Until convergence criteria is met.




V. IRS-AIDED OMA

In this section we consider IRS-aided FDMA and TDMA communication systems to provide a
comparison benchmark for IRS-aided NOMA. Here, we consider a system containing U single-
antenna users. The IRS-user, AP-user, and AP-IRS channels are denoted by hIU, h[jl]U, and
G 47, respectively, where i € {1,...,U}, and the effective channel between the ith user and
the AP is represented by hll = h[jU + vdiag(h[ﬁ])(} ar- The estimated effective channel is
h =hl + vAY, where HY = diag(h!!,)G 4; represents the cascaded channel, and h', and
fl[ﬁ] are imperfect estimations for th‘]U and h[ﬁ], respectively. The channels and estimation errors
are generated similar to the IRS-NOMA scenario. Also, similar to the IRS-NOMA scenario, it
is assumed that the estimation error of the acquired effective channel follows the distribution
CN(0,071) where o} is calculated by (11). In the following, the FDMA and TDMA cases
are considered and a robust PDD-based solution is given that maximizes their sum rates. The
overall PDD algorithm for the FDMA and TDMA modes are similar to that of the NOMA mode
presented in Algorithm 2. The steps of the BSUM method are different, and they are presented

in the following sub-section with the revised formulas and parameters.

A. FDMA Mode

In the FDMA mode, the AP communicates with U users over U adjacent frequency resource

blocks. In this case, the achievable sum rate is calculated by

Rl h(kwlkl |2
Repma = Z log, (1 + | | ) (48)

Forllwh||? + o3

where wl*! is the active beamformlng vector for the kth user. The proof can be readily derived
with a similar approach to that of Theorem 1 in [10]. Assuming W = [wl!l, ..., wlU]], the resultant
optimization problem of maximizing the sum rate is written as

[sum]
max R
W,v FDMA

st |0l =1, ie{l,.., M}, (49)
trace (WWH) < P,
To solve this optimization problem, we employ the same PDD-based approach as we conducted

for IRS-NOMA. We introduce a set of auxiliary variables X = {W, W, v}, such that W = W.



We now obtain the following augmented Lagrangian problem

= E:hﬂk%2<1+'%ﬁHMHw+%ﬁ @A)

st |0 =1, ie{l,.., M}, (50)
trace (WWH ) <P,

where QTPVA(X) = % T Wl — %l 44X, [|2 To solve the problem using BSUM, we
employ the same procedure as in Theorem 2 and [39], to find a tractable locally tight lower

bound for the achievable sum rate. This lower bound is given by

e (B K42 1 )

0 + ) = maxlog,(c;) — ¢ ,
g2 ( %U}QLHWWHQ + %0721 Ck,qi( ga(cr) wf (ar) (51)
where f(qr) = |1 - QZB[HWWP + %HQZWWHQ + %\qkﬁ The optimal values of ¢;, and ¢, are

4
¢ = 52
qy ( ) |h[k]w[k}|2+%02||W[k}||2+%0'%’ (52)
[yl 2

Czpt(‘)() =1+ | w | (53)

FoTlwHTP + o2
The optimization problem can now be rewritten as
min 32,0, cef (g) + Q5PMAX)
s.t. 0] =1, ie{1,.., M}, (54)
trace (WWH) <P
Similar to the PDD-based algorithm we used for IRS-NOMA, by using the first-order optimality
condition, this problem can be solved in three steps w.r.t each of the variables individually. Then

through an iterative algorithm similar to Algorithm 2, the problem is solved.
1) Step 1: Solving (54) for W: The solution to this optimization problem w.r.t wi*, k €
{1,...,U}, is given by
SRR 1 -1 .
wk! :<27ck|qk|2h[kwh[k] + 5270k|qk|20i1 + I> X (W[k] + 2vcpgeh™H — ’y)\wk>. (55)

2) Step 2: Solving (54) for W: The optimization problem w.r.t W is equivalent to the pro-

jection of a point onto a ball centred at the origin, and it is solved similar to (33).

3) Step 3: Solving (54) for v: The solution to the problem w.r.t v is exactly the same as what
it was in IRS-NOMA, with A and n replaced by A and f, respectively, defined by

U
A = Z cilqe P HF Wk wFH Rk (56)
k=1
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n= cquw[k]Hﬂ[k}H — ck|qk|2flf}UW[k]W[k]HICI[Ck]H. (57)

C

Wk

=
Il

1

To be more specific, in the case of continuous IRS, the solution is given by (40) and in the case
of discrete IRS, the solution is driven by (43), depending on the resolution of the IRS, with the

new definitions of A and @ in (56) and (57), respectively.

B. TDMA Mode

In the TDMA mode, the communication between the AP and the users occurs in adjacent

time-domain resource blocks. In this case, the achievable sum rate is obtained by

U A
sum 1 h[k]w 2
Rk = 7> log, (1 ;b ) (58)
k=1

FoliwilP + Fo7

Hence, the optimization problem becomes

[sum]
max IR
W,v TDMA

s.t. |0;|=1,ie€{l,.., M}, (59)
trace (WWH ) < P.

Solving this optimization problem is similar to solving (49). We use the PDD-based scheme to
solve the optimization problem in an iterative algorithm, where in each iteration closed-form
solutions are given for each of the variables. To this end, the optimization problem is rewritten
based on the auxiliary variables in X as an augmented Lagrangian problem, and then the sum
rate is replaced by its tight lower bound, which results in the tractable optimization problem in
(54). The solution to the optimization problem in (54) in the TDMA mode, for the variables
W and W are given by (55) and (33), respectively. However, the solution of (54) for v is not
the same as FDMA or NOMA modes. Note that, unlike NOMA and FDMA, in TDMA the IRS
phase shifts for each user can be optimized separately over different time slots. The IRS passive
beamforming can be time-selective, however, it cannot be frequency-selective, thus in TDMA,
we have h!* = le;]U +vHHY in which v¥ denotes the value of v in the k-th time slot, where
user k is being served. With this fundamental difference in mind, the following optimization

problem should be solved for each k € {1,...,U}

min vIFAFVET 2 Ref{nvFT}
vl (60)
st 0F) =1, ie{1,.., M},
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where,

AR = ¢ |gp | PEF Wl B H A ©1)
Al = ¢ qwF HERH ck\qk|2ﬁﬁ“}]w[k]w[k]ﬂﬂ£’“m. (62)

To solve the equivalent problem (60), we can follow the same way as in (36). In this case, for

each time slot k£ and for one specific phase shift Hg-k}, The solution would be obtained as

&K

kK] _ j
oY) = W (63)
€k

(]

= M ZM 0,&??]. In the case of a discrete IRS, the solution would be calculated

3o ity TV
with the same approach as in (43).

where ¢

VI. COMPLEXITY ANALYSIS

In this section, the complexity of the proposed method is calculated and it is compared with
other techniques in the literature. The proposed scheme in Algorithm 2 is iterative, and each
iteration contains Algorithm 1. As the number of outer iterations increases, the accuracy required
for the termination of Algorithm 1 is achieved in fewer inner loop iterations. In the final iterations
of the outer loop, this accuracy is very close, and the inner loop ends in only one iteration.
Thus, on average, the number of inner loop iterations to achieve the required accuracy is very
low and does not affect the order of the computational complexity. In each outer iteration, the
computational complexity involves calculating the variables in steps 1 through 7 of Algorithm
1. This results in a complexity of O(U*N + U(N? + (3.5 + N)M? + 13M N)) for a total of
U = L+ K users in the system. Additionally, either the dual Lagrangian variables or the penalty
parameter need to be updated during this process. Note that in step 2 of Algorithm 2, the order of
complexity is the highest when the dual variables are updated, i.e. O(2U2N). Also, for updating
v, the maximum computational complexity is to calculate the values of A and n, which is done
only once in each iteration of BSUM (refer to step 5 and 6 of Algorithm 1). Considering a
scenario where M > N, U, and assuming the BSUM technique terminates in less than 10 steps,

the order of complexity for each iteration of Algorithm 2, for the IRS-aided NOMA, is

O (3UPN + U(N®+ (3.5 + N)M* + 13MN)) . (64)
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For the IRS-aided OMA, the order of complexity for calculating the dual variables is negligible,
thus only the complexity of Algorithm 1 needs to be considered here. In this case, the order of

complexity of each iteration of Algorithm 2 for IRS-OMA becomes
O (UN?+ (1+ N)M?+4MN)) . (65)

It is apparent that for large values of M, the computational complexity of IRS-NOMA and
IRS-OMA are in the same order.

The computational complexity of the proposed PDD-based algorithm for IRS-aided NOMA
is lower than that of the methods in the literature focusing on sum rate maximization in the
downlink. In this section, we compare the complexity of our proposed algorithm to those
presented in [16], [18]. In [16], an alternating optimization technique was used to find the
optimal active AP beamforming vector and the passive IRS phase shifts for the sum rate
maximization problem. The authors used the interior-point solver in CVX to solve the resulting
convex optimization problems in each iteration of their algorithm which scales up the order of

complexity. For instance, the complexity of each iteration of the algorithm proposed in [16] is
1

O(max(N,3U(U — D))V N log(—) + (3U? + M)*?), (66)
He

where (. 1s the accuracy defined in [16]. In [18], the authors presented an iterative alternating
optimization algorithm, where each iteration included three steps of solving convex optimization
problems using the CVX toolbox. The Computational complexity for each iteration of this
algorithm is

O((N*? 4+ (M + 1)*5 + U*?) log %), (67)

where p represents the accuracy of CVX. Now, consider a simple case where U = 2, . = 0.1
and p = 0.1. In this scenario, the complexity ratio of the PDD-based algorithm to the methods
in [16] and [18] is shown in Fig. 2. As shown in Fig. 2 the computational complexity of our

method is far less than the algorithms proposed in [16] and [18] for different system dimensions.

VII. NUMERICAL RESULTS

In this section, the performance of our proposed algorithm is evaluated in terms of the average
sum rate of the system. The NOMA system model under study contains L. = 3 primary users and

K = 3 secondary users, which is equivalent to U = 6 single-antenna users in the OMA scenario.
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Complexity Ratio

—»— PDD compared to [16], N=4 —#*— PDD compared to [18], N=4 [T
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Number of IRS elements (M)

Figure 2: The complexity ratio of the PDD-based algorithm to the algorithm in [16], i.e. %,
and the algorithm in [18], i.e. %.

An AP with N = 4 antennas communicates with the users and an IRS with M elements assists
this communication. Without loss of generality, we assume that the AP is located at the point
[0,0] at the center of Dy, and the IRS is located at the point [—0.25, 0.25]. The radius of D, and
D; are 1o = 1 km and r; = 0.3 km, respectively. The large-scale fading coefficients, Sy, Sru
and (47 are modeled by 3GPP standards in [40], where each large scale fading coefficient is
calculated by 10log;,(8) = —10 — 201og;(d) + Zsneq- In this model, d represents the distance
between the two nodes in km and the parameter 2,4 1S @ random variable with the distribution of
Zshad ~ CN(0,02,,,) where 0%, , = —22 dB represents the shadowing. Unless stated otherwise,
it is assumed that the noise variance at each user is 02 = —10 dB, the transmission power of
the AP is P = 1, and the estimation error variances are o> = ¢%;, = 0%, = —10 dB. In the
IRS-NOMA scenario, we utilized the policy presented in [41], where the users are paired based
on their direct channels to AP. To be specific, for a NOMA system with U = 27 users, the
1, «++j=U+1;
optimal pairing policy is u; ; = , where u; j, 1,7 € {1,...,U} stands for

0, Otherwise,
a coefficient showing that the i-th user is paired with the j-th user if its value equals 1. Therefore,

the overall pairing policy follows an appropriate condition for using NOMA by having a weak
channel and a strong channel respectively for the edge user and the central user. The simulation
parameters for Algorithm 2 are ¢ = 0.95, n = 0.3, v = 4.518, and the dual Lagrangian variables
are initialized by setting all of their values to 0.1. To initialize the variables W and v at the
beginning of the algorithm (iteration zero), we set W? = 0.9 /52 (1 + j1) and v* = 1, where

1 is an all-one matrix/vector with the appropriate size. In our simulations, “perfect CSI” refers
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(a) Comparison between NOMA and IRS-NOMA. (b) IRS-NOMA in different levels of CSI uncertainty.

Figure 3: Evaluation of the IRS-NOMA system in terms of robustness to CSI uncertainty.

to the scenario where there is no CSI uncertainty (0% = o4, = 0%; = 0). "Robust” refers to a
case where o # 0 and we use the beamforming design that is robust to the CSI uncertainty,
which is presented in Algorithms 1 and 2. ”Non-robust” refers to a case where o2 # 0, however,
the AP is unaware of this CSI uncertainty. This can be realized by setting o7 = 0 in all of the

formulations that are used in Algorithms 1 and 2. This inherently effects the output rate.

In Fig. 3 we evaluate the robustness of the proposed scheme to CSI uncertainty. Specifically,
Fig. 3.(a) compares the IRS-aided NOMA system with the case where NOMA is used without
the assistance of an IRS. In Fig. 3.(a), the average sum rate is demonstrated versus the variance
of channel estimation error, for three NOMA systems, one without IRS, one with an IRS of size
M = 10, and one with an IRS of size M = 60. It is shown that even with a small-scale IRS
with only a few tens of antennas, the system performance is much better than when IRS is not
employed. The advantages of IRS-NOMA are due to the capability of the IRS to modify the
propagation environment such that the direction of users’ channel vectors become more alike.
Furthermore, the ability of the system to cancel out the channel estimation error is improved by
the number of passive elements in the IRS, since the IRS creates more degrees of freedom for
the system. In Fig. 3.(b) the sum rate is depicted versus the number of IRS elements (/) for
three cases of robust design, non-robust design and perfect CSI. It is shown that the performance
of the proposed robust method is better than the non-robust case. Note that, as M increases, the
gap between the robust design and the non-robust structure widens as a consequence of using

the approximation in (11) which is only accurate when M is large [10]. In other words, by



25

iy
N
T
-
N
T

—_
o
T
—_
o

oo
T
(o]

(o]

[}
T

—*—NOMA, perfect CSI —<— FDMA, non-robust

—*—NOMA, perfect CSI —*—FDMA,Robust,c=-10dB

—o—NOMA, robust —+—TDMA, perfect CSI
4 [{—>— TDMA, perfect CSI —<— FDMA,Non-robust,c=-10dB 4 NOMA, non-robust —&—TDMA, robust
—4—FDMA, perfect CSI —&—NOMA,Robust,s=-10dB —— FDMA, perfect CSI —*—TDMA, non-robust

Average sum rate (bit/sec/HZ)
Average sum rate (bit/sec/HZ)

||—¢— TDMA,Robust,o=-10dB —&—NOMA,Non-robust,o=-10dB
—— TDMA,Non-robust,o=-10dB

N
T

n

—— FDMA, robust

-30 -25 -20 -15 -10 -5 0

0 50 o2 (dB)

100 150 200 250 300
Number of IRS elements (M)

(a) Comparison in terms of Number of IRS elements. (b) Comparison in terms of CSI uncertainty.

Figure 4: Comparison among IRS-aided FDMA, TDMA and NOMA.

increasing M, the system becomes more robust. Through simulation, we verified the validity of
the approximation in (11) for M > 50, where the amount of uncertainty in this approximation

drops to less than 2% of o7.

Fig. 4 presents a comparison between IRS-assisted NOMA and OMA systems, i.e. TDMA
and FDMA, in three cases of perfect CSI, imperfect CSI with robust design, and imperfect CSI
with non-robust design. In Fig. 4.(a), the average sum rate is shown versus the number of IRS
elements, for 02 = —10 dB. Here, it is demonstrated how IRS-aided NOMA outperforms OMA
in terms of average sum rate. It is noteworthy that, in case non-overlapping resource blocks are
dedicated to users, the throughput of NOMA should be theoretically twice that of OMA thanks
to employing twice as many resource blocks as OMA, and IRS is a beneficial tool for realizing
such a situation. However, in practice, there would be some residual co-channel interference due
to non-ideal similarity in the directions of users’ channels. It is also shown that TDMA has a
superior performance than FDMA. This is driven by the IRS’s time selectivity through TDMA,
i.e. in TDMA the IRS phase shift matrix is adjusted for each user separately, while in FDMA
the phase shift matrix should be in charge of optimizing both users’ propagation environments
at the same time, making the IRS less flexible to the channel variation [13]. In other words,
FDMA is not able to fully leverage the degree of freedom rendered by the IRS. Fig. 4.(b)
depicts the system average sum rate versus the variance of the channel estimation error (c2).
It is assumed here that an IRS with M = 60 elements aids either of the NOMA, TDMA or
FDMA communications. As shown in Fig. 4.(b), in the perfect CSI scenario, IRS-NOMA always
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Figure 5: Comparison between the two cases of continuous and discrete IRS.

renders superior performance compared to IRS-OMA due to channel reconfiguration abilities of
the IRS. However, by increasing the channel estimation error, the performance of the non-robust
IRS-NOMA drops quickly until it becomes fairly close to the performance of IRS-TDMA in
larger values of o2. This limitation stems from the fact that for a high CSI uncertainty level,
the system operates in a noise-dominant environment, and the promising features of the IRS
can hardly extend to the case with severe CSI uncertainty. As shown in Fig. 4.(b), the robust
IRS-NOMA design can compensate for the performance losses due to the CSI uncertainty. Thus,
Fig. 4.(b) proves that to benefit from the advantages of the IRS-NOMA, having a beamforming

design robust to the channel estimation error is crucial.

Fig. 5 demonstrates the effectiveness of the proposed robust PDD-based methods for a discrete
IRS with phase resolutions of A € {2,4} by comparing their performances to those of a
continuous IRS. In Fig 5.(a), the average sum rate of the robust IRS-NOMA scheme is shown
versus M for different levels of CSI uncertainty. The performance of the discrete method where
A = 4 is very close to that of the continuous IRS-NOMA. In case A = 2, there is a performance
loss in the system due to the smaller resolution of the IRS elements, yet this performance loss is
negligible. In summary, the proposed method using a discrete IRS can achieve a high performance
in IRS-NOMA with a less complex structure. Fig. 5.(b) displays the average sum rate versus
M for robust IRS-aided OMA under CSI uncertainty of ¢ = —10 dB. It is revealed that the

performance loss of the discrete IRS designs are negligible compared to the continuous IRS
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Figure 6: Performance of the system in terms of BER.

designs. Thus, by using a discrete IRS, we can reduce the hardware complexity while avoiding

severe performance loss in IRS-OMA systems.

In Fig. 6, the performance of the IRS-aided NOMA system is studied in terms of bit error
rate (BER) for an uncoded BPSK modulation. In Fig. 6.(a), we employ both continuous and
discrete phase shifters with different resolutions, in an IRS with M = 150 elements. Fig. 6.(a)
shows the significance of estimation error cancellation in an IRS-aided NOMA system. Note
that in the IRS-NOMA system, the transmission power, i.e. trace(WW?), depends on many
system variables such as the value of CSI uncertainty o7. Thus, the SNR changes with system
variables. The SNR for achieving the results in Fig. 6.(a) was in the range of [0,4.5] dB. Fig.
6.(b) presents a performance comparison between the presented method in the Algorithm 2 and
the method proposed in [18]. It is shown that in a perfect CSI scenario, the method presented in
[18] achieves a better performance, but in the case of imperfect CSI, the proposed robust design
can compensate for the CSI uncertainty up to an acceptable level. As discussed in Section VI, the
order of computational complexity of the proposed method is far less than those presented in the
literature. However, there is a trade-off between performance and complexity. To be specific, by
choosing the accuracy threshold for Algorithm 1 as 79 = 0.1, we can maintain low complexity at
the cost of performance, but in case we set a better accuracy for the termination criterion, i.e. for
any 7 < 0.1, better results can be achieved at the cost of high computational complexity. Thus,
in the presented PDD-based scheme, we have a trade-off between performance and complexity

and based on our system requirements and limitations, we can choose the right value for 7y to
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achieve the desired result. Based on our simulations, by setting 7y = 0.1, we can maintain a low

complexity while the algorithm performs well.

VIII. CONCLUSION

This paper investigated the benefits of using IRS in a NOMA communication system. We
jointly optimized the AP beamforming vector and the IRS entries under imperfect CSI, to
maximize the sum rate. The PDD algorithm was applied to design a robust joint beamforming at
the IRS and the AP. The proposed method was an iterative algorithm with closed-form solutions
in each step, resulting in a low computational complexity. Two cases of continuous and discrete
IRS were considered, and a low-complexity solution was proposed for the discrete phase shift
selection. Numerical results demonstrated the efficiency of the robust design compared to the
non-robust and the perfect CSI scenarios. In addition, the study compared NOMA to OMA in
two scenarios involving IRS-assisted FDMA and TDMA systems, and concluded that the robust
IRS-aided NOMA technique outperforms the robust IRS-OMA in terms of spectral efficiency.

APPENDIX A

PROOF OF THEOREM 1

LetZ ( %1]9 s y‘[{g s} |h » S}> be the conditional mutual information of primary user ¢ conditioned
on estimated channel vector h[{i s Note that {p, s} is replaced with p if user ¢ is a primary user,
and replaced with s if user ¢ is a secondary user. Expanding Z < Xips} y i s}‘h[{l;]; S}> in terms of

the differential entropies results in

[i] hl [i] [i] [i] hi
1 ( Xy ) Uy I, s}> ( SR s}> —H ( SRR s}> : (68)
The first term on the right-hand side of (68) simplifies to log, det (27reV¥]]) S}> where VP g = =

IE{ [{ZI]) X [{Zﬁ}} denotes the transmit co-variance matrix related to x[{’l’s} [42]. The second term
of the right-hand side of (68) is upper bounded by the entropy of a Gaussian random variable
[43] as follows

VM h[l]H h V[Z]
). ©

[4] [l] [4] {p.s} " {p.:s} {p:s} " {p.s}
A 1y, 0y ) < Togy et (2me(V] ) — P B pEA i
{p,s} " {p,s} {p,s} {p,s}

in which

p

ri 2 % (0121 trace (V][j]) + o7 trace (VLU(S’Z”’)]) + 0,21) , (70)
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- - 1
[k 2 plk }HV[U phs)pkl Z (0,21 trace (Véu(p’k’s)}) + o trace (VL’“]) + ai) . (71)
Now, we employ the Woodbury matrix identity as follows
(A+BCD)'=A'—A'B(C"'+DA'B) ' DA (72)

and D = h%]j S}Vg o+ and using (72), it is concluded

h[z} h[l] VM )

AL i1 i
Assuming A =1, B = h{p s C= I‘{p 5
OH 20 1l
o hphG Ve <I N
Wl fOE ol
by Vs psy T T

Thus, the right hand side of (69) can be rewritten as

| E pli
log, det <27reVM (I—A {ps} {po} ~ (s} ))
ey \\ TR B pEA W
{p,s} * {p,s} " {p,s} {p,s}
HH Tl <l
(I +h{ps}h{ps}v{ps}> )
]
11{1778}

{p,s} {p,s} * {p,s}

i
Tis)

(73)

=log, det <27T6V¥; 5

| BIH Ryl
=log, det <2W€V£Zj)7s}> — log, det (I+ ) F{[Z’s} e} > (74)
{p,s}

Exploiting (74) and employing Sylvester’s determinant theorem, i. e., det(I + AB) = det(I+

BA), (69) is rewritten as

NULENURIRAD
’H( LT )<log det (27TeV (1 L {gs} {ps} ))
T 2 TR VIR

{p.s}
‘ hid i paHE
= log, det (27T€V[{i’s}> — log, det (1 4 Pt F[E]p s A, s}>. (75)
{p.s}

Consequently, assuming E{|s . s}| } =1 and utilizing (75), (68) leads to

| h v onY b wia
z( i |hM) > log, det (1 T ) I ) s *) — log, (1 n Mal ] ) (76)
X5} {p s} i g
{p.s} {p.s}
Thus, the minimum achievable rates of the [-th primary user and the k-th secondary user are

fl[l}wl 12

R =1og, (1 + by wi, >> (77
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flLk] e
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b Wy e,s)0% + 03 ([Weipis) ol 2 4 [[Wis|[2) + 02



30

APPENDIX B

FURTHER EXPLANATIONS ON THE CONSTRAINTS OF PROBLEM (18)

In this appendix, we provide further explanations on deriving the third and fourth constraints of

. . I8y We (5,001 P sl
(18) from the third constraint of (16). In (16), we have —fg el > — ol ] ¢
|hp Wl,p|2+bl |hs P Wl,p‘2+bl
{1,...,L}. Based on our definitions of T = WHHA W = [wy,, ..., WL, Wi ..., Wk
~ ~ ~ ~ T 2
A 1T LT {1 T K| T . . . truis
and H £ hIE,] ,...,hj[o] ,hg] ,...,hL ] , this ratio can be rewritten by %—Qﬁr’a” >

|t L (s, tp) L+ (s, )
t1, L+ea(s,1,p) 1200

(18), based on the following theorem.

. Now, this constraint can be replaced by the third and fourth constraints of

Theorem 3. Given the four non-negative real variables a,b,c,d > 0, ifa > ¢, a > b and d > c,

7 a C
for all non-negative real values of K we have R 2 AR

Proof. 1t is apparent that if a > ¢ and d > b, the inequality ;7= > % holds. Thus, the proof

is complete if d > b. In the case where b > d, only one option exists to arrange the variables,

that is 0 < ¢ < d < b < a. In this case, suppose that the inequality does not hold. We have
a c a(d+ K) —c(b+ k)

K)— K
b+K<d+K 0T K+ K) <0— a(d+K)—clb+K)<0—

ad — cb) + K(a — ¢ <Oﬁ> ad < cb — g<£,
b d

where {1} results from the fact that K (a — ¢) > 0. Now, based on our original assumption of

(79)

0<e¢c<d<b<a wehave 2 > 1 and fl < 1. Hence, the resulting inequality in (79) is

b
5k = 71k holds. Thus, the proof is conducted. [

inaccurate which proves that the inequality
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