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HARTREE-FOCK THEORY FOR PSEUDORELATIVISTIC
ATOMS

ANNA DALL’ACQUA, THOMAS OSTERGAARD SPRENSEN, AND EDGARDO
STOCKMEYER

ABSTRACT. We study the Hartree-Fock model for pseudorelativistic atoms,
that is, atoms where the kinetic energy of the electrons is given by the pseudo-
relativistic operator 1/(|p|c)2 + (mc?)2 — mc?. We prove the existence of a
Hartree-Fock minimizer, and prove regularity away from the nucleus and point-
wise exponential decay of the corresponding orbitals.

1. INTRODUCTION AND RESULTS

We consider a model for an atom with N electrons and nuclear charge Z, where
the kinetic energy of the electrons is described by the expression 1/ (|p|c)? + (me?)2—
mc?. This model takes into account some (kinematic) relativistic effects; in units
where h = e = m = 1, the Hamiltonian becomes

N - - B 7 1
H:Hrel(N,Z,a):Z{\/m_a 2—@}-# _Z G — x5

j=1 1<i<j<N

N 1
=3 oIV Ve Y e )
Jj=1 1<i<j<N 7 J

with T(p) = E(p) —a ! = /Ip?+a2—a! and V(x) = Za/|x|. Here, a is
Sommerfeld’s fine structure constant; physically, a ~ 1/137.036.

The operator H acts on a dense subspace of the N-particle Hilbert space Hr =
AN | L2(R3;C%) of antisymmetric functions, where g is the number of spin states.
It is bounded from below on this subspace (more details below).

The (quantum) ground state energy is the infimum of the spectrum of H consid-
ered as an operator acting on Hpg:

EM(N, Z,a) == inf oy, (H) = inf{ q(¥, ¥) | U € Q(H), (¥, V) =1},

where q is the quadratic form defined by H, and Q the corresponding form domain
(see below); ( , ) is the scalar product in Hp C L2(R3N;C?").

In the Hartree-Fock approximation, instead of minimizing the functional q in the
entire N-particle space Hp, one restricts to wavefunctions W which are pure wedge
products, also called Slater determinants:

1
V(x1,01;X2,02; ... ;XN,0N) = Vi det (i (x5, 05))1 =1 (2)
with {u;}X, orthonormal in L2(R3;C%) (called orbitals). Notice that this way,
¥ € Hr and H\IIHLZ(]WN;C‘IN) =1.

Date: August 7, 2007.
© 2007 by the authors. This article may be reproduced in its entirety for non-commercial
purposes.

1



2 A. DALL’ACQUA, T. 9STERGAARD SORENSEN, AND E. STOCKMEYER

The Hartree-Fock ground state emergy is the infimum of the quadratic form q
defined by H over such Slater determinants:

EYY(N, Z,a) := inf{ q(¥, ¥) | ¥ Slater determinant} . (3)

For the non-relativistic Hamiltonian,

N

Hc1(N,Z)=Z{—;Aj—|)(Zj}+ Z |Xi_1xj|’ (4)

j=1 1<i<j<N

the mathematical theory of this approximation has been much studied, the ground-
breaking work being that of Lieb and Simon [13]; see also [15] for work on excited
states. For a comprehensive discussion of Hartree-Fock (and other) approximations
in quantum chemistry, and an extensive literature list, we refer to [10].

The aim of the present paper is to study the Hartree-Fock approximation for the
pseudorelativistic operator H in (1).

We turn to the precise description of the problem. The one-particle operator hg =
T(—iV) -V (x) is bounded from below (by a~![(1—(7Za/2)?)/? —1]) if and only if
Za < 2/7 (see [7], [9, 5.33 p. 307], and [25]; we shall have nothing further to say on
the critical case Za = 2/m). More precisely, if Za < 1/2, then V is a small operator
pertubation of 7. In fact [7, Theorem 2.1 ¢)], ||[x| =} (T(-iV) + 1)’1||B(L2(R3)) =2.
As a consequence, hy is selfadjoint with D(hg) = H'(R?;C?) when Za < 1/2. It is
essentially selfadjoint on C§°(R?;C9) when Za < 1/2.

If, on the other hand, 1/2 < Za < 2/7, then V is only a small form pertubation
of T Indeed [9, 5.33 p. 307],

%) [2 T .
[ i< T [ pliwipdp or g e ). (%)
R3 R3

x|
where f denotes the Fourier transform of f. Hence, the quadratic form v given by
o[u,v] :== (V¥2u, VY20) for u,v € H/?(R? CY) (6)

(multiplication by V1/2 in each component) is well defined (for all values of Za).
Here, (, ) denotes the scalar product in L?(R?;C%). Let e be the quadratic form
with domain H'/2(R3;C%) given by

e[u,v] == (E(p)*/?u, E(p)'/?v) for u,ve HY?R3;CY). (7)

By abuse of notation, we write E(p) for the (strictly positive) operator E(—iV) =
V—A 4+ a~2. Then, using (5) and that |p| < E(p),

ofu, u] < Zag efu,u] for ue HY2(R3C7)\ {0}. (8)

Hence, by the KLMN theorem [18, Theorem X.17], if Za < 2/7 there exists a
unique self-adjoint operator hy whose quadratic form domain is H'/ 2(R3;CY) such
that (with t=¢ — a™1)

(u, hov) = t{u,v] — v[u,v] for u,v e HY?(R? CY), (9)

and hg is bounded below by —a~!. Moreover, if Za < 2/7 then the spectrum of
ho is discrete in [~a~1,0) and absolutely continuous in [0, 00) [7, Theorems 2.2 and
2.3].
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As for the N-particle operator in (1), when Za < 2/m, (5) implies that the
quadratic form

N
q(T,®) = Z {(E(pj)l/Z\I/ E(p )1/2<I>> —a N, ®) — (V(x )1/2\11 V(x )1/2q)>}

N
N ke xRk - xg V28w e e \ HY2(RYCY),
1<i<j<N i=1
is well-defined, closed, and bounded from below. The operator H can then be
defined as the corresponding (unique) self-adjoint operator. It satisfies

N N
N\ H'(R%CY) c D(H) c Q(H) = \ H'*(R%;CY),

q(U,®)=(¥,HD), ®eD(H), VeQH).

For Za < 1/2, D(H) = AN, H(R3;C%). All this follows from (the statements
and proofs of) [18, Theorem X.17] and [17, Theorem VIII.15]. See [14] for further
references on H. We shall not have anything further to say on H in this paper,
however, but will only study the Hartree-Fock problem mentioned above. We now
discuss this in more detail.

It is convenient to use the one-to-one correspondence between Slater determi-
nants and projections onto finite dimensional subspaces of L?(R3;CY). Indeed, if
U is given by (2) with {u;}., € HY2(R3;C?), orthonormal in L?(R3;C?), and ~y
is the projection onto the subspace spanned by w1, ...,uy, then the kernel of ~ is
given by

v(x,0;y,T Zujxou] (y, 7). (10)

Let p, € L'(R3) denote the 1-particle densfny associated to 7y given by

q

py(x) = Z’y(x,a;x,o) = ZZWJ X,0)

o=1 o=1j=1
Then the energy expectation of ¥ depends only on -y, more precisely,
q(¥, ) = (¥, HY) = £ (v)

EHF is the Hartree-Fock energy functional defined by

where
EM(y) = a { Tr[E(p)y] — o™ ' Tr[y] = Tr[VAl} + D(y) — Ex(y). (11)

Here,

S - pr (%)
Zeuj,uj , Znu],uj / T2 dx,
j=1 j=1 R3 ‘X|

D(~) is the direct Coulomb energy,

//p»y dxdy, (12)
rs Jrs X — Y|

and Ex(y) is the exchange Coulomb energy,

Z / / X [ ya | dx dy
R3 JR3 |X—

a‘rl
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This way,
EUY(N,Z,a) = inf{ M (y) |y € P}, (13)
P = {v: L*(R?* C?) — L*(R3 CY%) |y projection onto span{uy,...,un},
u; € H'?(R% CY), (ug, u;) = 6; 5} -

(Notice that if one of the orbitals u; of y is not in H'/2(R3; C?), then E1F (v) = +o00
(since Za < 2/7).)

We now extend the definition of the Hartree-Fock energy functional , in order
to turn the minimization problem (13) (that is, (3)) into a convex problem.

A density matriz v : L?(R3;C?) — L?(R3;CY) is a self-adjoint trace class oper-
ator that satisfies the operator inequality 0 < v < Id. A density matrix v has the
integral kernel

5HF

’)/(X,O';y,T) = Z)\jUj(X,O')’U;j(y,T) ; (14)
J
where A, u; are the eigenvalues and corresponding eigenfunctions of . We choose
the u;’s to be orthonormal in L?(R3;CY). As before, let p, € L'(R?) denote the
1-particle density associated to v given by

X)= DD Ajlu(x,0)” (15)

o=1 j
Define
A := {v density matrix | Tr [E(p)y] < +o0 }, (16)

where, by definition, for v written as in (14),

= Z/\je[uj,uj]. (17)

Notice that if v € A then all the terms in E%F(y) (see (11)) are finite. Indeed, for
v € A and written as in (14),

= Ajoluj,uy) = Za/ Prx) (18)
7 re x|
is finite, due to (8). In particular,
u; € HY2(R3;C%) ¢ L*(R3,CY), (19)

the last inclusion by Sobolev’s inequality [12, Theorem 8.4].
On the other hand, if v € A then

py € LY(R?) N LY3(R3). (20)

This follows from Daubechies’ inequality, see [5, pp. 519-520]. By Holder’s inquality,
p, € LS/5(R?). The Hardy-Littlewood-Sobolev inequality [12, Theorem 4.3] then
implies that D(7) (see (12)) is finite. Finally, Ex(v) < D(v), since

D(y) - £(7)
ZM > [ lmbeolon) swteohutrnP gy g,

o,7=1

Therefore, 5HF defined by (11) extends to v € A. This way, with hg defined as
in (9),
Tr[hoy] = T[E(p)y] — o' Tr[y] - Tr[VA],
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and so
EM(y) = a7  Trlhoy] + D(v) = €x(y), 7 € A. (21)
Consider v € A and define, with p, as in (15),
R (x) = /R 3 |Z*£yy)| dy . (22)
We have that
R, € L™(R*) N L*(R?). (23)

This follows from (8) (for L*°), and (20) and the weak Young inequality [12, p. 107]
(for L?). Next, define the operator K. with integral kernel

Ky(x,07y,7) = (24)

The operator K, is Hilbert-Schmidt; we prove this fact in Lemma 2 below.

Note that, using (14) and the Cauchy-Schwarz inequality, (u, R u) > (u, K u)
(multiplication by R, is in each component). Denote by b, the (non-negative)
quadratic form given by

b, [u,v] == a(u, Ryv) — a(u, K,v) for u,v e HY*(R3CY).
Then, using (u, K u) > 0 and (8),

0§[L,[u,u]Soz(u,Rnyu):ogz:/g/R3 P ( |Xu_x ,0)|? dx dy<a2Tr[] el ]

Therefore (by the statements and proofs of [18, Theorem X.17] and [17, Theo-
rem VIII.15]), there exists a unique self-adjoint operator h, (called the Hartree-
Fock operator associated to «y), which is bounded below (by —a~1!), with quadratic
form domain H'/?(R3;C?) and such that

(u, hyv) = tlu, v] — vfu,v] + b, [u,v] for u,v € HY?(R3,CY). (25)

The operator h., has infinitely many eigenvalues in [~a~1,0) (when N < Z), and
Oess(hy) = [0,00); both of these facts will be proved in Lemma 2 below.
The main result of this paper is the following theorem.

Theorem 1. Let Za < 2/w, and let N > 2 be a positive integer such that N <
Z 4+ 1.

Then there exists an N -dimensional projection YAF = 4H¥ (N, Z o) minimizing
the Hartree-Fock energy functional EMF given by (11), that is, EYY(N, Z, ) in (13)
(and therefore, in (3)) is attained. In fact,

EM () = BM(N, Z,a) = inf {7 (7) |7 € A7 =7, Tr[y] = N}
= inf {€"F(y) |7 € A, Tr[y] = N}
=inf {E" () |y € A, Tr[y] < N}. (26)

Moreover, one can write

Y (x, 07y, 7 Z% x,0)pi(y, 7), (27)

with @; € H1/2(R3;(Cq)7z = 1,..., N, orthonormal, such that the Hartree-Fock
orbitals {p; }N | satisfy:
(i) With h.ur as defined in (25),
h,YHFgOi:EZ‘gOi, iZl,...,N, (28)

with0>en > ...>e1 > —a~ ! the N lowest eigenvalues of hyur.
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(ii) Fori=1,...,N,
pi € CF(R*\ {0};CY). (29)

(iii) For all R > 0 and B < vey = \/—en(2a~t +en), there evists C =
C(R, ) > 0 such that fori=1,...,N,

lpi(x)| < C e P for x| >R. (30)

Remark 1.

(i) In fact, we prove that (29) holds for any eigenfunction ¢ of hyar, and

(30) for those corresponding to negative eigenvalues €. More precisely, if

h e = e for some € € [en,0), then (30) holds for ¢ for all f < v. :=
—e(2a~t 4 ¢) for some C = C(R,3) > 0.

(i) Note that, in general, eigenfunctions of h.ur can be unbounded at x = 0;
therefore (29) and (30) can only be expected to hold away from the origin.

(iii) Both the regularity and the exponential decay above are similar to the results
in the non-relativistic case (i.e., for the operator in (4); see [13]). However,
the proof of Theorem 1 is considerably more complicated due to, on one
hand, the non-locality of the kinetic energy operator E(p), and, on the
other hand, the fact that the Hartree-Fock operator h.ur is only given as a
form sum for Za € [1/2,2/7).

(iv) We show the existence of the Hartree-Fock minimizer by solving the min-
imization problem on the set of demsity matrices. This method was intro-
duced in [23]. The same method was used in [4] in the Dirac-Fock case.

(v) As mentioned earlier, we have to assume that Za < 2/7; the reason is that
our proof that Tr[E(p)vx] is uniformly bounded for a minimizing sequence
{Yntnen does not work in the critical case Za = 2/7.

(vi) For simplicity of notation, we give the proof of Theorem 1 only in the
spinless case. It will be obvious that the proof also works in the general
case.

(vil) As will be clear from the proofs, the statements of Theorem 1 (appropriately
modified) also hold for molecules. More explicitely, for a molecule with K
nuclei of charges Z1, ..., Zr, fized at Ry, ..., R € R®, replace v in (6) by

K
ofu,v] := Z(Vkl/Qu, Vkl/Zv) for u,v e HY?(R3,C9), (31)

k=1
with Vi (x) = Zpa/|x — Ri|, Zra < 2/w. Then, for N < 1+ Zszl Zy,
there exists a Hartree-Fock minimizer, and the corresponding Hartree-Fock

orbitals have the regularity and decay properties as stated in Theorem 1,
away from each nucleus.

2. PROOF OF THEOREM 1

2.1. Existence of the Hartree-Fock minimizer. The proof of the existence of
an N-dimensional projection 4"¥ minimizing %, the equalities in (26), and that
the corresponding Hartree-Fock orbitals {¢;}¥ solve the Hartree-Fock equations
(28), will be a consequence of the following two lemmas.

Lemma 1. Let Za < 2/m and N € N. Then
EgF(N, Z,a) == inf {7 () |7 € A Tr[y] < N}

s attained.
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Lemma 2. Lety € A. Then the operator K.,, defined by (24), is Hilbert-Schmidt.
If Za < 2/7 then the operator h., defined in (25), satisfies oess(hy) = [0,00). If
furthermore Tr[y] < Z, then h. has infinitely many eigenvalues in [—a~*,0).

Before proving these two lemmas, we use them to prove the parts of Theorem 1
mentioned above.

Proof. For computational reasons we first state and prove a lemma in the spirit of
[3, Lemma 1].

Lemma 3. Let vy € A, uy,up € HY/?(R3), and let €1,e5 € R be such that 5 given
by

F(x,y) = 7(%,y) +7u(x,y), (32)

Yu(X,Y) 1= Yy e (X,¥) = erua (X)ur(y) + e2uz(x)uz(y) (33)

is again an element of A.
Then we have that

EM(F) = EM () + a e (ur, hyur) + a” ea(ug, hyug) + €162 Ry, (34)
where h., is given in (25), and

_ 2
Ry Ru =y [ [ 200l 2 ebdnbl gy a5
7 R3 JR3 |X—Y|

Proof of Lemma 3: We have that

EM(3) = EM(7) + a7 Trlhoya] + //dedy
R3 JR3

x -yl

// (%, ¥)7u(X,y) ,y dxdy + - //p% )P ( )dxdy
R3 JR3 |X— R3 JR3 |X—Y|

R3 JR3 ‘X_

SHF (v) +a e (ur, by u1)+a 2(ug, hyus) (36)

//Pvu /)“/u dxdy_,//,yuxy,yuxy)d xdy .
R3 JR3 Ix —y R3 JR3 |x —

Using (33), that p,, (x) = 61|u1(x)\2 + €2)uz(x)]?, and (35), we obtain (34). O
By Lemma 1 a minimizer v/ € A, with Tr[y"¥] < N, exists. We may write

Y) = Mer(x)er(y) (37)

with 1 > Ay > - > 0 and {@p}r C H'/?(R?) an orthonormal (in L?(R?)) system
(it might be finite). Extend {¢k}r to an orthonormal basis {¢g}r U {ue}teen for
L?(R3), with u, € H'/?(R3).

Let K + 1 be the first index such that Ax41 < 1. Fix j € {1,..., K}, choose
u € {rtr>Kr+1 U{ue}ien, and consider, for € to be chosen,

= S M) + s (509 + eu(x)) (5 (3) + culy) ) -

Py 1+ me
Choosing m > 1 assures that Tr[fye(j)] < N. Then 0 < fye(j) < Id for |e| small enough
(depending on u). Since YHF minimizes EMF, and ’y(j) ~HE,

_ 4 ooury ()

= o (pj, hyuru) + o~ (u, hyur ;) .
e=0



8 A. DALL’ACQUA, T. 9STERGAARD SORENSEN, AND E. STOCKMEYER

Repeating the computation for iu we get that (u, h,mrp;) = 0, from which it follows
that h.mr maps span{ei,...,px} into itself. Diagonalising the restriction of h.ur
to span{p1,..., @K}, we can choose ¢1,..., ¢k to be eigenfunctions of h.ur with
eigenvalues €,,,...,6n,, 7; € N (numbering the eigenvalues of i ur in increasing
order, —a~! < gy <gg < --+). Since \; = -+ = Ag = 1, this does not change (37).

To show that, for j > K, ¢; is also an eigenfunction of h.ur (corresponding to an
eigenvalue ,,;) one repeats the argument above, with u € {¢}r1,..., k7 U {ue}ren,
and

YO (x,y) = Meer(x)erly) +
k#j

Aj
1+ me?

(0 (%) + eu(x)) (@i(y) + euly) ) -

Moreover, the eigenvalues €, (of h.ur) corresponding to the eigenfunctions ¢y,
are non-positive. In fact, if ,, > 0, then we could lower the energy: Define
F(x,y) = Y (x,¥) — M\er (X)¢r(y), then, using Lemma 3, we get that EHF(7) =
EHF(yHF) _ =1\, < EHF (4HF),

It remains to show that Tr[y"¥] = N, that vHF is a projection, and that the
{cpj}é»v:l are eigenfunctions corresponding to the lowest (negative) eigenvalues of
h.ue (that is, to e; <ep < --- <en <0).

Consider first the case N < Z. Assume, for contradiction, that Tr[y"F] < N.
Let K € N be the multiplicity of the eigenvalue 1 in (37). Since (by Lemma 2), for
N < Z, h.ur has infinitely many eigenvalues in [-a~!,0) we can find a (normalized)
eigenfunction u, corresponding to a negative eigenvalue of i ur, and orthogonal to
©1,...,0K. Let € > 0 be sufficiently small that v(x,y) := v7F (x,y) + eu(x)u(y)
defines a density matrix satisfying Tr[y] < N. By Lemma 3 (with u1 = u,e; = ¢
and e = 0) we get that

EMF (y) = EM(YIT) + ea™ (u, hyuru) < EMF (1) | (38)

leading to a contradiction. Hence, Tr[y!¥] = N. That v is a projection follows
from Lieb’s Variational Principle (see [11]) which we prove for completeness. If
this is not the case, there exist indices p,q such that 0 < A,,A\; < 1. Consider
F(x,y) = Y (x,y) + epq(x)pq(y) — €pp(x)op(y) with € such that 0 < 5 < Id.
Choose € > 0 if g,, < &, and € < 0 otherwise. By Lemma 3, we get that
ENF(F) < M (y1F).

Consider now the case Z < N < Z+1 (and N > 2), so that N — 1 < Z. Let
HF | denote the density matrix where

inf {EF(7) |y € A, Tr[y) < N -1}

is attained. By the above, Tr[yk¥ ] = N — 1 and ~}¥ | is a projection, so its
integral kernel is given by
N-1
INEL (6 y) = Y (X)),
i=1

where the ¢;’s are eigenfunctions of h e
We first prove that

inf {E9F () |y € A, Tr[y] < N} (39)

is not attained at the density matrix vyi¥ | by constructing a density matrix ¥ with
Tr[§] < N such that EUF(§) < EXF (4HF ). Indeed, since hur has infinitely many
strictly negative eigenvalues (by Lemma 2; N — 1 < Z) there exists a (normalized)
eigenfunction u of h%%{ . corresponding to a negative eigenvalue, and orthogonal to
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span{¢s,...,én—1}. Let 4 be defined by
F(x,y) = W1 (%, y) + u(x)uly).
Then Tr[4] = N and, by a computation like in (38),
ENF(F) = EM (L) + a7 u hyur w) < EMF(7RE).
Hence,
inf {EM () [y € A, Te[y] < N} <inf {E"(7) |y € A, TX[y] < N —1}.  (40)

Let vy be a density matrix where (39) is attained (the existence of such a
minimizer follows, as before, from Lemma 1). By the above it follows that N —1 <
Tr[yn] < N. We now show that there exists a minimizer v with Tr[y1F] = N.

The integral kernel of v is given by

w(x,y) = Z A (x)e;(y)

where 1 > A; > --- > 0 and the ¢;’s are (orthonormal) eigenfunctions of h.,. If
Tr[yy] < N we can define a new density matrix 4 with Tr[y] < N and £9F(5) <
EUF (). Indeed, if Tr[yn] < N (and bigger than N — 1) then there exists a (first)
Jo such that 0 < A\;; < 1. We define 7 with integral kernel

Y(x,y) = IN(XY) + 15 (X)) (¥) (41)
with r = min{1 — X;;, N — Tr[yn]} > 0. Recall that h,,p; = €,,¢;, €,, <0, for
all . By Lemma 3 we have that

EUE () = 1F (yy) + oflrsnjo )

If e, <0, it follows that EUF(3) < EMF (). On the other hand, if €n,, = 0, then
EUE(3) = E9F (yy), and Tr[yy] < Tr[§] < N. Either Tr[J] = N, in which case we
let v := 7, and, as above, we are done. Or, we repeat all of the above argument
on

Jo
T, y) =Y ei(X)ei(y) + Y Aiwi(x)e;(y) -

j=1 J>Jjo
Since the trace stays bounded by N, this procedure has to stop eventually. Hence,
with vHF the resulting density matrix, Tr[y"'F] = N and by Lieb’s Variational
Principle it follows (as above) that v!F is a projection.

Finally, let {¢;} be the eigenfunctions of h.ur, now numbered corresponding to

the eigenvalues £; < ey < ---, where €1 is the lowest eigenvalue of A ur. We know
that, for some ji,...,jny € N,

N
’YHF (Xa y) = Z Pk (X)@jk (Y) .
k=1

Suppose for contradiction that {e;,,...,&j,} # {€1,...,en}. Then there exists a
ke{l,...,N} with ¢;, > ;. For § € (0,1) define
A(x,y) = 7T (%, ¥) + 0or () @i (y) — 605 (%) (¥) -

By Lemma 3,
EM(F) = EMF () + 6 Hep — ej) = 82 Ry, 0, < ENF(HMT),

where the last inequality follows by choosing § small enough.
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It remains to prove that e, ...,exN are strictly negative. For N < Z this follows
directly from Lemma 2. In the case Z < N < Z + 1, assume, for contradiction,
that ey = 0; then the density matrix

A(x,y) =71 (xy) = on(x)en(y)
satisfies 17 (7) = EHF (yHF) (by Lemma 3) and Tr[§] = N — 1. This is a contra-
diction to (40).
This finishes the proof of the first part of Theorem 1. O

It remains to prove Lemma 1 and Lemma 2.

Proof of Lemma 1: We minimize on density matrices following the method in [23].
In the pseudorelativistic context one faces the problem that the Coulomb potential
is not relatively compact with respect to the kinetic energy. This problem has been
adressed in [4] and we follow the idea therein.

The quantity ES¥ (N, Z, @) is finite since for any density matrix v, with Tr[y] <
N,

EM(y) > oY Tr[B(p)y] —a™'N = Tx[V4]} > —a™N.

Here we used that D(y) — Ex(y) > 0, and (8) (see also (17) and (18)).
Let {7,}5°, be a minimizing sequence for EX¥ (N, Z, o), more precisely, 7, € A
(with A as defined in (16)), Tr[y,] < N, and E8F (y,,) < EYF(N, Z, o) 4 1/n.
The sequence Tr[E(p)~yy] is uniformly bounded. Indeed, for every n € N, using
(8),
EM(N,Z,a) +1> &M (y,) > o { TX[E(p)vn) — o' N — Tr[Vy,] }

>a (1 - Zag)Tr[E(p)'yn] —a72N.

The claim follows since Za < 2/7. It is this argument that prevents us from proving
Theorem 1 for the critical case Za = 2/.

Define 7, := E(p)*/?,E(p)'/?. Then, by the above, {7, }nen is a sequence of
Hilbert-Schmidt operators with uniformly bounded Hilbert-Schmidt norm. Hence,
by Banach-Alaoglu’s theorem, there exist a subsequence, which we denote again
by 4y, and a Hilbert-Schmidt operator (o), such that for every Hilbert-Schmidt
operator W,

Tr[WH,] — Tr[WHse)] , n— 0.
Let v(so) = E(p)_l/Qﬁ(m)E(p)_l/Q. We are going to show that () is a minimizer
of EMF (in fact, of a&HF | which is equivalent). We first prove that V(o) € A, then

that EMF is weak lower semicontinuous on A.
Let {¢ }ren be a basis of L2(R?) with 1, € H'/?(R?). Then, for all k € N,

i (g, yntpn) = lim (g, E(p) ™23, E(p) "/ ?4)
= (Vky V(oo)¥k) -

From this follows, by Fatou’s lemma, that

Tr[v(e0)] = Z(d)kﬁ(o@)wk) < lhrg{gfz:(wk,vnwk) = 1inrgi£fo[%] <N,
% 3
and

Tr[E(p) (o) E(p)'/?] < liminf Tr[E(p) /27, E(p)'/?] < 0.

Since also 0 < (o) < Id we see that v € A.

To reach the claim it remains to show the weak lower semicontinuity of the
functional £MF. As mentioned in the introduction, the spectrum of the one-particle
operator hg, defined in (9), is discrete in [-a~!,0) and purely absolutely continuous
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in [0,00). Let A_(«) denote the projection on the pure point spectrum of hy and
):=1d — A_(a). We write

agHF(,Yn) = Tl (’Vn) + T2 (’Vn) + OéTg ('Yn) ’ (42>

Ti(m) = Tr[Ar(@)hoAy ()], T2(vn) = Tr[A—(a)hoA—()7a],
T3<'7n) = D('Vn) - gx(’)/n) .

We consider these three terms separately.
For the first term in (42), fix (as above) a basis {¢g}ren of L?(R3), with
{tktren C HY2(R?). Defining

fi = (Ar(@)hoA+(a) v,
we have that
Ti () = Tr [(Ag (@) hoAs (@) 7 (Mg (@)hoA 4 (a)) ]
=Y (fromfs) =D _(E®) 2 frAnE®) " fr).-
k

k
Since the projection

Hy = |E(p) Y2 f) (E(p) /2 i

is a non-negative Hilbert-Schmidt operator, we find, by Fatou’s lemma, that

lim inf 7' (7,) = 1inﬂii£fZTr[Hk%] > Tr[Hi (o)) = Ti(Vo0)) -
k k

As for the second term in (42), we have lim, .o T2(Vn) = Ta2(7(sc)) since the
operator A_(a)hoA_(«) is Hilbert-Schmidt; see Lemma 7 in Appendix A.
Finally, for the last term in (42), following the reasoning in [4, pp.142-143] (here
we need that N € N), we get that
lim inf T5(7,) > T3(7V(s0)) -
n—oo

This finishes the proof of Lemma 1. U

Proof of Lemma 2: In order to prove that K. is Hilbert-Schmidt it is enough to
prove that its integral kernel belongs to L?(R%). We have that (see (24) and (14))

2
XYy
[ ey asdy = [ B0 dxay (13)
_ Z)\j)\k/ uk(X)Uj(X)Uk(zy)Uj(Y) dxdy = 3" A
Tk RS x -yl ik

The last integral can be estimated using the Hardy-Littlewood-Sobolev, Hélder,
and Sobolev inequalities (in that order), to get

Lie < kgl < llull3llusl3 < ClluwlFe lugliFe - (44)
Inserting (44) in (43) we obtain (since v € A)
2
[ ey iy < 03 Al By s s = (300l
Jik J
2
=C(Tr[E(p)v])” < oo.

To prove the statement on the essential spectrum, define iLW = h,+aK,. Since
K, is Hilbert-Schmidt, and oess(ho) = [0,00) (see the introduction), it is enough
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to prove that (iz7 +n)~t — (ho +n)~! is compact for some 7 > 0 large enough [20,

Theorem XIII.14]. Since D(hg) = D(hy) C D(Ry), we have that
(hy + 1)~ = (ho + )~ = — (hy + 1)~ aRy (ho +1) 7" (45)
From Tiktopoulos’s formula (see [22, (I1.8), Section I1.3]), it follows that
(ho +m)~"
= (T(p) + )" 2[L = (T(p) + ) 2V(T(p) +0) " *]H(T(p) +m) /. (46)

Since, by (5), ||(T(p) + 1)~ Y2V'/2|| < 1 for Za < 2/m and 5 > a~ !, the right side
of (46) is well defined. Inserting (46) in (45) one sees that it suffices to prove that
R, (T(p) +n)~/? is compact. That this is indeed the case follows by using [19,
Theorem X1.20] together with the observation that, for e > 0 and n > a™!, R, and
(T(p)+n)~1/? (as a function of p) belong to the space L6+¢(R3) (for R, see (23)).

Finally, we show that if Tr[y] = N < Z then h, has infinitely many eigenvalues
in [-a~!,0). By the min-max principle [20, Theorem XIII.1] and since oess(hy) =
[0,00), it is sufficient to show that for every n € N we can find n orthogonal
functions wy, ..., u, in L?(R®) such that (u;, hyu;) <0 fori=1,...,n.

Let n € N. Fix § := 1 — N/Z and let hgs be the unique self-adjoint operator
whose quadratic form domain is H'/?(R?) such that

(u, ho.sv) = t{u,v] — 8 vlu,v] for u,v € HY2(R3).

By [7, Theorems 2.2 and 2.3], gess(ho,s) = [0,00). Moreover, hgs has infinitely
many eigenvalues in [—a~!,0). This follows by the min-max principle and the
inequality hos < a/2(—A) — §Za/|x|. Hence, we can find uq,...,u, spherically
symmetric and orthonormal such that (u;, hosu;) < 0 for ¢ = 1,...,n. Then, by
the positivity of K, by Newton’s Theorem [12, p. 249], and since Tr[y] = N we
get, for i =1,...,n, that

(wiy hyug) < ug, wi] — ofug, ui] + o(uq, Ryu;)

< t[ui, ui] — U[Uivui] +

U[ui, ui] = (ui, ho,gui) <0.

N| =

The claim follows. (]

2.2. Regularity of the Hartree-Fock orbitals. Here we prove that any eigen-
function of h.ur is in C>(R3\ {0}).

Proof. Let ¢ be a solution of h.urp = ey for some € € R. Then ¢ belongs to the
domain of the operator and in particular to H/2(R?3;C9). We are going to prove
that ¢ € H*(Q) for all bounded smooth  C R3\ {0} and all £ € N. The claim
will then follow from the Sobolev imbedding theorem [2, Theorem 4.12]. We will
use results on pseudodifferential operators; see Appendix B. We briefly summarize
these here.

1) For all k,¢ € R, E(p)* maps H*(R?) to H¥—*(R?).

2) For all k,¢ € R, and any y € C§°(R?), the commutator [y, E(p)¢] maps
Hk(RS) to Hk*EJrl(RS).

3) For all k,¢,m € R and x1,x2 € C(R) with suppx; Nsuppyxz = 0,
X1E(p)“x2 maps H*(R3) to H™(R?). Such an operator is called ‘smooth-
ing’.

Fix Q a bounded smooth subset of R?\ {0}. We proceed by induction on k € N.
Assume that ¢ € H*(Q) for some k > 0, i.e., xp € H¥(R3) for all x € C§°(Q).
Notice that H*(R?) = D(E(p)*).
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Since xp € H*(R3) is equivalent to xp € D(E(p)**!), and D(E(p)kt!) =
D((E(p)¥*1)*), it is sufficient to prove that xp € D((E(p)**1)*), or equivalently,
that there exists v € L?(R?) such that

(xe, E(p)**' f) = (v, f) forall f € H*'(R?).
Let f € H**1(R3). Then
(xe, E(p)* ' f) = e(p, E(p)"'XxE(p)*™" f)
= (e+a ), E(p) " 'XEM®)* )+ v(p, E(p) ' xE(P)" )
—bur (0, E(p) "' XE(P)* ), (47)

where we use that h.urp = cp. We study the terms in (47) separately. In the
following, ¥ denotes a function in C§°(£2) with ¥ =1 on supp x.
For the first term in (47) we find that

(0, E(p) " 'XE(P)" ™ f) = (xE(P) "¢, E(P)*f)
=(E@) e, E@) ) + (E(p) 'xe. E(p) T f). (48)

Since x¢ € H¥(R®) by the induction hypothesis, we have that E(p) lxy €
H**+1(R3) and hence there exists w; € L?(R?) such that

(E(p)'xo, @) f) = (w1, f) -
It remains to study the first term in (48). We have that
(. E(p) e, E(p)" )
= (- E@) X0, E@) ) + (I ()71 = X)e, ) ).

Since Yo € H¥(R?) by the induction hypothesis, it follows from Proposition 2 that
[x, E(p) !X belongs to H**2(R3). On the other hand since the supports of x
and Y are disjoint the operator [y, E(p)~!](1 — X) is a smoothing operator. Hence
there exists a wy € L%(R?) such that

(06 E(p) e, E@) T f) = (ws, f) -
As for the second term in (47), we find, with x as before,
v(, E(p) 'XE(P)"'f) = (0, VE(p) 'xE(p)**'f)
= (Xp. VE(p) " 'XxE(p)**'f) (49)
+((1=X)¢, VE(p) " 'xE((P)f).

Since Y has support away from zero, Ve € H¥(R3) and hence there exists ws €
L?(R3) such that

(Xp, VE(p) " 'xE(P)* " f) = (ws, f).
For the second term in (49) we proceed via an approximation. Let {p,}°2, C
Cs°(R3) such that ¢, — ¢,n — oo, in L%(R?). Since (1 — X)VE(p) 'xE(p)**1f
belongs to L?(R?), we have that

(¢, (1 =X)VE(P)"'xE@)"'f) = lim (n, (1 =X)VEP) " xE@) /).
For each n € N, V(1 — Y)p, € H™(R3) for all m, since ¢,, € C§°(R3), and V maps

HF*(R?) into H*~(R?) for all k. Therefore, E(p)*T'xE(p) 'V (1—X)p, € L*(R?),
and so

(on, (L= X)VE(P) 'XE(P)**'f)
= (E(@)""'XE@P) "'V - )en. f)
= (E(p)""'XE(p)"'(1 = N)EMP)E®P) 'Ven, f).
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Here E(p)~'V is bounded by (8), and xE(p)~!(1 — ¥) is a smoothing operator by
the choice of the supports of x and ¥. It then follows that {E(p)**!xE(p)~1(1 —
X)EMP)E(P) 'Ven}tnen is a uniformly bounded sequence in L?(R3) and hence
there exists wy € L?(R?) such that

lm (¢, (1= )VE(P) 'xE@)"™f) = (ws, f).

n—-+oo

For the third term in (47), we have to separate the cases k = 0 and k > 1.

Let k = 0. The terms R nr @ and K ur ¢ belong to L*(R?), since R.ur € L>(R?)
(see (23)) and K. ur is Hilbert-Schmidt (see Lemma 2), and therefore

b ur (0, E(p)"'XE(P)f) = o (E(P)XE(p) ™ (Ryur — Kur)p, f) .
Assume now k > 1. With x as before,
b,ur (0, E(p) " 'XE(P)" f) = a (X(Ryur — Kyur)p, E(p) " 'XE(p)*1f)  (50)
a((1 = X)(Ryue — K ur)p, E(p) " 'xE(p)"f).

By the induction hypothesis and Lemma 6 (see Appendix A) we have that YR, ur ¢
and YK ur¢ belong to H*(R?). Therefore there exists ws € L?(R?) such that

(X(Ryue — Kue ), B(p) ' XE(P)* f) = (ws, f).
For the second term in (50) we find, since R urp, K ure € L?(R3), that
(1= X)(Ryue — Kyue ), E(p) ™ 'xE(p)**' f)
= (XE(p)"'(1 = X)(Rynr — Kyur ), B(p)**1f),
and the result follows since YE(p)~*(1 — ) is a smoothing operator. O

2.3. Exponential decay of the Hartree-Fock orbitals. The pointwise expo-
nential decay (30) will be a consequence of Proposition 1 and Lemma 4 below.

Proposition 1. Let 7 be a Hartree-Fock minimizer, let hyur be the correspond-
ing Hartree-Fock operator as defined in (25), and let {p;}N ; be the Hartree-Fock
orbitals, such that

hyHFSDi = &P , 1= 1,...,]\77
with0>en > ...>¢e1 > —a~ ! the N lowest eigenvalues of hyur.
(i) Let vey = /—en(2a=t+¢en). Then ¢; € D(e’I'1) for every B < vey and
ie{l,...,N}.
(i) Assume hyur@ = ep for some € € [en,0), and let v, := \/—(2a~! +¢).
Then o € D(ePl' ) for every 5 < ve..
Lemma 4. Let E <0 and vg == /| — EQa~ 1 + E)| = /|Ja=2 = (E + a1)2].
Then the operator T(—iV) — E = V—A+ a2 —a~! — E is invertible and the
integral kernel of its inverse is given by
(B +a~)esb ¥ ol Ky(a e y)

(T - E)~(x,y) =Gp(x—y) =

Am|x —y| 2r? |x -yl
-1 -1 —vel-|
o oo [Ki(aT|-]) e }
- — - 1
+ (Oé VE) 272 | . | * 47T| . | (X y)ﬂ (5 )
where K is a modified Bessel function of the second kind [1].
Moreover,
—vE|x| -1 K -1
0< Cu(x) < Co S -+ 2 Tl D 62)

47|x]| 272 x| ’

Pl 1GE € LYR3) for all B<ve and q€[1,3/2). (53)
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Proof of Lemma 4: The formula (51) for the kernel of (T'— E)~! can be found in
[16, eq. (35)].
The estimate (52) is a consequence of the bound

Ko ]) evsl] el
* (x) <C
|- m| |

*E x|
This estimate, on the other hand, follows from Newton’s theorem (see e. g. [12]),

Ki(a~Ux—y|) e=velv

re Xyl drlyl
< evelX] Ki(a 'x—yl) evelxyl y < e velxl Ki(a"|z]) 512l g
R x| Arly]| drlx| Jrs 2]

The last integral is finite since vz < a~!, using the following properties of K; (see
[6, 8.446, 8.451.6]):

1
Ki(t) < i forall ¢t >0, (54)
and for every r > 0 there exists ¢, such that

e—t

Ki(t) <e forall ¢t >r. (55)

=<

The estimate (53) is a consequence of (52), (54), and (55). O

Before proving Proposition 1, we apply it, and Lemma 4, to prove the pointwise
exponential decay, i.e., the estimate in (30).

Proof of Theorem 1 (iii): Fix ¢ € {1,...,N}. If Za < 1/2 we can rewrite the
Hartree-Fock equation (28) as

Z
(1 /A 4+ a2 — Oz_l)(,Oi =gy + ﬁ i — O[R,YHFQOi + OéK,YHF(pi . (56)
x
The idea of the proof is to study the elliptic regularity of the corresponding parametrix.
By Lemma 4 we find that
Zo

g&i(X) = /RB (T — 61\/)*1()(7}’) [(51 - 5N)<,0z' + ﬁ ©; — OLR,YHFQDi + OZK,YHF(pi] (y) dy.

In the case 1/2 < Za < 2/, on the other hand, the operator of which we
are studying the eigenfunctions cannot be written as a sum of operators acting on
L?(R?) and hence we cannot write directly the equation (28) as in (56). However,
since the eigenfunctions are smooth away from the origin we are able to write a
pointwise equation for a localized version of ;. In fact, let x € C°°(R3) be such
that 0 < x <1 and

s {1 L

XX=1 00 if x| < 1/2,

and let, for R > 0, xr(x) = x(x/R). We will derive an equation (similar to (56))
for T(—iV)(xryi). Indeed, for every u € H'/?(R?) we have that

(u, hoye (XR$:)) = e(u, Xri) — @ (u, XRr:) — 0(u, XR:) + bymr (U, XRP:)
= (XRU, hynrp;) + e(u, XrP:i) — e(XRU, i)
+ byur (u, xr$i) — byur (XRU, ¢i) -
Note that
e(u, Xrpi) — e(XrY, pi) = (u, [E(P), Xr]®i) ,
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where [E(p), xr] is a bounded operator in L?(R3) (see Appendix B), and
bour (u, XR$i) — byur (XRU, i) = (u, Kgi)
with K the bounded operator on L?(R?) given by the kernel

o5y X0~ xR ()
e y) = a3 o (x)iog ) MR (57)

Therefore there exists w € L?(R?) such that
e(u, xryi) = (i + Ol_l)(%XRQOi) + 0(u, xrpi) — byur (u, XRYP:)

Hence xrp; € H'(R3) and we can write the pointwise equation

_ Zao
(V=A+a=2—a xrp: = cixrepi + T e~ alyr Xrgs

+ aK. ur (Xrei) + [E(P), Xr]@i + K . (58)

This is the substitute for (56) in the case 1/2 < Za < 2/7; if Za < 1/2, the proof
below simplifies somewhat, using (56) directly.
By Lemma 4, (58) implies that

_ Z«o
XRr(X)pi(x) = / 3(T —en)H(x,y) [ﬁxwi — R ur xrpi + oK e (XRY:)
i )

+ (ei —en)Xri + [E(P), Xrlpi + Koi] (y) dy . (59)
We will first show that, for all R > 0 and § < ve,
XRSDieﬁl | € LP(RS) + LOO(R3) for p € [276) ) (6())

and then, by a bootstrap argument, that xyrpe’l | € L (R?), which is the claim
of Theorem 1 (iii).

We multiply (59) by X r/2(x)e’™|. Using that |(Za/|y|)xr(y)| < (Za)/R for all
y € R3, (23), (24), and (57) (recall (27), that ¢; € HY/2(R3), and (5)) we get, for
some constant C' = Cr o > 0, that

N
[XRr(X)pi(x)e”™| < Cxpya(x)e”™ /]Rg (T —en) ' (x3) [lei(y) + Y li(v)l] dy
j=1

+ XR/2(X)€ﬁ|x‘

L@ =0 e (E@) e mds|. @)

We will show that the first term on the right side of (61) belongs to LP(R?) for
p € [2,6), and that the second belongs to L>°(R?). This will prove (60).
The first term on the right side of (61) is a sum of terms of the form

hs() = g2 ()™ [ (T en) 7 ) 113y (62)

with f such that, by Proposition 1, fefl'l € L?(R3). By Lemma 4 we have, using
elxlfbd < e‘xfy‘ that
— )

sl < € [ G (x—y)e™ )l dy

From Young’s inequality it follows that hy € LP(R?) for all p € [2,6), since 8 < Ve,
so (by Proposition 1) fefl'| € L?(R?) and (by Lemma 4) €°'1G., € L4(R3) for all
q € [1,3/2).
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We now prove that the second term on the right side of (61) is in L>(R?). This
follows from Young’s inequality once we have proved that

Pl ‘[E(p),XR]gpi € LP(R?) forp € [2,00), (63)
since

O]

L@ =20 ) (B@)xalo) ) dy|
< [ G x =3I E ).l (v) dy
RS

and e®I'1G., € LY(R?) for q € [1,3/2).
To prove (60) it therefore remains to prove (63). To do so, we consider a new
localization function. Let n € C§°(R?) be such that 0 <7 <1 and

o [ 1 TRAS X <8R/
X) =
! 0 if [x| < R/8 or x| > 2R,

and consider the following splitting

' I[E(p), xrlei = €’ In[E(p), xrl(ne:) + €1 In[E(p), xr]((1 — n)¢;)
+ e 11— n)[E(p), xrl(ng:) + 11 = n)[E(p), xr)(1 — n)pi.  (64)

Since np; € H*¥(R?) for all k € N (as proved earlier), [E(p), x&r](n¢:) belongs to
HF¥(R3?) for all k € N. Hence, since 7 has compact support away from x = 0,
the first term on the right side of (64) is in LP(R3) for p € [1,00] by Sobolev’s
imbedding theorem (the term is smooth).

For the second term in (64) we proceed by duality: We will prove that

Y(x) = (1 In[EPp), xr]((1 = n)e:)) (x)
defines a bounded linear functional on L(R?) for any q € (1,2]. It then follows

that v € LP(R3) for all p € [2,0).
Note that [12, 7.12 Theorem (iv)]

(g.[V-A+a2—a']g)

a”? l9(x) — g(y)[? . 5
—R/W/R3 WKZ(Q |x — y|) dxdy for g € S(R”), (65)

where Ky is a modified Bessel function of the second kind (in fact, Ks(t) =
—t L[t K, (¢)]), satisfying [1]

Ky(t) < Ct e for t>1. (66)

Let f € C§°(R?). Using (65) and polarization, we have that
[ Fo00) dx = (5. ). xal (1 = )
o ? // XR(X) _XR(Y) Kg(oz_1|x—y|)

CAr? [ Jixyisra X =y

x [ F)e™ ) (1 =n))eily) = Fy)e’¥n(y) (1 = n(x))pi(x)] dxdy
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by the properties of x and 7. Hence,
| [ e dx
R3
<Cu[[ Il Y Koo -y ()] iy
Ix—y|>R/4

< CR/ |F ()" Y Ko (a7 x = yl)xasa(lx — y)e’¥ |pi(y)| dxdy . (67)

Note that, since 3 < v, < a~!, (66) implies that e?l"|Ky(a™?| - )XR/4 is in
L"(R3) for all » > 1. Since (by Proposition 1) €4l lp; € L?(R?), Young’s inequality
therefore gives that

(1 Ky (a7t - DXR/4) * (%' lg;]) € L*(R?) for all s € [2,00).

This, (67), and Holder’s inequality (with 1/g + 1/s = 1) imply that, for all f €
C§°(R3) and all q € (1,2]

| [ Fowtx) x| < Call K™ D) + (o, 171,

By density of C§°(R?) in L4(R?), it follows that ¢ defines a bounded linear func-
tional on L4(R3) for any ¢ € (1,2], and therefore, that ) € LP(R3) for all p € [2, 0).

Proceeding similarly one shows that the two remaining terms in (64) are also in
LP(R3) for all p € [2,00).

This finishes the proof of (63), and therefore of (60).

Finally we prove that xpyp;e?l'| € L>(R?). We start again from (61). We
already know that the second term is in L°(IR?). The first term is a sum of terms
of the form (see also (62))

s) = w2 [ (=) eyl dy

with f € L*(R?) and yp/se®l"|f € LP(R3) + L>°(R?) for p € [2,6) by what just
proved, replacing R by R/4 in (60). We find that

) < xyal) [T )7 ) ) ) dy

a0 [T = o) ()0 = xga) ()13 d

and, again by Young’s inequality, we see that both terms are in L>°(R?). Notice
that in the second integrand |x —y| > R/4.
This finishes the proof of Theorem 1 (iii). O

It therefore remains to prove Proposition 1.

Proof of Proposition 1: We start by proving (i). It will be convenient to write the
Hartree-Fock equations h.urp; = €5, i = 1,..., N, (see (28)) as a system.
Let t be the quadratic form with domain [H'/2(R)]V defined by

N
t(u,v) = > _t(w;,v;) for all u,v € [H'?(R)V,
i=1
where u; denotes the i-th component of u € [H'/2(R3)]Y and t is the quadratic
form defined in (7). Similarly we define the quadratic forms v, r, and k, all with
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domain [H'/2(R3)]N, by
N N
v, v) =Y o(w,ve), ry(wv)=ad (0, Ryv), ky(,v) = a(uK,v),
i=1 i=1
with v defined in (6), R, defined in (22), and K, the N x N-matrix given by

o= [ B2

x -yl
The effect of writing the Hartree-Fock equations as a system is that K, is a (non-
diagonal) multiplication operator. This idea was already used in [13]. Note that
(K,)i; € L3(R3) N L>°(R?); the argument is the same as for (22).
Let finally E be the N x N matrix defined by (E); ; = —¢;0; ;.
We then define the quadratic form q by

q(u,v) = t(u,v) —v(u,v) + ry(u,v) — ky(u,v) + (u,Ev) . (68)

One sees that the quadratic form domain of q is [H'/2(R3)]V, that q is closed (since
t is closed), and that there exists a unique selfadjoint operator H with D(H) C
[HY/2(R3)]Y such that

(u,Hv) = q(u,v) for all ue [H2R*]N,veDH).

Notice that the vector ® = (g1, ..., ¢N) satisfies H® = 0.

Let W(k), k € C3, denote the multiplication operator from a subset of [L?(R?)]V
to [L2(R*)]YN given by f(x) +— e**f(x). Instead of proving directly the claim of
the proposition, we are going to prove the following statement, which implies the
proposition:

O € D(W(k)) for [[Im(k)||rs < vey , (69)
where ® = (1,...,pn). Here, K = Re(k) + ilm(x) with Re(x), Im(x) € R3.

We know that W (x)® is well defined on [L?(R3)] for x € R and we need to
show that it has a continuation into the ‘strip’ ¥,_ , where

Y = {r € C*|||Im(k)||ps < t}.

We shall also need X,-1; note that X,-1 D %, . The idea is to use O’Connor’s
Lemma (see Lemma 5 below).

Starting from the quadratic form q defined in (68) we define the following family
of quadratic forms on [H'/2(R?)|V:

q(r)(u,u) := q(W (=r)u, W(=r)u),
depending on the real parameter x € R3. From the definition,
q(k)(u,u) = t(k)(u,u) — v(u,u) + ro(u,u) — ky(u,u) + (u,Eu),

where

N
t(k)(u,u) = ;/R (a2 +

One sees that q(x) extends to a family of sectorial forms with angle § < 7, and
that q(k) is holomorphic in the strip X, -1 (indeed, |[Im(k)||gs < a~! is needed to
assure that the complex number under the square root in (70) has non-negative
real part for all p € R?). Moreover, q(k) is closed. Indeed, it is sufficient to prove
that the real part of q(x) is closed, which will follow from
v(u,u) + ry(u, 1) + ky(u, u) + (u,Eu) < bRe(t(k))(u,u) + K(u,u), (71)
with b < 1, K > 0 and Re(t(k)) closed. We now prove (71). We already know that
ry(u,u) + ky(u,u) + (1, Eu) < K'(u,u) for K’ > 0. (72)

1/2

3
(pj — #;)%) ()P dp — o Hu,u).  (70)
=1

J
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By (8) we find
N
v(u,u a) X 1 2
< @53 [ el i

- N
<ETRY ([ @l [ ple)ti] (@)

i=1
Let 6 > 0 be such that ZaZ (1 —6)~' < 1. Since

Re(t(x))(u, ) Z \04_2+Z pi — )" cos(0(p, v)) [11:(p) | dp

-« 1<uﬂ u> )
with
a2+ 37 (p; — Re(r))? — (Tm(x;))?)

a2 + 3201 (pj = 5)?]
there exists R > 0 such that cos(6(p, x)) > (1 — ) for |p| > R. Hence we find that

9

2cos’(0(p, k) — 1 =

3

Re(t(k))(u,u) > (1 -9 a2 i — Kj 1/2 2d
(5(R)(1,1) > ( );/pm‘ #3000 =] o)
— o Hu,u)

N
2(1—6)Z/|> (Il - O)l ()2 dp —a~ (uu),  (74)

with C > ||Re(k)||gs. The estimate in (71) follows combining (72) with (73) and
(74).
The fact that Re(t(x)) is closed follows from

WZ/“" ) [1;(p)|* dp < Re(t( Z/|p|+0 :(p)]2dp,

with C' > 2a~! + Re(k).

Hence, q(k) is an analytic family of forms of type (a) ([9, p. 395]). The associated
family H(k) of sectorial operators is a holomorphic family of operators of type (B)
and has domain in a subset of [H'/?(R3)]Y

We are interested now in locating the essential spectrum of H(x). Since K,
is a Hilbert-Schmidt operator, the essential spectrum of H(k) coincides with the
essential spectrum of the operator associated to

t(k)(u,u) — v(u,u) + ary(u,u) + (u,Eu).

Notice that the operator associated to this quadratic form is diagonal. Proceed-
ing as in the proof of oess(hy) = [0,00) (Lemma 2), one sees that oess(H(k)) C

Oess(T(K) —en) with T(k) := \/a—2 + Z?zl(pj — kj)?2 —a~!. Hence we find that

Oess(H(k)) C {z € C|Re(z) > \/a—2 — [Im(k)[|2s =~ —en}.

Hence 0, eigenvalue of H(0), remains disjoint from the essential spectrum of H(k)
forall k € 3, (recall that ¥,. C ¥,-1) .

Since H(k) is an analytic family of type (B) [20, p.20] in X,_, 0 is an eigenvalue
of H(0) and moreover, 0 remains disjoint from the essential spectrum of H(x), it
follows that 0 is an eigenvalue in the pure point spectrum of H(k) for all x € DI
(reasoning as in [20, page 187]). Let P(x) be the projection onto the eigenspace



HARTREE-FOCK THEORY FOR PSEUDORELATIVISTIC ATOMS 21

corresponding to the eigenvalue 0 of the operator H(k). Then P(k) is an analytic
function in ZVEN and for k € EVEN and kg € R we have

P(k + ko) = W (ko)P(k)W (—ko) .
Here we used that W (—kg) is a unitary operator. The result of the lemma follows

by applying Lemma 5 below to W(Q) ::~e“9""x with x € R3, ||k|gs = vey, and
6 € {z € C||Im(z)| < 1}. Notice that W () = W(0k) and that the projection

B(0) := P(0k) is analytic and satisfies B(0 + 8y) = W (60)B(0)W (—6y) for 6, € R.
This finishes the proof of (i).
To prove (ii), we can work directly with the Hartree-Fock equation, since, from
(i), the function K. ur¢ is exponentially decaying. Therefore, let

qlu, v] = (u, hynrv) —e(u,v) for w,v e HY?(R3), (75)

and note that, by assumption, 0 is an eigenvalue for the corresponding operator (¢
is an eigenfunction). Define, for x € R3,

q(k)[u, v] = q[W(—r)u, W(—r)v]
= t(k)[u,v] = vfu, v] + byur (k)[u, v] — e(u,v), (76)

with W (k) and t(x) as before (but now on H'/2(R3)), see (70), and

bur () [u, v] = a(u, Ryurv) — a(u, Kyur (k)v), (77)
where
e () o) = 3 AIEZE TR0, (75)

Using (i) of the proposition (exponential decay of the Hartree-Fock orbitals {¢;} ;V:1)
one now proves that (78) extends to a holomorphic family of Hilberts-Schmidt op-
erators in X, . One can now repeat the reasoning in the proof of (i) to obtain the
stated exponential decay of ¢.

O

Lemma 5. ([20, p. 196]) Let W (k) = ™4 be a one-parameter unitary group (in
particular, A is self-adjoint) and let D be a connected region in C with 0 € D.
Suppose that a projection-valued analytic function P(k) is given on D with P(0) of
finite rank and so that

W (ko) P(k)W (ko)™ = P(k + ko) for ko € R and K,k + ko € D.

Let 1) € Ran(P(0)). Then the function ¥ (k) = W (k)¥ has an analytic continuation
from DNR to D.

APPENDIX A. SOME USEFUL LEMMATA

Lemma 6. Let Q be an open subset of R3 \ {0} with smooth boundary and let
f1, fo € H*(Q) for some k > 1.
Then the function

F(x): fl(}’)fz(Y)dy

rs XYl

belongs to C*(Q) if k > 2, while if k = 1, it belongs to WP (Q) for all p > 1, and
hence to C(92).
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Proof. We are going to prove the following equivalent statement. If k > 2, yF €
CK(R?) for all x € C§°(Q), while if £ = 1, xF € WHP(R3) for all p > 1 and
X € C§° ().

Fix x € C§°(Q) and take x € C§°(Q) verifying ¥ = 1 on supp x and such that
there is a strictly positive distance between supp x and supp (1 — x). We write
XF(x) = xF1(x) + xFa(x) with

Fl(x):/RSX(YWY)fz(y)dy and F2<X):/R3(1 X(Y))fl( y)fo(y )dy

x| x -yl
The term xFy is clearly in C°°(R?). For the other term we use Young’s inequality:
if f € LP(R3) and g € LY(R?) then
1 1

1
. <C ithl+-=>+-. 79
1/ gllr < CllAllpllglly with 14 ==+ (79)

Moreover, if 1/p + 1/q = 1 then f x g is continuous (see [24, Lemma 2.1]). Let
a € N} with |a| < k. Then

[D*(xF1)(x)] < D x(
51+,32 =a,
B1,B82€N]
If f1,fo € H*(Q), k > 2, then D (xf1f2) € L%3(R?) for all 5 as in (80). From
(79), (80) and x/|-| € L>?(R?) it follows that D(xF}) is continuous and, since o
is arbitrary, that yF' € C*(R3?).
If f1,f2 € HY(Q) then o(Xf1f2) € L3/?(R3) and from (79) we get (only) that
O(xF) € LP(R3) for all p > 1. It then follows that F' € WP(Q) for all p > 1 and
therefore (by the Sobolev imbedding theorem) F € C(12). O

(Xf1f2)(y)dy (80)

Lemma 7. Let, for Za < 2/, ho be the self-adjoint operator defined in (9), and
let A_(«) be the projection onto the pure point spectrum of hg.
Then the operator A_(a)hoA_ () is Hilbert-Schmidt.

Proof. Let € > 0 be such that Za(1 +€) < 2/m(1 — €). We are going to prove that
there exists a constant M = M ((e) such that

1 C
hg > ——P(—-A— —)P 1
O_M—i—Qa_l ( ||) ) (8)
with C' = Za(M 4 2a7')(1 + 1/€) and P = xpo,a)(T(p)). The claim will then
follow from (81) since

1

Tr ([ho] -)* < S Orrmo)e B

The last inequality follows since the eigenvalues of —A—C/|-| are —C?/4n? n € N,
with multiblicity n2.

We now prove (81). For € > 0 and any projection P (with P~ = 1— P), we have
that

Tr ([-A - }_)2<oo.

Z Z
ho = PhoP + P-hoPt — Pﬁpl - Plﬁp
i Z i
By a direct computation one sees that there exists a constant M = M (e) such that
T(p) > M implies T(p) > (1~ ¢)|p| and T'(p) < M implies T(p) > yrza=—r(—A).
Hence, with this choice of M and P = x(o,a(T'(p)), (82) implies that

1 1\ Za
m(—A)—(He )| |}P+PL[(1—6)M (1+e)—|]PL

1 Z«

el

> P(ho — -

ho > P|
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The inequality (81) follows directly by the choice of e. O

APPENDIX B. PSEUDODIFFERENTIAL OPERATORS

In this appendix we collect facts needed from the calculus of pseudodifferential
operators (1do’s) (for references, see e.g. [8] or [21]).

Define the standard (Hérmander) symbol class S*(R™), u € R, to be the set of
functions a € C*° (R} x RY) satisfying

000 a(x,€)| < Cap(1+[g[*)#1PD/2 for all (z,€) e RE xRE.  (83)

Here, o, f € N” and |a| = a; + -+ + a,,. Furthermore, S#(R") ¢ S* (R") for
p < p/. We denote S®(R") = U,crS*(R™) and ST (R"™) = N,erS*(R™). Finally,
note that ab € S#1tr2(R™), 8§8§a € SM=IB(R") when a € S#1(R"),b € SH2(R™).
A symbol a € S#(R™) defines a linear operator A = Op(a) €: U* (‘pseudodiffer-

ential operator of order y’) by
Op(a)ul(w) = (20) " [ e Sala i(e)de. (54)

where @ is the Fourier-transform of u. The operator A is well-defined on the space
S(R™) of Schwartz-functions; it extends by duality to S’(R"™), the space of tempered
distributions. Note that for

a(@.&) = Y aa(x)e” (85)
0<]al<p

(with a, smooth and with all derivatives bounded, i.e., a, € B(R™)), A = Op(a) €
UH is the partial differential operator given by

Op(a)u](x) = Y aala)Du(z). (86)
0<|a|<p
Note also that, with a = a(z) and b = b(€),

[Op(a)ul(x) = a(z)u(z) and [Op(b)ul(§) = b(E)a(E) -
If a € S*(R"), then Op(a), defined this way, maps H*(R") continuously into
HE=#(R™) for all k € R. Here, H*(R") is the Sobolev-space of order k, consisting
of u € §'(R™) for which

Il = [ TGO+ IeF)* de (87)
is finite; this defines the norm on H*(R™). We denote
H*R") = (| H*®R"), H >*R") =[] H*R").
keR keR

In particular, symbols in S°(R™) define bounded operators on L*(R") = H°(R").
Furthermore, operators defined by symbols in S~°°(R") maps any H*(R") into
H®(R™); such operators are called ‘smoothing’.

We need to compose 1do’s. There exists a composition # of symbols,

# 1 SM(R™) x §#2(R") — SHtrz(R™) (88)
(a,b) — a#b, (89)

such that Op(a)Op(b) = Op(a#b). It is given by
@) 6) = G [ el e~y dydn.  (0)

Here, the integral is to be understood as an oscillating integral.
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The symbol a#b has the expansion

il
atth~ >0 (B2a) (O2). (91)
Here, ‘~’ means that for all j € N,
i~lal s
a#b— Yy — (02a)(9¢D) € SHatuz=i(R™) (92)
lo| <j

(recall that (97a)(0gb) € Sritrz=lely " One easily sees that the composition is
associative.

Proposition 2. If a € S™(R"), b € S™(R"™) then the symbol associated to
[Op(a), Op(b)] belongs to S™1+m=2—1(R").

In particular, if ¢1,¢2 € B>®(R™) (the smooth functions with bounded deriva-
tives) with supp ¢ Nsupp ¢ = 0 and a € S*(R"), a(z, &) = a(£), then ¢ #a#ps ~
0, and so, with A := Op(a),

$1A¢p2 = Op(¢1)Op(a)Op(¢2)

is smoothing.
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