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The motivation and focus of this work is to generate passive transfer function matrices
that model the radiation forces for an array of WECs. Multivariable control design is often
based on Linear Time-Invariant (LTI) systems such as state-space or transfer function
matrix models. The intended use is for designing real-time control strategies where
knowledge of the model’s poles and zeros is helpful. This work presents a passivity-
based approach to estimate radiation force transfer functions that accurately replace the
convolution operation in the Cummins’ equation while preserving the physical properties
of the radiation function. A two-stage numerical optimization approach is used, the first
stage uses readily available algorithms for fitting a radiation damping transfer function
matrix to the system’s radiation frequency response. The second stage enforces additional
constraints on the form of the transfer function matrix to increase its passivity index. After
introducing the passivity-based algorithm to estimate radiation force transfer functions
for a single WEC, the algorithm was extended to a WEC array. The proposed approach
ensures a high degree of match with the radiation function without degrading its passivity
characteristics. The figures of merit that will be assessed are (i) the accuracy of the LTI
systems in approximating the radiation function as measured by the Normalized Root
Mean Squared Error (NRMSE), and (ii) the stability of the overall system quantified by the
input passivity index, v, of the radiation force transfer function matrix.

1. Introduction

Real-time motion control of a Wave Energy Converter (WEC), requires a model that
captures the system’s hydrodynamic interactions. Time-domain dynamics for a marine
structure can be described using the Cummins’ equation [1,2]. A WEC array emanates a
radiation wave field when excited by an incoming wave field, resulting in radiation forces.
Modeling motion dynamics using the Cummins’ equation requires a convolution operation
to calculate the radiation forces. The convolution operation can be replaced by an Linear
Time-Invariant (LTI) system [3]. However, estimating a numerically stable LTI system, that
can accurately replicate the radiation force convolution can be difficult [4]. The radiated
forces dissipate energy away from the system — a physical property that this work exploits
to estimate numerically stable LTI systems. LTI systems that represent dissipative systems,
that cannot generate energy, are characterized as passive systems [5]. The proposed LTI
system estimation algorithm, requires the estimated LTI systems to be passive — thereby
imposing numerical stability, and the physical properties of the radiation forces.

This work presents a time-domain modeling framework for hydrodynamically-coupled
multibody dynamics in floating body clusters. The proposed algorithm can be used for
heterogeneous WEC arrays that may not have the same geometry. The transfer function
array models developed here are an important step towards designing motion control
strategies that can respond to changing ocean conditions in real-time.

Version December 1, 2023 submitted to Energies

https:/ /www.mdpi.com/journal/energies

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37


https://doi.org/10.3390/en1010000
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com
https://orcid.org/0000-0001-6044-2845
https://www.mdpi.com/journal/energies

Version December 1, 2023 submitted to Energies 20f23

1.1. Main contributions of the proposed approach 38

This paper focuses on developing linear, passive models for the radiation force
effects in WECs, that can be used for model-based control strategies. This approach 4
can be considered a frequency-domain method because the initial reference functionis  «
the radiation function H,(jw). This approach incorporates an optimization routine that =
enforces the physical properties of the radiation function while minimizing the error 4
between the magnitudes and phases of the estimated transfer functions and the H, (jw).
The multibody dynamics involved in a Multiple Input Multiple Output (MIMO) system 4
can be more conveniently modeled using the estimation of transfer function arrays. This 4
paper will demonstrate a passivity-based estimation algorithm for G(s) that is applicable  «
to MIMO systems such as WEC arrays. a8

1.2. Overview of Frequency and Time Domain Estimation Methods 49

Duarte et al. present a thorough comparison of different approaches taken by researchers s
over the years [6]. Their comparative review is expanded here with recent developments s
since their publication. The main approaches for finding approximate replacement to the =

convolution-based calculation of the radiation force Fg(t) can be classified as: 53
e Frequency-domain methods which use the radiation function H,(jw) itself to estimate s
state-space or transfer function models. The main routes taken are: 55

- Identifying continuous-time filter parameters from frequency response data , s
[4,6-8], 57

- or, The moment matching method, [9-13] including maintaining passivity. 58

e Time-domain methods which numerically calculate the radiation IRF £, (f) and then s
use the IRFs to estimate state-space or transfer function models. The main routes taken o
for this approach are: 61

- Curve fitting methods based on Least Squares curve fitting of the IRFs, [14,15], 6
- or, The realization theory method which is based on Hankel Singular Value
Decomposition (SVD), followed by order reduction strategies such as balanced- e

realization order reduction. 65
1.3. frequency-domain estimation methods 66
1.3.1. Identifying continuous-time filter parameters from frequency response data 67

Duarte et al. summarize the least-squares methods [6]. These methods minimize the
least-squares error between the radiation function and the estimated LTI system. Some of &
these optimization-based approaches use the invfreqs() command in MATLAB. The invfregs() 1
command is based on Gauss-Newton iterative search optimization. The estimation process =
can be weighted or biased by incorporating a fitted polynomial using a weighting function. =
Originally developed for ship motions, this approach was developed at Norges Teknisk- 7
Naturvitenskapelige Universitet - NTNU and is packaged as the Marine Systems Simulator 7
(MSS toolbox). The MSS toolbox is based on Taghipour et al., Perez, T. and T. I. Fossen [4,7].

The MSS toolbox has the FDI (frequency-domain Identification) utility, approximating 7
LTI models using the frequency-dependent radiation function H,(jw). The FDI utility —«
first filters out the frequencies with discontinuous points owing to numerical errors in the 7
hydrodynamic coefficients data from WAMIT or any other BEM solver. The process also 7
rejects zero frequency lines in the estimation process. The estimation process starts froma s
second-order system, and then the order is increased to improve the match in the frequency =
response of the estimated system and the radiation function H,(jw). The package then
iteratively reduces the error between the radiation IRF, I, (t), and the approximated transfer &
function. This step is followed by the MATLAB command ss() to generate a state-space &
model. &

The estimation process then checks for unstable poles (poles in the right-hand plane &
of the Laplace plane). If unstable poles are found, they are reflected about the imaginary &
axis by multiplying the positive real-parts by —1, and the estimation process is reinitialized &
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with the reflected pole. The rejection of zero frequency points and ‘wild points’, and
the weighting process itself does risk losing the physical nuances of the marine system,
especially for multiple bodies in WEC arrays. Iterative increase of orders also risks the
overestimating issue discussed by Perez and Fossen [7]. The process requires the user to
pick a frequency range to be used for estimation. As pointed out by Perez and Fossen, the
matches with this method work best for low frequency ranges, and it does not guarantee
stability and passivity [7]. Taghipour et al. also observe that the improper scaling of the
input data can result in numerical instability [4].

Forehand et al. also generate a transfer function and a state-space model, with the
added feature that their code package can be used for a WEC array [8]. They estimate the
transfer function using the invfreqs() command in MATLAB. They also minimize the root
mean square error between the frequency response of the estimated transfer function and
the frequency response of the radiation impedance function using the freqregs() command
in MATLAB. These estimations are done for different orders, and the estimated transfer
function with the least error is chosen. The order of the transfer function system is then
minimized further to estimate the state-space model. The stability and conditionality for
the estimated system are checked but not enforced in the estimation process.

1.3.2. The moment matching method

Recently, some very promising developments have been made in frequency-domain
estimation methods. Faedo et al. at Maynooth University developed a novel approach
using moment matching to estimate LTI systems [9]. In this context, a moment refers to the
radiation function H,(jw) at some specific frequency. The method uses a few points or
moments of the H, (jw). Faedo et al. then used these estimated models to devise an energy
maximizing controller model [10]. They also extend this approach for an Multiple Degrees
of Freedom (MDOF) problem [11].

The moment matching method shows good results with very low normalized root
mean squared errors (NRMSE) between body motions calculated using their estimated
system and those from the convolution [16-18]. However, this method relies on choosing
the moments correctly. In their case studies, Faedo et al. point out that the frequencies used
for the chosen moments correspond to the radiation function H; (jw) peaks. However, this
becomes difficult to judge if the H,(jw) has a multi-lobed frequency response, especially
for multibody MDOF systems. Although regular geometries like spheres and cylinders
usually have a single-lobed H, (jw), disparate marine structures or innovative WECs will
have multi-lobed H, (jw), making it difficult to choose the moments especially in situations
where coupled modes exist.

Similarly, WEC arrays, especially compact WEC arrays, will be a challenging system
for a moment matching based method. When marine structures are in close proximity, such
as in a compact WEC array, the velocity field within the area occupied by the structures gets
modified. This results in a trapping effect which introduces the additional local minima in
the hydrodynamic coefficients. These trapping effects are extensively discussed in work by
Eatock Taylor et al. [12] - [13]. Wolgamot et al. also described the effect of trapping effects
in WEC arrays [19,20]. These phenomena show that each frequency is coded with critical
hydrodynamic information about the system. Faedo et al. remarked that an additional
constraint could introduce passivity to their optimization [9]. More recently, the same
authors have proposed a passivity preserving method [21]. In that work, Faedo et al.
introduced the conditions needed to guarantee passivity for a single body. In the numerical
example shown in that paper, the authors selected a new set of moments for a passive
model. This shows that the selection criteria for moments in an MDOF and/or multiple
body system will become difficult. The accuracy for coupled modes, whose radiation
damping characteristics usually have multiple local minima, can therefore be enforced only
in a limited bandwidth [22,23].
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1.4. Time-domain estimation methods 140

Time-domain estimation methods are carried out in two stages: the numerical integration 1.
for the radiation IRF, £, (t), followed by estimating an LTI system based on this radiation 1.
IRFE, I, (t). The general approach for the numerical integration for the cosine transform is to 1
use either Euler integration or Trapezoidal integration methods. For instance, NEMOH, 14
developed by LHEEA Centrale Nantes, uses Euler integration [14,15]. Whereas the WEC- s
Sim package, developed by the National Renewable Energy Laboratory (NREL) and s
Sandia National Laboratories, uses the trapezoidal integration method by calling the 17
trapz() function in MATLAB [24]. Prony’s method can also be used to calculate the radiation s
IRE £, (t) [25]. However, Prony’s method only works for single bodies. It does not work for s
arrays because of the shape of the impulse response functions. WAMIT uses a tool called 15
the f2t utility to output radiation IRFs using Filon’s trapezoidal numerical integration 1
(See Chapter 13 of the WAMIT manual for a description of the f2t utility) [24]. The f2f 1
description recognizes that the Fourier transform (& more specifically the cosine transform 15
for the radiation IRF) is more accurately calculated by Filon’s integration method, especially 15

for large values of the time variable. 155

The following two Subsections describe the main approaches taken over the years by s
researchers. 157
1.4.1. The Least Squares (LS) curve fitting method 158

Yu & Falnes presented their, in some ways, pioneering work, outlining the different s
ways the real-time convolution could be circumvented [3]. They proposed that the o
estimated system may need a higher-order approach to describe the radiation IRF, k(). 1«
Yu & Falnes used numerical integration to form companion form matrices for the radiation 1
and excitation forces. However, the stability and passivity properties of the estimated state- 16
space models were not considered. Taghipour et al. point out that the LS methods result 16
in LTI systems whose frequency responses have very poor matches with the respective 1
radiation function H,(jw) [4]. 166

Another notable example of an LS curve fitting model was presented by Alves etal. 1
[26]. They used the MATLAB function prony to find a discrete transfer function. However, s
this method does not ensure stability, especially for higher-order radiation functions [6]. 16

1.4.2. The Realization theory method using the SVD Hankel decomposition 170

Unneland et al. and Kristiansen et al. did a state-space realization using the Markovian in
property of state-space models [27-29]. The MATLAB function imp2ss can be used to do the 17
SVD Hankel decomposition. Additionally, Taghipour, Perez, and Fossen showed that the 17
overfitting could be mitigated by a balanced order reduction using the balmr command in 14
MATLARB [4,25]. This approach does not enforce stability or passivity, although Taghipour s
et al. and Perez et al. recognize that the approximation process should ideally result in 1
a passive LTI system. Perez and Fossen point out that the realization theory method 1
does not necessarily satisfy the low frequency asymptotic values and the relative degree s
requirements of the radiation function H,(jw) [4,25]. This approach has been widely cited 1
and was incorporated in the WEC-5im package developed by Sandia National Laboratories 1
& National Renewable Energy Laboratory (NREL) [24]. Subsequent reports published by 1
Sandia National Laboratories highlight the difficulty of ensuring stability for a complete 1
dynamics model that has the radiation force as the negative feedback [30]. However, this 1
approach will become difficult to implement for a multi-body MDOF system. 184

Lecuyer-Le Bris et al. also used the SVD Hankel decomposition and demonstrated the 1
need for the numerical calculations of the radiation function being zero at t < 0, and of the 1
convergence to zero at t = oo [31]. They ensure that the radiation function is zeroatt < 0by 1
incorporating the radiation function evaluated at ¢ < 0. They extrapolated their radiation 1
function coefficients to a frequency high enough that it converges to zero, thereby mitigating 1
the high frequency numerical artifacts. They demonstrated their findings by using a 10
modified kernel of the radiation damping by comparing the effect of their modified kernel 1
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on the Response Amplitude Operators (RAOs) of the motion dynamics. They conclude 1
that their formulation ensures the radiation function being zero at t < 0 and its asymptotic 10
convergence to zero at t = co. They assert that their proposed kernel incorporates the 19
passivity of the radiation function. From a system identification perspective, the work by 1
Lecuyer-Le Bris et al. also satisfies the properties listed in Table 1. In the Laplace domain, 19
their considerations ensure phase relationships at zero frequency and describe the need for 1
the estimated LTI systems having a zero at the origin. 198

1.5. Article organization 199

The rest of the paper is organized as follows. Section 2 describes the pertinent 200
equations of motion and develops a time-domain model for a WEC. Section 3 introduces 20
the need for passivity in estimated LTI systems and outlines the physical properties of 22
the radiation function that the LTI system is supposed to emulate. Section 4 outlines 2
the algorithm for the proposed approach. The efficacy of the proposed approach is 2
demonstrated using some examples in Section 5. The estimated system’s accuracy is 2
quantified in terms of its frequency response function (FRF) and passivity using the Input 20
Passivity Index (v). Section 6 describes the motion simulation using the estimated transfer 2o
functions and compares its performance to direct convolution. Following this, Section 7 20
analyzes the results and discusses the observations. Finally, Section 8 makes the overall 20
conclusions. 210

2. Equations of motion and development of a time-domain model m

This paper focuses on developing linear, stable models for the radiation force effects 2
in single and multiple floating marine structures, such as Wave Energy Converter (WEC) 2
arrays that can be used for model-based control strategies. The viscous drag forces can 2
be ignored for the compact and sparse arrays analyzed in this work, as they are small s
compared to radiation damping [32]. The equations of motion shown here can be used for 2
both hydrodynamically coupled and uncoupled arrays. A WEC array is hydrodynamically 2
coupled when the motion of a WEC is affected by the motion of other WECs in the array. s
An array can be considered hydrodynamically uncoupled when its members are far enough 21
apart to have minimal mode-couplings, the motion of any WEC in the array is independent 2
of the motion of any other WEC. 2

The motion of WECs is commonly described by (1), which is the Cummins’ equation 2
[1,2]. The viscous drag forces can be ignored for large marine structures, as they are small 2
compared to radiation damping [2]. 2

(M +aw)f() + [ he(t - (00T + K1) = 311 W

where the {(t) are generalized motion coordinates, and the coefficient of §(t) is the 2
summation of the inertia of the system and the asymptotic added mass. That is, for 2
an n degree-of-freedom system, M € R"" is the inertia matrix, and a., € R*" is the added 2
mass matrix at infinite frequency. The second term is the convolution operation needed 2
to calculate the radiation force, Fg(t). Also, K € R™ is the hydrostatic and gravitational 2
stiffness matrix, and the @(t) contains the Froude-Krylov, diffraction, PTO, and friction 2:
generalized forces. For a rigid body moving in 6 DOF (degrees of freedom), the §(t) are  2a
surge, sway, heave, roll, pitch, and yaw modes, and the matrices M, ac, h¢(f), and K are 2
6 x 6 matrices. For multiple bodies forming an array of N rigid bodies, each moving in 23
6 DOF, these matrices become 6N x 6N matrices, and the off-diagonal terms contain the 2
appropriate coupling terms. 235

The linear assumptions entail that the incoming waves have small amplitude and 2
steepness and that the body motions are also small. For the dynamics model discussed 2
in later Sections, it is assumed that no PTO or control forces are acting on the system, 2
so the right side of (1), Q(t), will be replaced with just the excitation force, ﬁgxc(t), for o
the remainder of this paper. Note, in this section the excitation force coefficients and the 2«0
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radiation function are represented as, Hex(jw) and H,(jw) to emphasize that they are 2«
complex functions. 22

The excitation force is the input to the system, as shown in (2). The excitation force 2
Impulse Response Function (IRF) is expressed as (3). Therefore, the convolution in (2) 2
models the excitation force acting on the system, for a known wave elevation time-history s
1 as shown in (4). The excitation force can be calculated in advance without affecting 2
the real-time dynamic model because the excitation force depends on the incoming wave 2«
profile. However, for irregular wave inputs, with wave profiles changing in real-time, s

prediction of the incoming wave profile becomes critical. 2o
Eoe(t) = /7 [hexc(r)n(t — T)}d’t' )
where, B
1 S
hexelt) = 52 [ [Hexejo)e o 3)
and, 251
n(t) = L /00 {U(jaJ)ej“’t] dw (4)
271 J—o

The second term in (1), together with the a«(t) term, corresponds to the radiation s
force. This term is the convolution of the radiation force IRF with the body’s velocity. This 25
follows from defining the radiation FRF H, (jw), using the hydrodynamic radiation effects s
of the body, i.e., added mass a(w) and radiation damping b(w), which are obtained using 2
numerical solvers like WAMIT. The radiation FRF can therefore be expressed as, 256

H,(jw) = [jwd(w) + b(w)], (5)

where d(w) = a(w) — asw(w), such that the asymptotic added mass that converges to a 2
constant a., at higher frequencies is subtracted from the radiation function H,(jw), and s
added to the inertia matrix M as shown in (1). The inverse Fourier transform of H, (jw) in 25

(5) results in the radiation IRF, as shown in (6) 260
he(t) = L/oo {H ('w)ej‘”t}dw (6)
4 27T —00 r ]
which becomes, 261
1 7. ..
he(t) = T / [Uwﬁ(w) + b(w)](cos(wt) —I—]sm(wt))}dw )

Note, the radiation function, H, (jw) itself is a complex function, however, the corresponding 2
IRF is a real function. This is physically justified by associating the added mass with local, 2
evanescent, and non-propagating modes, represented with the imaginary-part of the 2
complex radiation function; while the radiation damping part which propagates with the 25
real-part, such that the radiation force, E, (1), is a causal real force experienced in the vicinity. s
This can be shown mathematically by observing that sine is an odd function, while cosine 2
is an even function, and that both the d(w) and b(w) are even functions [2]. Therefore 2
the imaginary part of (7) is, an odd function and thus vanishes, while the real part being 2
an even function is twice its value when the lower limit is zero and the upper limit is co. 27

Changing the lower limit of (7) to zero and doubling the real part, 271
o (t) = % | [plw) cos(wr) — wiw) sin(wh)|de ®)

The Kramers-Kronig relations relate the added mass a(w) and radiation damping b(w). 2r
The Ogilvie equations use the Kramers-Kronig relations to simplify (8) such that ,(t) can 2
be expressed as either a cosine transform of the radiation damping FRF b(w) or the sine 2
transform of the FRF of the added mass a(w) [33]. o7
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he(t) = 2 /OoQ {b(w)cos(wt)}dw

7T

e ©)
=—— wa(w) sin wt}dw
= [ [wd@)sin(wt)

Therefore, the radiation IRF is real-valued and causal. Motion-dynamics modeling of s

a marine structure will require the convolution of (9) with the body velocity to calculate 2
the radiation force in real-time. Physically, this means the body will only experience the s
radiation force after a wave has hit it, and the body generates a radiation field around it 2
that, in turn, becomes the radiation force experienced by the body. The expression for the 20
radiation force in the time-domain can therefore be expressed as, 21

Felt) = awi(t) + [ [t~ 0)f(2)] e (10)

such that, 11,(7) = 0, for T < 0. When numerically integrating (10), the limits of the integral 2
can go from the max(0,t — t;) to t, where t, is the duration of the radiation IRF (i.e., the 2

radiation IRF is zero for t > tj). 284
3. Passivity properties of the radiation function, H,(jw), radiation IRE, /,(t), and 285
estimated LTI system, G(s) 286

In its simplest high-level form, the Cummins’ equation is analogous to a mass-spring- 2
damper system where the hydrostatic forces act as a spring force, while the radiation forces 2
contribute to the damping force and the overall inertia of the system. Equation 11 shows 2
the equation of motion for such a 1-DOF system, 200

moZ + koz + /Otg(t —1)z2(T)dT = foxt (11)

where, mg represents the system’s effective inertia, z represents motion in some arbitrary 2u
mode, k¢ the hydrostatic stiffness, followed by the convolution integral used to calculate 2
the radiation forces, in which g(t — 7) is the impulse response function of the wave field s
radiated by the system. The right side of the equation encapsulates all external forces 2
such as the Power Take-Off (PTO) forces and the excitation forces. The focus of this work 20
is identifying a Linear Time-Invariant system that can replicate the convolution integral s
needed to calculate the radiation forces. This equivalent LTI system is represented hereafter 2o
as the transfer function G(s), where s = jw. The Laplace transform of Equation 11 is, 208

Z(s) (mos® + ko +5G(s)) = Fext(s) (12)

In Equation 12 and the block diagram shown in Figure 1, the WEC is represented 20
m, and is the plant of the system composed of a mass-spring system, such that s
my represents the mass of the simplified WEC model and k is the hydrostatic coefficient. s
The radiation forces serve as the negative feedback to the system, and are represented as s
G(s). The external forces shown as Fey(s) represent the excitation forces composed of the s
incident Froude-Krylov forces, and the diffraction forces, that serve as the input to the s
system, and the WEC's velocity is the output. The computation of the radiation forces o
requires the convolution of the body’s velocity and the radiation force Impulse Response 105
Function (IRF). 307

The radiation force is causal and needs the body’s velocity information in real-time for  sos
the convolution. The radiation force in the time-domain is calculated using the frequency- s
domain hydrodynamic coefficients, solved using a Boundary Element Method (BEM) solver, 310
such as commercial software packages like Wave Analysis MIT (WAMIT). The frequency- su
domain hydrodynamic coefficients are then used to calculate an IRE. Convolving the IRFs s
with the buoy velocity gives the radiation force in real-time. This convolution operation s

as
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makes model-based motion control difficult because motion control of a dynamic system
requires the knowledge of its poles and zeros [4,25].

This work circumvents the convolution operation by proposing an algorithm to
generate a transfer function between the radiation force and body velocity. Modeling
the dynamics using a Linear Time-Invariant (LTI) model provides the knowledge of the
system’s dynamical characteristics and facilitates various motion-control strategies based
on the system’s motion dynamics. Note, that the model-based control schemes, whether for
analysis or implementation, often rely on reduced-order models, which further necessitate
system-identification of the radiation forces. For instance, Model-Predictive Control (MPC)
of a WEC array is computed based on running an optimization problem at each control
update step.

1
F(H(-S) > > Mos2+ko g

G(s)

Figure 1. A simplified high-level block diagram representation of the Cummins’ equations where
1

Tk Tepresents the WEC as the system’s plant, and G(s) represents the radiation damping force.

The motion dynamics matrices need to encapsulate all possible mode couplings. A
time-domain model of a multi-body system is a Multiple Input Multiple Output (MIMO)
system. Estimating a Linear Time-Invariant (LTI) MIMO system is challenging in terms
of accuracy and stability. The estimated radiation force transfer function array (hereafter
G(s)) has to ensure the stability of the closed-loop multibody dynamics system. The G(s)
is in the negative feedback of the overall dynamics model. A passivity-based estimation
algorithm for G(s) can therefore ensure the stability of the overall dynamics model. A
passivity-based approach also ensures fidelity to the physical system because radiation
forces are dissipative in nature. The Nyquist stability criteria used for Single Input Single
Output (SISO) systems can be extended to a Multiple Intput Multiple Output (MIMO)
system by assessing the Input Passivity Index (v) of G(s).

The properties of radiation effects are encapsulated in the radiation function H, (jw);
therefore, the estimated LTI system, G(s), should preserve the physical phenomenon being
approximated. The boundary conditions of the radiation function H,(jw), and its time-
domain counterpart radiation IRF, k,(t), are summarized in Table 1. Table 1 is similar to
the properties discussed by Duarte et al., and Perez and Fossen [6,34].

In Table 1, properties 1,2, and 3 are a consequence of the Riemann-Lebesgue Lemma,
while the BIBO stability condition in property 4 establishes the input-output stability of the
convolution for radiation forces [4,34].

Property 5 in Table 1 entails the dissipativity property of the radiation function H; (jw)
since it starts as 0 and then converges to 0 since the radiation forces are dissipative. The
Ogilvie equations indicate that the radiation IRF, 1, (t), can be calculated using the radiation
damping coefficients, b(w) [33]. The b(w), also starts from 0 and converges to 0 since the
hydrodynamic theory dictates that the b(w)> 0, Vw. It can be therefore said; the radiation
forces are passive since radiation forces are dissipative and they generate no energy. For
linear systems, the passivity property is equivalent to positive realness [4,5].

The estimated transfer functions are used to calculate the radiation force and are used
in the negative feedback of the complete dynamic system. A challenging property of linear
systems is that even if a system such as a transfer function is stable on its own when used in
the closed-loop of the complete system, it can result in making the overall system unstable.
Therefore, system stability can be assessed by looking into its passivity property. Passivity
implies that the physical system does not generate energy and can only store or dissipate
energy. Therefore, the estimated transfer function array should be passive, i.e., positive real.
This stability criterion has been recognized by various researchers, such as in [4,6,15,25,28].
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Property Implications

1. limy,—0H, (jw) = 0 There are zeros at s = 0

2. limy—ooHy (jw) =0 Strictly proper

3. limy_g+he(t) #0 Relative degree 1

4. limi by (t) =0 Bounded Input Bounded Output (BIBO) stability
5. The mapping, % — Fg(t) is passive H, (jw), therefore G(s) is Positive Real (PR)

Table 1. Properties of the radiation function H(jw), radiation IRF, £, (t), and estimated LTI system,
G(s), see [6,34].

The passivity condition essentially requires that the estimated LTI system, G(s), or
the radiation force transfer function array, populated by transfer functions between body
velocity and radiation force, Fg(t), is positive semi-definite, which implies that the real part
of the transfer function array is positive. Formally, the passivity condition for a transfer
function array, which is a Multiple Input Multiple Output (MIMO) system, can be stated as
discussed by Khalil [5].

Lemma 1. Let G(s) be a p X p proper rational transfer function matrix, and suppose det|G(s) +
G(—s)T] is not identically zero. Then G(s) is strictly positive real if and only if:

1. G(s) is Hurwitz; that is, poles of G(s) have negative real parts,

2. G(s) + G(—s)T is positive definite for all w € R,

3. Either G(c0) + G(0)T is positive definite; or it is positive semi definite and the terms
limgy—e0w?MT[G(jw) + G(—jw)TIM is positive definite for any p x (p — q) full rank
matrix M, such that the term MT[G(c0) + G(c0)T]M = 0, where, g = rank[G(co) +
G(c0)T]. Additionally, if G(co) + G(c0)T = 0, then M = I, which is the case for radiation
damping.

The passivity of the estimated radiation transfer functions using the input passivity
index, v, such that v = lmingA i, (G(jw) + G(—jw)), where A, are the minimum
eigenvalues of the magnitude of (G(jw) + G(—jw)). For SISO LTI systems, the input
passivity index corresponds to the horizontal distance of the Nyquist plot from the imaginary
axis, or in other words, the real part of the Nyquist plot, since for a SISO LTI system,
(G(jw) + G(—jw)) results in 2Re(G(jw)), making v = Re(G(jw)). Note, the passivity
corresponds to the Nyquist criterion for feedback systems, requiring the phase of the LTI
system in question being within [—7/2, +7/2] rad.

Classical control methods such as the Nyquist plot can be used to assess the robustness
of stability and passivity. However, assessing stability through a passivity-index based
approach, as proposed here, has certain advantages, including,

1. Satisfying robust stability criteria such as £; stability, and more generally, dissipativity,

2. Using passivity ensures mapping the estimated LTI system to the physical properties
of the system being modeled,

3. DPassivity-based stability analysis can be extended to a MIMO system, such as Multiple
Degree of Freedom (MDOF) analysis of a single body or multiple body arrays.

Note, the evaluation of stability is based on a real quantity - the input passivity-index.
Interestingly, the analytic property of the radiation function is preserved when using the
passivity-index based system estimation because the estimation method matches both the
magnitude and phase of the radiation function. The estimated system does eventually
converge because a passive system is also dissipative, thereby preserving the analytic
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property of the radiation function [35,36]. There is, however, a trade-off between the
stability of the estimated models and their fidelity to the physical system. While estimating,
it must be kept in mind that, in general, increasing the order of the estimated model may
result in a better fit but sacrifice passivity (and thus, stability) and also risk overfitting.
Overfitting results in the estimated system having high-frequency poles (typically higher
than 10 rad /s) that do not correspond to the actual physical system because marine systems
are relatively very slow (typically operate within 0 to 4 rad /s). On the contrary, reducing
the order of the estimated system will enhance passivity but sacrifice fidelity to the physical
system being estimated.

It is proposed that the passivity property can be checked for, and the orders of the
estimated transfer functions can be chosen through iterations, as discussed in [4,25]. Many
researchers, therefore, start with the smallest order possible, i.e., relative degree 1, and
then increase order while checking for model fidelity and passivity [4,25]. The current
state-of-the-art methods, therefore, check for passivity but do not enforce or guarantee the
passivity in the estimated transfer functions [4,9,21,25].

4. The Algorithm

This Section will describe the proposed algorithm and the scaling scheme that can
be used to generalize the estimated transfer function, so that it can be scaled up or down
corresponding to the body geometry as long as its dimensions maintain geometric similarity,
i.e., have the same ratios with respect to each other. The radiation force estimation strategy
follows three stages:

1.  Generation of a reference for the radiation transfer function,

2. Iteration to obtain a low-order, accurate, and passive transfer function,

3. Final tuning to ensure minimum phase, such that at least one zero of the estimated
radiation transfer function is at the origin (i.e., s = 0 is a zero).

4.1. Generation of a reference for the radiation transfer function

For the frequency domain approach, the radiation function H,(jw) is generated using
WAMIT as shown in Eq. 5. This function is then used as the reference function for
the iterative estimation of radiation transfer functions. Since the radiation function is
dissipative, it asymptotically approaches zero. In the discussion that follows the frequency
at which the radiation function is less than 5% of its maxima (fy rad/s is greater than the
frequency at the maxima) will be referred to as fy rad/s.

4.2. Iterative estimation of radiation transfer functions

This stage corresponds to the iterative loop initialized with Ny poles in Figure 2. The
initial number of poles Ny, is the highest order desired by the user. The algorithm then
iteratively decreases the number of poles — balancing the trade-offs between stability and
accuracy because it can be observed empirically that estimated systems with higher number
of poles sacrifice stability for accuracy, and vice-versa. The estimation process is done using
the tfest() command in MATLAB. The function uses iterative optimization to curve fit either
impulse response data or frequency response data. The function has options that let the user
enforce Hurwitz stability. This is done by reflecting poles estimated in the right-hand plane
about the imaginary axis and starting the estimating optimization again. The estimated
transfer function is then further refined using non-linear search optimization to get the
best possible fit. The tfest() command by default estimates a strictly — proper transfer
function. The estimation process is carried out for each mode combination, resulting in a
transfer function array, G(s). For MDOF systems such as WEC arrays, mode-couplings
include both intra-body and inter-body interactions, while for single body MDOF system:s,
mode-couplings include implying intra-body mode couplings. When estimating transfer
function matrices, G(s), the input passivity index (v) characteristics correspond to the
positive-definiteness of the transfer function matrix. The matrix of magnitudes of each
individual transfer function in G(s) can be seen as a Toeplitz matrix. It was observed
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START

GENERATE RADIATION FUNCTION,
H,(jw) = [jwa(w) + b(w)], (Eq. 6)

Y
DEFINE INITIAL CONDITIONS FOR ITERATIVE tfest()

INITIALIZE ESTIMATION ITERATIONS WITH N = N, POLES.
SUBJECT TO CONDITIONS:

e INPUT PASSIVITY INDEX IS POSITIVE IN THE OPERATIONAL FREQUENCY BANDWIDTH,
v >0,

o MAXIMUM MAGNITUDE OF POLES AND ZEROS IS LESS THAN 2f; rad/s,

o FREQUENCY RESPONSE OF THE ESTIMATED TRANSFER FUNCTION MATCHES THE Hg(w)
BY MORE THAN 90 % IN THE OPERATIONAL FREQUENCY BANDWIDTH.

INITIALIZE tfest(), SUCH THAT,
« INITIAL CONDITIONS FOR THE ESTIMATED TRANSFER FUNCTION IS ZERO,
o HURWITZ STABILITY CONDITION IS ENFORCED

YES
NO

CONDITIONS R — )
SATISFIED? N=N-1 N > 37

l YES NO

INITIALIZE OPTIMIZATION ROUTINE

COST FUNCTION:

MINIMIZE ERROR IN MAGNITUDE AND PHASE BETWEEN
FREQUENCY RESPONSE OF ESTIMATED TF, AND Hg(w).
CONSTRAINTS:

e THE ESTIMATED TRANSFER FUNCTION IS MINIMUM
PHASE, AND HAS A ZERO AT ORIGIN,

e ALL OTHER AFOREMENTIONED CONDITIONS.
CONDITIONS, AND

CONSTRAINTS
SATISFIED?

YES

\/

SUCCESS =1 SUCCESS = 0

END

Figure 2. Algorithm for the estimation of radiation transfer function array G(s).

that the v of the entire transfer function matrix could be enhanced if the v of the Toeplitz
matrices making up the transfer function array increased [37]. Therefore, iterating on
the order of the individual transfer functions in G(s) to achieve more positive v for each
transfer function helps in estimating more positive v for the transfer function array G(s).
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The iterative estimation process using the tfest() command is initiated with the highest
expected order, Ny. At each iteration, the tfest() command estimates a transfer function
array G(s). This G(s) should then satisfy the following criteria:

1. G(s) is bandwidth-limited passive, such that the input passivity index is positive
(v > 0) for a defined frequency bandwidth,

2. G(s) has accurate frequency response, such that the percentage fit between the
frequency response of G(s) and the radiation function H, (jw) is greater than 90% for
a defined frequency bandwidth,

3. Finally, G(s) should not have pole frequencies higher than 2fj rad/s in the Laplace
domain. This is necessary to avoid overfitting and avoiding poles that do not
correspond to the physical phenomenon G(s) is supposed to replicate. This upper
bound was empirically set to about two times the frequency at which the radiation
function converges to 0.

If the estimation process fails to find a G(s) that satisfies these three criteria, the
algorithm reiterates by reducing the expected order by one. This iterative process is
deemed to fail if the estimated order has to be reduced below the third order. Note, that
regardless of the initial reference function being the radiation IRF, ,(t), or the radiation
function H, (jw), the iterative process compares the frequency response of G(s) with the
radiation function H, (jw), ensuring fidelity with the hydrodynamics radiation damping
data.

4.3. Final optimization routine

The estimated G(s) from the previous step serves as a very good initial guess for
the final optimization. The estimated G(s) from the iterative tfest() routine has very high
accuracy and positive input passivity index v. However, the G(s) estimated from the
iterative routine in the previous step often generates transfer functions that do not have
a zero at the origin. The G(s) is then subjected to optimization to enhance accuracy and
passivity index characteristics while ensuring that the properties listed in Table 1 are
exhibited by the estimated transfer function array G(s).

The final optimization is set up so that the cost function is a weighted function formed
by the sum of the absolute squared difference between the frequency response magnitude
and phase of the transfer function array G(s) and the radiation function H; (jw), such that,
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Figure 3. Comparison of the estimated G(s) before and after the final optimization. Notice, that in
Figure 3-a.(Left), the phase of the estimated transfer function did not have an intial phase of 90°
before the optimization. The Figure 3-b.(Right), shows the difference in magnitude and phase due to
the optimization.
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1= L I}l - 6w ) +BL 4k () <G<jw>>)2, (13)

where | is the cost function to be minimized by optimization, « is the weight for the
magnitude difference, and f is the weight for the phase difference. The weights of the
cost function are so chosen that both phase and magnitude of the optimized G(s) are more
accurately matched with the radiation function H,(jw). Additionally, the frequency range
over which the optimization is performed can also be chosen such that the accuracy and
passivity characteristics are further improved.

The optimization is further subject to constraints such that the estimated G(s) satisfies
the properties laid out in Table 1 and meets the following criteria:

1. G(s) must be minimum-phase and have a zero at the origin,

2. G(s) must be strictly proper, i.e., has a relative degree of 1,

3.  The input passivity index is positive, such that v > 0, for a defined frequency
bandwidth,

4. All poles are less than 2fj rad/s,

5. The accuracy of the optimized G(s) exceeds 90% for a defined frequency bandwidth.

Figure 3 shows the effect of optimization on the estimated G(s) for the case of a single
heaving cylinder with a radius of 1 m and draft Im. It can be observed that the optimized
G(s) has resolved the non-minimum phase issue in the G(s) before optimization. The zero
at the origin constraint helped in significantly enhancing the accuracy of the optimized
G(s) with respect to H,(jw) at low frequencies. The optimized G(s) satisfied the properties
listed in Table 1 for the frequency bandwidth in which hydrodynamic data was available.

The final optimization ensured that the G(s) had a minimum phase. This also helped
increase the input passivity index v, as shall be demonstrated in the case studies in
Section 5. As shown in Figure 2, should the optimization fail in satisfying all aforementioned
conditions, further iteration is done by reducing the initial estimation order. Further
refinement is subject to the empirical inverse relationship between the accuracy and the
stability such that an increase in the accuracy typically decreases the passivity index and
vice versa.

4.4. Scaling Scheme

Scalability of the estimated transfer functions is desirable for consistency in modeling
the WECs at prototype-scale and deployment-scale. The algorithm can be scaled up or
down by first normalizing the estimated transfer function using wave frequency, water
density and the characteristic length, and then performing Froude scaling using the

characteristic length for wave frequency and the pertinent hydrodynamic coefficients.

The normalizing scheme for the added mass, radiation damping and the wave frequency
can be expressed as [38],

ajj(w) - b; i(w)
“os byj(w) =~
pgL pgwL

a(w) =
where,
k=3 for (i,j=1,23)
k=4 for (i=1,23 j=456) or (i=1,23 j=4,56)
k=5 for (i,j=4,56)
(14)

Consider a system with a characteristic length L = L and radiation function Hy(jwy), and
another system with a characteristic length L = L; and radiation function H,1 (jw;), where
wy represents the frequency at L scale, and w; represents the frequency at L; scale. The
radiation function as shown in Equation 5, H, (jw) = [jwd(w) + b(w)], for Hyy(jwp) and
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H,1(jwr ), can be expressed in terms of the normalized hydrodynamic coefficients shown in
Equation 14, such that,

Hyo(jwo) = [jai,j(wo) + by j(wo)lwopgLt;  He(jwr) = [ja;j(wr) + bjj(wr)]wipgLy (15)

Note, Froude-scaling the characteristic length of the system, also scales its frequency,

2
such that, w; = wy (E}) . Then these radiation functions can be related using the ratio

of the two characteristic lengths Ls. = %—(1), such that,

)
Hp (jwl) = HrO(ij)Lsc (16)

while all other physical parameters will be scaled using Froude scaling respectively.
Therefore, the estimated transfer functions can be scaled as,

cuwzcan§%> 7)

5. Case studies

The proposed algorithm is demonstrated using a single cylindrical buoy and a nine-
buoy WEC array. The cylindrical WEC buoy represents a prototype that can be tested at
a typical wave-tank facility. The incoming waves were set parallel to the +x-direction.
An axisymmetric body makes for a good candidate for a simpler hydrodynamic analysis.
This Section compares the accuracy and passivity characteristics of the estimated transfer
functions” Frequency Response Function (FRF). Falnes et al., and Folley used the non-
dimensionalized hydrodynamic coefficients, while discussing the radiation FRF, and IRF
characteristics [32,39]. The cylindrical WEC discussed here was modeled as a cylinder of
radius 1 m, and draft 1 m, such that the radius to draft ratio was unity. Therefore, for a
cylinder of similar radius to draft ratio, the estimated transfer function can be scaled by a
factor of L¥~2, if the characteristic length for the cylinder of radius 1 m and draft 1 m is set
to unity.

For a single WEC, the estimation process generates a 6 x 6 transfer function matrix
G(s), whose diagonal elements correspond to self-interacting modes and off-diagonal
elements correspond to coupled modes. This work shows the Heave mode only, but
similar analyses can be carried out for other modes and mode couplings. For the single
WEC case, the proposed algorithm is demonstrated using a frequency domain route and
two time-domain routes (see Section 4.1). Henceforth, the estimated transfer function
matrix will be denoted by G, (s). The accuracy of the estimated transfer function matrix,
G(s), is demonstrated by comparing its FRF with the radiation function H,(w) matrix
constructed with the purely Heave modes and their couplings. The passivity characteristics
are quantified using the input passivity index v, such that v = $minegAuy,(G(jw) +
G(—jw)), where A, are the minimum eigenvalues of (G(jw) + G(—jw)). The accuracy
of the FRF is assessed using the Normalized Root Mean Square Error (NRMSE) fitness
percentage, such that,

ly — 7l )
NRMSE (%) = 100 x <1 - | (18)
(%) Ty — mean(y)]]

where y is the validation data, which would be the magnitude of the radiation function
H, (jw), while 7 would be the FRF of the G(s) being assessed.
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Figure 4. The Figure 4-a. (Left) shows the comparison of magnitude and phase of H,(w) with the
Gy, (s) and the Figure 4-b. (Right) shows the Normalized Root Mean Square Error (NRMSE) fit.

5.1. A single WEC

The single WEC was modeled as a cylinder of radius of 1 m and draft 1 m, such that the
radius to draft ratio is unity. The algorithm was initiated with an Ny = 10 poles (see Section
4.2 & Figure 2). The higher-order transfer functions had high accuracy but did not satisfy
the passivity requirements, while the converse was true for lower-order transfer functions.
The final estimated transfer functions had satisfactory accuracy and had a positive input
passivity index v, for the frequency bandwidth in which radiation damping data from
WAMIT was greater than 0.

5.1.1. Comparison of Frequency Response of estimated transfer functions

Figure 4 shows the comparison of frequency response characteristics of G, (s). Notice
that the estimated transfer function is minimum-phase. The phase plot shows that the
phase for the transfer functions stays between +7/2, which suggests positive-realness
and passivity. This corresponds to the Nyquist plot being in the right-hand plane for a
SISO system. The FRF of the estimated transfer functions is compared to the H,(w). Also,
the estimated transfer function has its phase plot between /2 rad. The NRMSE fit
percentage as a function of frequency was calculated by comparing the radiation function
H,;(w) and the FRF of G, (s).

5.1.2. Comparison of Input Passivity Index of estimated transfer functions

Figure 5 shows that the estimated transfer functions have a positive input passivity
index between 0 to 5 rad/s. Therefore, the estimated transfer functions will have passivity
for the frequency bandwidths where v is positive. Since this work is only using the heave
mode, the transfer function system is a single transfer function corresponding to that
mode, and therefore, the input passivity index reduces to the FRF of the corresponding
estimated G(s). In other words v = YmingA,i, (G(jw) + G(—jw)) = 1(2G(jw)) for SISO
LTI systems. Note for multi-mode analyses, such as MDOF systems or multibody systems;
the transfer function system will be a MIMO transfer function matrix and therefore would
not reduce to G(s). As discussed in Section 3, stability analyses can also be done using
the Nyquist criterion; however, it is limited to SISO systems. As described in Section 4,
the final optimization routine ensured that the estimated transfer function had a positive
input passivity index in the operational bandwidth, had high accuracy with respect to
the corresponding radiation function and had a zero at the origin (see Table 1). The input
passivity index analyses shown here make the stability analyses simpler, especially for
MDOF and multibody systems, as shown in the following Subsection.
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Figure 5. Comparison of Input Passivity Index, v, for Gy, (s) for a cylinder with a radius of 1 m and
draft 1 m, in heave mode.

5.2. A Homogeneous WEC Array of CorPower Devices 588

The algorithm will now be demonstrated using a homogeneous array comprised s
of nine CorPower devices laid out in a square array of three rows and three columns s«
(see Figure 6). The CorPower is a heaving point-absorber device being developed by the s
Swedish company CorPower Ocean and its device specifications can be found at [40]. The s
device can be described as a combination of three shapes: a cylinder of diameter 8.4 m and s
height 4.6 m, over an inverted-truncated cone with top radius 8.4 m, bottom radius 1.25 m, s
and height 5.08 m. The third and bottom-most part of the device extends as a cylinder of  sss
radius 1.25 m for a length of 7.32 m. The draft of the device is 14.5 m. 596

This homogeneous WEC array was designed to represent a realistic deployable s
compact array. The distance between any two neighboring bodies was 100 m along the  sos
X and Y directions. The hydrodynamics were calculated assuming plane-progressive waves  so
propagating along the positive X-axis. Figure 6 shows the homogeneous WEC array’s o
spatial layout. For a WEC array, the self-interacting modes and their mutual couplings
result in a 6N x 6N radiation function matrix (where N = 9 for the current array). For o
this work, only the Heave modes and their mutual couplings are considered, such that the o0
radiation function matrix was a N x N matrix.

200

Figure 6. The spatial layout of the homogeneous WEC array. The unidirectional wave field shown

represents the PM spectrum used in the analysis of this array.
604
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Figure 7. Passivity Index, v, as a function of wave frequency for the homogeneous WEC array.

5.3. Passivity Index, v for the Homogeneous WEC Array

The WECs in the homogeneous array had a much higher volume (16 times of the
cylinder in previous case), and the WECs in array interacted with each other such that
motion of one WEC affects another due to hydrodynamic couplings. The multiple peaks in
the passivity index of the homogeneous array in Figure 7 indicate hydrodynamic couplings
in the system.

It can be observed in Figure 7 that the optimized transfer function matrix represented
by Gopt(s) shows an increase in input passivity index, especially at lower frequencies. The
optimization also ensured that the phase at 0 rad /s was 90° for all transfer functions in the
transfer function matrix. Note, a phase of 90° at 0 rad /s indicates a zero at the origin. All
estimated transfer functions matched with the corresponding reference radiation function
by more than 90 % in terms of NRMSE error defined in the previous case. The asymptotic
convergence to zero indicates that the estimated transfer function matrix represents a
dissipative system. The input passivity index characteristics shown can be used to inform

WEC array design and optimize a control strategy that can maximize the energy extracted.

The properties mentioned in Table 1 were therefore achieved by the proposed system
identification algorithm.

6. Motion Simulations

A motion simulation model was created based on the Cummins’ equation discussed in
Section 2. Only heave mode is presented here, such that the generalized motion coordinates
7(t) can be replaced by heave displacements, X(t). Also, the generalized external forces

Q(t) can be replaced by the excitation force, Foy.(t), and control force, F.(t).
Rewriting the Cummins’ equation, (1) gives:

= =

Fure() + Eo(1) — F (1) — KX(t) (19)

The incoming wave elevation profile was calculated using the Pierson-Moskowitz
(PM) spectrum that uses an energy distribution as a function of frequency [41]. It is defined
as [24,41],

2 4
Sem(f) = 2 (1057f,)*f Fexp [—Z(ff) ] 0)

whose coefficients in general form are,
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HmO2 4 5 2,4 Bus 2
Aws = 4 (1~057fp) %EHmO fp %T m0

- @y
Bys = (1-057fp)4 ~ pr4

where Hy, is the significant wave height, f, is the peak wave frequency (= 1/T)),
f is the wave frequency while the coefficients Ays and By vary depending on the wave
spectrum, which in this case, define the spectrum to represent the Pierson-Moskowitz (PM)
spectrum.

In recent years WEC motion simulations have been increasingly modeled using WEC-
Sim, an open-source MATLAB Simulink based simulation software [24]. WEC-Sim uses
customized Simulink blocks and the multi-physics capabilities of the Simscape. In the
results that follow, the motion simulations were verified against a WEC-Sim model that
used the convolution integral to calculate the radiation forces.

6.1. The single-cylinder case

The dynamics equation shown in (19) is used to simulate the complete dynamics model
in the time-domain. The complete dynamics model was set up in MATLAB-Simulink. The
hydrodynamic coefficients were calculated for a water depth of 100 m. The excitation force
was calculated offline prior to the simulations. The cylinder was approached by a regular
wave of amplitude 0.25 m and wave period 6.22 seconds. For these motion simulations, no
control force was applied, and the cylindrical body only experienced the excitation force as
an input.

0.4
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Figure 8. The Figure on the top shows the body motion in heave mode for the cylinder with a radius
of 1 m and draft 1 m (Small Buoy), when the radiation force is calculated using Gy, (s), compared

to the body motion in heave mode when the radiation force is calculated using the convolution.

The Figure on the bottom shows the overall NRMSE match is expressed as a fitness percentage in
the legend of the upper plot, while the lower plot shows the root mean squared error (RMSE) as a
function of time.

Figure 8 shows the heave motion characteristics for a time period of 100 seconds.

The simulation was first run with the radiation force calculated using direct convolution
and then by using the estimated transfer functions. These body-motion simulations were
performed in Simulink.
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The simulations were run for only the heave mode but can be easily run for any other s
mode or mode combination, using the estimated transfer function matrices appropriately. ez
Figure 8 shows the heave motion for a single regular wave. The models can be easily used s
for irregular waves if the excitation force inputs can be calculated in advance. 656

Note that in Figure 8, at the beginning of the time history, the motion simulation shows e
some fluctuating behavior. The transient behavior seen at the start of the top figures in s
Figure 8 is physical and not numerical. It is the result of the buoys being released from rest s
at t = 0, while the fluctuating behavior seen at the start of the bottom figure in Figure 8 is s
numerical. This fluctuating behavior can be mitigated by using a ramp function as donein s
the WEC simulator package WEC-Sim [24]. However, such pre-processing or truncation e
was not done here to show the initial transient behavior. The overall NRMSE matches for s
all estimated transfer functions and the agreement approaches 99% if the initial 40 seconds  es
of the data is truncated. Note that the dynamics model shown here used a linearized s
model, but the analyses shown here can be easily adapted for a model that uses non-linear s

Froude-Krylov forces as the external forces acting on the body. 667
6.2. The Homogeneous WEC Array Case 668
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Figure 9. Heave displacements of the 9 body WEC array when Fg(#) is calculated using estimated
transfer function array, compared with displacements when Fg(t) is calculated using direct
convolution. The homogeneous WEC array was simulated with irregular waves modeled using the
Pierson-Moskowitz spectrum, with a significant wave height, H; = 1 m and a significant wave period
of Ty = 8s.

A transfer function matrix G(s) was formed using the body-only heave modes and s
the inter-body heave mode couplings. The dynamics equation of motion in (19) is used e
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to simulate the complete dynamics model in the time-domain using MATLAB-Simulink. e
The excitation force was calculated offline to the simulation. Figure 9 shows the heave &
motion characteristics such that the simulation was first run by calculating the radiation e
force using real-time convolution and then run again by calculating the radiation force o
using the estimated transfer function matrix. These simulations were run for only the heave &
mode but can be easily run for any other mode or mode combination, using the estimated &
transfer function matrices appropriately. o7

The percentages shown in Figure 9 are the NRMSE fit percentage between the body
motion when the radiation force is calculated using the estimated transfer function arrays, e
compared to the body motion when the radiation force is calculated using the convolution e
of radiation IRF, h,(t), and body velocity. As discussed for the single-cylinder case, an
initial transient in the time histories for the WEC array buoys was observed. For this e
case, a ramp function was used to mitigate this initial transient. The accuracy percentages s
in Figure 9 show the comparison between 10 s to 50 s. Note the WEC array modeled e
here didn’t incorporate the contributions of non-heave modes to heave time histories s
due to hydrodynamic coupling. A more realistic WEC array model would include the s
contributions of the support structure and moorings that would maintain the WEC array s
layout. This would further introduce forces and couplings of dynamics modes WEC buoys. sz

7. Discussion 689

The frequency domain was used to estimate transfer functions between body velocity e
and radiation forces. Frequency domain estimation methods are the most direct route 1
to generate the desired time-domain models. Marine systems operate at relatively low ¢
frequency bandwidths. For instance, JONSWAP and Bretschneider wave spectra have o
most of their energy concentrated between 0 to 1.5 rad/s [1,2,32]. Due to the relative oo
slow nature of marine dynamics and very narrow bandwidth of marine systems, the s
FRF of a marine system encapsulates critical information about the said marine system’s s
dynamics at each data point in the FRE. Direct estimation methods, like the frequency e
domain estimation method shown here, can reduce the potential numerical artifacts that ess
multi-stage time-domain estimation methods may have due to truncation and round-off e
errors. The proposed algorithm can achieve highly accurate transfer functions using the 7o
direct estimation or frequency domain route despite its sensitivity, while having a positive
input passivity index across most of the operational bandwidth. 702

As discussed in Section 4.2, the proposed algorithm tries to strike a balance between 7
the accuracy of the estimated transfer function and its passivity characteristics by iterating 704
upon the order of the estimated transfer function system. Empirically, increasing the 7o
order of the estimated transfer function system increases its accuracy while decreasing its s
passivity and vice versa. 707

The estimated models were assessed on two metrics, firstly, how well the estimated s
models replicated the FRF of the radiation functions, and secondly, how well was the body 79
motion replicated when the radiation force was calculated using the estimated models as 710
opposed to calculating the radiation force using the convolution approach. Significantly,
the estimated LTI systems presented here did not have high-frequency poles, despite 7
being high order systems. Low order estimation methods compromise the fidelity of s
fit in favor of stability and robustness, resulting in underfitting, as was the case in [4, 7
25]. Conversely, high order estimation methods compromise guaranteeing stability and s
robustness because they have poles faster than the physical system’s properties due to 7
overfitting [4,25]. The proposed estimation algorithm succeeded in preventing underfitting =7
and overfitting while guaranteeing Hurwitz stability and ensuring passivity. Although s
Taghipour et al., observed that the body motions tend to be less sensitive to the otherwise s
sensitive LTI system estimation process [4]; an effective and optimal motion-control design 720
requires that the model-based controller be based on the physical phenomenon’s most 7
accurate representation. Therefore, sacrificing accuracy in favor of passivity should be 72
assessed based on the particular case being considered. 723
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The case studies that are shown here demonstrate that the proposed algorithm can 7
model accurate and stable motion-dynamics models of MDOF marine systems with various 72
degrees of hydrodynamic coupling. The off-diagonal terms representing the coupled modes 7
of the radiation function are highly-oscillating but have relatively low magnitudes. These 7
terms were modeled with relatively higher-order transfer functions due to the sensitivity of 72
the coupled modes. Their low magnitude and highly oscillatory behavior make the transfer 72
function estimation more challenging. It could be argued that the low magnitude and 70
highly oscillatory behavior of these terms is non-physical and due to numerical issues in the 721
calculation of the hydrodynamic coefficients corresponding to the inter-body hydrodynamic 7
couplings. 733

The motion time-histories from the models using the convolution-based radiation 7
forces were used as the reference for the time-domain performance of the models using 7
the estimated transfer function array to calculate the radiation force. Ultimately, the 7
body motion characteristics should replicate the motion characteristics calculated using 7
Cummins’ equation. As shown in Section 6, all cases resulted in very accurate motion 7.
characteristics while staying stable. A numerical stable time-domain model that can be 73
analyzed in the Laplace domain using the estimated LTI systems can eventually be used o
to investigate the multibody dynamics of more complicated models with the necessary 7z
control. 742

8. Conclusions 743

The real-time convolution operation needed to calculate radiation forces can be s
circumvented using estimated LTI systems. Motion control of floating marine structures s
requires the Cummins’ equation to be modified, such that the radiation force is calculated 7
using an LTI system. This work presents an algorithm to calculate radiation forces 7«
experienced by floating marine structures using an LTI system. The proposed algorithm 7
enforces the stability of the complete dynamics model by ensuring the passivity of the 7o
estimated LTI system. The passivity of estimated transfer functions and the complete 7o
dynamics model is assessed using the input-passivity index. The passivity-based proposed
algorithm facilitates motion control analyses of floating marine structures. The passivity
criteria are more stringent than mere gain margin criteria by ensuring the stability of the 7
complete dynamic models. Also, the passivity-based approach, unlike the Nyquist plot 7
based approach, can be extended to MDOF systems with multiple modes and bodies. s
The modeling architecture presented here can serve as a base dynamics model for marine 7
hydrokinetics simulations. Such a base model can then integrate and compute control 7
forces for a model-based controller deployed on sea-worthy devices. 758

Although closely related, both stability and hydrodynamic couplings can be characterized 7
using the passivity index. Not only does the passivity index ensure numerical stability, 7o
but it also indicates the degree of stability quantified as the input passivity index. Motion 7
simulations further confirmed that the estimated transfer function array could replace the 7
convolution operation for MDOF floating marine structures. Further work on passivity- 7
based control can be explored. The passivity-based time-domain methods presented here 7
can help develop a robust model-based framework for motion-control and establishment 7
of Marine Energy Grids, especially for power-management and power-control. For the 7
hydrodynamically coupled MDOF systems, the input passivity index is an important 7
criterion for model robustness and can be a crucial design parameter guiding the WEC 7
array layout design, motion modeling, and control. 769

Author Contributions: Writing - Original draft preparation, Literature review, Methodology, Using 770
hydrodynamics software (WAMIT) for data, Algorithm development and implementation, S.H.; m
Conceptualization of this study, Methodology, Algorithm development and implementation, Verification 7
of results and discussion, Editing the draft, G.G.P; Recommendation to use Filon’s integration method, s
Code for calculating radiation IRF using Filon’s integration, Editing the draft, D.F,; Verification of 74
results and discussion, Editing the draft, E.A. 75

Conflicts of Interest: “The authors declare no conflict of interest.” 776



Version December 1, 2023 submitted to Energies 22 0f23

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

Newman, ].N. Marine hydrodynamics; MIT Press: Cambridge, Mass, 1977.

Korde, U.A.; Ringwood, J. Hydrodynamic Control of Wave Energy Devices; Cambridge University
Press: Cambridge, 2016. https://doi.org/10.1017/CB0O9781139942072.

Yu, Z.; Falnes, ]. State-space modelling of a vertical cylinder in heave. Applied Ocean Research
1995, 17, 265-275. https://doi.org/10.1016/0141-1187(96)00002-8.

Taghipour, R; Perez, T.; Moan, T. Hybrid frequency—time domain models for dynamic response
analysis of marine structures. Ocean Engineering 2008, 35, 685-705. https://doi.org/10.1016/j.
oceaneng.2007.11.002.

Khalil, H.K. Nonlinear Systems, 3 ed.; Prentice Hall, 2014.

Duarte, T.; Sarmento, A.; Alves, M.; Jonkman, ]J. State-Space Realization of the Wave-Radiation
Force within FAST: Preprint. Technical Report NREL /CP-5000-58099, National Renewable
Energy Lab. (NREL), Golden, CO (United States), 2013. https://doi.org/10.1115/OMAE2013-
10375.

Perez, T.; Fossen, T.I. A Matlab Toolbox for Parametric Identification of Radiation-Force Models
of Ships and Offshore Structures. Modeling, Identification and Control 2009, 30, 1-15. Publisher:
Norwegian Society of Automatic Control, https://doi.org/10.4173/mic.2009.1.1.

Forehand, D.I.M.; Kiprakis, A.E.; Nambiar, A.].; Wallace, A.R. A Fully Coupled Wave-to-Wire
Model of an Array of Wave Energy Converters. IEEE Transactions on Sustainable Energy 2016,
7,118-128. Publisher: Institute of Electrical and Electronics Engineers Inc., https://doi.org/10.1
109/TSTE.2015.2476960.

Faedo, N.; Pefia-Sanchez, Y.; Ringwood, ].V. Finite-order hydrodynamic model determination
for wave energy applications using moment-matching. Ocean Engineering 2018, 163, 251-263.
https:/ /doi.org/10.1016/j.oceaneng.2018.05.037.

Faedo, N.; Scarciotti, G.; Astolfi, A.; Ringwood, J.V. Energy-maximising control of wave energy
converters using a moment-domain representation. Control Engineering Practice 2018, 81, 85-96.
https:/ /doi.org/10.1016/j.conengprac.2018.08.010.

Faedo, N.; Pena-Sanchez, Y.; Ringwood, ].V. Parameterisation of Radiation Forces for a Multiple
Degree-of-Freedom Wave Energy Converter Using Moment-Matching. OnePetro, 2019.
Siddorn, P.; Eatock Taylor, R. Diffraction and independent radiation by an array of floating
cylinders. Ocean Engineering 2008, 35, 1289-1303. https://doi.org/10.1016/j.0ceaneng.2008.06.
003.

Taylor, PH.; Wolgamot, H.A.; Eatock Taylor, W.R. Effects of second-order hydrodynamics on
the efficiency of a wave energy array. International Journal of Marine Energy 2016, 15. Publisher:
Elsevier.

Jamet, S. NEMOH-Presentation. Publisher: Sandrine Jamet.

Coe, R.G,; Bacelli, G.; Wilson, D.G.; Patterson, D.C. Advanced WEC Dynamics & Controls FY16
Testing Report. Technical Report SAND2016-10094, 1330189, 2016. https://doi.org/10.2172/13
30189.

Pefia-Sanchez, Y.; Faedo, N.; Ringwood, J.V. Hydrodynamic Model Fitting for Wave Energy
Applications Using Moment-Matching: A Case Study. OnePetro, 2018.

Faedo, N.; Ringwood, J.V. Moment-Based Constrained Optimal Control of Wave Energy
Converters: Flap-Type Device. IFAC-PapersOnLine 2018, 51, 50-55. https://doi.org/10.1016/j.
ifacol.2018.09.468.

Faedo, N.; Pefia-Sanchez, Y.; Ringwood, J.V. Moment-Matching-Based Identification of Wave
Energy Converters: the ISWEC Device. IFAC-PapersOnLine 2018, 51, 189-194. https://doi.org/
10.1016/j.ifacol.2018.09.491.

Wolgamot, H.A.; Eatock Taylor, R.; Taylor, PH. Radiation, trapping and near-trapping in
arrays of floating truncated cylinders. Journal of Engineering Mathematics 2015, 91, 17-35.
https:/ /doi.org/10.1007/s10665-014-9734-1.

Wolgamot, H.A.; Eatock Taylor, R.; Taylor, PH. Effects of second-order hydrodynamics on
the efficiency of a wave energy array. International Journal of Marine Energy 2016, 15, 85-99.
https://doi.org/10.1016/j.jjome.2016.04.005.

Faedo, N.; Pefia-Sanchez, Y.; Ringwood, J.V. Passivity preserving moment-based finite-order
hydrodynamic model identification for wave energy applications. In Proceedings of the
Advances in Renewable Energies Offshore; , 2018; p. 9.

Faedo, N.; Scarciotti, G.; Astolfi, A.; Ringwood, ].V. Moment-based constrained optimal control
of an array of wave energy converters. In Proceedings of the 2019 American Control Conference

777

778

779

780

782

783

784

785

786

787

788

789

790

792

793

794

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

816

817

818

819

820

821

822

823

824

825

826

827

828

829

830

831

832

833

834


https://doi.org/10.1017/CBO9781139942072
https://doi.org/10.1016/0141-1187(96)00002-8
https://doi.org/10.1016/j.oceaneng.2007.11.002
https://doi.org/10.1016/j.oceaneng.2007.11.002
https://doi.org/10.1016/j.oceaneng.2007.11.002
https://doi.org/10.1115/OMAE2013-10375
https://doi.org/10.1115/OMAE2013-10375
https://doi.org/10.1115/OMAE2013-10375
https://doi.org/10.4173/mic.2009.1.1
https://doi.org/10.1109/TSTE.2015.2476960
https://doi.org/10.1109/TSTE.2015.2476960
https://doi.org/10.1109/TSTE.2015.2476960
https://doi.org/10.1016/j.oceaneng.2018.05.037
https://doi.org/10.1016/j.conengprac.2018.08.010
https://doi.org/10.1016/j.oceaneng.2008.06.003
https://doi.org/10.1016/j.oceaneng.2008.06.003
https://doi.org/10.1016/j.oceaneng.2008.06.003
https://doi.org/10.2172/1330189
https://doi.org/10.2172/1330189
https://doi.org/10.2172/1330189
https://doi.org/10.1016/j.ifacol.2018.09.468
https://doi.org/10.1016/j.ifacol.2018.09.468
https://doi.org/10.1016/j.ifacol.2018.09.468
https://doi.org/10.1016/j.ifacol.2018.09.491
https://doi.org/10.1016/j.ifacol.2018.09.491
https://doi.org/10.1016/j.ifacol.2018.09.491
https://doi.org/10.1007/s10665-014-9734-1
https://doi.org/10.1016/j.ijome.2016.04.005

Version December 1, 2023 submitted to Energies 23 0f 23

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

(ACC); IEEE: Philadelphia, PA, USA, 2019; pp. 4797-4802. https://doi.org/10.23919/ACC.2019
.8814929.

Pena-Sanchez, Y.; Faedo, N.; Ringwood, ].V. Moment-Based Parametric Identification of Arrays
of Wave Energy Converters. In Proceedings of the 2019 American Control Conference (ACC);
IEEE: Philadelphia, PA, USA, 2019; pp. 4785-4790. https:/ /doi.org/10.23919/ACC.2019.88149
79.

Kelley Ruehl, Nathan Tom, A K.D.E]J.L.D.O.J.G.S.H. WEC-Sim v6.0 2023. https://doi.org/10.5
281/zenodo.7121186.

Perez, T.; Fossen, T.I. Time- vs. Frequency-domain Identification of Parametric Radiation Force
Models for Marine Structures at Zero Speed. Modeling, Identification and Control: A Norwegian
Research Bulletin 2008, 29, 1-19. https://doi.org/10.4173 /mic.2008.1.1.

Alves, M.; Vincente, M.; Sarmento, A.; Guerinel, M. Implementation and Verification of a Time
Domain Model to Simulate the Dynamics of OWCs; , 2011.

Unneland, K. Identification and Order Reduction of Radiation Force Models of Marine
Structures 2007. Publisher: Fakultet for informasjonsteknologi, matematikk og elektroteknikk.
Kristiansen, E.; Hjulstad, ; Egeland, O. State-space representation of radiation forces in time-
domain vessel models. Ocean Engineering 2005, 32, 2195-2216. https://doi.org/10.1016/j.
oceaneng.2005.02.009.

Unneland, K.; Perez, T.; Egeland, O. MIMO and SISO identification of radiation force terms
for models of marine structures in waves. IFAC Proceedings Volumes 2007, 40, 235-242. https:
//doi.org/10.3182/20070919-3-HR-3904.00042.

Coe, R.G.; Bacelli, G.; Spencer, S.J.; Forbush, D.; Dullea, K. Advanced WEC Dynamics and
Controls MASK3 Test. Technical Report SAND-2019-15428, Sandia National Laboratories (SNL),
Albuquerque, NM, and Livermore, CA (United States), 2019. https://doi.org/10.2172/1592850.
Lecuyer-Le Bris, R.; Le Boulluec, M.; Charpentier, ].F,; Benbouzid, M. Kernel Function Definition
Completion for Time-Domain State-Space Representations of Radiation Forces: Application
to the Hankel Singular Value Decomposition. Journal of Marine Science and Engineering 2021, 9.
https://doi.org/10.3390 /jmse9070768.

Folley, M. Numerical modelling of wave energy converters state-of-the-art techniques for single devices
and arrays; Academic Press is an imprint of Elsevier: London, UK, 2016. OCLC: 984791946.
Ogilvie, T.FE. Recent Progress Toward the Understanding and Prediction of Ship Motions. 5th
ONR Symp. on Naval Hydrodynamics 1964.

Perez, T.; Fossen, T.I. Practical aspects of frequency-domain identification of dynamic models
of marine structures from hydrodynamic data. Ocean Engineering 2011, 38, 426—435. https:
//doi.org/10.1016/j.0ceaneng.2010.11.004.

Kottenstette, N.; McCourt, M.J.; Xia, M.; Gupta, V.; Antsaklis, P.J. On relationships among
passivity, positive realness, and dissipativity in linear systems. Automatica 2014, 50, 1003-1016.
https://doi.org/10.1016/j.automatica.2014.02.013.

Kottenstette, N.; Antsaklis, PJ. Relationships between positive real, passive dissipative, &
positive systems. In Proceedings of the Proceedings of the 2010 American control conference.
IEEE, 2010, pp. 409-416.

Mukherjee, B.N.; Maiti, S.5. On some properties of positive definite toeplitz matrices and
their possible applications. Linear Algebra and its Applications 1988, 102, 211-240. https:
//doi.org/10.1016,/0024-3795(88)90326-6.

Wamit, Inc. - The State of the Art in Wave Interaction Analysis.

Falnes, J. Ocean Waves and Oscillating Systems: Linear Interactions Including Wave-Energy Extraction;
Cambridge University Press, 2002. Google-Books-ID: bl1FyQjCklgC.

WEC, C. CorPower Wave Energy Converter.

Pierson Jr., W.J.; Moskowitz, L. A proposed spectral form for fully developed wind seas based
on the similarity theory of S. A. Kitaigorodskii. Journal of Geophysical Research (1896-1977) 1964,
69, 5181-5190. _eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1029/]Z069i024p05181,
https://doi.org/10.1029/]2069i024p05181.

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

853

854

855

856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

882

883

884

885

886


https://doi.org/10.23919/ACC.2019.8814929
https://doi.org/10.23919/ACC.2019.8814929
https://doi.org/10.23919/ACC.2019.8814929
https://doi.org/10.23919/ACC.2019.8814979
https://doi.org/10.23919/ACC.2019.8814979
https://doi.org/10.23919/ACC.2019.8814979
https://doi.org/10.5281/zenodo.7121186
https://doi.org/10.5281/zenodo.7121186
https://doi.org/10.5281/zenodo.7121186
https://doi.org/10.4173/mic.2008.1.1
https://doi.org/10.1016/j.oceaneng.2005.02.009
https://doi.org/10.1016/j.oceaneng.2005.02.009
https://doi.org/10.1016/j.oceaneng.2005.02.009
https://doi.org/10.3182/20070919-3-HR-3904.00042
https://doi.org/10.3182/20070919-3-HR-3904.00042
https://doi.org/10.3182/20070919-3-HR-3904.00042
https://doi.org/10.2172/1592850
https://doi.org/10.3390/jmse9070768
https://doi.org/10.1016/j.oceaneng.2010.11.004
https://doi.org/10.1016/j.oceaneng.2010.11.004
https://doi.org/10.1016/j.oceaneng.2010.11.004
https://doi.org/10.1016/j.automatica.2014.02.013
https://doi.org/10.1016/0024-3795(88)90326-6
https://doi.org/10.1016/0024-3795(88)90326-6
https://doi.org/10.1016/0024-3795(88)90326-6
https://doi.org/10.1029/JZ069i024p05181

	Introduction
	Main contributions of the proposed approach
	Overview of Frequency and Time Domain Estimation Methods
	frequency-domain estimation methods
	Identifying continuous-time filter parameters from frequency response data
	The moment matching method

	Time-domain estimation methods 
	The Least Squares (LS) curve fitting method
	The Realization theory method using the SVD Hankel decomposition

	Article organization

	Equations of motion and development of a time-domain model
	Passivity properties of the radiation function, Hr(j), radiation IRF, hr(t), and estimated LTI system, G(s)
	The Algorithm
	Generation of a reference for the radiation transfer function
	Iterative estimation of radiation transfer functions
	Final optimization routine
	Scaling Scheme

	Case studies
	A single WEC
	Comparison of Frequency Response of estimated transfer functions
	Comparison of Input Passivity Index of estimated transfer functions

	A Homogeneous WEC Array of CorPower Devices
	Passivity Index,  for the Homogeneous WEC Array

	Motion Simulations
	The single-cylinder case
	The Homogeneous WEC Array Case

	Discussion
	Conclusions
	References

