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Abstract. Particulate composites are considered here as multiphase composite in which the interfaces are
imperfect. When the interface mechanical properties are those of a linear elastic material, the minimum
of potential and complementary energy is used in order to obtain bounds of effective elastic modulus of
the composite. Test displacements or stress fields are build and characterized using Green’s functions of
a comparison homogeneous body, polarization fields and extension of the classical Lippmann-Schwinger
equations. Then when spatial distribution of phases are known, in particular for isotropic distribution of
phases or patterns, a generalization of Hashin-Shtrikman principle is obtained and lower and upper bounds
are proposed.

Résumé. Les composites particulaires sont composés d'une matrice a renforts particulaires, dans cette note
les interfaces entre phases sont considérées imparfaites. Lorsque les propriétés mécaniques de l'interface
sont celles d'un matériau élastique linéaire, les principes de minimum de !'énergie potentielle ou com-
plémentaire sont utilisés afin d’obtenir des bornes sur les modules effectifs d’élasticité du composite. Des
champs de déplacements ou des champs de contrainte admissibles sont construits et caractérisés a 1'aide
des fonctions de Green d'un corps homogeéne de comparaison, utilisant des champs de polarisation et une
extension des équations classiques de Lippmann-Schwinger a des champs discontinus. Ensuite, lorsque la
distribution spatiale des phases est connue, en particulier pour une distribution isotrope des phases ou des
motifs, une généralisation du principe de Hashin—-Shtrikman est obtenue et des bornes inférieures et supé-
rieures du comportement effectif sont proposées.

Keywords. Composites, Imperfect interfaces, Bounding.
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1. Introduction

The determination of effective properties of non homogeneous solid requires micro-mechanical
analysis.

Powerful variational methods have been developed in order to derive bounds for the overall
modulus, combining an adequate statistical description of the space distribution of phases and
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the local mechanical properties of each phases [1-4]. For such methods, the interface between
phases is assumed generally perfect. For the point of view of mechanical properties, a perfect
interface is a material surface across which both the displacement and stress vector are continu-
ous. To capture interphases properties models replace them by a zero-thickness interface models
or using graded materials properties are reduced by some Taylor’s expansion [5-7]. Many papers
are devoted to establish averaged properties for particulate composite with imperfect interface
giving estimation of the overall properties [7-10]. Bounding can be obtained using morpholog-
ical patterns [11, 12] with graded interfaces, but for thin interfaces with discontinuities of dis-
placements or stresses bounds of Voigt or Reuss type on patterns are easily obtained [8] and with
isotropic spatial distribution only lower bounds are proposed [13, 14]. For thermal conductivity a
lot of papers have discussed the interface behaviour and the possibility of bounding the thermal
conductivity [9, 10].

It is pointed out that, apart using morphological patterns with graded interfaces with linear
properties, the influence of spatial distribution of inclusion is not taking account on the overall
moduli. This article proposes extension of classical bounding methods in elasticity of the
effective behaviour of a multiphase media to situation of imperfect interfaces between phases
described by linear constitutive behaviour on discontinuities, taking account of isotropic spatial
distribution of phases. After of a short presentation of a composite with linear elastic interfaces,
the displacement solution is given in terms of an integral equation with given discontinuities.
Using this description and the definition of averaging process, under isotropic spatial distribution
of phases, an estimation of the gobal moduli of the composite is obtained by solving problems
of homogeneous inclusions and composite patterns embedded in an homogeneous comparison
material. Optimal comparison materials are then determined in order to obtain bounds for the
global moduli, with the definition of a generalized Hashin-Shtrikmann formulation.

2. Description of the composite

A composite is a medium with n different phases bonded across interface. To describe the
arrangement of the phases indicator functions are introduced:
{xeﬂr, ¢r(x) =1

(1
x¢Q, ¢ (x)=0

The phase r is linear elastic with modulus C; ; the local modulus inside the composite is given by

C) =) ¢ (x)C(r) @)
r

In order to describe particular situations as spherical inclusions embedded in a matrix, the
number of correlation functions associated to such situation is very large, direct description
is more powerful, the notion of phase is then replaced by the definition of patterns A,A =
1,..., N. Each pattern A is defined by a geometrical domain D, inside which the geometry of
homogeneous constituent phases is known [11, 12]. The number of patterns A is N” and the
volume occupied by all patterns A is

N/l 3
Q=Y Di=N'D, 3)
i=1
A point y of Di has a relative position x to the center X j with a local behaviour defined by

y=x+Xi, Ciy=Y otw0C, 4)
r
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The whole domain is decomposed into n phases and N different patterns:

N (N
Q= (UQ,) U|yn; (5)
r A=1\i=1

We can introduce the proportion of phases and the proportion of pattern :

Q ND
1_a:Zr l"a:Z A (6)
Q 7 Q
and the volume fraction of phase r, and volume fraction of pattern A
Q ND,
o= a="g @
Then
xeJQ, C(x) =) (¢,

r r (8)

y=x+X! eULAJDg cy=Y.Y otwec,
i roA

This article is decomposed in three parts, first the problem of equilibrium of a composite
is investigated with the help of polarization fields, then for isotropic distributions of phases or
patterns, an estimation of the global behaviour is obtained. Second, the problem of equilibrium
is extended to imperfect interfaces with addition of new specific polarization fields, and an
estimation of the global behaviour is obtained. Finally, using solutions of composite inclusion,
with optimal polarization fields and the classical bounding of potential energy, an optimal
reference medium is defined and then bounds of the modulus of composite medium. The case
of anti-plan shear or of conduction is given as an example.

3. On imperfect interface

In many situations, the interface is not perfectly bonded due to the presence oflocal defect. Many
papers are concerned with the physics and the mechanics of the interfaces. Let us consider here
an interface with elastic properties, the interface is a surface across which both displacement and
stress vector are discontinuous.

Along the interface S,, displacement is discontinuous and is decomposed as a sum of a jump
and an average

L1 | L

u =u+5|[u]ls,u =u—§|[u]|s,|[u]|5=u -u 9)
Consequently, # = v* Ay + wN is defined only on the surface, (v%, w) are functions of surface
coordinates (X%, a = 1,2, see Apppendix B.2) ; A, are local tangent vectors and N normal vector

at a point of the surface S, :

ut = lim u(x+zN) (10)
z—0%

The strain £; along S, is the symmetric part of displacement gradient
V= (V0" - wKg ) Ag ® AP + (Vg + v*Kop) Nw AP -
2es=Va+V'a
For particulate composite, interface S, for one inclusion is closed. The strain power along S, is
described by a second order symmetric tensor X

ggz_fzs:w‘*dS—fT.||[u*]|S ds (12)
S S

after integration by part
gisszivzs.u* dS—fT.|[u*]|S ds (13)
S S
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and for the overall system, applying the principle of virtual work
Pint +Ps+Pe=0, Pip= —f g:e(u')dQ, Z.= f T u* ds (14)
Q 00

the conditions of static equilibrium of the whole system are obtained:

dive =0, overQ, o.n= Td, along 6Q

(15)
0=|[lo]l;.N+DivXs, o.N=T, along$
The components of X are (z%P = 3ha Q%
2 =3%2,0A5+Q" (N® Ay + Aq ® N) (16)
and
DivE, = (vﬁz“ﬁ+QﬁKg)Aa+ (VYQY+KaﬁZaﬁ)N a7
Remark 1. When Q% = 0 we recover the expression proposed by many authors [13-15].
3.1. Strain surface energy and potential energy of the system
The surface strain energy ¢ is assumed to be a convex function of (|[u]l;, £5(it)) as
o (I[ulls, 5(@) (18)
and the state equations for the interface are now:
o¢ 9¢
==, Xg=_— 19)
ollmlly” ™ Oes
By duality, the complementary energy associated with this potential is given by
¢*(T,Zs) =min (T.v +Z;: £, - p(v, £)) (20)

The total potential energy and the complementary energy for prescribed displacement over
0Q) are

&) =fQLU(£(u)) dQ+fS</>(|[u]Is,£s(it)) ds

21
&* (o) = f w* (o) dQ + f ¢* (T, =) dS —f n.o.u'ds
Q S oQ
where u are kinematically admissible fields
ueK.A= {ulu: u overOQ} (22)
and o statically admissible fields
geS.A={o|dive =0, n.6 =T, n.|[g]l, + DivE, =0} (23)

Remark 2. ¢ = rot" rot! = satisfies dive = 0 whatever is a symmetric second order tensor =;
rotational definition is given in A2. Introducing in the complementary energy, the tensor a:

ow*
= = § g (24)
oo
by integration by part, we obtain locally
rot' rot” (@) = 0 (25)

that is the compatibility conditions to define a displacement u satisfying

*

a=¢e(u) = w
B © Ao

=S:o. (26)
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The minimum of complementary energy gives

op* op* _ f
Alo. ds . = ds dS=0 27
fsnl[a ull +fsaT* l[u]|5+azs* &s(in) dS+ mncr( ) 27

and then we recover the dual equations for the equilibrium position
op* 09"
d

=u, = ) = 28
u=u", |lullg oT £5() 3z, (28)

3.2. Integral formulation with discontinuous fields

An homogeneous elastic medium with modulus C? is introduced together with internal stresses
p such that

o=C°:e(w)+p, p=Cx)-C° (29)
To build test fields, we assume that the fields p,U, X are known. The equilibrium state with

discontinuous fields on interface S, is to determine the displacement u which satisfies the set of
local equations (PB)

« compatibility
2ew)=Vu+v'iu (30)
o the constitutive law,
o=C’:e+p (31)

L]

the local discontinuities along S,

[ully=U, n.|lo]lg+divZs=0 (32)
¢ the equilibrium
0=dive (33)
o the boundary conditions
u=u over 6Q (34)

The displacement solution of (PB) is in K. A and the associated stress o isin S.A. They can be used
to define bounds with applying theorem of minimum of potential energy and complementary
energy.

A representation of the displacement u solution of (PB) can be given in terms of Green’s
function G :

0 0
ay~CP1kla G, ) +08ip0(x=-y)=0 G;(x,y) =0,V y over 0Q. (35)
j

Consider an homogeneous elastic body with modulus C° the displacement satisfies the integral
equation:

u:£°.x+f Go.dindQ—fn.Z.UdS+[G°.diV2s ds (36)
Q S S
where X = C?: VG?, and the strain becomes:
f::e"—f 1“":de+[ n.CO:FO.UdS—f Ir°:xsds (37
Q sA sh

Where we have taking account of

[ Gravpaa= | 6522 v 4o, — [ Ihpad, T = G 38
vp P o, ipjqPJa iPa ~ ;0% (38)



44 Claude Stolz

3.3. Application to a particulate composite in an homogeneous matrix

For spherical particulate composite, the fields (p,U,Zs) are defined on each pattern D; by
the same fields Py, U%, 2%, and p = p, in homogeneous phase r. Introducing two averaging
processes, the average value for an homogeneous phase ¥’ and average field fj\l/l(x) of f on
pattern Dy

= Qir fQ rs(x)(pr(x) dQ, e} = %;s(ﬂx;) (39)

Applying these averaging processes on the integral representation (37), the interaction between
two homogeneous phases, two families of pattern, and between one phase and one pattern must
be evaluated.

For isotropic spatial distribution of phases and patterns two by two, we have [11]:

1 1
Q—SQ—YLLFO(x,y)(#r(x)Qbs(J’) dede=6?[E

—_— —_r o0
ot =fr = ff F°(x,y+ Y| dQ, dQ =ff f F(x,u) dS, =0
MM Xi:QDA ( Y ’) Y adr, Jsam !

L0k = N T, )8+ Y ) f f P (x -y, x} - v¥) doy oy (40)
i jJDrJDy J
oo
= NATO(x, )61, + f f f FO(x— y, 1) dQy dQy dSy = NMTO(x, )6,
R=R, JSy(R)JDy 4Dy

where S, (R) is the spherical surface of radius R : S, (R) = {ulllull = R}.
Using these properties, the average strain field on an homogeneous phase satisfies

g +E:p,=¢€° (41)
and

ejb(x)+f I°x—y):Pr(y) dQ+fA n.(C,:1°).u? dS+fA Iox,y): = (y) dS = &° (42)
Dy S S

eﬁ/l is obtained as the solution of an inhomogeneous inclusion with imperfect interface embed-
ded in an homogeneous matrix, and submitted to internal stresses P,. The displacement, solu-
tion of this problem, is discontinuous as U A on $*, and that the stress vector is discontinuous as
Divg Zs. The local mean displacement 1‘4;\1/1, then & 5(11)%4 and also &;\14 are known.

Applying the averaging process on the constitutive law for p, U%, = we have

p,=(C,—CpE, Py(x)=(Cx)-C°):ey,(x)
|[u]|5/}\4:Ul, T%4=TA=kSZUA=6'%,I.n (43)

Z?:Ksses(it’k,[)

With the notation
, ifxeQ,,
<p>(x= Pr i ' (44)
P,(x), ifxeD,
and
i ifxeQ,
<e>(x)=4 , . ; ; ; (45)
£y(x) if VX, x+X,eD;

The dependency on x should be omitted in the following.
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When the interface is perfect, the classical problem used in [11] is recovered. For imperfect
interface, the constitutive laws of the interface are taken into account as

d
ut=u}, k.U'=T}, T),=T'= %

6U (46)
0=n. | [0?\4] )S +Div257L

3.4. Estimation of the global behavior

Now, the global mean strain and mean stress are evaluated as the usual way, taking account of
possible discontinuities:

1 1
Eza(/QedQ—fs{l[u]IS@n}s dS), Zzﬁ(fgadﬁ—fsl{n.l[alls@m}s ds 47)

that is

E:;crir+;c,1fm£ﬁ,,(x)de—fsa{U’IQ)n}s ds

(48)
Z=Zcrﬁr+Zc;Lf ol (%) dQ+f > dS
r A Dy sA
By elimination of £°, an estimation of the compliance is obtained:
>=C*":E (49)

3.5. Properties of the fields solution of the integral formulation

The discontinuity of displacement is imposed, the local value T(x + X j) defined on SiA at point
x+X ;’L fluctuates around the mean value T;\l/[ = T*, by the same reasoning, the dual quantity
e()(x+X ;’L) associated to Zg(x+ X /{) fluctuates around the average value E(it%/[).

However, it can be noticed that using the classical relation between the overall strain, and the
overall stress we can estimate the homogeneous value for the particulate composite, whatever is
ce.

For C? being extremely soft or rigid, we recover the bounds of Voigt and Reuss for particular
composite with imperfect interface.

Another interesting case is to consider that ¢ is decomposed into two contributions

1 1
¢(U,Zs)=§U.k.U+ EZS.K.ZS (50)

For k rigid, then U = 0, if K = 0, there is no contribution of ;.

Assume K = 0 then the displacement is discontinuous, choosing U A=y, permits to say that an
upper bound is obtained with the perfect interface. But the lower bounds is not associated to the
stress field associated to this solution, because the value of ¢p* in that case can not be determined,
because no information can be given on T.

By duality, when £k is rigid, a lower bounds is obtained with perfect interface, because, we can
choose X sl = 0 but the associated strain field £ can not be evaluate and then ¢ is not determined.

This fact is encountered for the particular interface used in [13, 14] and only one HS type
bounds is obtained. To obtain the two bounds, a new scheme is proposed based on a generalized
Hashin-Shtrikmann formulation.
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4. On bounding of the global properties

The solution of equilibrium of the particulate composite satisfies the bounding with respect to
the potential energy of the body and the complementary energy of the body:

Yo',V u*—/ w* (o") dQ—fgb* (a’*.n,
Q S
s—f w* (o) dQ—f(/)* (6.1, l01l.n) ds+f n.o.uds
Q S 0Q
=f w(e) dQ+f¢ |[ullg, (@) dS (51)

sz dQ+f(p|[u

Then, consider now the displacement u* solution of the integral equation (Eq. (37)) associated
to the averaging process (Eq. (43)). This field satisfies the condition to be used in (Eq. (51)) and
also 0* = C?: g(u™) + p are valuable to be used too. We have

[a*]|g.n) dS+/ no*.ulds
‘ 0

Le(u )) ds

fa’*:s*dQ:f n.a*@u*dQ—f n.|[0*.u*]|‘d8 (52)
Q 00 So s
The discontinuities are decomposed into two contributions

nllo*w]| =T"|[w]| +n|[o”]| " =T".U*-DivZe.a’, T"=no" (53)

Then by integration and summation on the patterns, the macroscopic stress X* satisfies

fa*:e* dQ:QE:z*+f n.(r*.UAdS+f Div,.it* dS
Q So

So
=QE:x* +L ne* .U -2 e;(u*) dS (54)
T = é (no”®x), ds
0Q

4.1. On upper bound
With these fields, the free energy for the field u* takes the value
2w(e*)=¢":C:e*=€":(C-C%):e"+&" :C°:e*=¢":(C-C):e*+&": (6" -p)  (55)

and by integration

f dQ——f i€ dQ+—f ((C-C°):e"—p:e*dQ (56)
As pointed below, the last term becomes
1 * * * *
aj;zp:s dQ=c(p):(e*)=c(e*):(C-C°): (") (57)

and we obtain
Zéj;zw(e = f L E dQ+_L(£*—<£*>)Z(C—CO)2(£*—<£*>) do (58)

As
1 1
—f 0*:£*dQ:E:Z*——f T: U +324 e (w*) dS (59)
Q Jao QJs,

and finally the total potential energy
2W (w*)=E:Z" + éf ("= (€")):(C-C):(e" - (€")) dO&
Q

1
) UMk UM T U + 65 (0"): Ky 65 (u") - 25" 65 (1) dS
So

(60)
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We know that
T =k, U, = =K:e(u*)), =K;: (es(u")) (61)
then the potential energy for the trial field is reduced to

2W[u*)zE:Z*+é/ﬁ(s*—(e*)):(C—CO):(E*—<£*>) do

+ éﬁo (‘Es (u*) _<£s (u*)>) 1K (85 [u*) - <£3(u*)>) ds

(62)

The quantity
Q)= [ (7= (e"): (e~ €7): (" (&) a0
+fso (es(u*) _<£s(u*)>) K (Es(u*) - <SS(”*)>) ds

can not be directly evaluated, but we can choose C° in order to have Q(C°) < 0, consequently for
such a C? an upper bound for the potential energy is obtained. It is pointed out that an optimal
value C° exists, because Q(0) > 0 and Q(co) < 0.

By a similar reasoning, a lower bound is given considering the complementary energy.

(63)

4.2. A lower bound

Now, let us consider the complementary energy

W*(a*):f w* (%) dQ+f ¢* (n.6*,%y) ds-f no*.ulds (64)
Q So 00
2w*(6*)=0"So"=0":(5-S):06"+0":S":0" (65)
and
0":5%:0"=0":(e"+S%: p) (66)

Let us consider Q = (S5 -S,) !
(6-p:S%:Q):(S-S%):(0-0Q:S°:p)&
=0":($S-5%):0"+p:S°:6"+0":S°:p-p:S°:Q:S°:p (67

as

S°:Q:S°=(S"-S5+5):Q:5°=-5°+5:Q:$°=-S°+(c°-C)”"

we obtain finally
(6-p:S°:Q):(S-S%):(6-0Q:S%: p)
=0*:(S-5°):0"+0*:S%:p+p:S°: (0" —p)-p:(C-C°) " :p (69)

the two last terms cancel due to the relation (p = (C—C°) :< €* >). In conclusion

(68)

2W* (a*)

=fa*:e* dQ—Zf n.a*.uddS+f T k' T" + 25K, .25 dS
Q 00 So
(70
:—QE:Z*—[ T* .U+ T kL. T dS+f (6-p:S°:Q):(S-S°): (0 -0Q:S°: p) dQ
o Q

In conclusion when
Q*(s”)
:f(0—p:§0:@):(§—§0):(0—@:§0:p) dQ+f (r°- 1) 45" (1" - 1) ds <0 ()
Q

(o}
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The value of #* gives a lower bound of the potential energy of the particulate composite. The
optimal value of $? exists because : Q*(0) > 0 and Q* (c0) < 0.

The inequalities Q < 0,Q* < 0 are those obtained for classical Hashin-Shtrickman bounding,
for perfect interfaces whose characteristics are K =0, ks = co.

4.3. On bounding fluctuations of displacement on patterns

To obtain bounds, it is necessary to give information on the displacement on each pattern with
imperfect interface using the integral equation.

Consider the pattern Df1 the displacement u(x + X l.’l) is determined by

u(x+ x}) = (X} + utoo + ') (72)
where u’ is the displacement solution of the pattern problem, this displacement satisfies
(0 e+ X - (x4 = w0 (73)

It is noticed that #' is continuous on the interface, and the associated stress vector is continu-
ous too.

Let us consider the two inequalities, let us decompose them in terms of uniform inclusions
and composite inclusion with imperfect interfaces, we can impose these inequalities on all
contributions separately.

Classical conclusions are obtained for uniform inclusions, we must consider a comparison
material with the maximum value or the minimum value of component. For isotropic case the
moduli are

(ky,pg) = (maxky,maxu,), (k,,u,)=(mink,,mingu,) (74)

But on pattern, with imperfect interface, it is necessary to determine C° with respect to the
inequalities. To obtain the optimal comparison material, the fluctuation u'(x) is decomposed in
terms of Fourier series in 2D or spherical functions in 3D ; the associated fields, displacement and
stress vector are continuous on interface S,, the discontinuities being satisfied by the solution
defined on the pattern u* with given imperfect interfaces.

With such a decomposition, the inequalities obtained with each terms of the Fourier series
must be satisfied.

The process of bounding is then shown on the problem of anti-plane shear. The solution
is given in two step : first, the solution of uniform circular inclusion in a uniform matrix,
and solution of composite with linear elastic interface are determined ; the second step is
the bounding of the fluctuations by Fourier analysis which gives the values of the optimal
comparison materials for the upper and lower bounds.

5. An example

We consider the problem of anti-plane-shear for which the displacement is
ow 10W ey

=W(r,0)e;,, VW= —e, + 75
u (r,0)e, ar e, T (75)
and the state of stress is given by
g=e;9q+q®e;, q=K.VW (76)
finally the problem to solve is reduced to
AW =0, q=Kx)VW, inQ
77

q.n=Q.n, along 0Q
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The particulate composite is made of cylindrical inclusions of radius a with properties K, embed-
ded in a matrix of modulus K;. K3, K, are isotropic. We assumed that Q = Qe,. The minimum
distance between two inclusions is 2R,, then the composite is modelled as a family of composite

cylindrical inclusions with radius R, in proportion ¢, and a matrix with proportion c;,.

The interface has characteristics kg, Ks as previously. Then we must solve two problems
of cylindrical inclusion embedded in the comparison material, one for the matrix, one for the

pattern.

5.1. A uniform cylindrical inclusion

On the cylindrical inclusion of radius a, the solution satisfies

2
W(r,0)=A;rcosO,r<a, W(r0)= (A0r+boa—)c0s9, r=a
r

u is continuous at r = a and the flux too, that is
KiVu(a).er = K,Vu(a).e;,
and the condition
KoVu(oo) = Qpex
We obtain
ZQO Ko - Kl

=, :AK,b =
Ky + Ky Qo = A0Ko, bo K, + Ky

1

5.2. On a composite cylindrical inclusion
On the pattern, we have W(r,0) = w(r)cos@, q.e = q(r)cos@, f = ;_i

w(r) = Axr, r<a
2
a
w(r) = (A1r+b1—) as<r<R,
R
w(r) = (A0r+ bo—e), r=R,
r
On the boundary a, w and q are discontinuous
2w=(Ay+A1+b))a
2G =Ky A + Ky (A - by)
2ksllwllg =2ksa(Ay + by — A2) = Ky Ap + Ky (A1 — by)

K
14115 = K1 (A1 = b)) = Ko Az = — (Ao + A1+ by)
and the continuity of w,q at r = R,
A0+bo=A1+blf, Ko (Ap—bo) = K3 (Al_blf)

_ K, - _ -
With the notation K = 2—5, ks =2aks and A = 2K, (K — k)
a

A Ay
A=-L20 p=-22
1 A 1 A’B

with
a=2K Ky +2Ksks + (Ks + ks) (K + K2) B =2K Kz — 2Ksks + (Ky — K2) (K + ks)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)
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and finally with the condition at 7 = co

A
2Ko Ao = (a(Ky + K1) + fB(Ky — K1) KZ
- 2K, Ao
- Qf(Ko + Kl) +f,B(Ko - Kl)
b 2K, A0f
1 =

a(Ky+ K1)+ fBK, — K7)

87

Using the relation (48), an estimation of the global modulus is obtained. Now, choosing C?,C?
in order to satisfy the inequalities Q, Q* respectively, upper and lower bounds are determined.

5.3. Determination of fluctuations

We have now to solve the problem on fluctuations, developed in Fourier series.

W(r,0) = A>r" cos(n0), r<a
2n
wW(r,0) = (Alr" + bl%)cos(ne), a<r=<R,

The continuity of fields at r = a determines (A, Ay, by) fora given # = %
2K W K+ K K -K
W=A+bf", A= ; , A= 15 W, b= 15 2w

where § = K7 + K2 + f(K] — K3). With these constants, we can evaluate Q(K,), Q*(1/Ko0)

5.4. Evaluation of Q(K,) and Q* (1/K,)

The energy of fluctuation is
QK

= oo = (Ko =Ko A3 [+ (K1 = Ko) (1= ") (AT + B f") + Ksadzn " < 0,¥ n
e

thatis
52
A5 = Ko = Ko)AKZ "+ (Ky = Kp) (1= ") ((Ky + K2)? + f™(Ky — K2)?) + Ksan f"4K? <0
Denoting Kjs = max(Kj, K»), K;, = min(Kj, K3), we can choose K, such that

52 ]
;71/—2 < (Kn = Ko)[4KE F™+ (1= £7) (K1 + Kp)? + £ (Ky = K)?) + Ry max (n f") 4K <0
As
4K2, <4KEf"+ (1- 1) (K + K2)? + " (K — K2)?) < 4K%,
we obtain

_ K%
Ko =K = KM+K5K—1;4 max (nf")
m
By the same reasoning based on Q*, we have

* n
0 = s = KA = KA+ (=) - K () 0
then
* &2 n
”’W‘Z s"]_fs K§4K12+(f”41<22+(1—f”)((1<1+K2)2+f”(K1—K2)2))(K—1m—Kio)
then if K, satisfies
RIS N S I
Ko Ky Km ks K%

(88)

(89)

(90)

(C2Y)

(92)

(93)

(99

(95)

(96)

97)
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q* < 0. If the interface is perfect, the classical values K} = max(Kj, Kz), K, = min(Kj, K,) are
recovered.

Remark: As f <1,3p, pfP =nf",V n; therefore p = 1 satisfies 2 T <f<-Z ol

The two proposed values are given as possibilities, numerically for given f more accurate value
can be found.

6. Conclusion

Bounding the global behaviour of a particulate composite has been investigates when interface
between phases are imperfect. When the behaviour of interface is an elastic layer, bounding
methods are applied using classical theorem of minimum of potential energy or complementary
energy. For isotropic distribution of phases for particulate composite, the problem is solved in
order to determine estimation of global behavior using the property of a generalized Lippman—
Schwinger equation taking account of discontinuities of displacement and stress-vector, based
on a comparison homogeneous material and polarization fields. In this model pattern approach
is useful.

Finally upper and lower bounds are obtained for an optimal choice of the reference medium.
When the interface is perfect, Hashin—Shtrickman type bounds are recovered.

Fiber reinforced composite case is given as a first example of application of the method.

Appendix A. Green’s functions

A.1. Laplacian Problem

Notations : )
N
r=lx=yl, ej=r,i=ylr , r,ij=;(5ij—€i€j) (98)
2D:
1
G(x,y)z—4 log(r), T'(x,y)ij=Eij6(x,y)+Fij
1K,
1 (99)
Eij = 55 0inFis = g (Bij — 2eie;)
3D:
11
G(x,y) = TR, T L, p)ij=Eij6(x, ) +Fij
1 (100)
Eij =55 0inFii = g (01 —3eiej)
A.2. Plane strain elasticity
k 1
Gi(x,y) = — (eiex — (3—4v)6 ;i logr) (1o1)
8
, 1
Z :—m(Zeiejek+(l—2v) (Orier+06ex—bxrei) (102)

The traction on surface with normal vector n is T} e Zi Mk, and the singular partis (k = A + )

K+2
'uﬂijkl (103)
u

21k jk = _F(st]&kl“'
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A.3. Tridimensional elasticity

GEr,y) = ——— (e +(3—4v)5; 104
i (x) 16nu(1—v)r(eke’ (3 —=4v)0ix) (104)
1
k _
ij= —m (Se,-ejek +(1-2v) (5)”'6]' +6re; —6,-jek)) (105)
Resultant value at a point x inside (outside) a sphere S of the traction
k k w(S)

fSTi dSy = fs Zijn; dSy = ~Gi—, — (106)

with w(S) =0if x € S, w(S) = 47 otherwise.

Tikji =Eikjid(x—y) +Fixji, 3k =31+2u

Eikji = — ( bl +9 I )
KL= 15 " 3xc+ap KT g p gy R
(107)
[Fl-jkl:—W(—Guﬂﬁkl+(3K+p)5,~j6k1—3(31<+u)(eiejékl+eke16,~j)
+15(3K+u)€i€j€k€l—6(3K—21J)(€i€k5jl)(,~j)(k,))
LetJ]ijklz%5,‘j5kl,|]:[K+J]then
1 3 x+2
E=ad+pK, a= , =K (108)
3x+4u Su3x+4u

Appendix B. Differential geometry
B.1. Derivation along a surface

The derivation of quantities along a surface is not directly the classical derivation, we must take
into account of that the local frame is changing with its position on the surface.

Consider a surface S, any point M on the surface has local coordinates X%,a = 1,2, and the
tangent plane at point M to the surface by vectors A, with normal vector N

oM
A“:W’ N A1 ANAz2ll=A1 N Ay (109)
In this local frame
Oa _ v 4 L KogN (110)
oxB af™Y ap
where I are the Christoffel symbol, and K the curvature tensor, with properties
dS=/gdx'dx?, g=[4;AAl, riaz%gzgf 111
The covariant derivative of A, is given by
WAQ:%—FY A 112)
oxB aB”Y
For a vector V defines on the surface S,
V=V%Aq+WN (113)
we have
VV = (Vg - WKE) Ag© 4P + (VW + VKL N & AP (114)

In the same spirit, the divergence of a second order symmetric tensor X defined by
2=3% 2,0 A5+ T (Ag® N+ N® Ay) (115)
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is
DIvE = (Vg + TPKE) Ag + VTP + Kop2®? (116)
where 35ap
i P>
V= rh =t 4re P (117)

B.2. Rotational of a second order tensor

The rotational of a vector v is associated to the adjoin vector of Vv’ — Vu, that is in cartesian

coordinates
t R R ovt (118)
rotv = R;e;, = Ejik——
i€i i ijk o)
where €; j is the alternate tensor €; jx = 1 or —1, following that i j k is a odd or even permutation,

or in general system of coordinates
rotv=VAuv, rotv:Vjviein(ej/\ek) (119)

The rotational of a second order tensor must be specified right or left considering the tensor as a
vector with coordinates with fixed left indices or right indices, as

l i j k
. |rot'T =V Tijie'®(e/ ne
T=T;e®e, eTije' o . ) (120)
rot’ T =V Tjj(e' ne¥)sel
And consequently
rot" rot! T = ViV Tij (e’ /\el) ® (e’ /\ek) (121)

For the strain &, rot" rot’ € = 0 is the condition of compatibility of the strain to ensure the
existence of a field u such that 2¢ = Vu+ V' u. Then for all symmetric second order tensor =
and any u

f E:rotrrotledQ=O:f rot'rot' =: Vu dQ +B.C (122)
Q Q
then o = rot! rot! Z is divergence free.

References

[1] Z. Hashin, S. Shtrikman, “A variational approach to the theory of the elastic behaviour of multiphase materials”,
J. Mech. Phys. Solids 11 (1963), p. 127-140.

[2] J.R. Willis, “Bounds and self-consistent estimates for the overall properties of anisotropic composites”, J. Mech. Phys.
Solids 25 (1977), p. 185-202.
J. R. Willis, “Variational and related methods for the overall properties of composites”, Adv. Appl. Mech. 21 (1981),
p.1-78.
L. Walpole, “On bounds for the overall elastic moduli of inhomogeneous systems—I”, J. Mech. Phys. Solids 14 (1966),
p.151-162.
S. T. Gu, Q. C. He, “Interfacial discontinuity relations for coupled multifield phenomena and their application to the
modeling of thin interphases as imperfect interfaces”, J. Mech. Phys. Solids 59 (2011), no. 7, p. 1413-1426.
Y. Benveniste, T. Miloh, “Imperfect soft and stiff interfaces in two-dimensional elasticity”, Mech. Mater. 33 (2001),
p. 309-323.
E. Hervé-Luanco, “Elastic behavior of composites containing multi-layer coated particles with imperfect interface
bonding conditions and application to size effects and mismatch in these composites”, Int. J. Solids Struct. 51 (2014),
no. 15-16, p. 2865-2877.
Z. Hashin, “Thermoelastic properties of particulate composites with imperfect interface”, J. Mech. Phys. Solids 39
(1991), no. 6, p. 745-762.

[9] L. Wu, “Bounds on the effective thermal conductivity of composites with imperfect interface”, Int. J. Eng. Sci. 48

(2010), no. 9, p. 783-794.
[10] S. Firooz, G. Chatzigeorgiou, P. Steinmann, A. Javili, “Extended general interfaces: Mori--Tanaka homogenization
and average fields”, Int. J. Solids Struct. 254-255 (2022), article no. 111933.

3

(4

[5

6

[7

[8



54

[11]

[12]

[13]

[14]

(15]

Claude Stolz

C. Stolz, A. Zaoui, “Combined variational approach and morphological analysis to the behaviour of inhomogeneous
elastic media”, C. R. Acad. Sci., Sér. IIA Earth Planet. Sci. 312 (1991), no. 3, p. 143-150.

M. Bornert, C. Stolz, A. Zaoui, “Morphologically representative pattern-based bounding in elasticity”, J. Mech. Phys.
Solids 44 (1996), no. 3, p. 307-331.

S. Brisard, L. Dormieux, D. Kondo, “Hashin—Shtrikman bounds on the bulk modulus of a nanocomposite with
spherical inclusions and interface effects”, Comput. Mater. Sci. 48 (2010), p. 589-596.

S. Brisard, L. Dormieux, D. Kondo, “Hashin-Shtrikman bounds on the shear modulus of a nanocomposite with
spherical inclusions and interface effects”, Comput. Mater. Sci. 50 (2010), p. 403-410.

H. Duan, J. Wang, Z. Huang, B. Karihaloo, “Size-dependent effective elastic constants of solids containing nano-
inhomogeneities with interface stress”, J. Mech. Phys. Solids 53 (2005), no. 7, p. 1574-1596.



	1. Introduction
	2. Description of the composite
	3. On imperfect interface
	3.1. Strain surface energy and potential energy of the system
	3.2. Integral formulation with discontinuous fields
	3.3. Application to a particulate composite in an homogeneous matrix
	3.4. Estimation of the global behavior
	3.5. Properties of the fields solution of the integral formulation

	4. On bounding of the global properties
	4.1. On upper bound
	4.2. A lower bound
	4.3. On bounding fluctuations of displacement on patterns

	5. An example
	5.1. A uniform cylindrical inclusion
	5.2. On a composite cylindrical inclusion
	5.3. Determination of fluctuations
	5.4. Evaluation of Q(Ko) and Q*(1/ Ko)

	6. Conclusion
	Appendix A. Green's functions
	A.1. Laplacian Problem
	A.2. Plane strain elasticity
	A.3. Tridimensional elasticity

	Appendix B. Differential geometry
	B.1. Derivation along a surface
	B.2. Rotational of a second order tensor

	References

