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Abstract Radiative corrections are crucial for modern
high-precision physics experiments, and are an area of active
research in the experimental and theoretical community.
Here we provide an overview of the state of the field of
radiative corrections with a focus on several topics: lepton–
proton scattering, QED corrections in deep-inelastic scatter-
ing, and in radiative light-hadron decays. Particular emphasis
is placed on the two-photon exchange, believed to be respon-
sible for the proton form-factor discrepancy, and associated
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Monte-Carlo codes. We encourage the community to con-
tinue developing theoretical techniques to treat radiative cor-
rections, and perform experimental tests of these corrections.
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1 Introduction

Radiative corrections are of central importance for modern
high-precision, sub-atomic physics experiments. In order to
extract physical observables from experiments with percent
precision, radiative corrections on the experimental observ-
ables need to be known to sub-percent precision. Modern
tools to calculate the size, and to estimate the uncertainty, of
these corrections are a subject of active research in the field.
Frameworks for determining these effects can be developed
and must be checked experimentally.

In modern experiments the radiative corrections for QCD
and QED interactions are of particular interest. QCD systems
(e.g., nucleons or light nuclei) are often probed in scattering
experiments, which allow for precision extractions of form
factors and structure functions. Typical probes are leptons
or photons, since they have no internal structure themselves.
Traditionally, the electron would be used as the lepton in
scattering experiments as it is stable, but its low mass allows
for significant external radiation. This becomes a challenge
as experiments move to ever higher energies in the deeply
inelastic scattering regime. In modern experiments, the muon
serves as an attractive alternative to the electron, as its higher
mass typically leads to smaller radiative corrections. In the
case of QCD systems being studied via meson decay chan-
nels, hadronic and QED corrections can be of similar and sig-
nificant size. In e+e− interactions, special care must be taken
to not neglect the mass of the electron in order to achieve the
requisite experimental and theoretical precision.

The topic of radiative corrections is quite broad, and as
such in this review article we focus on a few selected top-
ics. This work follows from an ECT* workshop on radiative
corrections [1], and the topics covered reflect the discussions
and presentations of that workshop. In Sects. 2 to 4, we focus
on the process of elastic lepton–proton (	p) scattering where
	 = e, μ can be an electron or a muon. We cover both polar-
ized and unpolarized scattering, although we primarily focus
on the unpolarized case. In Sect. 2, we start with the theo-
retical base and the classification of radiative corrections. In
Sect. 3, we study an important class of radiative corrections
— the two-photon exchange (TPE) contributions, which for
hadron targets require knowledge of hadronic structure. In
Sect. 4, event generators for scattering experiments are dis-
cussed. In Sect. 5, we consider higher-order corrections to
the purely QED process of e+e− annihilation in the deeply
inelastic regime. Again, while we focus on the unpolarized
case, we provide an overview of polarized measurements.
In Sect. 6, we discuss the corrections for radiative decays of
light mesons. Finally, we summarize the state of the field, and
give recommendations to those involved for a path forward
to push the global understanding of radiative corrections to
higher precision than exists today in Sect. 7.
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Fig. 1 Generic 	p scattering (left panel), tree-level Born diagram (right
panel)

2 Lepton–proton scattering

Scattering experiments allow experimenters to probe the
structure of the target. From a measurement of the unpolar-
ized 	p scattering cross section, one can for instance deter-
mine the proton electric and magnetic Sachs form factors
(FFs), G E (Q2) and G M (Q2), functions of the momentum
transfer t = q2 = −Q2 with q = k1 − k2 = p2 − p1,
where p1 (k1) and p2 (k2) are the incoming and outgoing
proton (lepton) four-momenta, respectively. The Born cross
section of elastic 	p scattering, given by the tree-level one-
photon exchange (OPE) diagram in Fig. 1 (right panel), can
be written in a compact form as

dσ (0)

d

= σ0 τ

ε(1 + τ)
σR, (1)

with the reduced Born cross section

σR = G2
M (Q2) + ε

τ
G2

E (Q2), (2)

and the elementary cross section σ0 [40,94,119] for a point-
like spin-1/2 target with electric charge of the proton, van-
ishing magnetic moment, and arbitrary lepton kinematics

σ0 = 2Mα2

Q2

ε

1 − εT

|k2|
|k1|

1

M + ε1 − ε2
|k1||k2| cos θ

. (3)

In the limit of an infinitely heavy target, M → ∞, and for
ultra-relativistic leptons, σ0 reduces into the Mott cross sec-
tion:

σ0 → σMott = α2ε2 cos2 θ/2

4ε3
1 sin4 θ/2

, (4)

Here, we introduced the photon polarization parameter

ε = ν2 − M4τ(1 + τ)

ν2 + M4τ(1 + τ)(1 − 2ε	)
, (5)

and the degree of linear polarization of transverse photons
εT

εT = ν2 − M4τ(1 + τ)(1 + 2ε	)

ν2 + M4τ(1 + τ)(1 − 2ε	)
, (6)

as well as the dimensionless quantities τ = Q2/4M2, ε	 =
1/(2τ	) and τ	 = Q2/(4m2

	), and the crossing-symmetric
variable ν ≡ k1 · (p1 + p2)/2 = (s − u)/4, with M (m	)

the proton (lepton) mass, and where s and u denote the
usual Mandelstam variables of the elastic scattering pro-
cess of Fig. 1. Furthermore, α � 1/137 is the usual fine
structure constant, ε1 (ε2) and k1 (k2) are the energy and
three-momentum of the incoming (outgoing) lepton, and θ

is the scattering angle in the laboratory frame, see Eq. (2).
The squared momentum transfer Q2 can be conveniently
expressed as

Q2 = M + ε1 sin2 θ −
√

M2 − m2 sin2 θ cos θ

(M + ε1)
2 − k2

1 cos2 θ
2Mk2

1. (7)

The extraction of the FFs, cf. Eq. (3), is done via Rosen-
bluth separation [2], which requires measurements at the
same momentum transfer Q2 but for different energies and
angles. To recover the Born cross section, the experimen-
tally measured cross section needs to be corrected for radia-
tive corrections, cf. Refs. [3–11]. These change not only the
absolute value of the cross section but also its dependence on
the relevant kinematical variables. In general, theO(α2)Born
cross section has to be corrected by additional virtual photons
or inelastic scattering with emission of real bremsstrahlung.

2.1 Radiative corrections

In this subsection, we discuss the calculation of cross sections
in a perturbative expansion of the electromagnetic coupling
α. While many remarks are valid for arbitrary processes, we
will illustrate the general procedure for elastic 	p scattering

	(k1, h) + p(p1, λ) → 	(k2, h′) + p(p2, λ
′) (8)

where k1(k2) and p1(p2) are the incoming (outgoing) lep-
ton and proton momenta, and h(h′) and λ(λ′) the respective
helicities.

The Born or leading order (LO) cross section for elastic 	p
scattering, given in Eq. (1), is of O(α2 Z2) and is a function
of G E (Q2) and G M (Q2). These form factors are depicted as
grey blobs in Fig. 2 and, for each appearance, a factor Z , the
total charge, is included in the counting of the couplings. To
improve the theory description, next-to-leading order (NLO)
corrections to Eq. (1) have been computed in Refs. [3–8].
The NLO corrections can be decomposed into several gauge-
invariant parts. The one-photon exchange (OPE) contribu-
tions are of the formO(α3 Z2) and also include vacuum polar-
isation (VP) corrections. They are illustrated in Figs. 3 and
4, respectively. The TPE contributions, depicted in Figs. 5
and 6, are O(α3 Z3). Finally, corrections to the proton line
are of O(α3 Z4), with a sample contribution shown in Fig. 7.
These corrections change not only the absolute value of the
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Fig. 2 Schematic illustration of the squared LO amplitude A(0)A(0) ∗
for lepton–proton scattering. Leptons (protons) are depicted as single
(double) lines and the grey blobs represent the form factors

Fig. 3 An example contribution O(α3 Z2) to the squared NLO ampli-
tude with photon emission restricted to the lepton line. The virtual (v)
cut represents A(1) A(0) ∗ whereas the real (r) cut represents |A(0)

γ |2

Fig. 4 An NLO correction due to VP contributions. The virtual (v) cut
represents A(1) A(0) ∗

observables but also their dependence on the relevant kine-
matical variables, e.g., the square of the transferred momen-
tum Q2 and the photon polarization parameter ε, defined
in Eq. (5).

If the radiative corrections are small, an NLO calculation
might be sufficient. For sufficiently inclusive observables,
these corrections are sometimes included as a multiplicative
factor without a precise description of how additional radi-
ation is treated. The error associated to this procedure is at
the percent level. Radiative corrections can lead to contri-
butions that are enhanced by large logarithms of the form
L = ln (Q2/m2

	). As we will discuss below, these are asso-
ciated with hard collinear radiation. Another source of large
logarithms are stringent experimental cuts that restrict the
phase space for soft emission. As a consequence, modern
high-precision experiments are required to introduce higher
order corrections and a more sophisticated treatment of real
radiation.

Fig. 5 An example contribution to the squared NLO amplitude
O(α3 Z3) with elastic TPE. The virtual (v) cut represents A(1) A(0) ∗
whereas the real (r) cut represents |A(0)

γ |2

Fig. 6 An example contribution to the squared NLO amplitude with
inelastic TPE. The virtual cut (v) represents A(1) A(0) ∗ whereas the real
cut (r) represents |A(0)

γ |2

Fig. 7 An example contribution O(α3 Z4) to the squared NLO ampli-
tude with photon emission restricted to the proton line. The virtual (v)
cut represents A(1) A(0) ∗ whereas the real (r) cut represents |A(0)

γ |2

This leads us to consider fully differential computations of
cross sections which allows one to obtain precise predictions
for fiducial cross sections. To keep full generality, the phase-
space integration needs to be adaptable to the experimental
setting. As a result, it is necessary to revert to numerical inte-
grations, which are most efficiently carried out using Monte
Carlo (MC) techniques.

For a LO description of a differential cross section dσ (0) ∼
α2 Z2, the tree-level matrix element squared |A(0)|2, depicted
in Fig. 2, is to be integrated over the two-body phase space
�2. Thus,

dσ (0) =
∫

d�2 |A(0)|2 S(k2, p2), (9)

where the so-called measurement function S(k2, p2) gives a
precise definition (including cuts) of the quantity to be com-

123



Eur. Phys. J. A            (2024) 60:91 Page 5 of 52    91 

puted in terms of the momenta of the final state particles. For
simplicity, trivial elements such as the flux factor are also
included in S. A simple way to understand the measurement
function is to view it as being equal to 1 for a particular bin in
a histogram of a particular observable, and equal to 0 other-
wise. Then, Eq. (9) gives the value of the distribution in this
bin. This way, fully differential cross sections for arbitrary
observables can be computed. Obviously, in practice all bins
of all histrograms are filled simultaneously. An example of
a measurement function for a three-jet cross section can be
found in Ref. [12].

Going beyond LO, we encounter ultraviolet (UV) and
infrared (IR) divergences. After renormalization, in a QED
calculation where all fermion masses are kept at their finite
values, only soft IR divergences remain. These soft singular-
ities cancel between the virtual and real corrections. At NLO
this is illustrated in Fig. 3, where some corrections due to
photon emission from the lepton line are shown. The virtual
corrections are obtained as

dσ (1)
v =

∫
d�2 2 Re(A(1)A(0) ∗) S(k2, p2) , (10)

whereas the real corrections are given by

dσ (1)
r =

∫
d�3 |A(0)

γ |2 S(k2, p2, kγ ) . (11)

Both terms are O(α3 Z2). Here, Re denotes the real part of
the amplitude, A(1) is the one-loop amplitude of the process
Eq. (8) andA(0)

γ is the tree-level amplitude with an additional
photon of momentum kγ in the final state. The integration in
Eq. (11) has to be carried out over the three-particle final
state �3. Also, the definition of q is more subtle now, since
k1 − k2 	= p2 − p1.

To give mathematical meaning individually to dσ
(1)
v and

dσ
(1)
r , the IR singularities need to be regularized. Many cal-

culations in QED still use a (small) fictitious photon mass to
do so. Then, the IR singularities manifest themselves as log-
arithms of this mass. Another approach that is more in line
with the tremendous progress in computational techniques
that has been made for QCD calculations is to use dimen-
sional regularization (i.e. work in 4 − 2ε dimensions) also
for IR singularities. In this case, IR singularites show up as
poles 1/ε. See Sect. 3.2.1 for a detailed discussion. Indepen-
dent of the chosen regularization, in the combination of dσ

(1)
v

and dσ
(1)
r the remnants of the IR singularities (i.e. the photon

mass logarithms or the 1/ε poles) cancel. This is ensured by
the well-known limiting behavior of the real matrix element
in the soft limit (S@) [13], where it can be written as an
eikonal factor E times the Born matrix element

S@|A(0)
γ |2 = E |A(0)|2. (12)

The explicit form of E can be read off Eq. (62). It scales as
E−2

γ with the photon energy which leads to the singularity

upon integration over the photon phase space. Hence, in the
complete NLO corrections to Eq. (9),

dσ (1) = dσ (1)
v + dσ (1)

r , (13)

the regularization can be removed (i.e. the photon mass or
ε set to zero). For this cancellation to occur, the observable
has to be IR safe. This means that the observable must not
change whether or not an arbitrarily soft photon is emitted.
At a technical level, we must require

lim
kγ →0

S(k2, p2, kγ ) = S(k2, p2). (14)

From a mathematical point of view, it is sufficient if Eq. (14)
holds in the strict limit. However, if experimental cuts
(directly or indirectly affecting real radiation) induce a dif-
ference between S(k2, p2, kγ ) and S(k2, p2) for finite, but
small photon energies �Eγ , there can be a large logarithm

ln
(
�E2

γ /Q2
)

as a remnant. Such (soft) logarithms can lead

to enhanced QED corrections.
Another source of large corrections is collinear emission.

While collinear singularites are regulated by the fermion
masses, they still can also lead to enhanced logarithmic terms
αL after combination of real and virtual corrections. These
logarithms often form the dominant part of the higher-order
corrections. This also entails that in fully differential QED
calculations – contrary to QCD calculations – it is not possi-
ble to set the lepton masses to zero. Furthermore, the neglect
of hard collinear emission potentially leads to a loss of accu-
racy. Thus, using the soft approximation for the real matrix
elements can have severe implications on the accuracy of the
results.

The extraction of the IR poles from Eq. (11) for an arbi-
trary IR-safe observable, i.e. an arbitrary S(k2, p2, kγ ) satis-
fying Eq. (14), is by now a standard procedure at NLO and the
focus turns towards next-to-next-to leading order (NNLO)
applications as discussed in Ref. [14]. Again, at NLO there
are two widely used options, the slicing method and the sub-
traction method.

In the slicing method [4], the phase space is split into two
parts, depending on the photon energy

dσ (1)
r

∣∣
sl =

∫

Eγ <δ

d�3 |A(0)
γ |2 S(k2, p2)

+
∫

Eγ ≥δ

d�3 |A(0)
γ |2 S(k2, p2, kγ ) . (15)

In the part, where the photon energy is larger than a chosen
resolution parameter δ, the integration can be carried out for
a massless photon without encountering singularities. In the
part, where the photon energy is smaller than the resolution
parameter, the soft (eikonal) approximation Eq. (12) is used
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for the matrix element. The integration over the photon phase
space then simplifies and can be carried out analytically. In
this term, the photon mass logarithms that cancel those of
the virtual corrections are generated. This method relies on
a suitable choice for δ. It should not be too large, to ensure
that the soft approximation is good enough. It should also not
be too small, otherwise numerical problems (large cancella-
tions between the resolved and unresolved parts) occur. The
quality of the approximation that is inherent to this approach
is typically checked by making sure that the variation of the
physical result w.r.t. δ is negligible. For more details, see
Sect. 4.

In the subtraction method [9] a term (the soft limit of the
integrand) is subtracted and added back

dσ (1)
r

∣∣
su =

∫
d�3 S@|A(0)

γ |2 S(k2, p2)

+
∫

d�3

(
|A(0)

γ |2S(k2, p2, kγ ) − S@|A(0)
γ |2S(k2, p2)

)
.

(16)

The first term on the r.h.s. of Eq. (16) is very similar to the
corresponding term in Eq. (15). The only differences are that
in Eq. (16) no approximation is made and the photon is treated
as massless. Furthermore, the integration is done over the full
phase space. This results in IR 1/ε poles that cancel against
the IR poles of the virtual contributions. The second term on
the r.h.s. of Eq. (16) is finite and can be integrated in four
dimensions. An efficient numerical evaluation of this term
including the subtraction requires an adapted phase-space
parameterization. Within the subtraction method, there is no
motivation to split the real corrections into hard and soft parts.
It is actually simpler to always include the full real matrix
element and make no approximation whatsoever.

The OPE corrections due to emission from the lepton line
O(α3 Z2) and the VP corrections, illustrated in Figs. 3 and
4, are simple from a conceptual point of view as they involve
standard QED pointlike interactions only. However, there are
also corrections of O(α3 Z3) that involve multiple exchange
of photons between the two fermion lines, in particular the
notorious TPE corrections. The class of corrections depicted
in Fig. 5 is more complicated than those of Fig. 3 for several
reasons. Even if the proton was pointlike, these corrections
now involve one-loop box diagrams at NLO. In addition,
there is the complication that the photon-proton vertex is
more involved than for a pointlike particle. Furthermore, for
	p scattering there are also contributions where the interme-
diate state is not just a proton, as depicted in Fig. 6. These
aspects will be discussed in Sect. 3.

A final class of NLO corrections are those where the emis-
sion of additional photons is restricted to the proton line. They
are O(α3 Z4) and a sample contribution is depicted in Fig. 7.
It is tempting to include these diagrams into the definition

Fig. 8 Example of a NNLO contribution O(α4 Z2) to the squared
amplitude for 	p scattering. The double-virtual (vv) cut represents
A(2)A(0) ∗, the real-virtual (rv) cuts A(0)

γ A(1) ∗
γ and A(1)

γ A(0) ∗
γ , and the

double-real (rr) cut |A(0)
γ γ |2

of the form factors. However, they contain IR divergences
that, once more, cancel between the real and virtual parts.
Thus, from a practical point of view it is more convenient to
explicitly include these diagrams into the radiative correc-
tions and define the form factors accordingly, i.e. exclude all
QED effects from their definition. The numerical impact of
these contributions is rather minor, as they do not generate
collinear logarithms. Hence, it is often possible to simply
neglect the O(α3 Z4) contribution.

As discussed above, at each order in α the QED cor-
rections can be enhanced by a collinear logarithm L and
possibly a soft logarithm ln

(
�Eγ

2/Q2
)
. Hence, the correc-

tions can be considerably larger than naive scaling with α

implies. Thus, for very precise predictions it is necessary
to go beyond NLO. Regarding OPE corrections restricted
to emission from the lepton line O(α4 Z2), the computa-
tions have been extended to NNLO. This involves double-
virtual, real-virtual, and double-real corrections, as illus-
trated in Fig. 8. Results have been obtained using photon-
mass regularization and the slicing method in Refs. [15,16]
as well as using dimensional regularization in Ref. [17], using
the subtraction method developed in Ref. [18]. This class of
corrections is a gauge invariant subset of the full corrections.
The virtual part involves only the vector part of the two-
loop heavy-lepton form factor, cf. Refs. [19–21]. For lepton
masses much smaller than the proton mass, these corrections
are typically also dominant. They involve up to two addi-
tional photon emissions and a precise description how these
photons are treated is required. This amounts to a defini-
tion of S(k2, p2, kγ1 , kγ2). In particular, both photons can be
collinear, leading to enhanced NNLO correction of the form
(α L)2.

Corrections at NNLO that go beyond the OPE approxi-
mation lead to substantially more complicated calculations.
If the proton is treated as pointlike, the NNLO results for
electron-muon scattering in Refs. [22,23] can be adapted by
simple replacements mμ → M and me → m	. This requires
the computation of the two-loop amplitude A(2)(for double-
virtual) involving (crossed) double-box diagrams [24]. For
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the real-virtual corrections A(1)
γ is required where one-loop

pentagon diagrams contribute. Efficient techniques for one-
loop computations have been developed in connection with
high multiplicity processes at hadron colliders, as reviewed
in Ref. [25]. As part of this topical collection, the effect of
pointlike NNLO corrections were compared to present uncer-
tainties from hadronic correction [26]. It turns out that the
former can be sizeable and need to be properly taken into
account. Beyond pointlike photon-proton interaction make
the formidable task of the two-loop amplitude computation
even more daunting. At NNLO, depending on the experimen-
tal set up, it might also be necessary to include the process
with emission of an additional lepton pair which also has
been computed for electron-muon scattering in Ref. [27].

First steps to move beyond NNLO have already been
taken. The form factor γ ∗ → 	+	− is known at three loops
[28] and the subtraction method for massive QED has been
extended beyond NNLO [18]. Hence, a next-to-next-to-next-
to leading order (NNNLO) calculation of OPE contributions
O(α5 Z2) seems to be feasible within a reasonable time
frame. However, a full computation of 2 → 2 scattering
processes with massive particles at NNNLO is currently out
of reach.

As alluded to above, the corrections are often dominated
by large logarithms associated with collinear or soft emis-
sion. A convenient method resumming all contributions of
large logarithms at all orders has been proposed in Ref.
[29]. All leading contributions of order (αL)n are taken into
account. The accuracy can be further improved calculating
non-leading contributions of order α(αL)n as a K -factor. The
application to ep elastic scattering can be found in Ref. [8],
and, including hard photon emission, in Refs. [30,31].

A more generic approach to include logarithmically
enhanced corrections is to use QED parton showers. A recent
review of this activity can be found in Ref. [32] and will be
discussed in some more detail in Sect. 4. Parton showers
allow for the inclusion of the leading logarithmic contribu-
tions in a process independent way. Combined with fixed-
order calculations this is a powerful tool to improve further
the precision for fully differential cross sections. Including
next-to-leading logarithms from initial-state (or final-state)
collinear emission is also possible in a generic way [33].
However, in general the systematic inclusion of subleading
logarithms is observable dependent and some examples will
be discussed in Sect. 5. Contrary to QCD, in QED it is typi-
cally not required to actually resum the logarithms. The sup-
pression by α is strong enough to ensure that α L is still
reasonably small. Hence, the inclusion of the logarithms at
the first few orders in α beyond the fixed-order results is
sufficient.

2.2 Experimental observables

In the following, we discuss different experimental observ-
ables and how they are affected by the LO in α virtual correc-
tions, cf. Eq. (10). Of particular interest are the unpolarized
cross section, the longitudinal and transverse polarization
transfer observables Pt and Pl , as well as the target and beam
asymmetries An and Bn , introduced in Sects. 2.2.4 and 2.2.5
respectively.

2.2.1 Elastic lepton–proton scattering

Let us start by presenting the tensor decomposition of elas-
tic 	p scattering. Taking into account discrete symmetries,
assuming parity and time reversal invariance of the electro-
magnetic interaction, this process can be described in terms
of 6 independent complex scalar amplitudes: GM and Fi

(i = 2, . . . 6), which are generally functions of two indepen-
dent kinematical variables, e.g., the Mandelstam variables
t = (k1 − k2)

2 and s = (k1 + p1)
2. The helicity amplitudes

of the process can be split into a sum of helicity-conserving
and helicity-flip contributions, see, e.g., Refs. [34–36],

Ah′λ′,hλ = Anon−flip
h′λ′,hλ

+ Aflip
h′λ′,hλ

, (17)

Anon−flip
h′λ′,hλ

= 4πα

Q2 ū(k2, h′)γμu(k1, h) N̄ (p2, λ
′)

×
(
GMγ μ − F2

Pμ

M
+ F3

γ · K Pμ

M2

)
N (p1, λ),

(18)

Aflip
h′λ′,hλ

= 4πα

Q2

m	

M
ū(k2, h′)u(k1, h)

×N̄ (p2, λ
′)
(
F4 + γ · K

M
F5

)
N (p1, λ)

+4πα

Q2

m	

M
ū(k2, h′)γ5u(k1, h)

×N̄ (p2, λ
′)F6γ5 N (p1, λ), (19)

where q = k1 −k2 = p2 − p1, K = (k1 +k2)/2, P = (p1 +
p2)/2, and γ ·a ≡ γ μaμ. The 6 complex amplitudes GM and
Fi , sometimes called generalized FFs, fully describe the spin
structure of reaction Eq. (8) for any number of exchanged
virtual photons. In the limit of m	 → 0, the contribution
from the helicity-flip amplitudes to observables vanishes, see
Eq. (19). Relations between the helicity amplitudes and the
generalized FFs can be found f.i. in Ref. [37].

In the Born approximation, i.e., considering only the tree-
level OPE diagram with proton FFs in Fig. 1 (right panel), the
number of amplitudes in Eq. (17) reduces to 2. To be more
precise, the Born amplitudes read

GBorn
M (Q2, s) = G M (Q2), (20)

FBorn
2 (Q2, s) = F2(Q2), (21)
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FBorn
i (Q2, s) = 0 (i = 3, . . . , 6), (22)

where F2(Q2) is the Pauli FF of the proton. The fact that the
FFs in the space-like region are real functions of the virtuality
of the exchanged photon is a consequence of unitarity, the
spin-1 nature of the virtual photon, parity conservation, and
the identity of the initial and final states, see Refs. [38,39]
for an explicit derivation.

To separate the Born contribution from effects of virtual
radiative corrections to the elastic scattering, we define the
following decomposition of the scalar amplitudes:

GM (Q2, s) = G M (Q2) + �GM (Q2, s), (23)

GE (Q2, s) = G E (Q2) + �GE (Q2, s), (24)

Fi (Q2, s) = �Fi (Q2, s) (i = 3, . . . , 6), (25)

where GE has been introduced via

F2(Q2, s) = 1

1 + τ

[
GM (Q2, s) − GE (Q2, s)

]
. (26)

The order of magnitude of these quantities is given by
G M,E ∼ α0 and �GM (Q2, s) ∼ �GE (Q2, s) ∼
�Fi (Q2, s)(i = 3, . . . , 6) ∼ α.

2.2.2 Laboratory frame

The proton and lepton four-momenta in the laboratory frame
can be written as

p1 = (M, 0), (27)

p2 = (E2, p2), (28)

k1 = (ε1, k1), (29)

k2 = (ε2, k2), (30)

where three momenta are denoted by bold symbols. The scat-
tered lepton energy is written in terms of θ as

ε2 = 1

(ε1 + M)2 − k12 cos2 θ

×
[
(ε1+M)(Mε1+m2

	)+k12 cos θ

√
M2−m2

	 sin2 θ

]
,

(31)

while the Mandelstam variables s and t are expressed as

t = −Q2 = 2m2
	 − 2(ε1ε2 − |k1||k2| cos θ), (32)

s = M2 + m2
	 + 2Mε1. (33)

The differential cross section in terms of the matrix element
squared is given by

dσ = (2π)4

4I
|A|2 dk2 d p2

(2π)64ε2 E2
δ(4)(k1 + p1 − k2 − p2),

(34)

with the invariant I 2 = (k1 · p1)
2 − m2

	 M2 and the energy
of the recoil proton E2.

For the case where the scattered lepton is detected in the
final state, one obtains

dσ

d

= |A|2

(4π)2 4M

k22

D|k1| , (35)

where D = (M +ε1)|k2|−ε2|k1| cos θ , and d
 is the differ-
ential solid angle of the scattered lepton. For the case where
the recoil proton is detected in the final state, one obtains

dσ

d
p
= |A|2

(4π)2 4M

p22

D̄|k1|
, (36)

with D̄ = (M + ε1)| p2| − E2|k1| cos θp, where θp is the
angle between the directions of the lepton beam and the recoil
proton, and d
p is the differential solid angle of the scattered
proton. Using the relation

dQ2 = |k1|| p2| 1

π

E2 + M

ε1 + M
d
p, (37)

we obtain the following expression for the differential cross
section as a function of Q2

dσ

dQ2 = |A|2
64π M k12

. (38)

2.2.3 Unpolarized cross section

The interference of the Born diagram (Fig. 1, right panel)
with any higher-order in α diagram of elastic 	p scattering
(Fig. 1, left panel), can be expressed through a multiplicative
correction [34,40],

δ(1)
v = 2

G2
M + ε

τ
G2

E

[
G M Re �G1 + ε

τ
G E Re �G2

+(1 − εT )
(ε	

τ

ν

M2 G E Re �G4 − G M Re �G3

) ]
,

(39)

to the O(α2) Born cross section in Eq. (2). Here, Re denotes
the real part of the auxiliary amplitudes

G1 = GM + ν

M2 F3 + m2
	

M2 F5, (40)

G2 = GM − (1 + τ)F2 + ν

M2 F3, (41)

G3 = m2
	

M2 F5 + ν

M2 F3, (42)

G4 = F4 + ν

M2(1 + τ)
F5, (43)

In this way, one can also describe the leading TPE correction,
cf. Eq. (58).
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2.2.4 Polarization transfer observables

The longitudinal and transverse polarization transfer asym-
metries, Pl and Pt , are defined as (with, e.g., h = +)

Pl = dσ(λ′ = +) − dσ(λ′ = −)

dσ(λ′ = +) + dσ(λ′ = −)
, (44)

Pt = dσ(S′ = S⊥) − dσ(S′ = −S⊥)

dσ(S′ = S⊥) + dσ(S′ = −S⊥)
, (45)

where S′ = ±S⊥ is the spin direction of the recoil proton in
the scattering plane transverse to its momentum. In the Born
approximation, their ratio is related to the ratio of electric to
magnetic Sachs FFs [41,42]

Pt

Pl
= −

√
2ε

τ(1 + ε)

G E

G M
. (46)

Equivalent information on the proton FFs can be obtained
from measuring double-spin asymmetries on a polarized pro-
ton target [43]. Taking into account the leading virtual cor-
rections to the asymmetries, the ratio modifies, up to terms
of order O(α2), as described in Refs. [34,44,45] as

Pt

Pl
= −

√
2ε

τ(1 + ε)

[
RE M + YE − RE M YM

+
(

1 − 2ε

1 + ε
RE M

)
Y3

]
, (47)

with

RE M ≡ G E

G M
, (48)

where the shorthand notations for ratio of two-photon ampli-
tudes relative to the magnetic FF have been used:

YM ≡ Re �GM

G M
, (49)

YE ≡ Re �GE

G M
, (50)

Y3 ≡ ν

M2

ReF3

G M
. (51)

Furthermore for the longitudinal polarization transfer Pl sep-
arately, its expression relative to the 1γ -result PBorn

l is given
in Refs. [34,44], up to terms of order O(α2), by

Pl

PBorn
l

= 1 − 2ε
(

1 + ε

τ
R2

E M

)−1

×
{[

ε

1 + ε

(

1 − R2
E M

τ

)

+ RE M

τ

]

Y3

+ RE M

τ
[YE − RE M YM ]

}
, (52)

with

PBorn
l =

√
1 − ε2

(
1 + ε

τ
R2

E M

)−1
, (53)

Note that in Eqs. (47) and (52) the lepton mass has been
neglected, m	 = 0, which is not a valid approximation for
low-energy muon scattering [40].

2.2.5 Beam and target normal single-spin asymmetries

The target (beam) normal single-spin asymmetries (SSA) An

(Bn) is defined for the scattering of an unpolarized beam (a
beam polarized normal to the scattering plane, with s = ±sn

the direction of incoming lepton,) off a target with normal to
the scattering plane polarization S = ±Sn (an unpolarized
target)

An = dσ(S = Sn) − dσ(S = −Sn)

dσ(S = Sn) + dσ(S = −Sn)
, (54)

Bn = dσ(s = sn) − dσ(s = −sn)

dσ(s = sn) + dσ(s = −sn)
. (55)

Both these asymmetries are zero in the Born approximation.
Taking into account leading virtual corrections, the asymme-
tries can be expressed as [35,46,47]

An =
√

2(ε − ε	)(1 + ε − 2εε	)

τ (1 − ε	)2

(
1 + ε

τ
R2

E M

)−1

× 1

G M

{
− Im

(
�G2 + (1 + τ)m2

	

ν
G4

)

+RE M Im

(
�G1 − τ(1 + τ)M2

ν
F3

)}
, (56)

Bn = −m	

M

√
2(1 − ε)(ε − ε	)

(1 − ε	)2

√
1 + τ

τ

(
1 + ε

τ
R2

E M

)−1

× 1

G M

{
τ Im

(
F3 + ν

M2

F5

1 + τ

)
+ RE M Im G4

}
,

(57)

where Im denotes the imaginary part.

3 Two-photon exchange

The TPE contribution to lepton scattering, shown in Fig. 11,
is of particular importance for two main reasons: Firstly,
hadronic corrections, cf. the blob in Fig. 11 (bottom panel),
are notoriously difficult to calculate and often have a large rel-
ative uncertainty. Secondly, as will be explained in Sect. 3.1,
the OPE may not be a good approximation for the extrac-
tion of FFs from the unpolarized cross section at large Q2.
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Therefore, the leading TPE correction

δ2γ � 2 Re
(A(0)∗A2γ

)

|A(0)|2 , (58)

following from the interference of the Born and TPE ampli-
tudes, A(0) and A2γ , has to be taken into account appro-
priately. A complete calculation should go beyond the soft-
photon approximation and include the hard TPE with all pos-
sible intermediate states. In the last decade, predictions of
the TPE correction have been systematically improved and
model dependence has been reduced by employing disper-
sion relations and effective field theories.

This part of the paper is organized as follows. In Sect. 3.1,
we illustrate the importance of the TPE by comparing Rosen-
bluth and polarization-transfer measurements of the proton
FFs. In Sect. 3.2, we review theoretical predictions for the
leading TPE correction, distinguishing between proton and
inelastic intermediate states, as well as regions from small to
large momentum transfer. In Sect. 3.3, we discuss effective
field theory calculations. In Sect. 3.4, empirical extractions
of TPE corrections and amplitudes are presented and updated
based on new data. In Sect. 3.5, results of past experiments
aimed at extracting the TPE are presented and compared to
theoretical predictions. We finish with an outlook on future
experiments and theory advances in Sect. 3.6. For further
reading, we refer to the following reviews in Refs. [48–51]
and the recent CFNS whitepaper, Ref. [52].

3.1 Rosenbluth vs. polarization transfer experiments

Polarization experiments in elastic ep scattering at Jefferson
Lab Hall A [53–56], revealed that the ratios of proton FFs,
G E (Q2)/G M (Q2), extracted based on the Rosenbluth [2] or
polarization transfer methods [41,42] in the OPE approxima-
tion deviate with increasing Q2. The FF ratio from Rosen-
bluth extractions is nearly constant as a function of Q2, while
it decreases for polarization transfer measurements, as can be
seen in Fig. 9. In the limit of OPE, one defines an unpolar-
ized reduced cross section that is linear in ε and the corre-
sponding ratio of measurements with transverse or longitu-
dinal polarization of the recoiling proton is constant in ε as
given in Eqs. (2) and (46). What is measured in experiment,
however, will always include radiative corrections. Taking
these into account and under some assumptions, in pres-
ence of TPE, the expressions modify according to Eqs. (39)
and (47), respectively. One can see that after inclusion of
the TPE correction, the interpretation of what is measured in
Rosenbluth and polarization transfer experiments changes.
Model independent considerations [57–59] show that it is
still possible to recover experimentally the electric and mag-
netic proton FFs, even in presence of TPE, but this requires
either the measurement of three time-odd or five time-even
polarization observables (including triple spin observables,

Fig. 9 Ratio of proton electric and magnetic FFs, G E μp/G M , with
μp the magnetic moment of the proton, as obtained from three types
of measurements: Rosenbluth separation [62–68], polarization transfer
[54–56,69,70], and beam-target asymmetry [71,72]. Shown are a sub-
set of the available data to not overcrowd the figure. The Rosenbluth
result only contains the TPE corrections in the form of the well-known
Maximon–Tjon radiative corrections [3] (no hard TPE was included),
whereas for the polarized extraction no radiative corrections were taken
into account

of the order of α) or, alternatively, the generalization of the
Akhiezer-Rekalo recoil proton polarization method [41,42]
with longitudinally polarized electrons and positron beams
in identical kinematical conditions.

In a series of papers in the early 2000s, it has been shown
that the inclusion of “hard” TPE may reconcile the FF extrac-
tions from polarized and unpolarized 	p scattering, within
some assumptions (real-valued FFs and ε linearity of the
TPE contribution). Guichon and Vanderhaeghen identified
in Ref. [34] the experimental observables used to extract the
G E/G M ratio as the ε-slope in the reduced cross section

σR(ε, Q2) = G2
M

(
1 + ε

τ
R2

E M

) {
1 + δ2γ

}
. (59)

Neglecting lepton mass terms and using the shorthand nota-
tions for the TPE amplitudes of Eq. (51), δ2γ has the form

δ2γ (ε, Q2) =
(

1 + ε

τ
R2

E M

)−1

×
{

2 YM + 2ε
RE M

τ
YE + 2ε

(
1 + RE M

τ

)
Y3

}
. (60)
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On the other hand, the polarization transfer experiments yield
the ratio given by Eq. (47)

−
√

τ(1 + ε)

2ε

Pt

Pl
= RE M + YE − RE M YM

+
(

1 − 2ε

1 + ε
RE M

)
Y3. (61)

Reference [34] showed that the TPE in the Rosenbluth
method effectively corrects a small number, cf. the ε depen-
dent term in Eq. (59) with R2

E M (0) ∼ (1/2.79)2 ∼ 0.13
which has an additional 1/τ suppression at large Q2. The
FF ratio extracted from Pt/Pl is only mildly affected by
radiative corrections as it involves asymmetries, whereas the
cross sections themselves are strongly modified by radiative
corrections at moderately and large momenta. Around the
same time, Blunden et al. in Ref. [60] showed with a simple
hadronic model calculation, including the finite size of the
proton, that the dominant TPE with a proton intermediate
state allows to partially resolve the discrepancy. Inclusion of
the �(1232) resonance further improved the agreement, as
shown by Kondratyuk et al. in Ref. [61]. A similar conclu-
sion was drawn by Chen et al. and Afanasev et al. in Refs.
[46,47] respectively, with a partonic model calculation.

Note that alternative explanations have been put for-
ward, such as different calculations of radiative corrections,
including also lepton structure functions [8,73], correlations
between the Rosenbluth parameters [74], or acceptance prob-
lems in the analysis or experiment [75].

The electric FF is determined by the slope of the Rosen-
bluth plot, at fixed Q2, derived from the radiatively corrected
cross section. Corrections at large Q2 may reach 40% [64]
and the ε-slope may essentially change. Even more dramati-
cally, above 3 GeV2 the slope of the measured cross section
may even be negative before corrections, cf. Fig. 10 [76,77]
where the effect of radiative corrections [4], including “soft”
but no “hard” TPE, is shown. Note that G E must be real in the
space-like region. This means that G2

E is essentially deter-
mined by the ε-dependence of the applied radiative correc-
tions. Different calculations show a difference of few percent
in the slope, already at NLO [6,7].

Concerning polarization observables, it is commonly
assumed that the FF ratio given by polarization measure-
ments is not (or less) affected by radiative corrections, giv-
ing therefore a more reliable result on this ratio than the one
extracted by the Rosenbluth method. The polarization asym-
metries Pt and Pl are ratios of cross sections, cf. Eqs. (44)
and (45), in which the bulk of the radiative corrections that
factorize (virtual corrections on lepton side and soft-photon
emission corrections) drop out. Therefore, they are less sen-
sitive to radiative corrections than the unpolarized cross sec-
tion.

Fig. 10 Rosenbluth plot for the data from Ref. [64] at momentum
transfers of 1.75 (green squares), 3.25 (blue triangles) and 5 GeV2 (red
circles). Empty and full symbols show data before and after radiative
corrections [4] (no hard TPE included), respectively. Figure taken from
Ref. [77], copyright Elsevier 2007

Already in the 1970s, a reason why the TPE correction
could become important at large Q2 was put forward [78–80]:
when the transferred momentum is equally shared between
the two photons the scaling in α may be compensated by the
steep decrease of the FFs with Q2. The effect is therefore
expected to increase with Q2 and with the hadron mass. The
advent of the high duty cycle and highly polarized electron
beam at the Jefferson Lab, together with the availability of
large solid angle spectrometers and hadron polarimetry in the
GeV region, opened the way to high-precision experiments in
elastic and inelastic electron-hadron scattering. Two exper-
iments of elastic electron-deuteron (ed) scattering at large
Q2 in Hall A [81] and Hall C [82] claiming an error of 5%,
showed a discrepancy of up to 15% in the elastic ed cross
section at the same Q2, but different energies and angles. A
possible explanation was brought up that the TPE contribu-
tion could be at the origin of these findings [83]. Finally the
discrepancy was attributed to a systematic error of the Hall
C spectrometer setting, as no Q2 dependence was observed.

3.2 Theoretical predictions

In this subsection, we review theoretical predictions for the
TPE contributions to 	p scattering. We will refer to the (stan-
dard) TPE approximations by Maximon and Tjon [3] (or Mo
and Tsai [4]), conventionally included in the experimental
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analysis, as “soft” TPE. (Non-standard) refinements of the
TPE, that need to be included given the accuracy of modern
scattering experiments, will be referred to below as “hard”
TPE. Starting from the so-called elastic TPE with a pro-
ton intermediate state, Fig. 11 (top panel), we subsequently
discuss TPE contributions with inelastic intermediate states,
Fig. 11 (bottom panel), in regions of small, medium and large
momentum transfer. Furthermore, we discuss the forward
TPE as the limiting factor in the theoretical description of
the energy spectra of light muonic atoms.

3.2.1 Infrared subtraction schemes

As discussed in Sect. 2.1, the “virtual” TPE corrections need
to be combined with “real” TPE corrections, i.e., the interfer-
ence of bremsstrahlung emission from the lepton and proton
line, respectively, in order to obtain an IR safe, thus, measur-
able quantity. The corresponding diagrams are depicted in
Figs. 5 and 6. All of them separately contain IR divergences,
which then cancel in their sum. Discussing both real and vir-
tual TPE contributions at the same time can be quite cumber-
some in practice, as it makes comparing different TPE scenar-
ios and parametrisations needlessly complicated. Therefore,
the O(α3 Z3) contribution of virtual TPE, discussed in this
section, is often presented separately. When plotting this TPE
contribution to δ2γ or R2γ , defined in Eqs. (58) and (92), one
has to somehow treat the contained IR divergences. The com-
mon way is to define an IR subtraction scheme that removes
the IR divergence (and potentially some finite parts as well).
The exact form of this subtraction term is somewhat arbitrary
and solely determined by conventions since the result is no
longer a physical quantity.

A common way of doing this in the high-energy commu-
nity is the definition of the Catani I operator [84] that simply
removes the 1/ε poles in dimensional regularisation.

In the QED community it is not uncommon to add the first
terms of Eqs. (15) or (16)

δeik
2γ = δ2γ +

∫

Eγ <δ

d�γ E

= δ2γ +
∫

d�γ

( p1 · k1

p1 · k k1 · k
+ p2 · k2

p2 · k k2 · k
︸ ︷︷ ︸

Ê(s)

−(s → u)
)
. (62)

This scheme, sometimes called eikonal subtraction [18], has
the added advantage of giving the remnant a physical inter-
pretation as long as the parameter δ is chosen small enough –
it just approximately includes real corrections up to the cut-
off δ. The calculation of this integral is somewhat involved
but the result is well known [18,85,86]. Since this physi-
cal interpretation exists, it also means that the result needs

Fig. 11 Off-forward TPE contribution to elastic 	p scattering with pro-
ton intermediate state (top panel), where the circles represent the proton
FFs, and inelastic intermediate states (bottom panel), where the blob
represents all possible excitations. The horizontal lines correspond to
the lepton and proton (double line). Crossed TPE diagrams are implied
in all references to this figure

to be independent of how the TPE calculation was regu-
larised, making comparisons between different methods eas-
ier. The TPE community usually follows either Mo–Tsai
(MoT) [4,87] or Maximon–Tjon (MTj) [3]. Note that in this
paper, we use the MTj convention for our Figs. 12, 13, 14,
15, 16, 17, 18 and 19. The latter defines the IR-subtracted
TPE contribution as

δ
MTj
2γ = δ2γ − 2α

π
q2 Re

[
p1 · k1

×
∫

d	

	2(	 − q)2
[
(	 − k1)2 − m2

][
(	 + p1)2 − M2

]

− (s → u)

]
. (63)

This integral can be evaluated both using photon-mass
regularisation or dimensional regularisation

δ
MTj
2γ = δ2γ + 2α

π
Re

[
m2 + M2 − s√

λs

× ln
m2 + M2 − s + √

λs

2m M

⎧
⎪⎨

⎪⎩

ln
m2

γ

Q2

1
ε

(
μ2

Q2

)ε

−(s → u)

]
, (64)

where we have defined λs = m4+(M2−s)2−2 m2(M2+s).
In the limit of m2 
 s, M2, Q2, the expression for e− p
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Fig. 12 The TPE correction δ2γ (in %) versus ε for nucleon plus all
spin-parity 1/2± and 3/2± states [141] at Q2 = 0.2 GeV2 (green
dashed line), 0.5 GeV2 (dark red long-dashed), 1 GeV2 (red solid),
3 GeV2 (orange dot-dashed), 4 GeV2 (black dotted), and 5 GeV2 (blue
dashed). The shaded bands correspond to the uncertainty propagated
from the input electrocouplings

scattering simplifies to

δ
MTj
2γ = δ2γ + 2α

π
ln
∣∣∣
s − M2

u − M2

∣∣∣

⎧
⎪⎨

⎪⎩

ln
m2

γ

Q2

1
ε

(
μ2

Q2

)ε . (65)

To derive the MoT subtraction prescription, we instead
start by replacing either the 	2 propagator or the (	 − q)2

propagator with 1/q2. The idea is to mimic the soft behaviour
of the integral as either the 	2 propagator goes to zero or the
(	 − q)2 propagator. This procedure results in two identical
triangle functions

δMoT′
2γ = δ2γ − 2α

π
q2Re

[
p1 · k1

×
∫

d	

	2q2
[
(	 − k1)2 − m2

][
(	 + p1)2 − M2

]

− (s → u)

]
. (66)

Note that this is not yet the correct MoT prescription,
hence MoT′. The loop integral is slightly more involved than
the previous one but can still be trivially written in terms of
the well-known Ellis–Zanderighi functions [88]. In this case,
we need the integral I fin

6 (s; m2, M2) commonly referred to
as Triangle 6,

δMoT′
2γ = δ2γ + 2α

π

{
(m2 + M2 − s)Re

[
I fin
6 (s; m2, M2)

+ 1√
λs

ln
m2 + M2 − s + √

λs

2m M

⎧
⎨

⎩

ln
m2

γ

m M

1
ε

(
μ2

m M

)ε

]

Fig. 13 Polarization transfer observables for elastic ep scattering at
Q2 = 2.5 GeV2. Upper panel: −μp

√
τ(1 + ε)/(2ε)Pt/Pl , lower

panel: Pl/PBorn
l . The JLab/Hall C data are from the GEp-2γ exper-

iment [159], using the updated analysis of [70]. The red curves are
the fit to the data. Left: ε-independent fit according to Ref. [70]; right:
updated fit from Ref. [44] according to Eq. (83). Note that the values
for the polarization observables are shown without radiative correc-
tions. The bulk of these corrections (virtual corrections on the lepton
side and soft-photon emission corrections), which factorize in terms of
the Born cross section, drop out of the asymmetries, and the hard TPE
is therefore expected to be the leading correction. It has been checked
in Refs. [70,159] using the MASCARAD program [11] that the stan-
dard radiative corrections yield a multiplicative correction around or
less than 0.1% on the asymmetries

−(s → u)

}
. (67)

If one chooses, I fin
6 could be expressed in terms of logarithms

and dilogarithms. The resulting expression is not overly com-
plicated but reproducing it here serves no practical purpose.
However, in the limit of m2 
 s, M2, Q2 the expression is
fairly compact

I fin
6 (s; m2, M2) = − y

2M2

(
− 1

3

(
iπ + log(−y3)

)2

+2 ln(−y) ln
y

1 + y
− 2Li2(−y)

− ln(−y) ln
m2

M2

)
+ O(m2), (68)
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Fig. 14 Upper panel: ε-dependence of the reduced cross section σR for
Q2 = 2.5 GeV2, based on the linear fit of Ref. [68] (red dotted curve),
using the modified fit function of Eq. (87) (green solid curve), as well
as in the OPE approximation, setting δ2γ = 0, (blue dashed curve).
Lower panel: ε-dependence of the TPE correction δ2γ for Q2 = 2.5
GeV2, based on the linear fit of Ref. [68] (red dotted curve), using the
modified fit function of Eq. (87) (green solid curve), using the spline fit
(purple long-dashed curve) and Padé fit (yellow short-dashed curve) of
Ref. [157]. The black dot-dashed curve shows the McKinley–Feshbach
correction, which gives the leading behavior for ε → 1

Fig. 15 ε dependence for the TPE amplitudes for Q2 = 2.5 GeV2,
based on the polarization data of Ref. [70], shown in Fig. 13, and the
cross section fit of Ref. [68], improved using the fit function of Eq. (87),
given by the red curves in Fig. 14

Fig. 16 Comparison of predictions for R2γ , Eq. (92), from ep scatter-
ing with beam energy Ebeam = 2.01 GeV to results from the OLYMPUS
experiment (black points; statistical and uncorrelated systematic uncer-
tainties added in quadrature; gray errorband for correlated systematic
uncertainties) [172]. Theoretical predictions: sum of nucleon plus spin-
parity 1/2± and 3/2± resonances by Ahmed et al. (dashed orange)
[141], nucleon plus π N intermediate state by Tomalak et al. (dotted
blue) [139]. Phenomenological predictions: Bernauer et al. (solid violet
line with error band) [157], Vanderhaeghen et al. (dot-dashed pink) [44]

Fig. 17 Comparison of predictions for R2γ , Eq. (92), from ep scat-
tering with beam energies Ebeam = 0.998 GeV and 1.594 GeV to
results from the VEPP-3 experiment (black triangles) [169] Note that
the points are normalized according to the fitting model by Bernauer et
al. [157] at the points ε = 0.931, Q2 = 0.128 GeV2 (top panel) and
ε = 0.98, Q2 = 0.097 GeV2 (bottom panel). For further details see
legend in Fig. 16
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Fig. 18 Comparison of predictions for R2γ , Eq. (92), from ep scat-
tering with momentum transfer Q2 = 0.85 GeV2, 1.45 GeV2 and
photon polarization parameter ε = 0.45 and 0.88 to results from the
CLAS experiment (black squares) [173]. For further details see legend
in Fig. 16

Fig. 19 Predictions for the inelastic (top panel) and total (bottom
panel) TPE correction to μ− p elastic scattering [128] for the three
different beam momenta envisaged by the MUSE experiment [186].
While the elastic TPE dominates, the main uncertainty stems from the
inelastic part. The relative uncertainty for the total TPE is thus small
and not displayed here

where we have defined y = M2/(s − M2) and used the usual
definition of the dilogarithm.

To arrive at the correct MoT prescription [4] (cf. also [49])
we need to flip k1 → −k1 in the first term of (66), resulting
in

δMoT
2γ = δ2γ − 2α

π
q2Re

[

∫
d	

−p1 · k1

	2q2
[
(	 + k1)2 − m2

][
(	 + p1)2 − M2

]

+
∫

d	
−p1 · k2

	2q2
[
(	 + k2)2 − m2

][
(	 + p1)2 − M2

]
]
.

(69)

This operation is equivalent to setting s → s′ = 2m2 +
2M2 − s, which spoils the crossing symmetry but eliminates
the (iπ)2 from the analytic continuation of the logarithm.
The resulting expression can still be written in terms of I fin

6
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but now in terms of s′ rather than s

δMoT
2γ = δ2γ + 2α

π
Re

[
(s − m2 − M2)I fin

6 (s′; m2, M2)

+ (u − m2 − M2)I fin
6 (u; m2, M2)

+
[

s − m2 − M2

√
λs

ln
−m2 − M2 + s + √

λs

2m M

+ u − m2 − M2

√
λu

ln
m2 + M2 − u + √

λu

2m M

]

⎧
⎨

⎩

ln
m2

γ

m M

1
ε

(
μ2

m M

)ε

]
. (70)

The symmetry of the λ functions means that λs′ = λs , which
helps to simplify the result. The difference between δMoT

2γ and

δMoT′
2γ is

δMoT′
2γ − δMoT

2γ = 2α

π
(m2 + M2 − s)

×Re

[
+ I fin

6 (s′; m2, M2) + I fin
6 (s; m2, M2)

]
.

(71)

Crucially, the poles agree after taking the real part so that the
IR cancellation in δ2γ is unaffected.

3.2.2 Proton intermediate state

The first terms in the low-Q expansion of the TPE with proton
intermediate state can be described model independently. The
leading term is given by the well-known Feshbach correction
[89]

δF = Zαπ
sin θ

2 − sin2 θ
2

cos2 θ
2

, (72)

which stems from the interaction between a massless lepton
and a structureless proton. Inelastic intermediate states start
to contribute in the subleading Q2 ln Q2 term only [90], see
discussion in Sect. 3.2.4. It follows that TPE could become
larger in lepton scattering on heavy ions, inducing a large
charge asymmetry even at small angles [91].

During the last two decades, predictions of the TPE con-
tribution improved considerably. The simplest approach to
evaluate the elastic TPE is with a hadronic model calcula-
tion of the box (and crossed-box) diagrams in Fig. 11 (top
panel), assuming on-shell proton FFs, see for instance Refs.
[60] and [37] for electron and muon scattering, respectively.
A way to avoid model dependence is to instead use a disper-
sive approach to describe the scalar amplitudes Gi and Fi ,
introduced in Eqs. (17) and (40). Dispersion relations (DRs)
allow one to express the real part of the amplitudes via their
imaginary part, and the latter, using unitarity, can be related

to physical observables. The s-channel cut in the elastic TPE
diagram then permits the use of on-shell proton FFs. First
dispersive evaluations of the elastic TPE in ep scattering,
neglecting the electron mass, used unsubtraced DRs for the
scalar amplitudes [92,93]. Considering the case of μp scat-
tering, in which the lepton mass cannot be neglected, F4 will
require a once-subtracted DR [94].

The contribution from TPE with inelastic intermediate
states, discussed in the following, is becoming important
with increasing momentum transfer. It has been suggested
that further subtractions, e.g., in the DR of the F3 amplitude,
can be introduced in order to minimize model-dependence
from higher intermediate states [95]. Sum rules, which are
exact in QED and approximated in QCD, give indications on
the contribution of intermediate states [96].

3.2.3 Zero momentum transfer

In the limit of zero momentum transfer, Q2 = 0, the TPE is
not important as a radiative correction to the scattering pro-
cess. δ2γ , as defined by the interference of OPE and TPE
amplitudes in Eq. (58), is vanishing in the forward limit
(Q2 → 0) at fixed ν, see discussion in Ref. [94]. At the
next order in α, the contribution from |A2γ |2 to the cross
section at zero momentum transfer is not vanishing, how-
ever, numerically suppressed. On the contrary, the TPE in
forward kinematics is important in the description of the
spectra of light muonic atoms, where its effect is enhanced as
compared to ordinary atoms due to the heavier muon mass.
Let us focus on (muonic) hydrogen. The forward TPE corre-
sponds to a δ(�r ) potential that gives anO(α5) contribution to
the energy levels. For comparison, the leading contribution
from the Coulomb potential is ofO(α2) and the proton finite-
size starts to contribute at O(α4) through an OPE diagram
with proton FFs. The off-forward TPE starts to contribute at
O(α6 ln α) through the so-called Coulomb distortion effect.
See Ref. [97] for a comprehensive theory of the Lamb shift in
light muonic atoms. Here, we want to focus on the dispersive
formalism used to evaluate the O(α5) effect of the forward
TPE, since a similar approach is used to approximate the
small momentum transfer corrections to the scattering pro-
cess, cf. Sect. 3.2.4.

The forward TPE between a lepton and a proton can be
expressed in terms of forward doubly-virtual Compton scat-
tering (VVCS) off the proton. The TPE-induced shift of the
nS-level in a hydrogen-like atom is given by the unpolarized
VVCS amplitudes T1 and T2 [98]

�E2γ (nS) = 8παm φ2
n

1

i

∫ ∞

−∞
dν̄

2π

∫
dq

(2π)3

×
(
Q̄2 − 2ν̄2

)
T1(ν̄, Q̄2) − (Q̄2 + ν̄2) T2(ν̄, Q̄2)

Q̄4(Q̄4 − 4m2ν̄2)
,

(73)
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where φ2
n = 1/(πn3a3) is the wavefunction at the origin,

a = (Zαmr )
−1 is the Bohr radius (in the following Z = 1

for hydrogen), mr is the reduced mass of the lepton–proton
system and m is the lepton mass (me or mμ, respectively,
for hydrogen and muonic hydrogen). Furthermore, ν̄ = q0

and Q̄2 = q2 −q2
0 are the energy and virtuality of the VVCS

photons inside the TPE loop diagram. Similarly, the TPE con-
tribution to the hyperfine splitting can be expressed through
the spin-dependent VVCS amplitudes S1 and S2. The TPE
effect can then be evaluated with a data-driven dispersive
approach [98–107], or predicted from variants of chiral per-
turbation theory [108–114], and in the future, from lattice
QCD [115,116]. For recent reviews, discussing low-energy
proton structure in the context of muonic-hydrogen spec-
troscopy and lepton scattering, including TPE and the proton
radius, we refer to Refs. [48,117–121].

Data-driven evaluations of the forward TPE make use of
dispersion relations for the VVCS amplitudes, expressing
them through proton structure functions measured in electron
scattering

T1(ν̄, Q̄2) = T1(0, Q̄2)

+ 32παM ν̄2

Q̄4

∫ 1

0
dx

x F1(x, Q̄2)

1 − x2(ν̄/ν̄el)2 , (74)

T2(ν̄, Q̄2) = 16παM

Q̄2

∫ 1

0
dx

F2(x, Q̄2)

1 − x2(ν̄/ν̄el)2 , (75)

where F1(x, Q̄2) and F2(x, Q̄2) are the unpolarized structure
functions, with x = Q̄2/2M ν̄ the Bjorken variable, and ν̄el =
Q̄2/2M . Similarly, the spin-dependent VVCS amplitudes S1

and S2 follow from dispersion integrals over the spin structure
functions g1(x, Q̄2) and g2(x, Q̄2). Unfortunately, the T1

amplitude in Eq. (74) requires a once-subtracted dispersion
relation. Since the subtraction function T1(0, Q̄2) cannot be
fully constrained from experiment, the data-driven approach
suffers from a model dependence.

The TPE contributions to the energy levels in muonic
atoms are usually split into a so-called “elastic” contribu-
tion, corresponding to the TPE with proton intermediate state
shown in Fig. 11 (top panel), and a so-called “polarizabil-
ity” contribution, corresponding to the diagrams in Fig. 11
(bottom panel). The elastic part of the VVCS amplitudes is
well-known and can be expressed through proton FFs. The
uncertainty of the elastic TPE can therefore be reduced with
improved input for the proton FFs. This has recently been
done based on the FF descriptions from Refs. [122,123],
which are both consistent with the small proton charge radius
extracted from the muonic-hydrogen Lamb shift, see Refs.
[124] and [97] for the elastic TPE in the muonic hydrogen
Lamb shift and hyperfine splitting, respectively. Therefore,
the dispersive approach is only used to reconstruct the inelas-
tic part of the VVCS amplitudes. To this end, the dispersion

integral is restricted to the inelastic structure functions, i.e.,
the region of x ∈ [0, x0] with the inelastic threshold x0, e.g.,
the pion production threshold. In the following section, we
will discuss the extension of this formalism to the TPE cor-
rection to 	p scattering in the region of small momentum
transfer.

3.2.4 Small momentum transfer

In the near-forward kinematics, i.e., in the small momentum
transfer region, the TPE amplitude can be approximated with
a modification of the dispersive approach presented above,
see Eqs. (74) and (75), that reconstructs the VVCS ampli-
tudes based on empirical input for the inelastic proton struc-
ture functions. In the following, we review the leading-Q2

behaviour of the inelastic TPE corrections to the unpolarized
cross section and the beam normal spin asymmetry as func-
tions of the transverse cross section for photoabsorption off
the proton. Recall that the leading terms in the Q2 expansion
of the TPE stem from the proton intermediate state [89,90],
see discussion in Sect. 3.2.2.

Unpolarized cross section
The leading-Q2 behaviour of the inelastic TPE correction

to the unpolarized cross section reads [90,125]

δ2γ = Q2

2π3

∫ ∞

ν̄π

dν̄

ν̄
σT (ν̄) ln

(
4M2 ν̄2

Q2 W 2

)

×
[(

1 + ν̄2

2ε2
1

)

ln

∣∣∣∣
ε1 + ν̄

ε1 − ν̄

∣∣∣∣

+ ν̄

ε1
ln

∣∣∣∣∣
1 − ε2

1

ν̄2

∣∣∣∣∣
− ν̄

ε1

]
, (76)

where W 2 is the invariant mass of the hadronic state in the
internal Compton scattering process, and ν̄π is the pion pro-
duction threshold. This formula has been first published by
Brown [90] in the early 1970s. Later, Eq. (76) has been re-
evaluated by Gorchtein [125] based on the phenomenological
fit of the total photoabsorption cross section in Ref. [126].
It is important to point out that the coefficient of the order
Q2 ln Q2 term in δ2γ is a model-independent result.

Tomalak and Vanderhaeghen have extended this approach
beyond the leading Q2 ln Q2 term and approximate the
δ2γ correction for ep scattering in the region up to Q2 =
0.25 GeV2 in Ref. [127] and for μp scattering in the region
up to Q2 = 0.08 GeV2 in Ref. [128], see Fig. 19. As can be
seen from Eqs. (74) and (75), in general, this requires input
for the unpolarized proton structure functions, F1(x, Q̄2) and
F2(x, Q̄2) (or equivalently, the transverse and longitudinal
cross sections, σT (ν̄, Q̄2) and σL(ν̄, Q̄2)), as well as the
subtraction function T1(0, Q̄2), where contrary to Eq. (76)
the Q̄2 dependence of the input is kept. Besides the lim-
ited applicability range of the near-forward approximation,
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the T1(0, Q̄2) subtraction function introduces an additional
model dependence for the scattering of massive leptons,
while its contribution in the elastic ep scattering is suppressed
by the electron mass and negligible [127].

Beam normal spin asymmetry
The leading-Q2 behaviour of the inelastic TPE contri-

bution to the beam normal single spin asymmetry in the
diffractive limit (high-energy and forward scattering) reads
[129,130]

Bn = m Q σT

8π2

G E (Q2)

τ G2
M (Q2) + ε G2

E (Q2)

×
[

2 − ln
Q2

m2

]
, (77)

where the total photoabsorption cross section is assumed to
be independent of the photon virtuality and roughly con-
stant as a function of the invariant mass of the photon-proton
system. In the nuclear resonance region, where σT strongly
varies with energy, the cross section enters through an energy-
weighted integral. Note that this result is not fully model
independent, as it makes use of the Callan-Gross relation
[131] between the longitudinal and the transverse cross sec-
tion in the DIS region. The expression Eq. (77) has different
dependence on momentum transfer Q and the beam energy
ε1 compared to contributions from the proton intermediate
state. First, it does not fall off with the beam energy as m/ε1;
second, it has linear dependence on θ at a fixed energy ε1

in the near-forward kinematics, whereas for elastic interme-
diate states (as well as for a celebrated Mott formula) the
asymmetry falls as the third power, ∝ θ3. As a result, the
contribution of inelastic intermediate states becomes domi-
nant for energies above GeV [129,130,132].

In Ref. [133], subleading terms in the Q2 expansion of
Bn were derived and the energy dependence of the photoab-
sorption cross section was taken into account. A comparison
to Eq. (77) showed that the leading-term in the Q2 expan-
sion is indeed a good approximation. Note that while Bn also
has a double-logarithmic enhancements due to hard collinear
quasi-real photons [129,134,135], it is highly suppressed for
small scattering angles as it stems only from the helicity-flip
Compton amplitude. However, double-logarithmic enhance-
ment takes place at large scattering angles from a region of
quasi-real Compton scattering [132], where both exchanged
photons have low virtualities, while the mass of the excited
hadronic state is the largest allowed by the incoming beam
energy.

Below the threshold of two-pion production, the absorp-
tive part of proton Compton amplitude that governs the beam
asymmetry can be described, as required by unitarity, in terms
of quadratic combinations of single-pion production ampli-
tudes. This program was realized in Ref. [132] where, using
MAID amplitudes for electroproduction of pions, the authors

reached good agreement for the beam asymmetries measured
at MAMI for a broad range of scattering angles.

3.2.5 Medium momentum transfer

The dispersion relation approach is an appropriate tool to
improve our knowledge of inelastic contributions to the most
uncertain TPE corrections for arbitrary scattering angles in
elastic ep scattering at GeV energies and below. The total
TPE correction is given as a sum over all possible interme-
diate states, proton, pion-nucleon, resonances, etc. As was
mentioned in Sect. 3.2.2, the elastic (proton) intermediate
state was included within unsubtracted dispersion relations
in Ref. [92] and within subtracted dispersion relations in
Refs. [94,95]. The first inelastic pion-nucleon intermediate
state was evaluated from data-driven MAID parameterization
for the pion electroproduction amplitudes [136,137] at low
momentum transfers (Q2 � 0.064 GeV2) in Ref. [138]. This
straightforward, but numerically involved calculation, con-
sistently accounts for the contribution of all resonances and
non-resonant background. Going to higher momentum trans-
fers requires analytical continuation of ep scattering ampli-
tudes to the unphysical region of kinematics. Such a novel
method of analytical continuation for multiparticle interme-
diate states was developed and tested in Ref. [139]. It allowed
authors to evaluate pion-nucleon contributions to TPE cor-
rections in elastic ep scattering at more than an order of mag-
nitude larger momentum transfers (Q2 � 1 GeV2) compared
to their previous work [138].

For higher Q2, the dispersive approach for resonant inter-
mediate states was developed in Ref. [140], and imple-
mented for spin-1/2 and spin-3/2 resonances with mass below
1.8 GeV in Ref. [141]. They included a Breit-Wigner shape
with a finite width for each resonance, and for the resonance
electrocouplings at the hadronic vertices they used helicity
amplitudes extracted from the analysis of CLAS electropro-
duction data [142].

The combined effect on δ2γ from the nucleon plus all the
spin-parity 1/2± and 3/2± resonances is illustrated in Fig. 12
as a function of ε for a range of fixed Q2 values between 0.2
and 5 GeV2. At low Q2 � 3 GeV2 the net excited state
resonance contributions are small, and the total correction is
dominated by the nucleon elastic intermediate state. The net
effect of the higher mass resonances is to increase the mag-
nitude of the TPE correction at Q2 � 3 GeV2, due primarily
to the growth of the (negative) odd-parity N (1520)3/2− and
N (1535)1/2− resonances, which overcompensates the (pos-
itive) contributions from the �(1232) 3/2+. At the highest
Q2 = 5 GeV2 value, the total TPE correction δtot reaches
≈ 6% − 7% at low ε. An estimate of the theoretical uncer-
tainties on the TPE contributions can be made by propa-
gating the uncertainties on the fitted values of the transi-
tion electrocouplings [142], which are dominated by the
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�(1232) 3/2+ and N (1520) 3/2− intermediate states. At
low Q2, Q2 � 0.5 GeV2, the uncertainties are insignificant,
but become more visible at higher Q2 values, as illustrated
by the shaded bands in Fig. 12, for Q2 = 1 − 5 GeV2.

Within this topical collection, also the resonance contribu-
tions to the beam and target SSAs have been evaluated based
on the latest meson electroproduction data from CLAS [143].

3.2.6 Large momentum transfer

For TPE calculations at large momentum transfers, quark
degrees of freedom have to be included. In an approach
based on generalized parton distributions and a handbag
mechanism (with two photons coupling to the same quark)
[46,47], TPE effects for the unpolarized cross section and for
polarization asymmetries were calculated. Perturbative QCD
(pQCD) approaches were considered in Refs. [44,144]. In
particular, in Ref. [44], special consideration was given to
the coupling of two photons to different quarks, noticing that
a large momentum may be transferred with one less gluon
compared to the case of pQCD description of elastic proton
FFs.

3.3 Effective field theory calculations

For elastic 	p scattering at lepton energies well below the
proton mass, we can use low-energy effective field theories
(EFTs). At such energies, we do not need the full knowl-
edge of the non-perturbative properties of the proton. For
OPE, we only need a few effective couplings, e.g., the pro-
ton charge, magnetic moment, and charge radius. Similar
simplifications apply to TPE. In the following, we discuss
two such effective theories: heavy baryon chiral perturba-
tion theory (HBChPT) and QED-NRQED, and review the
current status of their predictions for TPE. Before a detailed
discussion, it is worth mentioning that radiative corrections
in the elastic electron-proton scattering when Q2 � m2

e have
recently been formulated in the Soft-Collinear Effective The-
ory (SCET) approach within QED [145], which allows also
for a systematic resummation of large logarithms. Moreover,
the TPE corrections in the hard momentum region were also
evaluated in the SCET framework within QCD in Ref. [146].

3.3.1 Heavy baryon chiral perturbation theory

Within this topical collection, an exact analytical evaluation
of the TPE contribution to elastic 	p scattering in low-energy
EFT, namely, HBChPT at NLO, is published [147]. The LO
HBChPT Lagrangian contains one derivative only. The NLO
Lagrangian will have two derivatives and terms of order
1/M , where M is the proton mass. In this framework, the
proton being the heavy degree of freedom is treated non-
relativistically. The leptons, the electron and muon, along

with the photons constituting the light degrees of freedom, are
treated in standard covariant QED. Throughout, the masses
of the relativistic leptons are kept non-zero.

Previously, the NLO HBChPT prediction had been calcu-
lated using the soft-photon approximation (SPA) [148,149].
As before, Ref. [147] assumes that at low energies the dom-
inant photon loop contributions arise only from the elas-
tic proton intermediate state. The inelastic proton interme-
diate states are beyond the intended accuracy of the eval-
uation. Notably, since the proton FFs, which parametrize
the hadronic structure effects, enter in HBChPT at NNLO,
the proton is point-like at NLO. All hard- and soft-photon
exchanges are now included in the two-photon loop correc-
tions which are evaluated exactly. The methodology relies
on the successive use of partial fractions and integration by
parts facilitating the decomposition of the rather intricate
TPE four-point loop functions into a system of two- and
three-point scalar master integrals, which are straightforward
to evaluate analytically.

To LO accuracy, our low-energy TPE result approximates
the well-known McKinley–Feshbach two-photon correction
in potential scattering theory, cf. Eq. (72). At NLO the finite
analytical real parts of the TPE loop contributions to the elas-
tic differential cross section are presented. The exact analyt-
ical evaluation of the NLO bremsstrahlung process is not
included. This means that the systematic cancellations of the
IR-singular terms that arise from the TPE loops are not dis-
cussed. While the details of the TPE evaluation are going
to be presented in Ref. [147], a rigorous NLO evaluation of
the bremsstrahlung subtracted IR-free TPE contribution to
the radiative corrections shall be a subject matter of a later
publication.

3.3.2 QED-NRQED

An EFT related to HBChPT, is QED-NRQED, suggested
in [150–153] and further developed in [113,154,155]. In this
EFT the proton is treated non-relativistically, using NRQED,
and the leptons and photons are treated using QED. Unlike
HBChPT, the EFT does not include other hadronic degrees
of freedom, such as pions. Such effects are encoded in the
QED-NRQED coupling constants. Thus QED-NRQED is
most useful for elastic 	p scattering.

Up to dimension six, the independent NRQED Wilson
coefficients are cF and cD corresponding to the proton mag-
netic moment and charge radius, respectively. There are
also two dimension-six contact interaction terms: a spin-
independent term and a spin-dependent term [153],

Ld=6
	ψ = b1

M2 ψ†ψ 	̄γ 0	 + b2

M2 ψ†σ iψ 	̄γ iγ 5	, (78)

where ψ (	) is the proton (lepton) field and M is the proton
mass, the cutoff scale of the EFT.
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In Ref. [154], it was shown that QED-NRQED 	p scat-
tering at O(Zα) and power 1/M2 reproduces the known
Rosenbluth scattering formula expanded to 1/M2. It requires
just the Dirac Lagrangian and the NRQED Lagrangian up
to 1/M2, implying that b1 and b2 are zero at O(Zα). QED-
NRQED 	p scattering atO(Z2α2) and leading power in 1/M
reproduces the O(Z2α2) terms in the scattering of a lepton
off a static 1/r potential [156]. Here Z denotes the proton
charge in units of |e| and is used to denote the appropriate
class of radiative corrections.

Since the Wilson coefficients b1 and b2 are zero atO(Zα),
they are sensitive to TPE at scales above the proton mass.
In Ref. [155], b1 and b2 were calculated at O(Z2α2). They
were extracted by calculating the 	p → 	p off-shell for-
ward scattering amplitude at O(Z2α2) and power 1/M2 in
the effective and full theory in both Feynman and Coulomb
gauges. Two cases were considered: a toy example of a non-
relativistic point particle (p.p.), and the real proton described
by a hadronic tensor, namely, the forward VVCS off the pro-
ton discussed in Sect. 3.2.3.

For the toy example, Ref. [155] found b p.p.
1 = 0 and

b p.p.
2 = Q2

	 Z2α2 [16/3 + ln (M/2�)], where � is the UV
cutoff of QED-NRQED, and Q	 is the lepton charge in units
of |e|. Surprisingly, b p.p.

1 = 0 at O(Z2α2). For the case of
the real proton, Ref. [155] derived implicit expressions for
b1 and b2 in terms of the components of the hadronic tensor.
Considering only the contribution to the Wilson coefficients
of F1(0), F2(0) and M2 F ′

1(0), related to the proton charge,
magnetic moment and charge radius respectively, Ref. [155]
finds:

b1/(α
2 Q2

	) = 0 + · · · , (79)

b2/(α
2 Q2

	) = F1(0)2
[

16

3
+ ln

(
M

2�

)]

+ 16

3
F1(0)F2(0)

+ F2(0)2

2

[
17

12
− ln

(
M

2�

)
+ 3 ln

(
Q

M

)]

+ · · · . (80)

The ellipsis denotes non F1(0), F2(0), M2 F ′
1(0) terms. Sur-

prisingly, again there is no contribution to b1. It does not
follow from a symmetry of the EFT and it might be a one-
loop “accident”.

This implies that low-energy elastic 	p scattering is much
less sensitive to spin-independent TPE effects above the pro-
ton mass scale compared to spin-dependent ones. On the
other hand, the proton charge radius extraction will be more
robust.

With the calculation of the QED-NRQED dimension six
couplings: cF , cD, b1, b2, at hand, the next logical step is the
calculation of the differential cross section for elastic 	p scat-

tering. Such a calculation was not performed in the literature
yet. Once performed, it would be interesting to compare its
result to HBChPT.

3.4 Empirical extractions of TPE

Besides theoretical predictions, it is possible to extract TPE
amplitudes, as well as the TPE contributions to the unpo-
larized cross section δ2γ , from empirical cross section and
polarization transfer measurements.

3.4.1 Phenomenological fits of δ2γ

The size of the TPE contribution becomes more significant
at larger Q2. A phenomenological fit of the Q2-dependent
part, as an addition to the Feshbach correction, Eq. (72), is
[157]

δ2γ = −(1 − ε) a ln(b Q2 + 1), (81)

where a = 0.069, b = 0.394 GeV−2. This fit includes the
world data set on unpolarized cross section measurements
(updated to a common standard on radiative corrections) and
measurements of the FF ratio using polarization and assumes
that the whole discrepancy is driven by hard TPE.

Similarly, Schmidt in Ref. [158] uses several existing
parametrizations for FFs from Rosenbluth-type experiments
and polarization measurements of the ratio to determine the
hard TPE contribution, under the assumption that TPE pre-
serves the linearity of the reduced cross section in ε.

3.4.2 Updated extraction of TPE amplitudes

A measurement of the three observables for elastic ep scatter-
ing, σR, Pl , and Pt , as a function of ε for a fixed value of Q2

allows one to extract in a model-independent fashion the three
TPE amplitudes, which conserve the lepton helicity, as can
be seen from Eqs. (60), (47) and (52). Such an analysis has
been performed in [44] at Q2 = 2.5 GeV2, based on avail-
able cross section data as well as the ε-dependence of Pt/Pl

and Pl/P Born
l as measured by the JLab/Hall C experiment

[159]. The combination of both unpolarized and polariza-
tion experiments at a same Q2 value provided the necessary
three observables to extract the ε-dependence of the three
TPE amplitudes YM , YE , and Y3, introduced in Eq. (51). A
concise update of this analysis in view of more recent data is
given here.

The data for Pt/Pl of the dedicated JLab/Hall C GEp-2γ

experiment [70,159], as shown in the upper panel of Fig. 13,
do not see any systematic TPE effect within their error bars
of order 1%. One can therefore effectively fit the observable
on the lhs of Eq. (61) assuming an ε-independent part, which
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equals its OPE limit,

−
√

τ(1 + ε)

2ε

Pt

Pl
� RE M (Q2), (82)

and extract the Q2-dependence of RE M , cf. Eq. (48), from
this observable, using the parameterization given in Ref. [70]
(Global fit II).

For the longitudinal polarization observable Pl/PBorn
l ,

shown in the lower panel of Fig. 13, the deviation from unity
is 6.2 times the statistical uncertainty and 2.2 times the total
uncertainty [70]. The TPE correction effect has been param-
eterized as [44]

Pl/PBorn
l = 1 + al ε4(1 − ε)1/2. (83)

The comparison of this fit function to the data is shown in
the lower panel of Fig. 13 for al = 0.09.

Recently, an updated global analysis for σR , including new
high-Q2 data from JLab, has been given in Ref. [68]. In Ref.
[68], the data for the reduced cross section have been fitted
by a linear in ε behavior

σR(ε, Q2)

(μpG D)2 = a + εb, (84)

with μp the proton magnetic moment, and G D(Q2) ≡
1/(1 + Q2/0.71)2 the standard dipole. As the TPE ampli-
tudes vanish for ε → 1, the proton FF G M can be extracted
from Eqs. (59) and (84) as
(

G Mp

μpG D

)2

= a + b

1 + 1
τ

R2
E M

. (85)

The parameterization for σR chosen in [68] does however
not have the correct ε → 1 limit, in which the TPE ampli-
tudes vanish. At a fixed value of Q2, the limit ε → 1 cor-
responds with the Regge (high-energy) limit, as Q/(2ε1) �
(1 − ε)1/2/

√
2 for ε → 1, with ε1 the electron lab energy. In

an expansion around ε → 1, the leading TPE correction can
be model independently expressed as [127]

δ2γ (ε → 1, Q2) = απ

(
Q

2ε1

)
+ α

π

(
Q2

Mε1

)
ln2
(

Q

2ε1

)

+ c

(
Q2

Mε1

)
ln

(
Q

2ε1

)
+ O

(
Q2

M2 ,
Q2

Mε1
,

Q2

ε2
1

)

. (86)

In Eq. (86), the first term, which dominates for ε → 1 corre-
sponds with the McKinley–Feshbach TPE correction due to
the scattering of relativistic electrons in the Coulomb field of
the proton [89], the Q2 ln2 Q term is due to the elastic inter-
mediate state only, and the Q2 ln Q term contains the effect
due to inelastic intermediate states [90,127], cf. discussion
in Sect. 3.2.4.

In order to combine the empirical observation of a linearity
of σR over most of the ε region with the correct ε → 1 limit,

the fit function of Eq. (84) for σR can be improved as

σR(ε, Q2)

(μpG D)2 = a + εb

+ (a + b)

(
1 + ε

τ
R2

E M

)

(
1 + 1

τ
R2

E M

)
απ√

2

[
(1 − ε)1/2 − (1 − ε)

]
,

(87)

which does not change the fit value for small ε

σR(ε = 0, Q2)

(μpG D)2 = a, (88)

and has the correct limit for ε → 1:

σR(ε → 1, Q2)

(μpG D)2 = (a + b)

[
1 + απ√

2
(1 − ε)1/2

]
. (89)

Using the fit function of Eq. (87), the TPE correction δ2γ

follows as

δ2γ (ε, Q2) = απ√
2
(1 − ε)1/2

+ (1 − ε)

[ (−b + a
τ

R2
E M

)

(a + b)
(
1 + ε

τ
R2

E M

) − απ√
2

]

.

(90)

In Fig. 14 (upper panel), we compare, for Q2 = 2.5 GeV2, the
fit functions for σR of Ref. [68] (red dotted curve) with the
modified fit function of Eq. (87) (green solid curve), as well as
σR in the OPE approximation, setting δ2γ = 0, (blue dashed
curve). The resulting ε-dependence of the TPE correction
δ2γ for Q2 = 2.5 GeV2, based on the linear fit of Ref. [68],
using the improved fit function of Eq. (87), using the spline
and Padé fits of Ref. [157], are compared in Fig. 14 (lower
panel). For comparison, the McKinley–Feshbach correction,
which gives the leading behavior for ε → 1, is also shown
(black dot-dashed curve).

Based on the measured ε-dependence of the three elastic
e− p observables (σR, Pl , and Pt at Q2 = 2.5 GeV2 as shown
in Figs. 13 and 14), an updated empirical extraction of the
three TPE amplitudes, YM , YE , and Y3, at this Q2 value was
obtained, see Fig. 15.

The updated empirical extraction of the TPE correction
δ2γ for general values of Q2 and ε, is compared to data
from the OLYMPUS, VEPP-3 and CLAS experiments in
Figs. 16, 17 and 18 (dot-dashed pink curves), respectively.
Note that the empirical extraction displays a small oscilla-
tion in the low-Q region, cf. ε = 0.45, 0.88 panels in Fig. 18.
This, however, is not a true feature but a remnant that prop-
agated from the underlying fit of RE M (Q2) that was used
[70], and is enhanced due to two opposite sign contributions
in the (1 − ε) term in Eq. (90).
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3.5 Dedicated experiments and comparison to theory

3.5.1 Single-spin asymmetries

As stated above in Sect. 2.2.5, parity-conserving SSA for
elastic ep scattering are zero in the first Born approxima-
tion. Therefore measurements of either target or beam SSA
may provide useful information on TPE amplitudes. While
beam asymmetries arising from TPE are of the order 10−5 for
electrons [35,129,132] and 10−3 for muons [160], the target
SSA are expected at percent level [47]. The beam asymme-
tries were measured with high accuracy at MIT [161], MAMI
[162] and Jefferson Lab [163–166] using experimental setups
designed to study parity-violating electron-helicity asymme-
tries. Measurements of target SSA were performed at Jeffer-
son Lab on a polarized 3He target [167]; results for Q2 > 1
GeV2 were in agreement with GPD-based calculations [47]
for a neutron.

The measurements of SSA in elastic electron scatter-
ing provided unambiguous evidence of TPE effects, while
probing contributions arising from an absorptive part of the
hadronic Compton amplitude entering the TPE mechanism.

3.5.2 Cross sections and charge asymmetries

The TPE correction, defined in Eq. (58), can be accessed
experimentally by measuring the ratio of cross sections from
elastic 	+ p vs. 	− p scattering. Corrections that depend on
an odd power of the lepton charge do not cancel in this
ratio. This includes the leading TPE correction, δ2γ . It also
includes, however, the interference of lepton and proton
bremsstrahlung radiation, δb, which is comparable to δ2γ .
Their sum gives us the “odd” part of the radiative correc-
tions, δodd = δb + δ2γ . By contrast, the “even” part of the
corrections, δeven, include logarithmically enchanced terms,
log(Q2/m2

	), coming from lepton bremsstrahlung, vacuum
polarization and vertex corrections. As a result, the even part
is relatively large, implying |δodd| 
 |δeven|.

The above mentioned cross section ratio can be written in
the following way [50]:

Rexp.
± = σ(	+ p)

σ (	− p)
= 1 + δeven − δodd

1 + δeven + δodd

≈ 1 − 2 δodd

1 + δeven
. (91)

The TPE correction can be extracted from

R2γ ≈ 1 − 2 δ2γ , (92)

which is the measured ratio Rexp.
± corrected for δb and δeven.

In Ref. [168], the authors considered LO QED correc-
tions and included the lepton’s mass with no ultra-relativistic
approximation, and included the contribution of the radiative

tail beyond the soft-photon approximation using the Mo–Tsai
formalism. The approach of Ref. [168] can be applied in the
evaluation of radiative effects and the extraction of hard TPE
contributions from charge asymmetries in both lepton/anti-
lepton scattering on protons for arbitrary beam energies.

Experimental possibilities are limited, as such a measure-
ments requires both electron and positron beams of high qual-
ity and at relevant beam energies of a few GeV. In recent
years, three experiments have published results, cf. Figs. 16,
17 and 18: an experiment [169] at the VEPP-3 storage ring
measured the cross section ratio with beam energies of 1.0
and 1.6 GeV with a non-magnetic spectrometer covering
angles between 15◦ and 105◦. Since the experiment lacks
a relative luminosity determination of sufficient precision,
the data is published relative to the most forward point set
to a ratio of one. However, this point is sufficiently far away
from ε = 1 that a proper comparison with curves requires a
shift of the data to match the predictions at this normalization
point. CLAS at Jefferson Lab [170,171] generated a wide-
energy-spread electron and positron beam by converting the
CEBAF electron beam to a photon beam via a converter tar-
get, subsequent pair-production from that photon beam, and
by cleaning and recombining the electron/positron beam via
a chicane magnet system. Using the detector setup of the
CLAS collaboration in Hall B, the so produced wide-energy
beam-proton scattering events are detected. By the curvature
of the scattered lepton in the magnetic field, the charge of
the particle can be determined. Because of the wide-energy
spread of the beam, the resulting data is sorted in large bins
in ε and Q2. The collaboration published data with several
(non-independent) bin selections. The OLYMPUS experi-
ment [172] at the DORIS ring at DESY, Hamburg, measured
using a monoenergetic beam with an energy of around 2 GeV
using an open-cell internal hydrogen target. Scattered leptons
and protons were detected with a spectrometer upgraded from
the former BLAST detector. OLYMPUS reached the highest
Q2 of the three experiments of slightly more than 2 GeV2.

3.5.3 Comparison theory vs. experiment

The OLYMPUS data (Fig. 16) at smaller Q2 / larger ε are
below unity. This is only replicated by the (mostly) phe-
nomenological models, while theoretical predictions produce
a ratio below 1 only much closer to ε = 1. Overall, the
phenomenological predictions compare well to the data, but
both predict a somewhat larger effect at larger Q2 / smaller ε,
albeit within the uncertainty of the data. Note that, calcula-
tions prior to and motivating the experimental proposal [44]
predicted a large and visible deviation of the ratio from unity
already around Q2 � 2 GeV2.

The VEPP-3 (Fig. 17) and CLAS data (Fig. 18) also prefer
the phenomenological extractions; however, the CLAS data
are mostly compatible with Refs. [139,141] as well. The

123



Eur. Phys. J. A            (2024) 60:91 Page 23 of 52    91 

CLAS ε = 0.88 data set and the VEPP-3 Ebeam = 1.594
GeV data set show a ratio below 1 for small Q2 / large ε,
similar to the behavior seen in the OLYMPUS result.

A global comparison of the data from the three experi-
ments and the calculation from [174] was done in Ref. [175].
The largest contribution to the charge asymmetry is due to
the soft photon emission. A specific procedure was suggested
to limit the effect of the different corrections applied to the
data. The results do not favor an enhanced contribution of
TPE in the considered kinematical range.

3.6 Summary and outlook

The importance of TPE corrections is evident from the
discrepancy between FF extractions from Rosenbluth and
polarization-transfer experiments. In Sect. 3, we discussed
TPE corrections to the unpolarized cross section of lepton–
proton scattering, as well as to beam and target SSA. Phe-
nomenological extractions of δ2γ or the TPE amplitudes
have been compared to direct experimental determinations
by CLAS, OLYMPUS and VEPP-3, and theoretical predic-
tions, see Sect. 3.5.3. It is not surprising that the phenomeno-
logical extractions, updated here in Sect. 3.4.2, agree well
with the results from dedicated experiments, described in
Sect. 3.5.2, see Fig. 16 (OLYMPUS), Fig. 17 (VEPP-3) and
Fig. 18 (CLAS). On the other hand, theoretical predictions
and phenomenological extractions differ in certain kinematic
regions, sometimes even in the sign of δ2γ , e.g. for small Q2

and large ε. Unfortunately, the direct experimental determi-
nations from the difference between electron and positron
scattering are not yet precise enough to discriminate between
the theoretical results.

Theoretical predictions could be improved in the future
by reducing model dependence or systematically improv-
ing already existing model-independent predictions. Model-
independent statements exist for the lowest terms in a small
Q2 expansion, see Sect. 3.2.4. For arbitrary Q2, there are
data-driven dispersive evaluations which can be improved if
better experimental input becomes available, e.g., on the res-
onance electrocouplings and electroproduction of multiple
mesons. Present EFT predictions are at a rather early stage,
see Sect. 3.3. The NLO HBChPT prediction [147] only cov-
ers the TPE with proton intermediate state and without pion
degrees of freedom. It has to be extended to higher orders.
The differential cross section for lepton–proton scattering
has not yet been calculated in the QED-NRQED framework.
Furthermore, it is important to note that, ideally, the “real”
and “virtual” TPE corrections are calculated consistently, i.e.,
with the same approach.

The OLYMPUS data gives a hint that at higher Q2, TPE
might not explain all of the discrepancy between Rosenbluth
and polarization-transfer measurements of the proton FFs.
Theoretical descriptions, which do not show a particular good

agreement in the measured Q2 range, are not at all tested
at these larger Q2. Precision measurements of the FFs at
these large Q2 however depend on an accurate description
of TPE. This makes experimental determinations of TPE at
these kinematics highly desirable. Unfortunately, experimen-
tal activities are limited by the availability of suitable beams.

The TPEX experiment [176,177] seeks to measure TPE
at DESY using beams of 2 and 3 GeV and up to a Q2 of
4.6 GeV2. This measurement would require a new extracted-
beam line at the DESY test beam facility, which is not part
of the current plans for future construction at DESY.

Jefferson Lab is planning to construct a positron source
for CEBAF. Current timelines put the availability of beam
beyond 2030. Such a capability would allow for a compre-
hensive TPE program, with possible measurements in Halls
A, B, and C [178–181]. A proposal for a new TPE measure-
ment with the CLAS12 detector has been published [182].

At smaller Q2, MUSE [183,184] and AMBER [185] will
take data for μp scattering with both beam charges. From the
MUSE data, TPE can be determined at small Q2 close to the
validity of the Feshbach limit. Theoretical predictions for the
inelastic and total TPE in the kinematic region envisaged by
the MUSE experiment are shown in Fig. 19.

4 Implementations and generators for elastic
lepton–proton scattering

Eventually the radiative corrections discussed above need to
be made available to the experiments. For less precise exper-
iments it is often sufficient to do this in terms of fiducial
(differential) cross sections that include a (often simplistic)
model of the kinematic and geometric acceptances of the
detector. Doing this is very simple from a theoretical view-
point as fiducial observables can easily be calculate by inte-
grating over phase space with a measurement function S as
defined, e.g., in Eq. (9). Even for very complicated measure-
ment functions, this is a reasonably simple procedure.

However, for precision experiments, such as the cur-
rent and next-generation 	p scattering experiments, fiducial
cross section are insufficient; instead, corrections need to be
included in the entire analysis pipeline in the form of an event
generator. Using only elastic LO events in the experimental
simulation would introduce a large systematic uncertainty
that would be impossible to reduce with only fiducial calcu-
lations. Hence, the detector should be modelled using at least
an NLO event generator. To account for these effects prop-
erly, however, one really needs an NNLO generator that is
ideally matched to some kind of parton shower to further cap-
ture leading logarithms beyond NNLO. In other words, the
experimental simulation needs to use the best theoretical cal-
culation available. Similarly, it is important that the applied
radiative corrections are well documented, so that future re-
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Table 1 Characteristic parameters of published and upcoming proton form factor measurements

Measured
particle

Ebeam [GeV] θ [degrees] Q2 [GeV/c2] Effect of
radius on
form factor
[%]

Fractional
contribu-
tion of G E
to cross
section [%]

GMp-12 [68] e′ 2.222–10.587 24.25–53.5 1.577–15.76 >100 0.2–11.9

MAMI FF [157,187] e′ 0.180–0.855 15.5–135 0.0033–0.98 2–59 0.23–99.4

MAMI High-Q2 [188] e′ 0.720–1.500 15–120 0.35–1.95 >100 1.3–92.5

MAMI ISR [189,190] e′ 0.195, 0.330 15.21 0.001–0.004 0.6–2.4 >98

MAMI Jet Target [191] e′ 0.315 15–40 0.007–0.043 6–39 71.2–98.5

PRad [192] e′ 1.1, 2.2 0.7–6.5 0.00022–0.058 0.13–35 87.6–100

AMBER [185] μ′ + p 60, 100 N/A 0.001–0.04 0.6–24 91–100

MESA [193] e′ 0.02–0.105 15–165 0.000027–0.035 0.016-21 91–100

MUSE [183,184] e′, μ′, π ′ 0.115–0.21 20–100 0.0016–0.082 0.96–4.9 58–99.6

PRAD-II [194] e′ 0.7, 1.4, 2.1 0.7–6.5 0.00007–0.056 0.042–34 88.6–100

ULQ2 [195] e′ 0.01–0.06 0.7–6.5 0.000027–0.012 0.016–7.2 56–100

analyses can update the corrections with more advanced cal-
culations.

4.1 Overview of experimental requirements

Experiments vary greatly in their requirements for kinematic
range, supported event topology, and precision. Typically, the
precision goals are informed by the size of other uncertain-
ties, mainly the statistical precision, but also other unrelated
systematic uncertainties, for example from geometry. But this
can be misleading. While statistical uncertainty and often
also other systematic sources have no or small correlation
with kinematics, i.e. can be assumed to statistically average
over many measurements, this is not true for radiative cor-
rections, which have the potential to be highly correlated not
only between data points of the same experiment, but even
between multiple experiments if they use the same or similar
formalism.

Further, experiments might measure different event struc-
tures. In the case of 	p scattering, for example, the experiment
could detect outgoing lepton, proton, or both, affecting the
effectively seen corrections. Additionally, experiments can
vary widely in the energy resolution, possibly requiring to
describe the radiative tails accurately over rather large pho-
ton momenta ranges.

Table 1 gives an overview over contemporary experiments
[68,157,183–185,187–195]. We list beam energies, angle
and Q2 ranges, as well as detected particles. We also cal-
culate an estimate of the effect of the proton radii on G E

and G M as well as the fractional contribution of G E to the
cross section, as an estimate for requirements on systematic
uncertainties. Of the planned experiments, only AMBER will
measure the scattered lepton in coincidence with the recoil-

ing proton. AMBER, PRad and PRAD-II both have forward
kinematics with ε very close to 1, while the other experiments
tend to measure at larger angle ranges, ε < 1. AMBER and
MUSE will measure with leptons of both charges. The lower
energy experiments require proper treatment of the lepton
mass, and in the case of ULQ2, MUSE and likely MESA, a
treatment without ultra-relativistic approximations.

Note that in most experiments at small Q2, the absolute
normalization of radiative corrections is less of an issue –
it is generally left floating and determined by an extrapo-
lating fit to Q2 = 0. Typically experimental normalization
uncertainties are significantly larger than radiative correction
uncertainties, so that such a fit is unavoidable. On the other
hand, experiments aimed to extract the radii typically mea-
sure at very small Q2 to reduce systematical errors from the
fit extrapolation to Q2 = 0. Consequently, radiative correc-
tions need to control relative, Q2-dependent, errors to a very
high degree: The proton radius puzzle is a 4% difference in
extracted radii, for recent reviews see Refs. [118–120,196].
A meaningful measurement would extract the form factor
slope to better than 0.5–1% or so. A radius measurement at
small Q2 where the radius/slope effect is, say, 5%, would
then need to control Q2-dependent systematic uncertainties
over this Q2 range to better than 0.05%.

For Rosenbluth separations at somewhat extreme kine-
matics, one of the form factor contributions to the measured
cross section can be highly suppressed compared to the other
one: G M is suppressed at small Q2, while G E is at large Q2.
The uncertainty of radiative corrections on the cross section
– in this case mainly the ε-dependence at constant Q2 – then
gets levered up by potentially large factors in the determina-
tion of the suppressed form factor.
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A further consideration is the requirement for unweighted
events, or variance-reduced weights. This strongly depends
on the overall speed of the remaining MC chain. For example,
the Mainz A1 MC simulation code does not employ parti-
cle path tracing through magnetic fields and can simulate
thousands if not millions of events per second, enabling to
use fully weighted events, possibly even those with negative
weights. In contrast, OLYMPUS’ simulation chain included
path tracing, full digitization and tracking for every simu-
lated event, resulting in speeds of few events per second.
This requires either unweighted events or at least measures
to reduce the variance of the event weights.

4.2 Overview of theoretical tools

For now we will focus on tailor-made event generators for 	p
experiments even though much effort has also been devoted
to the development of generators at high energy (see [197]
for a recent and comprehensive review). However, we will
revisit a potential synergy in Sect. 4.2.3. In general, a gen-
erator will generate a set of kinematics (the event) and will
calculate a weight from the matrix element squared and the
prior of the event generation. The combination of kinematics
and weight are then passed on to the user for histogramming
and/or a detector simulation. Usually the generator will also
accumulate the weights to arrive at an estimate of the cross
section though this is sometimes also the users responsibil-
ity. As we will see, it is beneficial for the weights to be as
similar as possible by ensuring the generation prior cancels
the contribution from the matrix element (cf. Sect. 4.2.2).
The details of how the events are generated and how (if at
all) events with hard radiation are related to events without
strongly depends on the details of the implementation and
it is not possible to make universally applicable comments.
For a comprehensive review of simulation tools, we refer the
reader to [198] and references therein.

For elastic 	p scattering, the most notable tools are
ELRADGEN [199,200] (which is based on the deep inel-
asitic scattering (DIS) codes RADGEN [201] and POLRAD

[202]), ESEPP [6], and Simul++ [157,189,203]. Another
tool in this context is McMule [17,86] (as part of this
topical collection, a simple TPE model is compare to the
effect of NNLO corrections using McMule [26]) which
currently cannot generate events. However, work is under-
way to address this in a way that is convenient for experi-
ments. Looking slightly beyond 	p scattering, we have the
code by Epstein and Milner (EM) [204] for Bhabha and
Møller scattering; MERADGEN [205] for Møller scatter-
ing; MESMER [16,27,206,207] for muon-electron scatter-
ing; and BabaYaga for Bhabha scattering and photon pair
production [208–212]. Aside from RADGEN and POL-

RAD other influential DIS codes are DJANGOH [213] and
HERACLES [214]. While these generators are not directly

applicable for 	p scattering experiments, they could either
be adapted into (trivially in the case of MESMER) or help
inspire new 	p generators. Hence, we will still include them
in our comparison as shown in Table 2.

When we compare MC codes, we consider the order in per-
turbation theory they implement, whether they use resumma-
tion. Another important point is whether they use any further
approximations such as as an ultra-relativistic approximation
(which treats the electron as nearly massless E � m) or the
soft-photon approximation (which assumes E,

√
s � Eγ ,

also known as eikonal or peaking approximation). We stress
that the order in perturbation theory is always relative to
the listed process, usually ep → ep. This means that an
NLO calculation of ep → ep includes an LO calculation of
ep → epγ as a subset (cf. Sect. 2.1). If one wishes higher
accuracy, i.e. NLO, for the latter process, more complicated
calculations are required which, if properly implemented,
would allow the implementation of an NNLO code.

As discussed in Sect. 2.1 there are two commonly used
methods: slicing (cf. Eq. (15)) and subtraction (cf. Eq. (16)).
Slicing tends to be more commonly used in NLO QED cal-
culation as it is simpler to implement and use to generate
events.

While most MC generators discussed here are fixed order,
either at NLO or NNLO, some also include a resumma-
tion. We will discuss the different strategies relevant here in
Sect. 4.2.1. Since the ability to produce unweighted events
is very important from an experimental point of view, we
will discuss different strategies in Sect. 4.2.2. Finally, while
Table 2 focuses on purpose-built tools for low-energy exper-
iments, one should not forget about the generalist tools that
were developed for the LHC and other high-energy experi-
ments. In Sect. 4.2.3 we will discuss some potential syner-
gies.

4.2.1 Parton shower and resummation

When calculating higher-order corrections, be it at NLO or
NNLO, one often finds that the corrections are enhanced by
the presence of large logarithms L between disparate scales
such as ln(m2

e/s), ln(m2
e/m2

p), or ln(Q2/m2
p). These loga-

rithms somewhat spoil the perturbative convergence since we
usually get at least one such logarithm per order in α. This
means that NLO, and sometimes even NNLO, is insufficient.
One way out of this problem is just to compute even higher
orders in α. However, this quickly becomes infeasible, with
partial N3LO corrections just about feasible. Luckily, there is
rarely a need to compute the full corrections since typically
only the logarithmically enhanced matter. These terms fol-
low a very predictable structure and can often be calculated
to all orders in α. This process is called resummation and
it introduces its own counting. Accounting for all terms of
the form αn Ln is referred to as leading logarithm (LL), the

123



   91 Page 26 of 52 Eur. Phys. J. A            (2024) 60:91 

Table 2 An overview of MC codes that are relevant for ep scattering experiments. (N)NLO codes that use slicing are indicated with w/ sl. while
codes that use subtraction are indicated with w/ su

Name Process Order Resummation Approximation Unweighting

ELRADGENv2 Polarised ep → ep NLO w/ sl. YFS exp. Leptonic Flat weights for rad. events

ESEPP ep → ep NLO w/ sl. None E � m for virtual, [3] for TPE Foam [215]

Simul++ ep → ep NLO w/ sl. Exp. None Reduced-variance weights

OLYMPUS ep → ep NLO (w/ sl. opt.) None/exp. Single photon kinematics Multiple modes

McMule ep → ep NNLO w/ su. Planned Point-like proton Planned

and others Beyond NLO

EM ee → ee NLO w/ sl. None None Foam [215]

MERADGEN Polarised ee → ee NLO w/ sl. None None Flat weights for rad. events

BabaYaga e+e− → e+e− NLO w/ sl. Matched PS None Only pos. + hit-and-miss

MESMER eμ → eμ NNLO w/ sl. Planned Electronic at NNLO Mostly pos. + hit-and-miss

RADGEN/POLRADGEN DIS NLO w/ sl. YFS exp. Leptonic Flat weights for rad. events

DJANGOH/HERACLES DIS NLO w/ sl. None Pertr. QCD HSRWGT

second “tower” αn Ln−1 is called next-to-leading logarithm
(NLL) and so on.

When combining a calculation at a given level of resum-
mation, say LL, with a fixed order calculation at e.g. NLO,
one must take care to avoid double-counting. Both calcula-
tions include the same O(αL) term, albeit in different forms.
Ensuring that this does not spoil the result requires the two
calculations to be matched at the given order.

In QED we have two main sources of large logarithms:
those related to the smallness of the electron mass (usually
called collinear logarithms) and those related to restricting
real radiation, either through explicit cuts on the phase space
integration or by considering the endpoints of distributions
(usually called soft logarithms).

Logarithms can either be resummed using a numerical
algorithm such as a parton shower (see below) or analyt-
ically. A parton shower resummation contains the full LL
but may contain partial results of the NLL as well, depend-
ing on method and implementation. The development of an
exact NLL parton showers is an area of very active research
at the high-energy frontier. Analytic resummation can be
performed well beyond LL with state-of-the-art calculations
reaching next-to-next-to-next-to-leading logarithm (N3LL).
However, these calculations are observable dependent and
cannot easily be used to generate events.

YFS exponentiation The simplest way to resum soft loga-
rithms is Yennie–Frautschi–Suura (YFS) exponentiation, a
procedure that is based on the universality of soft singular-
ities in QED [13]. In its simplest form, this accounts for
large logarithms near the endpoints of differential distribu-
tions e.g. by exponentiating the singular behaviour of the
distributions. This approach has been considered long ago
for LEP [29,216,217] at LL. However, the same strategy has
recently been used to calculate soft logarithms up to next-to-

next-to-leading logarithm (NNLL) in the electron spectrum
of muon decay.

YFS shower This form of YFS exponentiation can be used to
obtain very precise results for single distributions. However,
without modification, it cannot be used to generate events. By
using the YFS approximation on both real and virtual correc-
tions, we can construct a locally finite prescription to gener-
ate an event with an arbitrary number of real but soft photons
[218] This shower reproduces the soft LL for any observ-
able as the resummation happens for each phase space point.
Further, matching a YFS shower to a fixed-order calculation
is relatively straightforward since one can relatively easily
incorporate the fixed-order calculation in the YFS shower
[218].

DGLAP-based parton showers An alternative resummation
approach is based on the structure function approach. Given
an electron with a fixed momentum p, the structure function
D(x, Q2) is the probability density of observing an electron
with momentum xp and virtuality Q2. Convoluting a struc-
ture functions for each external electron with the fixed-order
cross section then resums the collinear logarithms to LL accu-
racy. The structure functions themselves are governed by the
Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) evo-
lution equation [219–221]

Q2 ∂

∂ Q2 D(x, Q2) = α

2π

∫ 1

x

dy

y
Pee(y)D

( x

y
, Q2

)
, (93)

where Pee(x) is the (regularised) kernel that is known up to
two-loop accuracy. A parton shower is an algorithm of solv-
ing the DGLAP equation numerically using MC methods
[222]. This allows us not only to obtain an exact numeri-
cally solution for the structure functions but also to generate
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approximate photon momenta. The latter can be improved
by using the YFS theorem [209].

Work is still ongoing to reach NLL accuracy with a general
parton shower. However, analytic solution of the DGLAP
equation at NLL are already possible in QED [33].

4.2.2 Unweighting procedures

So far, we have only discussed the generation of weighted
events. This means that we generate a set of random momenta
{pμ

i } and use them to calculate an event weight wi that is com-
prised of the matrix element (squared) and a phase space map-
ping that accounts for the way we have generate the momenta.
We then use this event to perform some sort of histogram-
ming, potentially involving a detector simulation. The event
weight itself may vary across many orders of magnitude and
even be negative. This increases the number of events that
need to be generated to obtain a reasonable uncertainty on the
final histogram since negative events will lead to (potentially
severe) cancellations.

If the histogramming step is comparatively fast, one would
normally stop here and just increase the number of events
generated. However, a realistic detector simulation can be
extremely complicated and require hours of CPU time which
is expensive even compared to the matrix element evaluation
that usually takes less than a second. Hence, our goal needs
to be the reduction of the number of events that need to be
passed to the detector simulation. The easiest way to do this,
is to generate events with uniform weight even if this requires
the evaluation of many more events on the theory side. Even
in the absence of negative weights, this is a non-trivial task:
given a probability distribution function (PDF) that we in
general only know numerically, we want to generate variables
that follow this distribution.

In simple cases, it is possible to generate the event directly
without weight; the energy of an emitted photon can be sam-
pled as

E = Emin

( Emax

Emin

)#
, (94)

where 0 < # < 1 represents a uniformly distributed random
number and Emin some cut-off parameter. This is possible
because soft photons are distributed following the eikonal
approximation. However, this fails as soon as one considers
higher-order corrections as the distribution becomes much
more complicated.

A more complicated method is called hit-and-miss: we
generate a set of weighted events with weights wi and find the
maximum weight W = max |wi |. A given event is rejected
with probability p = 1 − |wi |/W , otherwise it is accepted
with weight sign(wi )×W . At this stage we have significantly

fewer events than we started with but their weights are all
±W .

This strategy can be somewhat improved upon by sam-
pling the original distribution using an adaptive MC sam-
pler rather than naively using uniformly distributed random
numbers. The simplest such sampler is VEGAS [223] which
will sample regions with large weights more often than those
of low weight, improving efficiency. It does this by split-
ting each axis of the integration into (by default) 50 subdivi-
sions that are each sampled the same. The sizes of divisions
are than adjusted to sample regions of large integrand more
finely. Note that this relies on the behaviour of the integrand
being reasonably well aligned with the axis of the integra-
tion. This has been improved upon by cells instead of a grid
in FOAM [224]. More recently, machine learning techniques
were investigated for even more efficient sampling methods,
e.g. [225–227].

Much effort has been dedicated to improve unweighting
procedures as hit-and-miss is very inefficient, especially in
the presence of many events with negative weights wi < 0.
This can for example be done by optimising the event gener-
ation, i.e. ensure that fewer event with negative weights are
generated in the first place by modifying the parton shower
matching procedure [228,229]. Alternatively, one can care-
fully remove the events with negative weight without affect-
ing physical observables [230–232].

Recently, this led to the development of cell resampling
[233] which works process independently and preserves all
physical observables. The idea here is to utilise the experi-
ment’s finite resolution that is anyway required to IR finite-
ness. We now create a small sphere around every event with
negative weight, ensuring that the sphere is smaller than the
experimental resolution and cannot be probed. Assuming
enough event were generated, the sum of all weights in this
sphere is positive since experiments always measure a posi-
tive cross section. We now replace all events by their absolute
value, taking care not to disturb the sum of weights.

4.2.3 Synergy with high energy

Many MC generators were developed for the LHC physics
program. While some of these are purposed-built for cer-
tain high-energy processes, other are more general. Some
of the most mature, general-purpose tools are Sherpa

[234,235], Herwig [236,237], Pythia [238], and Mad-

Graph_aMC@NLO [239]. While these tools were designed
for hadron colliders, they could be extended for low-energy
elastic e-p scattering. In the following, we briefly summarise
the four main codes and what they could offer without major
modifications.

While Sherpa usually generates its own NLO matrix ele-
ments, it can be fed the required expressions in through a
shared library. This means that once provided with all matrix
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elements (including the TPE) as some kind of callable rou-
tine, it would be able to generate events at NLO accuracy out
of the box. Further, it provides a full YFS shower [240] that
can resum soft logarithm; collinear contributions are taken
at fixed order.

Pythia itself is not a program but rather a library that can
be used for event generation. As such, it is trivial to link to an
external matrix element provider and it could then be used
for the generation of NLO events. While naturally focused
on QCD showers and hadronisation, it does include a QED
shower that includes a fully coherent multiple treatment of
photon radiation beyond the YFS approximation. Further, the
resummation of initial-state collinear log is possible using a
lepton parton distribution function.

MadGraph_aMC@NLO is mainly designed for the
automatic generation of NLO matrix elements which are then
used in a QCD parton shower. The automatic generation is
less helpful for our purposes but could be side-stepped with
some effort. The code further provides a QED shower for
final states and, similar to Pythia, can use a lepton parton
distribution function for the inclusive resummation of ISR.
Weight reduction to unit weights w = ±1 is only available
when combined with the parton shower to avoid the intro-
duction of an IR cut-off.

Herwig is a Monte Carlo event generator with QED show-
ering. In normal operations for LHC physics, amplitudes are
included up to NLO. However, for more complicated pro-
cesses Herwig is already set up to obtain amplitudes from
external libraries. This feature could be used to provide the
generator with matrix elements relevant for 	-p scattering.

Facilitated by the development of many different genera-
tors, the high-energy community was forced to develop stan-
dardised interfaces for generators and event formats. The
most commonly used ones are LHEF [241] and HepMC3
[242]. These standards are used in conjunction with theRivet
framework [243]. Rivet supports the development of gener-
ators by encouraging experimentalists to share their analyses
in a common framework that can be applied both on data
and Monte Carlo samples. New generators (at both the high-
energy and low-energy frontier) will probably interface to
these standards to cut down on complexity.

4.3 Conclusion and outlook

The precision requirements of modern 	p scattering experi-
ments require unprecedented theoretical calculations. A crit-
ical part of this is the development of event generators that
can be used in experimental simulations. These requirements
mean that we need to go beyond leading order for the radia-
tive process 	p → 	pγ . This is also roughly equivalent to
going beyond NLO for 	p → 	p. Currently, no event gen-
erator with these capabilities exist even though some codes
(notably McMule and MESMER) could be adapted.

Unfortunately, the increased precision comes with a mas-
sive increase of the complexity of the distributions that need
to be sampled. Luckily this is a known problem; the LHC
community has worked on issues that are almost identical
for decades. While not all ideas are immediately transferable
to our process, many are. Additionally to the calculation of
one-loop matrix elements (which is fully automatised for
all standard theories), this includes methods to deal with IR
singularities, negative weights, and numerical resummation
using a parton shower.

Using these tried and tested techniques will allow us to
construct event generators with (and beyond) NNLO accu-
racy for 	p → 	p in the coming years.

5 Higher-order corrections in QED and electroweak
inelastic scattering

The Rosenbluth formula [2] as well as the Akhiezer–Rekalo
formalism [41,42], respectively, for unpolarized and polar-
ized elastic ep scattering hold only in the OPE formal-
ism where two real FFs, functions of Q2 only, completely
describe the reaction. In the case of TPE, instead of two
real functions of Q2 one has to deal with three amplitudes,
neglecting the electron mass. Three additional charge-odd
amplitudes, that are proportional to the electron mass, are of
the same order, generally of complex nature and also depend-
ing on two kinematical variables. The latter are relevant for
observables such as transverse polarization.

Model-independent statements hold also in the annihi-
lation region [244,245]. Assuming time and parity invari-
ance and crossing symmetry, the reactions e+e− ↔ p p̄ are
described by the same electromagnetic FFs. However, in the
time-like region of transferred momenta FFs are of complex
nature, even in the case of OPE. Due to the large transferred
momenta that are involved above the physical threshold one
would therefore expect that TPE effects are enhanced.

In the time-like region, the angular distribution of one
of the produced particles allows one to extract the moduli
of the FFs. In principle such measurement is simpler than
a Rosenbluth separation, as it requires only one setting of
the collider equipped with a 4π detector. The ε(∼ cot2 θ )-
linearity of the Rosenbluth plot translates by crossing sym-
metry into a cos2 θ dependence of the annihilation cross sec-
tion. Then, a forward-backward asymmetry arises in the pres-
ence of charge-odd contributions, as hard TPE. The sum (dif-
ference) of the cross section at corresponding angles would
cancel (enhance) the TPE contribution, taking advantage of
its charge-odd nature.

The study of both annihilation reactions e+e− ↔ p p̄,
related by time reversal is very instructive in this respect, as
radiative corrections are in general different. In e+e− collid-
ers, huge effort has been done to achieve a per-mille preci-
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sion, based on the charged lepton structure function method,
when only one lepton flavor is considered [246]. This is made
necessary by the use of the “initial state radiation” (ISR) pro-
cess [247], that allows to scan a large region of transferred
momenta, even in a fixed energy collision.

Radiative correction for the reaction p̄ p → e+e−,
induced by antiproton beams have been particularly studied
[248] and are being implemented in a dedicated MC event
generator (cf. Sect. 4), in the frame of the time-like FF pro-
gram planned at FAIR [249]. The interest of the antiproton
beam is also related to the possibility to measure the muon-
antimuon final state [250].

The search of charge-odd contributions to the annihilation
cross section has been looked for in the BaBar data, see Ref.
[251], with the conclusion that they vanish in the limit of 2%,
which is the order of magnitude of the interference between
initial and final state radiation emission. The presence of TPE
in the future data from PANDA at FAIR has been simulated
in Ref. [249] pointing out that a contribution of ≥ 5% would
be detectable.

The QED radiative corrections to both deep-inelastic scat-
tering and e+e− annihilation at large virtualities Q2 and cms
energies s � m2

e are very important for precision measure-
ments since they can be differentially rather large in parts
of the phase space. Furthermore, they strongly depend on
the different possible measurements of the kinematic vari-
ables of the respective processes. Unlike the case in mass-
less QCD, the emerging logarithms L = ln(Q2/m2

e) or
L = ln(s/m2

e) are observable phase-space logarithms and
cannot be resummed away as in the strictly massless case. In
particular, they can be measured as has been done in many
experimental analyses in deep-inelastic scattering and e+e−
annihilation. In addition, the fermion mass corrections cannot
be dealt with as purely massless corrections from the begin-
ning, cf. e.g. [252]. They are, furthermore, not just given by
splitting functions and massless Wilson coefficients, but one
has to compute massive operator matrix elements (OMEs)
instead of the splitting functions. Two renormalization group
equations rule the corrections in the limit Q2 � m2

e or
s � m2

e .1 These quantities are ruled by two renormalization
group equations, cf. [253–255], containing also the charged
lepton masses. They read2

[(
μ

∂

∂μ
+ β(g)

∂

∂g

)
δal − γm(g)me

∂

∂me
+ γal(N , g)

]

× �li

(
N ,

μ2

m2
e
, g(μ2)

)
= 0, (95)

1 More generally me can also be replaced by m	, 	 = e, μ, τ .
2 In addition the gauge parameter ξ needs to be renormalized, which
we have suppressed here.

[(
μ

∂

∂μ
+ β(g)

∂

∂g

)
δalδkb − γm(g)me

∂

∂me

− γal(N , g)δkb − γkb(N , g)δla

]

× σ̃lk

(
N ,

s′

m2
e
, g(μ2)

)
= 0. (96)

Here μ denotes the factorization and renormalization
scale, g the QED coupling constant, β the QED β-function,
γm(g) the mass anomalous dimension, γi j the QED anoma-
lous dimensions, �li are the massive OMEs and σ̃lk are the
massless sub-system scattering coefficients. Finally, s′ (or
(Q2)′) denote the sub-system cms energy (or virtuality). The
renormalization group equations rule all corrections down
to the constant term which does not depend on the scale
logarithm. Here the renormalization group equations have
been written in Mellin space. Since the radiatively corrected
(differential) scattering cross sections are observables, the
μ-dependence needs to be canceled, which is possible by a
consistent expansion in the coupling constant g. Usually the
consideration of the radiators �li is therefore not sufficient,
with the exception of the leading order terms O(αk Lk), with
α the fine structure constant, since there only the Born sub-
system cross section contributes. They are leg-dependent as
the other corrections and the relevant hard scales rescale with
the collinear emission variable z accordingly as will be out-
lined below.

The representation of the radiative corrections using
Eqs. (95) and (96) allows to calculate all but the power cor-
rections (m2

e/s)k, k ∈ N, k ≥ 1. The latter terms require the
full phase-space integrals to be carried out and are believed
to yield small contributions only in the limit of large scales.

In Sect. 5.1 we will consider the QED radiative correc-
tions for the deep-inelastic scattering process. Section 5.2
deals with the initial state QED radiative corrections to e+e−
annihilation and Sect. 5.3 contains the conclusions.

5.1 Higher-order corrections to deep-inelastic scattering

The QED corrections to deeply-inelastic scattering have
been calculated in the context of different experiments
starting with those at SLAC [4], CERN, with BCDMS
and EMC [256], and with much more work for HERA,
cf. Refs. [214,257]. These papers cover the O(α) correc-
tions and we will mostly discuss higher-order corrections in
the following. Furthermore, most of the calculations refer
to unpolarized-lepton unpolarized-nucleon scattering. Later
on we will also discuss the QED radiative corrections to
polarized nucleon scattering. Early leading logarithmicO(α)

approaches (LLA) are shown in Refs. [4,258,259], see also
Refs. [29,260,261]. The O(α) electroweak corrections, also
for νN scattering, were calculated in Refs. [262–274] and
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applied to data. This has been important for the measure-
ment of sin2 θW from deep-inelastic data.

Complete neutral and charged currentO(α) corrections to
ep scattering were calculated in Refs. [275–277], calculat-
ing the bremsstrahlung contributions using MC integration.
The neutral and charged current O(α) corrections to deep-
inelastic ep scattering were calculated analytically for the dif-
ferential cross sections d2σDIS/dx/dQ2 in Refs. [278–280].
The O(α) leading log corrections to the neutral and charged
current process in leptonic variables were computed in Ref.
[281], correcting earlier work in Ref. [282]. The LLA results
agreed very well with the complete results in the neutral cur-
rent case. For only leptonic contributions these corrections
were calculated in Refs. [283,284] also. The radiative correc-
tions are quite different for different choices of variables to
define the differential cross sections, cf. Ref. [10]. The LLA
corrections in the case of jet (or hadronic) variables were cal-
culated in Ref. [285]. In Table 3 we display the z rescaling
for some of the kinematic variables.

Here J (x, y, z) denotes the respective Jacobian and x =
Q2/(sy), y = p.q/p.l, with p and l the nucleon and lep-
ton 4-momentum and q2 the virtuality of the process with
Q2 = −q2. z0 denotes the hard bremsstrahlung threshold.
The rescaling relations for other sets of variables, such as
Jaquet–Blondel variables, the double-angle method, the θy
and e� methods, see Refs. [10,257].

Let us illustrate the radiator method in lowest order LLA.
One obtains

d2σ ini(fin)

dxdy
= α

4π
Le

∫ 1

0
dz P(0)

ee (z)

[
θ(z − z0)

× J (x, y, z)
d2σ 0

dxdy x=x̂,y=ŷ,s=ŝ
− d2σ 0

dxdy

]
. (97)

Here Le denotes the radiation logarithm Le = ln(Q2/m2
e)

−1 and we have accounted for a non-logarithmic correc-
tion in addition. P(0)

ee denotes the O(α) QED splitting func-
tion for the ee transition [286]. The QED splitting functions
and anomalous dimensions can be obtained from those of
QCD [287–292] to three-loop order in the unpolarized and
polarized cases by setting TF = 1, CF = 1, CA = 0. The
photon-photon splitting function needs more care. The con-
sistent construction of the different order radiative correc-
tions including both the massive OMEs and the massless sub-
system scattering cross sections is described in Ref. [293] in
detail in Mellin space. Parts of the radiators depend also on
generalized harmonic sums [294,295] while the others are
given by harmonic sums [296,297]. However, their Mellin
inversion to z-space can be written in terms of harmonic poly-
logarithms [298] at modified argument. Standard technolo-
gies, cf. Ref. [299], also allow one to calculate the radiators
in z-space.

We also would like to mention that the transition matrix
elements from e− ↔ e+ were given in Ref. [254] to two-loop
order. They are related to the different non-singlet anomalous
dimensions γ N S,± [288,291] starting at two-loop order.

Different radiative correction packages such as TERAD,
HERACLES, HELIOS and HECTOR were designed [214,
256,257,300,301]. In addition to the O(αL) corrections,
which are large in certain parts of the phase space, also
the O(α2 L2) corrections were calculated for leptonic vari-
ables in Ref. [302] and for the whole set of kinematic vari-
ables in Ref. [303]. Related radiators were obtained in Refs.
[304,305] and later corrections in Ref. [254].

Likewise, complete O(α) calculations have been per-
formed for Jacquet-Blondel variables in Ref. [306] and for
mixed variables in Ref. [307].

TheO(α2L) corrections for the latter case were computed
in Ref. [308], extending the results of Refs. [303,307]. All
sub-leading corrections of this type are process dependent
since they also depend on lower order hard scattering contri-
butions. Therefore, resummations of non-leading radiators,
cf. e.g. Ref. [33] and references therein, do not lead to a com-
plete description. Furthermore, one has to deal with massive
OMEs, cf. e.g. Ref. [254].

The QED corrections to the final state hadronic jet are dealt
with as inclusive, since they usually cannot be resolved as
electromagnetic showers do also occur in the hadronization
process. Therefore, this part of the corrections is summed
up according to the Kinoshita-Lee-Nauenberg theorem [309,
310].

The radiators of the LLA corrections to higher order
O(αk Lk) are process and radiation leg independent. Further-
more, the non-singlet corrections are the same in the unpolar-
ized and polarized case. The radiators for the O(α2L2) cor-
rections were calculated in Refs. [302,303]. The correspond-
ing higher-order corrections up to O(α5L5) were computed
in Refs. [216,311–317], where the singlet corrections were
calculated in Refs. [316,317]. One may also resum small-x
contributions of O((α ln2(x))k), which has been performed
in Ref. [318].

In the case of leptonic variables already the O(α) cor-
rections do not only contain initial and final charged lepton
radiation, but also the contributions due to the Compton peak,
which was first dealt with in Ref. [4] and later considered in
Refs. [278,281,283,319].

There are also hadronic initial state radiative correc-
tions. In early studies [275,276,278–280] some conceptional
assumptions were still made, which are incompatible with
the massless parton model, being generally assumed for
the QCD corrections and also needs to be applied to the
QED corrections. The correct treatment has been given in
Refs. [285,320]. Later numerical studies were made in Refs.
[321,322].
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Table 3 Scaling behavior of various sets of kinematic variables for leptonic initial and final state radiation, cf. [10,257]. The shifted variables Q̂2,
ŷ, the threshold z0 and the Jacobian J depend on the choice of the external kinematic variables

Kinematics Q̂2 ŷ ẑ0 J (x, y, z)

Initial state radiation ŝ = zs

Leptonic variables zQ2
l

z + yl − 1
z

1 − yl
1 − xl yl

yl
z + yl − 1

Mixed variables zQ2
l

yJ B
z yJ B 1

Hadronic variables Q2
h

yh
z yh

1
z

Final state radiation ŝ = s

Leptonic variables
Q2

l
z

z + yl − 1
z 1 − yl (1 − xl )

yl
z(z + yl − 1)

Mixed variables
Q2

l
z yJ B xm

1
z

Fig. 20 Radiative corrections in leptonic variables in per cent for Ee =
26.8 GeV, E p = 820 GeV. Dotted lines: O(α), dashed lines: O(α2),
solid lines: in addition soft photon exponentiation, from [257], c©(1995)
by Elsevier Science

Finally, also the radiative corrections to polarized lepton-
polarized nucleon scattering were calculated in complete at
O(α) in [323] and for the singlet corrections to O((αL)5)

in [316]. Here realistic parameterizations of the polarized
structure functions [324] were used. Moreover, the scatter-
ing cross section is described by five and not only by two
structure functions [325], which are accounted for including
also target masses. Earlier results, valid in the region of low
Q2, were given in [326,327], see also [31,200,328]. Besides
the code HECTOR, in which also the corrections calculated
in Ref. [323] are available, there are the codes POLRAD

[202] and RADGEN [201] available.
Finally, we would like to give some numerical illustra-

tions on the leptonic QED radiative corrections. In Fig. 20
we show the corrections in leptonic variables. It is shown
that the LO corrections deviate by some % from the O(α2)

Fig. 21 Radiative corrections in mixed variables in per cent for Ee =
26.8 GeV, E p = 820 GeV. The lines left from above to below
correspond to x = 0.5, 0.1, 0.001 in consecutive order. Full lines
O(α) + O(α2 L2) + O(α2 L); dashed lines: O(α); Figure courtesy
of H. Kawamura

corrections, which are therefore necessary. The soft expo-
nentiation is adding much less. The reduction of the radiative
corrections in deep-inelastic ep scattering is also possible by
measuring the kinematic variables by other methods. Here
we would like to mention, in particular, the double angle
method, cf. [303], where the corrections are much smaller
and do also behave rather flat as functions of the Bjorken
variables x and y.

In Fig. 21 we present numerical results in the case of mixed
variables [303,307,308] in O(α), corrected by the terms of
O(α2 L2) and O(α2 L). The dominant behaviour is given by
the O(αL) corrections. However, several % of the correc-
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Fig. 22 O(α) leptonic QED correction, Eq. (98), to the polarized part
of the differential deep-inelastic scattering cross section for longitudi-
nally polarized protons at

√
S = 314 GeV. Dashed lines : δ

long
1 for only

the structure function g1; full lines : complete correction. The contribu-
tions due to the structure functions g2 and g3 are of O(M2/S) and are
not included; from [323], c©(1996) by Elsevier Science

tions are added by the higher-order terms included. These
are required for precision measurements.

In Fig. 22 we illustrate the inclusive radiative corrections
to the function

δ = d2σ
pol
rad

d2σ
pol
Born

× 100% (98)

The effect of the structure functions g4 and g5 in this ratio
is clearly visible. The radiative corrections are of a similar
shape than in the unpolarized case. In Ref. [323] also the
incorporation of some kinematic cuts has been discussed.

5.2 Higher-order QED corrections to e+e− annihilation

Unlike the case in deep-inelastic ep scattering, the complete
two-loop QED corrections at large cms energy have been
calculated for e+e− annihilation [252], which are of cen-
tral importance for precision measurements of the Z0 peak,
Z0 H0 production and t t̄ production at threshold, cf. [329]
and references therein.3 In earlier attempts to calculate these
corrections or parts of it in Refs. [305,332] the massless limit
me → 0 has been taken too early, which led to incorrect
results. Using for the inclusive cross sections the factoriza-
tion property [333], one may also calculate it referring to
the massless sub-processes [334–336] and the correspond-
ing massive OMEs calculated in Ref. [254]. Since the results
of Ref. [254] did not agree with those from Refs. [305,332],

3 For a recent survey see Ref. [330]. An excellent survey on the different
calculations at one-loop order is given in Ref. [331].

there was also the possibility that factorization does not hold
in the massive case. However, it could be proven by the full
massive phase-space calculation in Ref. [252] that this is not
the case and the reasons for the differences could be given in
Refs. [252,329,336]. With the factorization relation at hand
one can now calculate the three most leading logarithms in
any order of α. This has been done to O(α6L5) in Ref. [293].

Besides the two-loop massive OME A(2)
ee [254] one also

needs the two-loop massive OME A(2)
γ e [293]

Aγ e = aMS
[
−1

2
P(0)

γ e L1 + �(0)
γ e

]

+ aMS2
[

P(0)
γ e

8
(P(0)

ee + P(0)
γ γ + 2β0)L2

1

+ 1

2
(P(1)

γ e + �(0)
ee P(0)

γ e + �(0)
γ e P(0)

γ γ

+ 2β0�
(0)
γ e )L1 + �̂(1)

γ e + �̄(0)
ee P(0)

γ e

+ �̄(0)
γ e P(0)

γ γ + 2β0 P̄(0)
γ e

]
, (99)

with L1 = ln(m2/μ2), �̂i j = �i j (NF + 1) − �i j (NF ) and
f̄ are the O(ε) parts of the functions f , where ε = 2 − D/2
denotes the dimensional parameter.

In Table 4 we show the improvement of the peak position
and the size of the width of the Z0 boson by including higher
and higher order QED initial state corrections, until we reach
the level of ±10 keV as the theoretical error. We consider
both the cases of an s-independent as well of the s-dependent
width �Z .

The QED initial state corrections are also very important
for the measurement of inclusive t t̄ production in the thresh-
old region, which will be used for a precision measurement
of the top quark mass in the future. Evidently higher than the
O(α2) corrections are required to obtain a sufficient descrip-
tion, cf. Fig. 23.

For a future precision measurement of the fine structure
constant α at high energies [339] one needs also higher-order
corrections to the forward-backward asymmetry. The corre-
sponding LO corrections to O(α6L6) have been calculated
in Ref. [340] extending earlier results at O(α2 L2) [283]. The
O(α) corrections were computed in Ref. [341].

The LLA initial state radiative corrected forward-
backward asymmetry is given by

AFB(s) = 1

σT (s)

∫ 1

z0

dz
4z

(1 + z)2 H̃LLA
e (z)σ (0)

FB (zs), (100)

with σ
(0)
FB = σ

(0)
F − σ

(0)
B and σT (s) the radiatively corrected

total cross section. The radiator is given by

H̃LLA
e (z) =

[
HLLA

e (z) + HLLA
FB (z)

]
, (101)
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Table 4 Shifts in the Z -mass and the width due to the different contributions to the ISR QED radiative corrections for a fixed width of �Z =
2.4952 GeV and s-dependent width using MZ = 91.1876 GeV [337] and s0 = 4m2

τ , cf. [338]; from [293], c©(2020) by Elsevier Science

Order of correction Fixed width s-dep. width

Peak (MeV) Width (MeV) Peak (MeV) Width (MeV)

O(α) 185.638 539.408 181.098 524.978

O(α2 L2) − 96.894 − 177.147 − 95.342 − 176.235

O(α2 L) 6.982 22.695 6.841 21.896

O(α2) 0.176 − 2.218 0.174 − 2.001

O(α3 L3) 23.265 38.560 22.968 38.081

O(α3 L2) − 1.507 − 1.888 − 1.491 − 1.881

O(α3 L) − 0.152 0.105 − 0.151 − 0.084

O(α4 L4) − 1.857 0.206 − 1.858 0.146

O(α4 L3) 0.131 − 0.071 0.132 − 0.065

O(α4 L2) 0.048 − 0.001 0.048 0.001

O(α5 L5) 0.142 − 0.218 0.144 − 0.212

O(α5 L4) − 0.000 0.020 − 0.001 0.020

O(α5 L3) − 0.008 0.009 − 0.008 0.008

O(α6 L6) − 0.007 0.027 − 0.007 0.027

O(α6 L5) − 0.001 0.000 − 0.001 0.000

where the parameter z0 plays the role of an energy cut and
z = s′/s. Here HLLA

e is angular independent, and denotes
the leading logarithmic contributions of the usual radiators,
while HLLA

FB , which is angular dependent and obtained by the
following integral

HLLA
FB (z) =

1∫

0

dx1

1∫

0

dx2

[(
(1 + z)2

(x1 + x2)2 − 1

)

× �LLA
ee (x2)�

LLA
ee (x1)δ(x1x2 − z)

]
. (102)

Here �LLA
ee (xi ) denote the massive OMEs and (102) is

expanded in (αL) to the respective order needed. One may
use the Mellin-transform

M[HLLA
FB (z)](n) =

1∫

0

dzzn HLLA
FB (z)

=
1∫

0

dx1

1∫

0

dx2xn
1 xn

2

[(
(1 + x1x2)2

(x1 + x2)2 − 1

)

× �LLA
ee (x2)�LLA

ee (x1)

]
. (103)

In z-space the radiator depends on cyclotomic harmonic
polylogarithms [342].
In Table 5 we illustrate the improvement of the forward-
backward asymmetry by including higher order leading-log

Fig. 23 The QED ISR corrections to e+e− → t t (s-channel photon
exchange) in the threshold region for a PS-mass of mt = 172 GeV.
Dotted line O(α0); Dashed line O(α); Dash-dotted line O(α2); Full
line O(α2) + soft resummation; from Ref. [329], c©(2019) by Elsevier
Science

initial state radiative corrections beyond the O(α2 L2) cor-
rections [283]. The O(α6L6) corrections stabilize the off-
resonance forward-backward asymmetries to six digits. Of
course, also non-leading log corrections are needed to be
calculated in the future.

5.3 Conclusions

We have summarized the status of the higher-order QED cor-
rections to deep-inelastic ep scattering and for the QED ini-
tial state corrections to e+e− annihilation. In both cases the
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Table 5 AFB evaluated at s− = (87.9 GeV)2, M2
Z and s+ = (94.3 GeV)2 for the cut z > 4m2

τ /s from Ref. [340], c©(2021) by Elsevier Science

Order AFB(s−) AFB(M2
Z ) AFB(s+)

O(α0) −0.3564803 0.0225199 0.2052045

O(αL1) −0.2945381 −0.0094232 0.1579347

O(αL0) −0.2994478 −0.0079610 0.1611962

O(α2 L2) −0.3088363 0.0014514 0.1616887

O(α3 L3) −0.3080578 0.0000198 0.1627252

O(α4 L4) −0.3080976 0.0001587 0.1625835

O(α5 L5) −0.3080960 0.0001495 0.1625911

O(α6 L6) −0.3080960 0.0001499 0.1625911

emphasis is on the non-power corrections, i.e. on the logarith-
mic contributions down to the constant terms of O(αk L0).
These contributions can be computed using renormalization
group techniques, which involve massive OMEs on one side
and massless sub-system scattering processes on the other
side. It is important in using this approach to cancel the
dependence on the factorization scale by matching the dif-
ferent contributions. This is best done in Mellin-N space in
a fully analytic way. The radiators are then given by Mellin
convolutions of the respective pieces defining the OMEs and
the sub-system scattering cross sections. The result can be
Mellin-inverted analytically providing the correct radiators.
The requested interplay between both types of contributions
does not allow to study QED evolution only.

In the case of future experimental studies of e+e− anni-
hilation it is planned to measure the width and the mass of
the Z0-boson down to the 20 keV range. This requires ini-
tial state corrections of up to 6th order QED corrections by
keeping three logarithmic orders.

6 Light-hadron decays and reactions

The incorporation of radiative corrections is also essential
for processes in a kinematical regime that is different from
the previous discussions. Recently, it has been gradually rec-
ognized that in order to achieve desired precision in exper-
iments studying decays of light mesons (or hadrons in gen-
eral), radiative corrections must be incorporated as a part
of MC generators (see also Sect. 4 for more on MC con-
cepts), and subsequently, the demand for such corrections
has increased. Such an awakening resides in the fact that, typ-
ically, the QED NLO radiative corrections compete in size
with the hadronic effects. And thus, once hadronic parame-
ters are to be extracted from data, ignoring or inaccurately
determining radiative corrections would lead to meaningless
results, the examples of which we will see below.

Historically, the approach to radiative corrections varied.
In some cases, they would be left out entirely. If an effort

was done to include at least some of the relevant corrections,
others that were not negligible were ignored. In some cases,
approximate approaches (soft-photon limit or leading loga-
rithms) were used, which often led to unreliable or mislead-
ing results. All the above-mentioned cases introduce artificial
discrepancies between theory and experiment, as also dis-
cussed in Sect. 3.1. In other words, what is then considered
to be “measured observables” or related “measured hadronic
parameters” may include an unsubtracted QED part, which
can turn out to be quite a significant contribution.

In the following, we will discuss the current status of
QED radiative corrections in some sample decays of the
lightest pseudoscalar mesons and baryons and their direct
application in experiment. The results below are presented
and discussed in the context of the so-called (one-photon-
)inclusive radiative corrections, where one, as part of the
bremsstrahlung contribution, integrates over the kinemati-
cally allowed energy and emission angle of the additional
photon. The emerging infrared divergences corresponding to
the vanishing photon energy are canceled against the associ-
ated virtual-photon-exchange contributions; see, e.g., Refs.
[343–345] for technical details related to the Dalitz decays
from the following sections. Such (inclusive) corrections are
suitable for estimating the overall radiative effects in a given
physical scenario, e.g., extracting form-factor parameters,
and correspond to the case in which additional photons would
be completely ignored in the analysis.

On the other hand, in many practical applications pho-
tons are considered. Typically, one then performs the above-
mentioned integration only up to an estimated sensitivity
threshold of the given detector set-up. The resulting NLO
correction is then used to modify the LO distribution, and the
photons exceeding the chosen threshold are then accounted
for explicitly in the MC event generation so that the radiative
tails of the invariant-mass spectra are well-described; see,
e.g., Ref. [346] as an example of an analysis in which the
final-state phase space is separated into two such parts.
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6.1 Radiative corrections for π0 decays

The NLO QED radiative corrections are now worked out for
all the relevant neutral-pion decay channels: the π0 Dalitz
decay π0 → e+e−γ , the π0 double-Dalitz decay π0 →
2(e+e−), and the π0 rare decay π0 → e+e−. We will address
these individually in the following subsections.

6.1.1 π0 → e+e−

Let us start with the last-mentioned process. Regarding the
branching ratio, this channel is loop- and helicity-suppressed
with respect to the radiative decay π0 → γ γ by eight
orders of magnitude. It has thus been speculated that the
π0 → e+e− decay might be sensitive to possible effects
of new physics. And it indeed seemed to be the case when
the KTeV Collaboration published the results of their anal-
ysis on the precise measurement of the branching ratio in
2007 [347]. The direct subsequent comparison to the Stan-
dard Model (SM) prediction was then interpreted as a 3.3σ

discrepancy [348]. Many works followed trying to explain
this difference both within (via modeling of the electromag-
netic pion transition form factor) and outside the SM (by
introducing various models including exotic particles). How-
ever, it is believed that the most important contribution in this
regard was done by an explicit calculation of (two-loop) vir-
tual radiative corrections [349] that brought the discrepancy
down to the 2 σ level [350]: Until then, only leading-log
approximation was available [351,352] that did not repro-
duce well cancellations among various diagrams. New light
can be shed on the branching ratio determination and the
related remaining 2 σ discrepancy: A new measurement is
under preparation by the NA62 Collaboration and the results
should be known, conservatively estimating it, within a few
months, i.e., by the end of 2023. In this analysis, all the known
related radiative corrections [344,349,353,354] are already
included at the MC level.

Looking at the quantity that has been measured by KTeV
[347],

B
(
π0 → e+e−(γ ), x > 0.95

)

B
(
π0 → e+e−γ, x > 0.232

) = 1.685(64)(27) × 10−4,

(104)

with x ≡ m2
e+e−/M2

π , it becomes immediately obvious why
there is a need for precise knowledge of radiative corrections
in order to compare this value with the predictions provided
by theory for a non-radiative (exclusive) process, which can
be written as

B
(
π0 → e+e−) ≈ (6.21 + 0.15χ̃

)× 10−8, (105)

with χ̃ ≡ 2
[
χ(r)(770 MeV)− 5

2

]
. Theoretical predictions and

models suggest (being rather conservative) χ(r)(770 MeV)

∼2–3 (see, e.g., Refs. [348,350,355,356]), so χ̃ is expected
to be within the interval (−1, 1). The result in Eq. (104) not
only depends on the Dalitz-decay branching ratio serving
here as the normalization channel, but the numerator allows
for final states including soft photons with their energies lim-
ited by the requirement on the minimum of the normalized
electron–positron invariant mass squared x . Equation (104)
thus needs to be further processed and it was done so in the
KTeV analysis via a series of steps in order to provide a “no-
radiation” value to be compared with theory. In other words,
experimental results on the branching ratios of such processes
will contain effects that need to be subtracted in some way, so
they can be directly compared with theoretical predictions for
branching ratios with no final-state radiation. Such a subtrac-
tion of radiative corrections can happen at different stages of
the experimental analysis, but it seems that the earlier stage
this happens, the better: Once the events accounting for pho-
tons in the final state are properly generated already at the
MC level, comparing the resulting spectra with data helps to
improve the quality of the analysis outcome.

6.1.2 π0 → e+e−γ

We have already seen that in the KTeV rare-decay search
described above, the Dalitz decay was used as the normaliza-
tion channel. It is thus clear that it is essential to have the com-
plete set of NLO QED corrections available also in this case.
It then comes as a bonus that this process is also used for nor-
malizing purposes in measurements in the kaon sector [354].
Furthermore, investigating the Dalitz decay itself leads to
information about the singly off-shell (π0γ γ ∗) electromag-
netic transition form factor (TFF) in the time-like region, i.e.,
direct access to the TFF slope without the need for model-
dependent extrapolation from the space-like region, as used,
e.g., in Ref. [357].

The radiative corrections for π0 → e+e−γ were first esti-
mated in terms of the (positive) total correction to the integral
decay width [358], and only a decade later, the first correc-
tions to the differential decay width appeared, which used
the soft-photon approximation [359]. Such corrections are,
however, negative all over the Dalitz plot. What can thus now
be considered a classical work on the Dalitz-decay radia-
tive corrections came a year after [343]. The hard-photon
corrections were included and the results were presented in
terms of a table giving sample correction values throughout
the Dalitz plot. One contribution was, however, missing: the
two-photon-exchange contribution, or also known as the one-
photon-irreducible (1γ IR) contribution at one loop, which
diagrammatically coincides with the bremsstrahlung contri-
bution to the π0 → e+e− [353]; see Fig. 24.

It turned out, after a vivid discussion in the literature [360–
362], that this contribution was not negligible, and a direct
subsequent calculation would show that omitting the 1γ IR
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Fig. 24 One-photon-irreducible Feynman diagrams contributing to
neutral-pion Dalitz-decay radiative corrections

Fig. 25 Inclusive NLO QED radiative corrections for the discussed
Dalitz decays A → Be+e−. For the cases of π0 and �0, the slopes
of the radiative corrections are denoted, from which one can infer the
effects on the measured TFF slopes (see Eq. (107))

piece would introduce ∼15% discrepancy to the measured
slope [344,363].

The most precise measurement of the slope in the time-like
region to date was performed by the NA62 Collaboration with
the results aπ = 3.68(57)% [364]. It is worth mentioning
that the slope of the radiative corrections amounts to circa
−12.5%; see the low-x region of Fig. 25.

This corresponds to the QED correction of about −6% to
the slope estimate in absolute numbers. This in turn means
that without considering the QED corrections one would
inevitably obtain a negative slope of similar size as the correct
result aπ stated above.

In QED, in which hadronic effects of the π0 → γ ∗γ ∗
transition are included via the electromagnetic form factor, it
turns out that one can precisely determine the Dalitz-decay
branching ratio, directly following from the NLO calculation
of the ratio R = B(π0 → e+e−γ (γ ))/B(π0 → γ γ ) [354].
For this, it is sufficient to know the NLO radiative corrections
and – from theoretical estimates confirmed by experiment –
that the TFF slope is rather small. This then combines with the
fact that the sensitivity to the only relevant (higher derivatives
can be neglected since the pion mass lies well below the
resonance region) hadronic parameter present (aπ ) in such

an equation

R = α

π

∫∫
(1 + aπ x)2 (1 − x)3

4x

×[1 + δ(x, y)
](

1 + y2 + 4m2
e

M2
π x

)
dxdy (106)

is suppressed because the region with high virtualities is (and
the slope thus does not influence the final result much); this is
represented by the (1−x)3 term above. Let us stress that such
a precise determination is only possible since the complete
set of NLO QED radiative corrections are now known.

Believing the above determination, it becomes surprising
that the KTeV Collaboration, soon after Ref. [354] was pub-
lished, presented their results on the Dalitz-decay branching
ratio [365] which is 3.6σ away from the mentioned QED-
based result. It is thus desirable to have another independent
branching-ratio measurement. There is ongoing activity in
this direction in NA62.

6.1.3 π0 → 2(e+e−)

A complete set of NLO radiative corrections in soft-photon
approximation for the neutral-pion double-Dalitz decay is
computed in Ref. [366], in which the processes P → 	̄		̄′	′
are addressed in general. This work also considers form-
factor effects and improves upon the earlier work [367].

6.2 Radiative corrections for η(′) Dalitz decays

The knowledge of the radiative corrections for the neutral-
pion Dalitz decay turns out to be very useful in different
contexts, and it also serves as a starting point to the cal-
culation of the corrections for the corresponding η(′) decay
channels. These come with several additional challenges that
one needs to overcome in order to be able to extract valuable
information on the TFFs from data.

Naive radiative corrections for η → e+e−γ [368] were
indeed closely inspired by the solution for its neutral-pion
counterpart, and only the mass of the decaying meson would
be numerically addressed. However, one needs to take the
situation a bit more seriously. The larger rest mass of the
decaying η(′) has further consequences. The η-meson mass
already lies above the muon-pair and pion-pair production
threshold, which has some consequences for the treatment
of virtual corrections. But what brings in a real complication
is the fact that η′ lies above the lowest-lying resonances ρ

and ω. The decays and the radiative corrections then natu-
rally become sensitive to the widths and shapes of the res-
onances. And this is a crucial difference compared to the
π0 case, where the TFF dependence was mild and could
even be neglected in certain applications. Another technical
complication then resides in the fact that η(′) mesons carry
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Fig. 26 Inclusive NLO QED radiative corrections for η′ → e+e−γ ;
x ≡ (pe+ + pe− )2/M2

η′

a nontrivial strangeness content that has to be addressed as
part of the TFF treatment.

A more advanced approach to the η(′) → 	+	−γ radia-
tive corrections [369] then improves on the naive approach
for η → e+e−γ in the following way. Regarding the vac-
uum polarization contribution, the muon-loop and hadronic
contributions were added, the 1γ IR contribution at one-loop
level was included, and the form-factor effects (including
the complete bremsstrahlung contribution) were calculated.
Moreover, no assumptions regarding the final-state lepton
masses were considered, so the muon channels could be con-
sistently treated as well. An example of the resulting radiative
corrections can be seen in Fig. 26.

Let us note that the developed exact treatment of the form-
factor effects can also be used in the π0 Dalitz decay. There
it introduces circa 1% correction to the correction itself and
is thus, as expected, negligible.

6.3 Radiative corrections for �0 → �e+e− Dalitz decay

The next technical complication in the calculation of radia-
tive corrections to differential decay widths of Dalitz decays
appears when the final-state photon is replaced by a massive
particle. The first example of such a case that we discuss
here appears outside the meson sector: the Dalitz decay of
the neutral Sigma baryon.

Radiative corrections within the soft-photon-
approximation approach have been available for some time
now [370]. The calculation of the bremsstrahlung contribu-
tion including the effects of hard-photon emission proceeds
along similar lines as in the previous cases, although now the
analytical integrals need to be generalized for a nonvanishing
(Lambda-hyperon) mass. It turns out that some of the inte-
grals do not have analytical solutions anymore with such a
generalization. The counterpart of the (until now triangular)

Fig. 27 1γ IR (two-photon-exchange) Feynman diagrams contributing
to NLO radiative corrections for �0 → �e+e−

1γ IR contribution of Fig. 24 are here two-photon-exchange
box diagrams involving hadronic form factors; see Fig. 27.

Although quite nontrivial to evaluate and contributing
to the electron–positron asymmetry, they do not affect the
one-fold differential decay width in terms of the invariant
electron–positron mass squared, and thus the extraction of
the �0 → �γ ∗ transition form factor. Here lies a profound
difference between the kinematical regimes of decay and
scattering since, in the latter, the two-photon-exchange con-
tribution matters, as discussed in Sect. 3.

Similarly to the π0-Dalitz-decay case, the (magnetic; elec-
tric is negligible) form-factor dependence is rather mild, and
one can come up with precise predictions for �0 → �e+e−
and �0 → �γ branching ratios [345]. Regarding the impor-
tance of the QED NLO radiative corrections (see Fig. 25), it
was found, using again the simple consideration

a(+QED) − a � 1

2

dδ(x)

dx

∣∣∣∣
x
1

, (107)

that the effect on the TFF-slope extraction is about −3.5%
in absolute figures [345]. This is quite a significant value
while extracting a quantity that is estimated to be of a size
1.8(3)%: When ignoring the QED effects, one would thus
end up with a negative magnetic TFF slope, although again
of a reasonable magnitude.

6.4 Radiative corrections for ω → π0	+	−

Once the bremsstrahlung contribution to the �0 Dalitz decay
is established, the results can be readily used for the ω →
π0	+	− decay. Here, various extractions of the ωπV corre-
lator [371–374] are in tension with the simplest theoretical
models, and one could wonder if applying the previously
omitted QED radiative corrections (they were not available
until very recently) could improve the situation. The correc-
tions are, as in the previous cases, negative over a large region
of the Dalitz plot (see Fig. 25), and one can thus expect the
data points to be pushed upwards accordingly after the QED
effects are subtracted. Needless to say, these corrections are
more significant in the electron channel. A proper analysis
is, of course, in place and should be part of the future exper-
imental analyses of more precise data.
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The one-photon-inclusive NLO QED radiative corrections
beyond the soft-photon approximation were calculated as a
bachelor project in 2021 [375].

6.5 Radiative corrections for K + → π+	+	−

The K + → π+	+	− decays allow us to access the K + →
π+γ ∗ TFF. Extracted both in the electron and muon chan-
nels, it allows us to test the lepton-flavor universality. Most
importantly, however, studying the TFF provides us with
valuable information about weak transitions in the low-
energy QCD sector. Extracting the relevant related hadronic
parameters from experiment then requires, as expected, the
knowledge of radiative corrections in order to subtract the
QED effects that are present. Recently, following a num-
ber of previous extractions [376–378], the TFF parameters
traditionally called a+ and b+ were measured by the NA62
Collaboration [346]; it is worth mentioning that radiative cor-
rections were part of this analysis at the MC level [379,380].

Regarding the radiative corrections related to the lepton
part of the K + → π+	+	− process, there are no additional
complications, and one can use the same approach as in the
previous cases once the form factor is suitably expanded to
account for hadronic effects in the bremsstrahlung contri-
bution beyond the soft-photon approximation. On the other
hand, the novel nontrivial obstacle is the fact that the involved
kaon and pion are charged and can thus both also radiate
a bremsstrahlung photon. Moreover, the transition K + →
π+γ ∗γ (∗) needs to be considered. Finally, virtual correc-
tions that complement the bremsstrahlung from the meson
part are somewhat nontrivial. Everything then should be ide-
ally expressed in terms of a single form factor, the one that
is extracted from data. This then allows for factorizing it out
or for further iterations.

6.6 Radiative decay of K + → e+νγ with TREK/E36 at
J-PARC

The TREK collaboration (Time Reversal Experiment with
Kaons) was formed in 2005 to pursue a program to search
for T-violation in stopped K + decays [381]. When by 2010 it
became clear that the required kaon beam intensity would not
be achievable in a timely manner, the TREK collaboration
still pursued a program on sensitive beyond-the-Standard-
Model physics, with experiment E36, which was proposed
in 2010 using only 50 kW beam power [382–384].

The focus of E36 was on testing lepton universality in
the SM, by a precision measurement of the ratio of two-
body decay widths, RK = �(Ke2)/�(Kμ2). The experi-
ment was approved in 2013 and constructed at the J-PARC
K1.1BR beamline in 2014, reusing the toroidal spectrometer
setup from KEK-PS experiment E246 [385] and the CsI(Tl)
barrel [386]. A new scintillating fiber target, a spiral fiber

tracker [387], and redundant PID systems (an aerogel counter
array [388], a time-of-flight system, and a leadglass shower
calorimeter in each sector [389]) were implemented. Data
taking was limited to less than three months in 2015. First
E36 results have been published on radiative kaon decays
[390,391], with the result for RK being expected to become
available in 2023. The E36 setup was also used for an in-situ
search for dark photons, or more generally for light neutral
bosons decaying into e+e− pairs over a broad mass range of
10–200 MeV/c2. The analysis, which is still ongoing, com-
bines a charged particle (μ+, π+, or e+) in one toroidal sector
with two clusters from e+e− pair detection in the segmented
CsI(Tl) calorimeter. Preliminary results from the light boson
search have been reported [392], and the final sensitivity is
expected to be reached in 2023.

The study of radiative kaon decay allowed to extract the
branching ratio for the structure-dependent (SD) process
resulting in a hard photon radiated nearly in back-to-back
kinematics with the positron. The process is accompanied
by the internal bremsstrahlung (IB), predominantly of soft
photons nearly in the direction of the positron. In the over-
lapping regions both processes appear, and the IB process is
calculated and simulated as a background, and convention-
ally included in the two-body branching ratio for Ke2. The
latest analysis also considers internal bremsstrahlung in the
SD process K SD

e2γ . The implementation of the IB radiative
process in the MC simulation follows the scheme introduced
by Gatti [393], allowing for analytic expressions of the dif-
ferential branching ratio distributions to be used in an event
generator. The experiment data were analyzed in terms of the
lepton momentum in a narrow range. The radiative correction
affecting the Ke2 and Ke2γ branching ratios were mostly due
to the narrow acceptance chosen for the lepton momentum. In
the ratio Rγ = �(K SD

e2γ )/�(Ke2), the IB corrections partially
cancel in the acceptance ratio. The first publication [390]
accounted for the IB acceptance effect only in the monochro-
matic two-body decay Ke2. In the most recent result [391],
the IB scheme was also implemented to correct the radia-
tive yield in the three-body decay Ke2γ . The obtained ratio
is consistent with a recent lattice-QCD calculation [394], a
gauged nonlocal chiral quark model (NLχQM) [395], how-
ever at tension with ChPT at order O(p4) [396,397] and
O(p6) [398], and a previous measurement by KLOE [399]
at the 4-σ level. The latter data have been used by NA62 [400]
to correct the universality ratio RK for the SD background,
which should be revisited.

6.7 Radiative decay width ρ− → π−γ with COMPASS at
CERN

The COMPASS collaboration (COmmon Muon and Proton
Apparatus for Structure and Spectroscopy) operated a multi-
purpose, high-resolution and high-rate capable spectrometer
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Fig. 28 Contributions to the cross section for the reaction π−γ →
π−π0 from the kinematic threshold, where the chiral anomaly domi-
nates, to the region of the ρ(770) resonance. Adapted from the respec-
tive figure in [402]. The simplified model is used here to display the
conceptual structure; for the data analysis to extract the chiral anomaly
and the radiative width of the resonance, the dispersive framework [403]
is used

[401] at the CERN SPS M2 beamline with muon and hadron
beams in the energy range 100–280 GeV. A program pursued
since the very beginning some 20 years ago focuses on ultra-
peripheral reactions of pion and kaon beams on atomic nuclei,
in the domain of momentum transfers where the electromag-
netic interaction dominates – so-called Primakoff reactions.
It is intended to continue the program with a focus on kaon-
induced reaction with AMBER [185], operating at the same
site as COMPASS and as its successor experiment.

One of the channels of interest is π−γ (∗) → π−π0, the
photon from the exchange with the nucleus being quasi-real.
According to the equivalent-photon formalism of Weizsäcker
and Williams, for a 190 GeV pion beam on nickel, these pho-
tons cover a wide range of momenta of 0.1 to 2.0 GeV in the
rest frame of the incoming pion. Thus the full low-momentum
range for the reaction becomes accessible and covers the
kinematic region in which the ρ(770) resonance dominates
in the s-channel, π−γ (∗) → ρ− → π−π0. The cross section
in the low-energy region, governed by the chiral anomaly up
to the resonance region, is depicted in Fig. 28. The strength
of the resonance, as it appears in the reaction, depends on the
radiative coupling ρ → πγ , entering in inverted kinemat-
ics. The measurement of the cross section thus allows for a
precision determination of the radiative width of the ρ(770).

The reaction is affected by higher-order electromagnetic
processes that have to be corrected for. A dominant contribu-
tion comes from a process with a t-channel exchange photon,

coupling with the incoming photon to the outgoing π0 (thus
π0 → γ γ in inverted kinematics). Corrections due to pho-
ton loops and real-photon emission have been calculated and
found to be on the level of a few percent, thus are to be taken
into account for a precision analysis. The formulae have been
given in [404] and revised [405]. The full implementation in
terms of an event generator including bremsstrahlung pho-
tons has been started.

6.8 Summary and outlook

In this section, we have mainly presented results regarding the
so-called inclusive radiative corrections. These are suitable
to estimate the effect of QED corrections on the differential
decay widths (and consequently on the extraction of TFFs or
their parameters), assuming that the emission of additional
photons has been ignored during the analysis. Any additional
assumptions or cuts that are made in the experiment should
be reflected in the calculation, so a close experiment–theory
collaboration is essential for preparing the suitable tailored
approach.

As pointed out earlier, the most desirable way to imple-
ment radiative corrections is as early as at the Monte Carlo
level. Already at that stage, one might typically observe that
there are events missing in the MC, and the agreement with
data is not satisfactory. This leads to larger uncertainties and
extracted parameters containing unsubtracted QED parts.

The corrections in Figs. 25 and 26 may seem large at first.
But one needs to realize that the Dalitz decays are dominated
by a one-photon exchange (i.e., by the low-x region due to
a pole at vanishing photon virtuality). Integrating over the
Dalitz plot then leads to the fact that the QED corrections at
the dilepton production threshold will be receiving the largest
weights leading to the determination of the corrections to the
integrated decay width that are ∼1% as one would expect.
These resulting values can then be independently checked
by employing different methods (see, e.g., Ref. [359]), and it
was done so for π0 and �0 Dalitz decays arriving at an exact
agreement. Note that using the soft-photon approximation,
the corrections are typically negative all over the Dalitz plot,
and the effects of the hard-photon corrections are instrumen-
tal for obtaining the observed positive total corrections (see,
e.g., Ref. [370]).

We have stated examples of processes for which the
radiative corrections have been worked out or used in the
experiment. From the mentioned examples, it is straightfor-
ward to see the importance of radiative corrections and that
with improving sensitivity and higher statistics of upcoming
experimental set-ups, these will become increasingly indis-
pensable in order to extract meaningful results from data.
The list of light-hadron decays for which the exact NLO
QED radiative corrections are available can thus be expected
to get longer.
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7 Summary and conclusions

In this review we have outlined the state of the field for radia-
tive corrections in 	p scattering, QED corrections to deep-
inelastic scattering, and in meson decays. In the case of 	p
scattering, the formalism of these corrections are laid out in
detail at LO, NLO, and NNLO from a theoretical perspective.
The experimental observables in unpolarized cross-section
measurements are described in detail, as well as those of
polarization transfer observables and SSAs.

We particularly emphasize the case of the TPE, as this is
an active area of work for both theoretical and experimen-
tal efforts. While the TPE is believed to be the cause of the
proton form factor discrepancy, and there has been signif-
icant theoretical effort to explain the discrepancy, this has
not been conclusively demonstrated in experiment. It is of
paramount importance that new TPE measurements using
charge asymmetric beams be performed to verify existing
calculations. Simultaneously, theoretical efforts using a vari-
ety of techniques must continue to be developed to inform
experimental results.

As part of the theoretical effort to treat TPE, it is incumbent
upon the community to develop event generators that can be
easily integrated into analysis pipelines. These generators
should be ideally capable of NNLO calculations that can
capture the leading logarithms beyond NNLO. Such future
generators, or improvements upon existing generators, are
necessary for modern precision experiments. Generators are
an active area of research in the community and efforts to
continue this development are a welcome contribution to the
community.

Beyond the scope of 	p scattering experiments, there is
more work to be done in e+e− annihilation experiments.
While the complete two-loop QED corrections have been
calculated, there are future experimental measurements of the
Z0 mass planned which require calculations of QED initial
state corrections of up to 6th order.

For mentioned light-hadron decays, detailed calculations
of radiative corrections involving two-photon-exchange con-
tributions and hard-photon corrections were briefly pre-
sented. Future high-precision, high-statistics experiments
will require further developments in calculations of higher-
order corrections. It is evident that future work will result in
exact NLO calculations of other meson decays.

While there is still much work to be done, there has been
significant progress made in the area of precision, percent-
level experiments, and NNLO calculations of their associated
radiative corrections. Several future experiments are planned
that will test calculations of radiative corrections, and all
future experiments require modern treatments of their cor-
rections. Continued experimental and theoretical efforts in
the field are crucial as we progress into the next generation
of precision physics measurements.
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