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Abstract: 
We study certain type of convolution sums involving an arbitrary 
arithmetic function f, which it is applied to Ramanujan’s tau function 
when f coincides with the sum of divisors function. 
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Introduction 
We shall study convolution sums with the structure: 

 

𝑆𝑆𝑔𝑔
(𝑟𝑟)(𝑛𝑛) = ∑ 𝑘𝑘𝑟𝑟𝑛𝑛

𝑘𝑘=0 𝑔𝑔(𝑘𝑘) 𝑔𝑔(𝑛𝑛 − 𝑘𝑘),            𝑟𝑟,𝑛𝑛 ≥ 0,       (1) 

 

where 𝑔𝑔 is an arbitrary arithmetic function, in particular: 

 

𝑆𝑆𝑔𝑔
(0)(𝑛𝑛) = ∑ 𝑔𝑔(𝑘𝑘)𝑛𝑛

𝑘𝑘=0 𝑔𝑔(𝑛𝑛 − 𝑘𝑘),       𝑆𝑆𝑔𝑔
(1)(𝑛𝑛) = ∑ 𝑘𝑘𝑛𝑛

𝑘𝑘=0  𝑔𝑔(𝑘𝑘) 𝑔𝑔(𝑛𝑛 − 𝑘𝑘),    (2) 

 

then with the Z-transform (Grove, 1991; Patra, B. (2018), it is easy to prove the identity  𝑛𝑛 𝑆𝑆𝑔𝑔
(0)(𝑛𝑛) =

2 𝑆𝑆𝑔𝑔
(1)(𝑛𝑛), that is: 

 

∑ (𝑛𝑛 − 2𝑘𝑘)𝑛𝑛
𝑘𝑘=0 𝑔𝑔(𝑘𝑘) 𝑔𝑔(𝑛𝑛 − 𝑘𝑘) = 0 .         (3) 

 

In Sec. 2 we use (3) to obtain the Lanphier’s identity involving convolution sums of the form (1), and we 
show how to generalize his identity. In Sec. 3 we employ the mentioned Lanphier’s expression to simplify 
the Niebur’s formula for the Ramanujan’s tau function. 
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Lanphier’s Identity 
The arithmetic function 𝑔𝑔 is arbitrary, then in (3) we can employ 𝑔𝑔(𝑛𝑛) = 𝑛𝑛 𝑓𝑓(𝑛𝑛), to obtain: 

 

∑ (𝑛𝑛 − 2𝑘𝑘) 𝑘𝑘 (𝑛𝑛 − 𝑘𝑘)𝑛𝑛
𝑘𝑘=0 𝑓𝑓(𝑘𝑘) 𝑓𝑓(𝑛𝑛 − 𝑘𝑘) = ∑ (2𝑘𝑘3 − 3𝑛𝑛 𝑘𝑘2 + 𝑛𝑛2 𝑘𝑘)𝑛𝑛

𝑘𝑘=0 𝑓𝑓(𝑘𝑘) 𝑓𝑓(𝑛𝑛 − 𝑘𝑘) = 0,(4) 

that is: 

2 𝑆𝑆𝑓𝑓
(3)(𝑛𝑛) − 3𝑛𝑛 𝑆𝑆𝑓𝑓

(2)(𝑛𝑛) + 𝑛𝑛2𝑆𝑆𝑓𝑓
(1)(𝑛𝑛) = 0,         (5) 

 

in complete agreement with Lanphier (Lanphier, 2004; Gallardo, 2010). 

 

Similary, in (3) we use 𝑔𝑔(𝑛𝑛) = 𝑛𝑛2 𝑓𝑓(𝑛𝑛) to deduce the property: 

 

2 𝑆𝑆𝑓𝑓
(5)(𝑛𝑛) − 5𝑛𝑛 𝑆𝑆𝑓𝑓

(4)(𝑛𝑛) + 4𝑛𝑛2𝑆𝑆𝑓𝑓
(3)(𝑛𝑛) − 𝑛𝑛3𝑆𝑆𝑓𝑓

(2)(𝑛𝑛) = 0,       (6) 

 

and for the general case  𝑔𝑔(𝑛𝑛) = 𝑛𝑛𝑟𝑟 𝑓𝑓(𝑛𝑛): 

 

∑ (−1)𝑗𝑗2𝑟𝑟
𝑗𝑗=𝑟𝑟 �

𝑟𝑟
𝑗𝑗 − 𝑟𝑟�𝑛𝑛

2𝑟𝑟−𝑗𝑗� 2 𝑆𝑆𝑓𝑓
(𝑗𝑗+1)(𝑛𝑛) − 𝑛𝑛 𝑆𝑆𝑓𝑓

(𝑗𝑗)(𝑛𝑛)� = 0,           𝑟𝑟 ≥ 0,    (7) 

 

which is equivalent to (1) of Gallardo(2010). 

 

Niebur’s Relation for 𝝉𝝉(𝒏𝒏) 
If 𝑓𝑓 is the sum of divisors function, then the Niebur’s formula (Gallardo, 2010; Ewell, 1984; Wikipedia, 
n.a.) for the Ramanujan’s tau function (Ramanujan, 1916; Roy, 2017): 

𝜏𝜏(𝑛𝑛) = 𝑛𝑛4 𝜎𝜎(𝑛𝑛) − 24 ∑ 𝑘𝑘2𝑛𝑛
𝑘𝑘=0 (35 𝑘𝑘2 − 52 𝑘𝑘 𝑛𝑛 + 18 𝑛𝑛2) 𝜎𝜎(𝑘𝑘) 𝜎𝜎(𝑛𝑛 − 𝑘𝑘),       𝑛𝑛 ≥ 0,   (8)  

 

can be written in the form: 

 

𝜏𝜏(𝑛𝑛) = 𝑛𝑛4 𝜎𝜎(𝑛𝑛) − 24 �35 𝑆𝑆𝜎𝜎
(4)(𝑛𝑛) − 52 𝑛𝑛 𝑆𝑆𝜎𝜎

(3)(𝑛𝑛) + 18 𝑛𝑛2𝑆𝑆𝜎𝜎
(2)(𝑛𝑛)�,     (9) 

 

where it is possible to employ the identity (5) obtained by Lanphier (2004) to deduce: 

 

𝜏𝜏(𝑛𝑛) = 𝑛𝑛4 𝜎𝜎(𝑛𝑛) − 24 � 35 𝑆𝑆𝜎𝜎
(4)(𝑛𝑛) − 60 𝑛𝑛2𝑆𝑆𝜎𝜎

(2)(𝑛𝑛) + 26 𝑛𝑛3𝑆𝑆𝜎𝜎
(1)(𝑛𝑛)�,     (10) 

 



 

   

          
www.ejtas.com                                                                     EJTAS                    2024 | Volume 2 | Number 2 

439  

= 𝑛𝑛4 𝜎𝜎(𝑛𝑛) − 24 ∑ 𝑘𝑘 (35 𝑘𝑘3 − 60 𝑛𝑛2𝑘𝑘 + 26𝑛𝑛3)𝑛𝑛
𝑘𝑘=0 𝜎𝜎(𝑘𝑘) 𝜎𝜎(𝑛𝑛 − 𝑘𝑘).     (11) 

 

Remark.-From (8) are immediate the following congruences of Ramanujan (1920: 

 

𝜏𝜏(𝑗𝑗 𝑛𝑛 ) ≡ 0  (𝑚𝑚𝑚𝑚𝑚𝑚 𝑗𝑗),       𝑗𝑗 = 2, 3, 5, 7,     (12) 

 

and the result of Ewell (1984): 

 

𝜏𝜏(𝑛𝑛) ≡ �0              (𝑚𝑚𝑚𝑚𝑚𝑚 8),   𝑛𝑛 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,
𝜎𝜎(𝑛𝑛)(𝑚𝑚𝑚𝑚𝑚𝑚 8),   𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜.     (13) 

 

References 
Ewell, J. A. (1984). A Formula for Ramanujan’s 
Tau Function. Proceedings of the American 
Mathematical Society, 91(1), 37–40. 
https://doi.org/10.2307/2045264 

Ewell, J.A. (1984). A formula for Ramanujan’s 
tau function. Proceedings of American Mathematic 
Society, 91(1), 37-40. 

Gallardo, L. (2010). On some Formulae for 
Ramanujan's tau Function. Revista Colombiana de 
Matemáticas, 44, 103-112. 

Grove, A. (1991). An introduction to the Laplace 
transform and the Z-transform, Prentice-Hall, 
London. 

Lanphier, D. (2004). Maass operators and van 
der Pol-type identities for Ramanujan's tau 
function. Acta Arithmetica - ACTA ARITHMET, 

113, 157-167. http://doi.org/10.4064/aa113-2-
3 

Patra, B. (2018). An introduction to integral 
transforms, CRC Press, Boca Raton, Fl, USA. 

Ramanujan, S. (1916). On certain arithmetical 
functions. Transactions of the Cambridge Philosophical 
Society, 22(9), 159-184. 

Ramanujan, S. (1920). Congruence properties of 
partitions. Proceedings of London Mathematic Society, 
18.  

Roy, R. (2017). Elliptic and modular functions from 
Gauss to Dedekind to Hecke. Cambridge University 
Press. 

Wikipedia. (n.a.). Ramanujan tau function. 
Retrieved from 
http://en.wikipedia.org/wiki/Ramanujan_tau_f
unction 

 

https://doi.org/10.2307/2045264
http://doi.org/10.4064/aa113-2-3
http://doi.org/10.4064/aa113-2-3
http://en.wikipedia.org/wiki/Ramanujan_tau_function
http://en.wikipedia.org/wiki/Ramanujan_tau_function

