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1. Introduction

The magnetohydrodynamic(MHD) boundary layer system was derived by understanding the high
Reynolds number limit to the incompressible viscous MHD system ( [3, 5, 23]) in a domain with non-
slip boundary when both the Reynolds number and the magnetic Reynolds number have the same order.
In this paper, we investigate the local existence of the solutions to the following initial boundary value
problem for the 2D MHD system in a periodic domain R2

+ = {(t, x, y) : t ∈ [0,T ], x ∈ T, y ∈ R+}, which
reads as follows 

∂tuε + (uε · ∇)uε − (Hε · ∇)Hε + ∇pε = µε∆uε,
∂tHε − ∇ × (uε ×Hε) = κε∆Hε,

∇ · uε = 0, ∇ ·Hε = 0,
(1.1)

where T stands for a torus or a periodic domain and R+ = [0,+∞). Here, we suppose the viscosity
and resistivity coefficients have the same order of a small parameter ε, uε = (u1

ε, u2
ε) denotes the

velocity vector, Hε = (h1
ε, h2

ε) stands for the magnetic field, and the total pressure pε = p̃ε + |H
ε |2

2
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with p̃ε represents the pressure of the fluid. Parameters µ and κ are the viscosity and heat conductivity
coefficients, respectively.

The initial data of (1.1) is given by

(uε1, h
ε
1)|t=0 = (uε10, h

ε
10). (1.2)

The no-slip boundary conditions are imposed on the velocity field and the magnetic field

(uε,Hε)|y=0 = 0. (1.3)

The far fields boundary conditions are

lim
y→+∞

(u1, b1) = (U, B). (1.4)

Formally, system (1.1) yields the incompressible ideal MHD system when ε = 0. However, there
is no match for the tangential velocity between the equations (1.1) and the limiting equations on the
boundary value y = 0. This is why a boundary layer forms in the vanishing viscosity and resistivity
limit process. To look for the term of system (1.1) whose contribution is essential for the boundary
layer, we use the same transform as the one used in [20],

t = t, x = x, ỹ = ε−
1
2 y,

then we set {
u1(t, x, ỹ) = uε1(t, x, y), b1(t, x, ỹ) = hε1(t, x, y),
u2(t, x, ỹ) = ε−

1
2 uε2(t, x, y), b2(t, x, ỹ) = ε−

1
2 hε2(t, x, y),

and
p(t, x) = pε(t, x).

Next, by taking the limit ε → 0, the Eqs (1.1)–(1.4) are transformed into the following 2D MHD
boundary layer equations

∂tu1 + u1∂xu1 + u2∂yu1 = b1∂xb1 + b2∂yb1 + ∂
2
yu1 − ∂x p,

∂tb1 + ∂y(u2b1 − u1b2) = ∂2
yb1,

∂xu1 + ∂yu2 = 0, ∂xb1 + ∂yb2 = 0,
(u1, u2, b1, b2)|y=0 = 0, lim

y→+∞
(u1, b1) = (U, B),

(u1, b1)|t=0 = (u0, b0)(x, y).

(1.5)

Functions (U(t, x), B(t, x)), and p(t, x) are the values on the boundary of the Euler’s tangential
velocity and Euler’s pressure of the outflow, which satisfy the Bernoulli’s law,{

∂tU + U∂xU − B∂xB + ∂x p = 0,
∂tB + U∂xB − B∂xU = 0.

Before exhibiting the main results in this paper, let us briefly review some known results to the
problem (1.5). Specifically, when the magnetic field (b1, b2) are some constants in (1.5), the system
reduces to the classical Prandtl equations, which was first introduced formally by Prandtl [21] in 1904.
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This system is the foundation of the boundary layer equations. It describes that the away from the
boundary part can be considered as general ideal fluid, but the near a rigid wall part is deeply affected
by the viscous force. Formally, the asymptotic limit of the Navier-Stokes equations can be denoted by
the Prandtl equations within the boundary layer and by the Euler equations away from boundary. About
sixty years later, under the monotonicity condition on the tangential velocity field in the normal variable
to the boundary, Oleinik [19] proved the local-in-time well-posedness to the 2D Prandtl equations by
using the Crocco transformation, which is the first systematic work in strictly mathematics. This
result together with an expanded introduction to the boundary layer theory was showed in Oleinik-
Samokhin’s classical book [20]. Additionally, under the Oleinik’s monotonicity assumption, some
authors [2, 17, 31] proved the well-posedness of solution for 2D Prandtl equations by using the energy
method and constructing a new unknown function to eliminate the difficult term from the convection
term. In addition to Oleinik′s monotonicity assumption on the tangential velocity field, Xin et al. [30]
obtained the existence of global weak solutions to the Prandtl equation when the pressure is favourable
(∂x p ≤ 0).

When the velocity field equation is coupled with the magnetic field equation, the phenomenon of
the boundary layer is different since the boundary layers of the magnetic field may exist and they
are more complicated than the classical Prandtl equations. It should be highlighted that the MHD
boundary layer equations are an important problem in the investigation of plasma with many known
results; See [9,22,26]. There are some results in [3,6] on the so-called Hartmann boundary layer when
the magnetic field is transversal to the boundary.

However, we are concerned with the case that the magnetic field is tangent to the boundary in this
paper, that is, the Eq (1.5). There are some results in an analytic framework for the 2D MHD boundary
layer equations. For example, Xie et al. [28] considered the global existence of solutions to the 2D
MHD boundary layer equations in the mixed Prandtl and Hartmann regime when initial data is a small
perturbation of the Hartmann profile, and they found that the solution in analytic norm is exponential
decay in time. Recently, Liu et al. [16] established the global existence and asymptotic decay estimate
of solutions to the 2D MHD boundary layer equations with small initial data. Xie et al. [29] investigated
the lifespan of solution to the 2D MHD boundary layer system by using the cancellation mechanism
and obtained that the lifespan of solution has a lower bound. Liu et al. [13] studied the well-posedness
of solutions to the 2D MHD in an analytic framework. Moreover, inspired by [8] on the classical
Prandtl equations, they proved that if the tangential magnetic field is degenerate sufficiently, then the
nondegenerate critical point in the tangential velocity does not prevent the formation of singularity.
Chen et al. [4] investigated the well-posedness of the MHD boundary layer equation without resistivity
by using the paralinearization methods in Sobolev space. Under the assumption that the tangential
component of magnetic fields dominates, Li et al. [11] proved the existence and uniqueness of solutions
to the MHD boundary layer equations without viscosity in Sobolev spaces. So far, in addition to the
well-posedness of solutions in the Sobolev and analystic frameworks, there are some results on the
vanishing limits for the incompressible MHD systems; We refer to [25–27] and the references therein
for the recent progress.

Under the assumption that the initial tangential magnetic field has a lower bound δ0 > 0, there are
some results to the 2D MHD boundary layer equations. Liu et al. [14] investigated the local existence
and uniqueness of solutions in weighed Sobolev space Hm

l (m ≥ 5) for the two-dimensional nonlinear
MHD boundary layer equations by using the energy method. As a continuation of [14], the same

AIMS Mathematics Volume 9, Issue 3, 5294–5329.



5297

authors [15] proved the validity of the Prandtl boundary layer expansion and gave an L∞ estimate on the
error by multi-scale analysis under the assumptions that both the viscosity and resistivity coefficients
with the same order and the initial tangential magnetic field on the boundary are not degenerate. Liu et
al. [12] proved the local well-posedness to the 2D MHD boundary layer equations in Sobolev spaces
and found the linear instability of the 2D MHD boundary layer when the tangential magnetic field is
degenerate at one point. Gao et al. [7] investigated the local well-posedness of solution in weighted
conormal Sobolev spaces to the 2D MHD boundary layer equations with any large initial data by energy
methods. Huang et al. [10] attained the local well-posedness of solutions to the 2D MHD system in
weighted Sobolev spaces by applying the classical iteration scheme.

The main differences between our results and those in [14] are as follows: Liu et al. [14] investigated
the local existence and uniqueness of solutions in weighed Sobolev space Hm

l (m ≥ 5) for the 2D
nonlinear MHD boundary layer equations. However, in this paper, we investigate the local existence
of solutions to the 2D MHD equations in weighted Sobolev space H4

k+l by the energy method, which
is a complement for the previous results [14]. The monotonicity condition on the velocity field is not
needed for the well-posedness of the 2D MHD boundary layer equations in this work. We use the
tangential magnetic field, which has a lower positive bound instead of the monotonicity assumption,
on the tangential velocity in the normal direction to the boundary. We first get the boundedness of
the approximate solutions to the regularized MHD boundary layer equations in H4

k+l by calculating the
lower order derivative boundary values of variable y for the Eq (4.1) and combine it with Corollary 5.1
in Subsection 5.1. Second, we get the estimates of Dβ

τ(u, h) with |β| = 4 by constructing two new
unknown functions in Subsection 5.2. We finally obtain the existence of solution to problem (3.1) in
H4

k+l.
To investigate the existence of solution to problem (1.5), we encounter some difficulties. Similar

to the Prandtl equation, the difficulty of solving problem (1.5) in the Sobolev framework is the loss of
x-derivative in the terms u2∂yu1 − b2∂yb1 and u2∂yb1 − b2∂yu1 in the first and second equations of (1.5),
respectively. In other words, u2 = −∂

−1
y ∂xu1 and b2 = −∂

−1
y ∂xb1 by the divergence-free conditions and

the boundary conditions. Thus, it creates a loss of the x-derivative and a y-integration to the y-variable,
then the standard energy estimates do not work. To overcome this essential difficulty, inspired by
recent results in [7, 14], we only need the following two new observations, which can remove the
difficult terms in the convection terms. The first one observation is that ψ := ∂−1

y b1 satisfies

∂tψ + u2b1 − u1b2 = ∂
2
yψ.

Another observation is that under the assumption on the nondegeneracy of h1, we use the following
unknown functions to lead the cancellation

um := ∂m
x u1 −

∂yu1

b1
∂m

x ψ, bm := ∂m
x b1 −

∂yb1

b1
∂m

x ψ.

With the help of (um, bm), the difficulties in the analysis on ∂m
x u2∂yu1 − ∂

m
x b2∂yb1 and ∂m

x u2∂yb1 −

∂m
x b2∂yu1 mentioned above can be overcame. The detail of the equivalent for (um, bm) and (∂m

x u1, ∂
m
x b1)

in the weighted Sobolev framework will be showed in Subsection 5.2.
The paper is arranged as follows. In Section 2, we introduce some notations and main results in

this paper. In Section 3, we give the compatibility condition of the MHD boundary layer equations. In
Section 4, we prove some propositions of the initial boundary value to the nonlinear regularized MHD
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boundary layer equations. In Section 5, we derive the existence of the approximate solutions to the
MHD boundary layer equations and prove Theorem 2.1.

Hereafter, let letter C be a general positive constant, which may vary from line to line at each step.

2. Preliminaries and main results

As a preparation, we give some notations. We use the tangential derivative operator

∂βτ = ∂
β1
t ∂

β2
x , β = (β1, β2) ∈ N2, |β| = β1 + β2.

and then denote the derivative operator (in both time and space) by

Dα = ∂βτ∂
k
y, f or (β1, β2, k) ∈ N3, |α| = β1 + β2 + k.

Next, we introduce the weighted Sobolev spaces H4
k+l and Sobolev norms as follows

∥ f (t)∥2H4
k+l

:=
∑
α≤4

∥⟨y⟩k+lDα f (t, ·)∥2L2 ,

where ⟨y⟩ = 1 + y.
We now state our main result as following.

Theorem 2.1. Let k ≥ 1
2 , l ≥ 0 be real numbers. Assume the initial data (u0, b0) ∈ H4

k+l satisfies the
compatibility conditions up to 6 order. Additionally, there exists a small enough δ ∈ (0, 1) such that

{
∥⟨y⟩k+l+1∂i

y(u0, b0)∥L∞ ≤ δ−1, for i = 1, 2
b0(x, y) ≥ δ,

(2.1)

then there exists a T := T (δ, k, l, ∥(u0, b0)∥2
H4

k+l
) such that the initial boundary value problem (1.5) has a

classical solution (u, b) satisfying (u, b) ∈ H4
k+l.

Before proving the theorem, we introduce some important inequalities. The following inequalities
will be used frequently in this paper, whose proofs are given in [14, 31].

Lemma 2.2. For the proper functions f , g, h, the following inequalities hold:

(i) For any l ∈ R, λ > 1
2 , an integer m ≥ 3, and any α = (β, k) ∈ N3, β̃ = (β̃1, β̃2) ∈ N2 with α+ β̃ ≤ m,

∥(Dαg · ∂β̃τ∂
−1
y h)(t, ·)∥L2

k+l
≤ C∥g∥Hm

1+λ
∥h∥Hm

1−λ
. (2.2)

(ii) For any l ∈ R, an integer m ≥ 3, and any α = (β, k) ∈ N3, α̃ = (β̃, k̃) ∈ N3 with α + α̃ ≤ m,

∥(Dα f · Dα̃g)(t, ·)∥L2
k̃+k+l
≤ C∥ f ∥Hm

l1
∥g∥Hm

l2
, ∀ l1 + l2 = l. (2.3)

(iii) If λ > −1
2 and lim

y→∞
f (x, y) = 0, then,

∥⟨y⟩λ f ∥L2(R2
+) ≤ C∥⟨y⟩λ+1∂y f ∥L2(R2

+). (2.4)
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3. The compatibility condition of the MHD boundary layer equations

For simplicity, we consider the case of a uniform outflow (U, B) = (1, 1) in this work, which implies
that the pressure p is a constant. Thus, the MHD boundary layer Eq (1.5) is reduced to

∂tu1 + u1∂xu1 + u2∂yu1 = b1∂xb1 + b2∂yb1 + ∂
2
yu1,

∂tb1 + ∂y(u2b1 − u1b2) = ∂2
yb1,

∂xu1 + ∂yu2 = 0, ∂xb1 + ∂yb2 = 0,
(u1, u2, b1, b2)|y=0 = 0, lim

y→+∞
(u1, b1) = (1, 1),

(u1, b1)|t=0 = (u0, b0)(x, y).

(3.1)

We assume the shear flow us is the solution of the following heat equation
∂tus − ∂2

yus = 0, (t, y) ∈ R+ × R+,
us|y=0 = 0, and lim

y→+∞
us = 1,

us|t=0 = us
0(y).

(3.2)

At the moment, we also suppose that{
u1 = us + u, b1 = 1 + b,
u2 = v, b2 = g,

(3.3)

then, the MHD boundary layer Eq (3.1) becomes
∂tu − ∂2

yu + (us + u)∂xu + v∂yu − (1 + b)∂xb − g∂yb + v∂yus = 0,
∂tb − ∂2

yb + (us + u)∂xb + v∂yb − (1 + b)∂xu − g∂yu − g∂yus = 0,
u|t=0 = u0 − us

0, b|t=0 = b0 − 1,
(u, v, b, g)|y=0 = 0, lim

y→+∞
(u, b) = (0, 0).

(3.4)

Integrating Eq (3.4)2 over [0, y] yields that

∂t

∫ y

0
bdỹ + v(1 + b) − (us + u)g = ∂2

y

∫ y

0
bdỹ, (3.5)

where we have used the boundary conditions b|y=0 = v|y=0 = g|y=0 = 0.
Define

ψ(t, y) =
∫ y

0
bdỹ

and ones yields

∂tψ + v(1 + b) − (us + u)g = ∂2
yψ. (3.6)

Next, we give the following basic estimates of a shear flow us for the heat Eq (3.2); See [31].

Lemma 3.1. Let us(t, y) be the solution of (3.2), then for any T1 > 0, it holds that for 1 ≤ p ≤ 6,
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∣∣∣∂p
y us(t, y)

∣∣∣ ≤ c1⟨y⟩−k−p+1, ∀(t, y) ∈ [0,T ] × R+, (3.7)

where c1 > 0 depends on T1.
At this moment, let us state the precise version of the compatibility condition for the nonlinear

MHD boundary layer Eq (3.4) and give the boundary values.

Proposition 3.2. Assume that (u, b) is a smooth solution of the system (3.4), then the initial data (u0, b0)
has to satisfy the following compatibility conditions up to 6 order:


u0(x, 0) = 0, b0(x, 0) = 0,
∂2

yu0(x, 0) = 0, ∂2
yb0(x, 0) = 0,

∂4
yu0(x, 0) = ∂x∂yu∂yu(0, x, 0) + ∂x∂yu∂yus(0, 0) − ∂x∂yb∂yb(0, x, 0),
∂4

yb0(x, 0) = ∂yb∂x∂yu(0, x, 0) + ∂x∂yb(0, x, 0)∂yu(0, x, 0) + 3∂yus(0, 0)∂x∂yb(0, x, 0).

(3.8)

Moreover,

∂6
yu0(x, 0) = −2∂2

x∂yb∂yu(0, x, 0) + ∂x∂yu∂3
yu(0, x, 0)

−2∂2
x∂yb(0, x, 0)∂yus(0, 0) + ∂x∂yu(0, x, 0)∂3

yus(0, 0)
−∂3

yb∂x∂yb(0, x, 0) + 2∂yb∂2
x∂yu(0, x, 0)

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u)∂x∂

4− j
y u + ∂ j

yv∂
5− j
y u − ∂ j

y(1 + b)∂x∂
4− j
y b

−∂ j
yg∂

5− j
y b + ∂ j

yv∂
5− j
y us
)
(0, x, 0), (3.9)

and

∂6
yb0(x, 0) = −(3∂3

yb + 4∂x∂yu)∂x∂yu(0, x, 0) − ∂yb(4∂x∂
3
yu + 2∂2

x∂yb)(0, x, 0)
+(4∂x∂

3
yb + 2∂2

x∂yu)∂yu(0, x, 0) + ∂x∂yb(3∂3
yu + 4∂x∂yb)(0, x, 0)

+3∂3
yus∂x∂yb(0, x, 0) + ∂yus(4∂x∂

3
yb + 2∂2

x∂yu)(0, x, 0)

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u)∂x∂

4− j
y b − ∂ j

yg∂
5− j
y u

−∂ j
y(1 + b)∂x∂

4− j
y u + ∂ j

yv∂
5− j
y b − ∂ j

yg∂
5− j
y us
)
(0, x, 0). (3.10)

Proof: By virtue of the Eqs (3.4)1,2 and the boundary condition (3.4)4, we get

∂2
yu(x, 0) = 0, ∂2

yb(x, 0) = 0. (3.11)

Applying the operator ∂y on (3.4)1,2, respectively, we can derive that ∂t∂yu − ∂3
yu + ∂y

(
(us + u)∂xu + v∂yu

)
− ∂y

(
(1 + b)∂xb + g∂yb

)
+ ∂y

(
v∂yus

)
= 0,

∂t∂yb − ∂3
yb + ∂y

(
(us + u)∂xb + v∂yb

)
− ∂y

(
(1 + b)∂xu + g∂yu

)
− ∂y

(
g∂yus

)
= 0.
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Hence, using Eqs (3.2)1,2 and Eq (3.4)4, from the above equations, we infer that{
∂t∂yu(t, x, 0) = ∂3

yu(t, x, 0) + ∂x∂yb(t, x, 0),
∂t∂yb(t, x, 0) = ∂3

yb(t, x, 0) + ∂x∂yu(t, x, 0).
(3.12)

Differentiating Eq (3.4)1 with respect to y twice, it follows that

∂t∂
2
yu − ∂4

yu + ∂2
y
(
(us + u)∂xu + v∂yu + v∂yus) − ∂y

(
(1 + b)∂x∂yb + g∂2

yb
)
= 0. (3.13)

Invoking the Leibniz formula, we can deduce that

∂2
y
(
(us + u)∂xu + v∂yu + v∂yus)

= ∂2
y(us + u)∂xu + ∂2

yv∂yu + ∂2
yv∂yus

+(us + u)∂x∂
2
yu + v∂3

yu + v∂3
yus

+2∂y(us + u)∂x∂yu + 2∂yv∂2
yu + 2∂yv∂2

yus.

Therefore,

∂4
yu(t, x, 0) = ∂x∂yu∂yu(t, x, 0) + ∂x∂yu∂yus(t, 0) − ∂x∂yb∂yb(t, x, 0), (3.14)

where we used the facts ∂2i
y us(x, 0) = 0, 0 ≤ 2i ≤ 4.

Differentiating (3.14) with respect to t and using the equality (3.12)1, it follows that

∂t∂
4
yu(t, x, 0)

= (∂x∂
3
yu + ∂2

x∂yb)∂yu(t, x, 0) + ∂x∂yu(∂3
yu + ∂x∂yb)(t, x, 0)

+(∂x∂
3
yu + ∂2

x∂yb)(t, x, 0)∂yus(t, 0) + ∂x∂yu(t, x, 0)∂3
yus(t, 0)

−(∂x∂
3
yb + ∂2

x∂yu)(t, x, 0)∂yb(t, x, 0) − (∂3
yb + ∂x∂yu)(t, x, 0)∂x∂yb(t, x, 0)

= (∂x∂
3
yu + ∂2

x∂yb)∂yu(t, x, 0) + ∂x∂yu∂3
yu(t, x, 0)

+(∂x∂
3
yu + ∂2

x∂yb)(t, x, 0)∂yus(t, 0) + ∂x∂yu(t, x, 0)∂3
yus(t, 0)

−(∂x∂
3
yb + ∂2

x∂yu)(t, x, 0)∂yb(t, x, 0) − ∂3
yb(t, x, 0)∂x∂yb(t, x, 0). (3.15)

Similar to (3.13), we have the following the results about the magnetic velocity b

∂t∂
2
yb − ∂4

yb + ∂2
y

(
(us + u)∂xb + v∂yb − (1 + b)∂xu − g∂yu − g∂yus

)
= 0. (3.16)

However, by a direct calculation, we infer that

∂2
y
(
(us + u)∂xb + v∂yb − g∂yus)

= ∂2
y(us + u)∂xb + ∂2

yv∂yb − ∂2
yg∂yus

+(us + u)∂x∂
2
yb + v∂3

yb − g∂3
yus

+2∂y(us + u)∂x∂yb + 2∂yv∂2
yb − 2∂yg∂2

yus,

and

∂2
y
(
(1 + b)∂xu + g∂yu

)
= ∂2

y(1 + b)∂xu + ∂2
yg∂yu + (1 + b)∂2

y∂xu + g∂3
yu
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+2∂y(1 + b)∂y∂xu + 2∂yg∂2
yu.

Therefore, we can arrive at

∂4
yb(t, x, 0) = −3∂yb(t, x, 0)∂x∂yu(t, x, 0) + 3∂x∂yb(t, x, 0)∂yu(t, 0)
+3∂yus(t, 0)∂x∂yb(t, x, 0). (3.17)

Differentiating (3.17) with respect to t and using equality (3.12)2, it follows that

∂t∂
4
yb(t, x, 0) = −3(∂3

yb + ∂x∂yu)∂x∂yu(t, x, 0) − 3∂yb(∂x∂
3
yu + ∂2

x∂yb)(t, x, 0)
+3(∂x∂

3
yb + ∂2

x∂yu)∂yu(t, x, 0) + 3∂x∂yb(∂3
yu + ∂x∂yb)(t, x, 0)

+3∂3
yus∂x∂yb(t, x, 0) + 3∂yus(∂x∂

3
yb + ∂2

x∂yu)(t, x, 0). (3.18)

Differentiating the Eq (3.4)1 with respect to y four times, it follows that

∂t∂
4
yu + ∂4

y

(
(us + u)∂xu + v∂yu − (1 + b)∂xb − g∂yb + v∂yus

)
= ∂6

yu (3.19)

and using the Leibniz formula again brings

∂4
y

(
(us + u)∂xu + v∂yu − (1 + b)∂xb − g∂yb + v∂yus

)
= ∂4

y(us + u)∂xu + ∂4
yv∂yu − ∂4

y(1 + b)∂xb − ∂4
yg∂yb + ∂4

yv∂yus

+(us + u)∂x∂
4
yu + v∂5

yu − (1 + b)∂x∂
4
yb − g∂5

yb + v∂5
yus

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u)∂x∂

4− j
y u + ∂ j

yv∂
5− j
y u − ∂ j

y(1 + b)∂x∂
4− j
y b

−∂ j
yg∂

5− j
y b + ∂ j

yv∂
5− j
y us
)
. (3.20)

Thus, it follows from (3.15) and (3.19)–(3.20) that

∂6
yu(t, x, 0)

= ∂t∂
4
yu(t, x, 0) − ∂x∂

3
yu∂yu(t, x, 0) + ∂x∂

3
yb∂yb(t, x, 0) − ∂x∂

3
yu(t, x, 0)∂yus(t, 0)

−∂x∂
4
yb(t, x, 0) +

∑
1≤ j≤3

C4
j

(
∂ j

y(u
s + u)∂x∂

4− j
y u + ∂ j

yv∂
5− j
y u − ∂ j

y(1 + b)∂x∂
4− j
y b

−∂ j
yg∂

5− j
y b + ∂ j

yv∂
5− j
y us
)
(t, x, 0)

= −2∂2
x∂yb∂yu(t, x, 0) + ∂x∂yu∂3

yu(t, x, 0)
−2∂2

x∂yb(t, x, 0)∂yus(t, 0) + ∂x∂yu(t, x, 0)∂3
yus(t, 0)

−∂3
yb∂x∂yb(t, x, 0) + 2∂yb∂2

x∂yu(t, x, 0)

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u)∂x∂

4− j
y u + ∂ j

yv∂
5− j
y u − ∂ j

y(1 + b)∂x∂
4− j
y b

−∂ j
yg∂

5− j
y b + ∂ j

yv∂
5− j
y us
)
(t, x, 0). (3.21)

Analogously, derivating (3.4)2 with respect to y four times, it follows that

∂t∂
4
yb + ∂4

y

(
(us + u)∂xb − g∂yu − (1 + b)∂xu + v∂yb − g∂yus

)
= ∂6

yb, (3.22)

AIMS Mathematics Volume 9, Issue 3, 5294–5329.



5303

and using the Leibniz formula again,

∂4
y

(
(us + u)∂xb − g∂yu − (1 + b)∂xu + v∂yb − g∂yus

)
= ∂4

y(us + u)∂xb − ∂4
yg∂yu − ∂4

y(1 + b)∂xu + ∂4
yv∂yb − ∂4

yg∂yus

+(us + u)∂x∂
4
yb − g∂5

yu − (1 + b)∂x∂
4
yu + v∂5

yb − g∂6
yus

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u)∂x∂

4− j
y b − ∂ j

yg∂
5− j
y u − ∂ j

y(1 + b)∂x∂
4− j
y u

+∂ j
yv∂

5− j
y b − ∂ j

yg∂
5− j
y us
)
. (3.23)

Therefore, it follows from (3.18) and (3.22)–(3.23) that

∂6
yb(t, x, 0)

= −(3∂3
yb + 4∂x∂yu)∂x∂yu(t, x, 0) − ∂yb(4∂x∂

3
yu + 2∂2

x∂yb)(t, x, 0)
+(4∂x∂

3
yb + 2∂2

x∂yu)∂yu(t, x, 0) + ∂x∂yb(3∂3
yu + 4∂x∂yb)(t, x, 0)

+3∂3
yus∂x∂yb(t, x, 0) + ∂yus(4∂x∂

3
yb + 2∂2

x∂yu)(t, x, 0)

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u)∂x∂

4− j
y b − ∂ j

yg∂
5− j
y u − ∂ j

y(1 + b)∂x∂
4− j
y u

+∂ j
yv∂

5− j
y b − ∂ j

yg∂
5− j
y us
)
(t, x, 0), (3.24)

then we take that the value at t = 0 for (3.11) (3.14), (3.17), (3.21) and (3.24) can obtain the desired
results.

4. Nonlinear regularized MHD boundary layer equations

To investigate the existence of solution of the MHD boundary layer, we consider a parabolic
regularized system for problem (3.4), which we can attain the local existence of the solution by using
classical energy methods. More specifically, we discuss the following nonlinear MHD systems, for
0 < ε < 1,

∂tuε − ε∂2
xu

ε − ∂2
yuε + (us + uε)∂xuε + vε∂yuε − (1 + bε)∂xbε − gε∂ybε + vε∂yus = 0,

∂tbε − ε∂2
xb

ε − ∂2
ybε + (us + uε)∂xbε + vε∂ybε − (1 + bε)∂xuε − gε∂yuε − gε∂yus = 0,

(uε, bε)|t=0 = (uε0, b
ε
0) = (u0, b0) + ε(µε1, µ

ε
2),

(uε, vε, bε, gε)|y=0 = 0, lim
y→+∞

(uϵ , bϵ) = 0,

(4.1)

where we can use the system (4.1) to construct the corrector terms ε(µε1, µ
ε
2), such that the initial data

(u0, b0)+ ε(µε1, µ
ε
2) satisfies the compatibility conditions up to 6 order for the regularized systems (4.1).

We show the boundary data of the solution for the regularized system (4.1), which also gives the
accurate edition of the compatibility conditions for the system (4.1).

Proposition 4.1. Let k ≥ 1
2 , l ≥ 0 be real numbers. Assume that (u0, b0) satisfies the compatibility

conditions (3.8)–(3.10) for the equations (3.4) and (µε1, µ
ε
2) ∈ H6

k+l such that (u0, b0)+ ε(µε1, µ
ε
2) satisfies

the compatibility conditions up to 6 order for the regularized system (4.1). If (uε, bε) is a solution to
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the problem (4.1) in [0,T ] and satisfies (uε, bε) ∈ L∞([0,T ]; H4
k+l), then we have

uε(0, x, 0) = 0, bε(0, x, 0) = 0, x ∈ ×R,
∂2

yuε(0, x, 0) = 0, ∂2
ybε(0, x, 0) = 0,

∂4
yuε(0, x, 0) = ∂x∂yuε∂yuε(0, x, 0) + ∂x∂yuε∂yus(0, 0) − ∂x∂ybε∂ybε(0, x, 0),
∂4

ybε(0, x, 0) = −3∂ybε∂x∂yuε(0, x, 0) + 3∂x∂ybε(0, x, 0)∂yuε(0, x, 0) + 3∂yus(0, 0)∂x∂ybε(0, x, 0),
∂6

yuε(0, x, 0) = −2∂2
x∂ybε∂yuε(0, x, 0) + ∂x∂yuε∂3

yuε(0, x, 0)
−2∂2

x∂ybε(0, x, 0)∂yus(0, 0) + ∂x∂yuε(0, x, 0)∂3
yus(0, 0)

−∂3
ybε∂x∂ybε(0, x, 0) + 2∂ybε∂2

x∂yuε(0, x, 0)
+2ε∂2

x∂ybε∂x∂ybε(0, x, 0) − 2ε∂2
x∂yuε∂x∂yuε(0, x, 0)

+
∑

1≤ j≤3 C4
j

(
∂

j
y(us + uε)∂x∂

4− j
y uε + ∂ j

yvε∂
5− j
y uε − ∂ j

y(1 + bε)∂x∂
4− j
y bε

−∂
j
ygε∂

5− j
y bε + ∂ j

yvε∂
5− j
y us
)
(0, x, 0),

∂6
ybε(0, x, 0) = −(3∂3

ybε + 4∂x∂yuε)∂x∂yuε(0, x, 0) − ∂yb(4∂x∂
3
yuε + 2∂2

x∂ybε)(0, x, 0)
+(4∂x∂

3
ybε + 2∂2

x∂yuε)∂yuε(0, x, 0) + ∂x∂yb(3∂3
yuε + 4∂x∂ybε)(0, x, 0)

+3∂3
yus∂x∂ybε(0, x, 0) + ∂yus(4∂x∂

3
ybε + 2∂2

x∂yuε)(0, x, 0)
+6ε(∂2

x∂yuε∂x∂ybε − ∂2
x∂ybε∂x∂yuε)(0, x, 0)

+
∑

1≤ j≤3 C4
j

(
∂

j
y(us + uε)∂x∂

4− j
y bε − ∂ j

ygε∂
5− j
y uε − ∂ j

y(1 + bε)∂x∂
4− j
y uε

+∂
j
yvε∂

5− j
y bε − ∂ j

ygε∂
5− j
y us
)
(0, x, 0).

(4.2)

Proof: Looking back to the boundary condition in (4.1){
uε(t, x, 0) = 0, vε(t, x, 0) = 0, bε(t, x, 0) = 0,
gε(t, x, 0) = 0, (t, x) ∈ [0,T ] × R,

the following results are clear:

∂t∂
n
x(u

ε, bε)(t, x, 0) = 0, ∂t∂
n
x(v

ε, gε)(t, x, 0) = 0, (t, x) ∈ [0,T ] × R, 0 ≤ n ≤ 4. (4.3)

Applying (4.1) and the boundary conditions (4.3), we have

∂2
yuε|y=0 = 0, ∂2

ybε|y=0 = 0. (4.4)

In addition, we can also derive

∂n
x∂

2
yuε|y=0 = 0, ∂n

x∂
2
ybε|y=0 = 0, (t, x) ∈ [0,T ] × R, 0 ≤ n ≤ 4. (4.5)

Derivating the equation of (4.1) with respect to y,

ε∂2
x∂yuε = ∂t∂yuε − ∂3

yuε + ∂y
(
(us + uε)∂xuε + vε∂yuε + vε∂yus)

−(1 + bε)∂x∂ybε − g∂2
ybε, (4.6)

and using the boundary conditions (4.4), we deduce

∂t∂yuε|y=0 = ∂
3
yuε|y=0 + ∂x∂ybε|y=0 + ε∂

2
x∂yuε|y=0. (4.7)
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Similarly, derivating the equation of (4.1)2 with respect to y

∂t∂ybε − ∂3
ybε + ∂2

y

(
(us + uε)∂xbε + vε∂ybε − (1 + bε)∂xuε − gε∂yuε − g∂yus

)
= ε∂2

x∂ybε, (4.8)

and using the boundary condition (4.4) again, then we get

∂t∂ybε|y=0 = ∂
3
ybε|y=0 + ∂x∂yuε|y=0 + ε∂

2
x∂ybε|y=0. (4.9)

Differentiating (4.6) with respect to y, it follows that

ε∂2
x∂

2
yuε = ∂t∂

2
yuε − ∂4

yuε + ∂2
y
(
(us + uε)∂xuε + vε∂yuε + vε∂yus)

−∂y
(
(1 + bε)∂x∂ybε + gε∂2

ybε
)
, (4.10)

and applying the Leibniz formula,

∂2
y
(
(us + uε)∂xuε + v∂yuε + vε∂yus)

= ∂2
y(us + uε)∂xuε + ∂2

yvε∂yuε + ∂2
yvε∂yus

+(us + uε)∂x∂
2
yuε + vε∂3

yuε + vε∂3
yus

+2∂y(us + uε)∂x∂yuε + 2∂yvε∂2
yuε + 2∂yvε∂2

yus. (4.11)

Therefore, we can derive

∂4
yuε|y=0 = ∂x∂yuε∂yuε|y=0 + ∂x∂yuε∂yus(t, 0) − ∂x∂ybε∂ybε|y=0, (4.12)

where we used the facts ∂2i
y us(x, 0) = 0, 0 ≤ 2i ≤ 4.

Differentiating (4.12) with respect to t and using (4.7) and (4.9), it follows that

∂t∂
4
yuε|y=0

= (∂x∂
3
yuε + ∂2

x∂ybε + ε∂3
x∂yuε)∂yuε|y=0 + ∂x∂yuε(∂3

yuε + ε∂2
x∂yuε)|y=0

+(∂x∂
3
yuε + ∂2

x∂ybε + ε∂3
x∂yuε)|y=0∂yus(t, 0) + ∂x∂yuε|y=0∂

3
yus(t, 0)

−∂x∂ybε(∂3
ybε + ε∂2

x∂ybε)|y=0 − ∂ybε(∂x∂
3
ybε + ∂2

x∂yu + ε∂3
x∂ybε)|y=0. (4.13)

Analogously, we can arrive at

∂4
ybε|y=0 = −3∂ybε∂x∂yuε|y=0 + 3∂x∂ybε|y=0∂yuε(t, 0) + 3∂yus(t, 0)∂x∂ybε|y=0, (4.14)

and

∂t∂
4
ybε|y=0

= −3(∂3
ybε + ∂x∂yuε + ε∂2

x∂ybε)∂x∂yuε|y=0 − 3∂ybε(∂x∂
3
yuε + ∂2

x∂ybε + ε∂3
x∂yuε)|y=0

+3(∂x∂
3
ybε + ∂2

x∂yuε + ε∂3
x∂ybε)∂yuε|y=0 + 3∂x∂ybε(∂3

yuε + ∂x∂ybε + ε∂2
x∂yuε)|y=0

+3∂3
yus∂x∂ybε|y=0 + 3∂yus(∂x∂

3
ybε + ∂2

x∂yuε + ε∂3
x∂ybε)|y=0. (4.15)
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Differentiating (4.1)1 with respect to y four times, it follows

∂6
yuε + ε∂2

x∂
4
yuε = ∂t∂

4
yuε + ∂4

y

(
(us + uε)∂xuε + vε∂yuε

−(1 + bε)∂xbε − gε∂ybε + vε∂yus
)
, (4.16)

and using the Leibniz formula again,

∂4
y

(
(us + uε)∂xuε + vε∂yuε − (1 + bε)∂xbε − gε∂ybε + vε∂yus

)
= ∂4

y(us + uε)∂xuε + ∂4
yvε∂yuε − ∂4

y(1 + bε)∂xbε − ∂4
ygε∂ybε + ∂4

yvε∂yus

+(us + uε)∂x∂
4
yuε + vε∂5

yuε − (1 + bε)∂x∂
4
ybε − gε∂5

ybε + vε∂5
yus

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + uε)∂x∂

4− j
y uε + ∂ j

yv
ε∂5− j

y uε − ∂ j
y(1 + bε)∂x∂

4− j
y bε

−∂ j
yg

ε∂5− j
y bε + ∂ j

yv
ε∂5− j

y us
)
. (4.17)

Hence, using (4.12) and (4.14), we have

∂6
yuε|y=0 = −2∂2

x∂ybε∂yuε|y=0 + ∂x∂yuε∂3
yuε|y=0

−2∂2
x∂ybε|y=0∂yus(t, 0) + ∂x∂yuε|y=0∂

3
yus(t, 0)

−∂3
ybε∂x∂ybε|y=0 + 2∂ybε∂2

x∂yuε|y=0

+ε∂3
x∂yuε(∂yuε + ∂yus) − ε∂3

x∂ybε∂ybε + ε∂2
x∂yuε∂x∂yuε − ε∂2

x∂ybε∂x∂ybε

−ε∂2
x∂

4
yuε|y=0

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + uε)∂x∂

4− j
y uε + ∂ j

yv
ε∂5− j

y uε − ∂ j
y(1 + bε)∂x∂

4− j
y bε

−∂ j
yg

ε∂5− j
y bε + ∂ j

yv
ε∂5− j

y us
)
|y=0

= −2∂2
x∂ybε∂yuε|y=0 + ∂x∂yuε∂3

yuε|y=0

−2∂2
x∂ybε|y=0∂yus(t, 0) + ∂x∂yuε|y=0∂

3
yus(t, 0)

−∂3
ybε∂x∂ybε|y=0 + 2∂ybε∂2

x∂yuε|y=0

+2ε∂2
x∂ybε∂x∂ybεy=0 − 2ε∂2

x∂yuε∂x∂yuε|y=0

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + uε)∂x∂

4− j
y uε + ∂ j

yv
ε∂5− j

y uε − ∂ j
y(1 + bε)∂x∂

4− j
y bε

−∂ j
yg

ε∂5− j
y bε + ∂ j

yv
ε∂5− j

y us
)
|y=0. (4.18)

Similarly, derivating (4.1)2 with respect to y four times, it follows that

∂6
ybε + ε∂2

x∂
4
ybε = ∂t∂

4
ybε + ∂4

y

(
(us + uε)∂xbε − gε∂yuε

−(1 + bε)∂xuε + vε∂ybε − gε∂yus
)
, (4.19)

and using the Leibniz formula again,

∂4
y

(
(us + uε)∂xbε − gε∂yuε − (1 + bε)∂xuε + vε∂ybε − gε∂yus

)
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= ∂4
y(us + uε)∂xbε − ∂4

ygε∂yuε − ∂4
y(1 + bε)∂xuε + ∂4

yvε∂ybε − ∂4
ygε∂yus

+(us + uε)∂x∂
4
ybε − gε∂5

yuε − (1 + bε)∂x∂
4
yuε + vε∂5

ybε − gε∂6
yus

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + uε)∂x∂

4− j
y bε − ∂ j

yg
ε∂5− j

y uε − ∂ j
y(1 + bε)∂x∂

4− j
y uε

+∂ j
yv
ε∂5− j

y bε − ∂ j
yg

ε∂5− j
y us
)
. (4.20)

Thus, using (4.9), (4.15), and (4.20), we derive

∂6
ybε|y=0

= −(3∂3
ybε + 4∂x∂yuε)∂x∂yuε|y=0 − ∂yb(4∂x∂

3
yuε + 2∂2

x∂ybε)|y=0

+(4∂x∂
3
ybε + 2∂2

x∂yuε)∂yuε|y=0 + ∂x∂yb(3∂3
yuε + 4∂x∂ybε)|y=0

+3∂3
yus∂x∂ybε|y=0 + ∂yus(4∂x∂

3
ybε + 2∂2

x∂yuε)|y=0

+6ε(∂2
x∂yuε∂x∂ybε − ∂2

x∂ybε∂x∂yuε)|y=0

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + uε)∂x∂

4− j
y bε − ∂ j

yg
ε∂5− j

y uε − ∂ j
y(1 + bε)∂x∂

4− j
y uε

+∂ j
yv
ε∂5− j

y bε − ∂ j
yg

ε∂5− j
y us
)
. (4.21)

Similar to (3.8) and (3.9), we can deduce the desired results. Additionally, we can see that the
equalities (3.21) and (3.24) are different from (4.18) and (4.21), respectively. It is obviously that the
underlined terms are new terms. The proof is completed. □.

According to the relational expressions of the compatibility conditions (u0, b0) and (uε0, b
ε
0),

respectively, we can also obtain the expression of the corrector terms ∂2i
y (µε1, µ

ε
2), (0 ≤ i ≤ 3). Thus, we

have the following corollary.

Corollary 4.1. Assume that (uε0, b
ε
0) satisfies the compatibility conditions (4.2) for the Eq (4.1) and

(uε0, b
ε
0) ∈ L∞([0,T ]; H4

k+l), then for any 0 < ε < 1, there exists (µε1, µ
ε
2) ∈ H6

k+l such that (u0, b0) +
ε(µε1, µ

ε
2) satisfies the compatibility conditions up to 6 order for the regularized system (4.1),

∥uε0∥H4
k+l(R

2
+) + ∥b

ε
0∥H4

k+l(R
2
+) ≤

3
2
(
∥u0∥H4

k+l(R
2
+) + ∥b0∥H4

k+l(R
2
+)
)
, (4.22)

and

lim
ε→0
∥(uε0, b

ε
0) − (u0, b0)∥H6

k+l(R
2
+) = 0. (4.23)

Proof: We use the proof of the Proposition 4.1 to prove this corollary. Taking the value at t = 0 for (4.5)
we have the following functions (µε1, µ

ε
2) from (4.5):

(∂n
x∂

2
yµ

ε
1, ∂

n
x∂

2
yµ

ε
2) = 0, x ∈ R

and

∂4
yu0(x, 0) + ε∂4

yµ
ε
1(x, 0)
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= (∂x∂yu0 + ε∂x∂yµ
ε
1)(∂yu0 + ε∂yµ

ε
1)(x, 0) + ∂yus(∂x∂yu0 + ε∂x∂yµ

ε
1)(x, 0)

−(∂yb0 + ε∂yµ
ε
2)(∂x∂yb0 + ε∂x∂yµ

ε
2)(x, 0). (4.24)

Therefore, we get

∂4
yµ

ε
1(x, 0) = ∂x∂yu0∂yµ

ε
1(x, 0) + ∂yu0∂x∂yµ

ε
1(x, 0) + ε∂yµ

ε
1∂x∂yµ

ε
1(x, 0)

+∂yus
0(0)∂x∂yµ̃

ε
1(x, 0) − ∂yb0∂x∂yµ

ε
2(x, 0) − ∂x∂yb0∂yµ

ε
2(x, 0) − ε∂yµ

ε
2∂x∂yµ

ε
2(x, 0). (4.25)

Likewise, we can also derive that µε2 satisfies

∂4
yµ

ε
2 = −3(∂yb0∂x∂yµ

ε
1 + ∂x∂yu0∂yµ

ε
2 + ε∂x∂yµ

ε
1∂yµ

ε
2)

+3(∂yu0∂x∂yµ
ε
2 + ∂x∂yb0∂yµ

ε
1 + ε∂x∂yµ

ε
2∂yµ

ε
1) + 3∂yus

0(0)∂x∂yµ
ε
2. (4.26)

Taking the values at t = 0 for (4.19), we attain a restraint condition for (∂6
yµ

ε
1, ∂

6
yµ

ε
2),

∂6
yµ

ε
1(x, 0) = −2(∂2

x∂yb0∂yµ
ε
1 + ∂

2
x∂yµ

ε
2∂yu0 + ε∂

2
x∂yµ

ε
2∂yµ

ε
1)(x, 0)

+(∂x∂yu0∂
3
yµ

ε
1 + ∂x∂yµ

ε
1∂

3
yu0 + ε∂x∂yµ

ε
1∂

3
yµ

ε
1)(x, 0)

+∂3
yus∂x∂yµ

ε
1(x, 0) − 2∂yus∂2

x∂yµ
ε
2(x, 0)

−(∂3
yb0∂x∂yµ

ε
2 + ∂

3
yµ

ε
2∂x∂yb0 + ε∂

3
yµ

ε
2∂x∂yµ

ε
2)(x, 0)

+2(∂yb0∂
2
x∂yµ

ε
1 + ∂yµ

ε
2∂

2
x∂yu0 + ε∂yµ

ε
2∂

2
x∂yµ

ε
1)(x, 0)

+2(∂x∂yb0∂
2
x∂yb0 + ε∂x∂yµ

ε
2∂

2
x∂yb0 + ε∂x∂yb0∂

2
x∂yµ

ε
2 + ε

2∂x∂yµ
ε
2∂

2
x∂yµ

ε
2)(x, 0)

−2(∂2
x∂yu0∂x∂yu0 + ε∂

2
x∂yu0∂x∂yµ

ε
1 + ε∂

2
x∂yµ

ε
1∂x∂yu0 + ε

2∂2
x∂yµ

ε
1∂x∂yµ

ε
1)(x, 0)

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u0)∂x∂

4− j
y µε1 + ∂

j
yµ

ε
1∂x∂

4− j
y u0 + ε∂

j
yµ

ε
1∂x∂

4− j
y µε1
)
(x, 0)

−
∑

1≤ j≤3

C4
j

(
∂x∂

j−1
y u0∂

5− j
y µε1 + ∂x∂

j−1
y µε1∂

5− j
y u0 + ε∂x∂

j−1
y µε1∂

5− j
y µε1
)
(x, 0)

−
∑

1≤ j≤3

C4
j

(
∂ j

yb0∂x∂
4− j
y µε2 + ∂

j
yµ

ε
2∂x∂

4− j
y b0 + ε∂

j
yµ

ε
2∂x∂

4− j
y µε2
)
(x, 0)

+
∑

1≤ j≤3

C4
j

(
∂x∂

j−1
y b0∂

5− j
y µε2 + ∂x∂

j−1
y µε2∂

5− j
y b0 + ε∂x∂

j−1
y µε2∂

5− j
y µε2
)
(x, 0)

−
∑

1≤ j≤3

C4
j∂

5− j
y us

0(0)∂x∂
j−1
y µε1(x, 0). (4.27)

Similar to above,

∂6
yµ

ε
2 = −3(∂3

yb0∂x∂yµ
ε
1 + ∂

3
yµ

ε
2∂x∂yu0 + ε∂

3
yµ

ε
2∂x∂yµ

ε
1)|y=0

+4(2∂x∂yu0∂x∂yµ
ε
1 + ε∂x∂yµ

ε
1∂x∂yµ

ε
1)|y=0

−4(∂yb0∂x∂
3
yµ

ε
1 + ∂yµ

ε
2∂x∂

3
yu0 + ε∂yµ

ε
2∂x∂

3
yµ

ε
1)|y=0

−2(∂yb0∂
2
x∂yµ

ε
2 + ∂yµ

ε
2∂

2
x∂yb0 + ε∂yµ

ε
2∂

2
x∂yµ

ε
2)|y=0

+4(∂x∂
3
yb0∂yµ

ε
1 + ∂x∂

3
yµ

ε
2∂yu0 + ε∂x∂

3
yµ

ε
2∂yµ

ε
1)|y=0

+2(∂2
x∂yu0∂yµ

ε
1 + ∂

2
x∂yµ

ε
1∂yu0 + ε∂

2
x∂yµ

ε
1∂yµ

ε
1)|y=0
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+3(∂x∂yb0∂
3
yµ

ε
1 + ∂x∂yµ

ε
2∂

3
yu0 + ε∂x∂yµ

ε
2∂

3
yµ

ε
1)|y=0

+4(∂x∂yb0∂x∂yµ
ε
2 + ∂x∂yµ

ε
2∂x∂yb0 + ε∂x∂yµ

ε
2∂x∂yµ

ε
2)|y=0

+3∂3
yus

0(0)∂x∂yµ
ε
2|y=0 + ∂yus

0(0)(4∂x∂
3
yµ

ε
2 + 2∂2

x∂yµ
ε
1)|y=0

+6(∂x∂yb0∂
2
x∂yu0 + ε∂x∂yb0∂

2
x∂yµ

ε
1 + ε∂x∂yµ

ε
2∂

2
x∂yuε0 + ε

2∂x∂yµ
ε
2∂

2
x∂yµ

ε
1)|y=0

−6(∂2
x∂yb0∂x∂yu0 + ε∂

2
x∂yb0∂x∂yµ

ε
1 + ε∂

2
x∂yµ

ε
2∂x∂yu0 + ε∂

2
x∂yµ

ε
2∂x∂yµ

ε
1)|y=0

+
∑

1≤ j≤3

C4
j

(
∂ j

y(u
s + u0)∂x∂

4− j
y µε2 + ∂

j
yµ

ε
1∂x∂

4− j
y b0 + ε∂

j
yµ

ε
1∂x∂

4− j
y µε2
)
(x, 0)

+
∑

1≤ j≤3

C4
j

(
∂x∂

j−1
y b0∂

5− j
y µε1 + ∂x∂

j−1
y µ2∂

5− j
y u0 + ε∂x∂

j−1
y µ2∂

5− j
y µε1
)
(x, 0)

−
∑

1≤ j≤3

C4
j

(
∂ j

yb0∂x∂
4− j
y µε1 + ∂

j
yµ

ε
2∂x∂

4− j
y u0 + ε∂

j
yµ

ε
2∂x∂

4− j
y µε1
)
(x, 0)

−
∑

1≤ j≤3

C4
j

(
∂x∂

j−1
y u0∂

5− j
y µε2 + ∂x∂

j−1
y µε1∂

5− j
y b0 + ε∂x∂

j−1
y µε1∂

5− j
y µε2
)
(x, 0)

+
∑

1≤ j≤3

C4
j∂

5− j
y us

0(0)∂x∂
j−1
y µε2(x, 0). (4.28)

It is clear that (∂6
yµ

ε
1(x, 0), ∂6

yµ
ε
2(x, 0)) are determined by the low order derivatives of (µε1, µ

ε
2) and

those of initial data (u0, b0). The underlined terms in (4.27) and (4.28) are deduced from the underlined
terms in (4.18) and (4.21), respectively. All these underlined terms are from the added regularizing
terms ε∂2

xu
ε and ε∂2

xb
ε in the Eqs (4.1)1,2, respectively. This means that the regularizing terms ∂2

xu
ε and

∂2
xb

ε have an affect on the boundary. This also explains why we add corrector terms for the initial data
in (4.1)3.

We now construct the polynomial functions µε1(x, y) and µε2(x, y) on y by the following forms

µ̃ε1(x, y) = µε1(x)
y6

6!
and µ̃ε2(x, y) = µε2(x)

y6

6!
, (4.29)

where

µε1(x) = 2(∂x∂yb0∂
2
x∂yb0 − ∂

2
x∂yu0∂x∂yu0) and µε2(x) = 6(∂x∂yb0∂

2
x∂yu0 − ∂

2
x∂yb0∂x∂yu0).

We take µε1(x, y) = κ(y)µ̃ε1(x, y) and µε2(x, y) = κ(y)µ̃ε2(x, y) with κ ∈ C∞(R+); κ(y) = 1, y ∈
[0, 1]; κ(y) = 0, y ≥ 2. Thus, the proof is completed. □

Remark 4.1. Actually, if we take (µε1(x, y), µε2(x, y)) with

∂ j
yµ

ε
1(x, 0) = 0 and ∂ j

yµ
ε
2(x, 0) = 0, 0 ≤ j ≤ 5,

then (4.27) and (4.28) imply{
∂6

yµ
ε
1(x, 0) = −2∂2

x∂yu0∂x∂yu0 + 2∂x∂yb0∂
2
x∂yb0,

∂6
yµ

ε
2(x, 0) = 6(∂x∂yb0∂

2
x∂yu0 − ∂

2
x∂yb0∂x∂yu0),

which are not equal to zero, respectively. Thus, it is necessary to add the corrector terms µε1 and µε2 for
the initial data of the regularized system, respectively.
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5. The approximate solutions of the MHD boundary layer equations

In this section, we prove the existence of approximate solutions by establishing a series of the
estimates of solutions for the nonlinear MHD boundary layer problem (4.1). To be more specific, we
plan to complete the proof of the solution for problem (4.1) by the following two subsections. In the
first subsection, we will attain the weighted estimates for Dα(u, b) for α = (β, k) = (β1, β2, k), satisfying
α = |β|+k ≤ 4 and |β| ≤ 3, and the weighted estimates for Dβ

τ(u, h) with |β| = 4 in the second subsection.
First, we introduce the following lemma, which is helpful to deal with the boundary value.

Lemma 5.1. ( [1]) Let 1 < p < ∞. If U ∈ Wm,p(Rn+1), then its trace u belongs to the space B =

B
m− 1

p
p,p (Rn) and

∥u∥B ≤ K∥U∥Wm,p(Rn+1),

with the constant K > 0 independent of U.

Corollary 5.1. Let 1 < p < ∞. If U ∈ Wm,p(Rn+1), then its trace u belongs to the space Wm−1,p(Rn)
and

∥u∥Wm−1,p(Rn) ≤ K∥U∥Wm,p(Rn+1),

with the constant K > 0 independent of U.
Proof: Since 1 < p < ∞, it follows from the fact Wm−1,p(Rn) = Fm−1

p,2 (Rn) and the embedding theorem

Bm−1
p,1 (Rn) ↪→ Fm−1

p,2 (Rn) in [24] that B
m− 1

p
p,p (Rn) ↪→ Bm−1

p,1 (Rn) ↪→ Wm−1,p(Rn), which gives

∥u∥Wm−1,p(Rn) ≤ C∥U∥
B

m− 1
p

p,p (Rn)
.

Together with Lemma 5.1, this completes the proof.

5.1. Weighted H4
k+l with normal derivatives

We use energy methods to establish the weighted estimates for Dα(u, b) with α = (β, k) = (β1, β2, k),
α = |β| + k ≤ 4, and |β| ≤ 3. That is, we have the following lemma.

Lemma 5.2. Let k ≥ 1
2 , l ≥ 0 be real numbers. Assume that (uε, vε, gε, bε) is a solution to the problem

(4.1) in [0,T ] and satisfies (uε, bε) ∈ L∞([0,T ]; H4
k+l), then there exists a positive constant C, which

may be dependent on k, l such that

∑
|α|≤4, |β|≤3

( d
dt
∥Dα(uε, bε)(t)∥2L2

k+l
+ ε∥Dα∂x(uε, bε)(t)∥2L2

k+l
+ ∥Dα∂y(uε, bε)(t)∥2L2

k+l

)
≤ C∥(uε, bε)∥2H4

k+l
+C∥(uε, bε)∥4H4

k+l
. (5.1)
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Proof: Applying the operator Dα = ∂
β
τ∂

k
y on (4.1)1,2 for α = (β, k) = (β1, β2, k) satisfying α = |β|+ k ≤ 4

and |β| ≤ 3, 
∂tDαuε − ε∂2

xDαuε = ∂2
yDαuε − Dα

(
(us + uε)∂xuε + vε∂yuε

−(1 + bε)∂xbε − gε∂ybε + vε∂yus
)
,

∂tDαbε − ε∂2
xDαbε = ∂2

yDαbε − Dα
(
(us + uε)∂xbε + vε∂ybε

−(1 + bε)∂xuε − gε∂yuε − gε∂yus
)
.

(5.2)

Multiplying the resulting Eqs (5.2)1,2 by ⟨y⟩2k+2lDαuε and ⟨y⟩2k+2lDαbε, respectively, and integrating
it by parts over R2

+, we derive that

1
2

d
dt
∥⟨y⟩k+lDα(uε, bε)(t)∥2L2 + ε∥⟨y⟩k+lDα∂x(uε, bε)(t)∥2L2

=

∫
R2
+

r1 · ⟨y⟩2k+2lDαuεdxdy +
∫
R2
+

r2 · ⟨y⟩2k+2lDαbεdxdy (5.3)

+

∫
R2
+

∂2
yDαuε · ⟨y⟩2k+2lDαuεdxdy +

∫
R2
+

∂2
yDαbε · ⟨y⟩2k+2lDαbεdxdy,

where  r1 ≜ −Dα
(
(us + uε)∂xuε + vε∂yuε − (1 + bε)∂xbε − gε∂ybε + vε∂yus

)
,

r2 ≜ −Dα
(
(us + uε)∂xbε + vε∂ybε − (1 + bε)∂xuε − gε∂yuε − gε∂yus

)
.

Next, we will establish the estimates of the righthand side of nonlinear terms (5.3). First of all, we
deal with the first second terms. By the definitions of r1 and r2, we have

r1 = −
(
(us + uε)∂xDαuε + vε∂yDαuε − (1 + bε)∂xDαbε − gε∂yDαbε

)
−
(
[Dα, (us + uε)]∂xuε + [Dα, vε]∂yuε − [Dα, (1 + bε)]∂xbε − [Dα, gε]∂ybε

)
+Dα(vε∂yus)
≜ r1

1 + r2
1 + r3

1,

r2 = −
(
(us + uε)∂xDαbε + vε∂yDαbε − (1 + bε)∂xDαuε − gε∂yDαuε

)
−
(
[Dα, (us + uε)]∂xbε + [Dα, vε]∂ybε − [Dα, (1 + bε)]∂xuε − [Dα, gε]∂yuε

)
−Dα(gε∂yus)
≜ r1

2 + r2
2 + r3

2.

Therefore, we can divide the term∫
R2
+

r1 · ⟨y⟩2k+2lDαuεdxdy + r2 · ⟨y⟩2k+2lDαbεdxdy,

into the following three parts:∫
R2
+

r1 · ⟨y⟩2k+2lDαuεdxdy + r2 · ⟨y⟩2k+2lDαbεdxdy
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=

3∑
i=1

∫
R2
+

ri
1 · ⟨y⟩

2k+2lDαuεdxdy + ri
2 · ⟨y⟩

2k+2lDαbεdxdy (5.4)

≜ I1 + I2 + I3,

and the estimates of each term Ii are as follows.
The estimate for I1: ∫

R2
+

r1
1 · ⟨y⟩

2k+2lDαuεdxdy + r1
2 · ⟨y⟩

2k+2lDαbεdxdy

= 2(k + l)
∫
R2
+

⟨y⟩2k+2l−1(vε, gε)(|Dαuε|2dxdy + |Dαbε|2)dxdy (5.5)

≤ C∥(vε, gε)∥L∞∥⟨y⟩2k+2l−1Dα(uε, bε)∥2L2

≤ C∥(uε, bε)∥H2
0
∥(uε, bε)∥2Hm

k+l
,

where we have used the integration by parts.
The estimate for I2:

Notice that

I2 ≤ ∥r2
1∥L2

k+l
∥Dαuε∥L2

k+l
+ ∥r2

2∥L2
k+l
∥Dαbε∥L2

k+l
. (5.6)

Therefore, we need to establish the estimates of the terms ∥r2
1∥L2

k+l
and ∥r2

2∥L2
k+l

. However, we know
that the terms in ∥r2

2∥L2
k+l

are similar to the terms in ∥r2
1∥L2

k+l
, so we will estimate only the L2

k+l of r2
1.

For the commutator operator, we can rewrite it as

[Dα, (us + uε)]∂xuε =
∑

α̂≤α, 1≤α̂

Cα̂
α∂

α̂(us + uε)∂α−α̂∂xuε,

then for α ≤ 4, we can obtain

∥[Dα, (us + uε)]∂xuε∥L2
k+l
≤ C
(
∥uε∥H4

k+l
+ ∥uε∥2H4

k+l

)
.

Note that
[Dα, vε)]∂yuε =

∑
α̂≤α, 1≤α̂

Cα̂
α∂

α̂vε∂α−α̂∂yuε.

Since 1 ≤ |α̂|, α̂ ≤ α, we have for |α − α̂| ≤ 3,

−∂α̂vε = ∂β̂τ∂
k̂
y

∫ y

0
∂xuεdỹ =

 ∂β̂1+e2
τ ∂k̂−e3

y uε, k̂ ≥ 1,∫ y

0
∂
β̂+e2
τ uεdỹ, k̂ = 0.

Thus, using Lemma 2.2, we can arrive at

∥∂β̂1+e2
τ ∂k̂−e3

y uε∂α−α̂∂yuε(t, ·)∥L2
k+l
≤ C∥uε∥H4

l+1
∥uε∥H4

0
(5.7)

and

∥∂β̂+e2
τ uε∂α−α̂∂yuε(t, ·)∥L2

k+l
≤ C∥uε∥H4

l+1
∥uε∥H4

0
. (5.8)
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Combining (5.7) with (5.8), we derive

∥([Dα, vε]∂yuε)∥L2
k+l
≤ C∥uε∥2H4

k+l
.

Similarly, we also have

∥([Dα, (1 + bε)]∂xbε)∥L2
k+l
≤ C
(
∥bε∥H4

k+l
+ ∥bε∥2H4

k+l

)
,

and

∥([Dα, gε]∂ygε)∥L2
k+l
≤ C∥bε∥2H4

k+l
.

Using the above three inequalities, we can attain

∥r2
1∥L2

k+l
≤ C
(
∥(uε, bε)∥H4

k+l
+ ∥(uε, bε)∥2H4

k+l

)
. (5.9)

Similar to above for L2
k+l of r2

2, we conclude that

∥r2
2∥L2

k+l
≤ C
(
∥(uε, bε)∥H4

k+l
+ ∥(uε, bε)∥2H4

k+l

)
. (5.10)

Inserting (5.9) and (5.10) into (5.6), we have

I2 ≤ C
(
∥(uε, bε)∥2H4

k+l
+ ∥(uε, bε)∥3H4

k+l

)
. (5.11)

The estimate for I3:
By a direct computation, we can get for |β| ≥ 1, k + |β| ≤ 4,∑

|α|=β1+β2+k≤4, k≥1

∂
β1
t ∂

β2
x ∂

k
y(v

εus
y)

=
∑

|α|≤4, k≥k′≥1,β′1≤β1≤3

Ck′
k Cβ′1

β1
∂
β′1
t ∂

β2
x ∂

k′
y vε∂β1−β

′
1

t ∂k−k′+1
y us

=
∑

|α|≤4, k≥k′≥1,β′1≤β1≤3

Ck′
k Cβ′1

β1
∂
β′1
t ∂

β2+1
x ∂k′−1

y vε∂β1−β
′
1

t ∂k−k′+1
y us.

Thus, for |α| ≤ 4, we can get

∥∂α(vεus
y)∥L2

k+l
≤ C∥uε∥H4

k+l
.

Analogously, for |α| ≤ 4, we also can derive

∥∂α(gεus
y)∥L2

k+l
≤ C∥bε∥H4

k+l
.

Combining the above two inequalities with |α| ≤ 4, we have

I3 ≤ C∥(uε, bε)∥2H4
k+l
. (5.12)
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Hence, we infer from (5.5), (5.11), and (5.12),∣∣∣∣ ∫
R2
+

r1 · ⟨y⟩2k+2lDαuεdxdy + r2 · ⟨y⟩2k+2lDαbεdxdy
∣∣∣∣ ≤ C

(
∥(uε, bε)∥2H4

k+l
+ ∥(uε, bε)∥3H4

k+l

)
. (5.13)

In the following part, we will estimate the remainder terms. We first deal with the term∫
R2
+

⟨y⟩2k+2l∂2
yDαuε · Dαuεdxdy. Similarly,

∫
R2
+

⟨y⟩2k+2l∂2
yDαbε · Dαbεdxdy can be derived. Integrating

it by parts and using the boundary value (4.2), we arrive at∫
R2
+

⟨y⟩2k+2l∂2
yDαuε · Dαuεdxdy

= −∥⟨y⟩2(k+l)∂yDαuε∥2L2 − 2(k + l)
∫
R2
+

⟨y⟩2k+2l−1∂yDαuε · Dαuεdxdy

+

∫
R

∂yDαuεDαuε|y=0dx. (5.14)

Applying the Cauchy-Schwarz inequality, we can get

2(k + l)
∫
R2
+

⟨y⟩2k+2l−1∂yDαuε · Dαuεdxdy ≤
1
8
∥∂yuε∥2H4

k+l
+C∥uε∥2H4

k+l
. (5.15)

Now, we study the last term in (5.14), that is the boundary integral
∫
R
∂yDαuεDαuε|y=0dx. By a direct

calculation, we know the boundary integral
∫
R
∂yDαuεDαuε|y=0dx = 0 when the cases are k = 1, 2.

Therefore, we only consider the cases k = 3, 4.
Case 1: |β| = 1, k = 3, using Corollary 5.1 and the boundary conditions y = 0, we lead to∣∣∣∣ ∫

R

∂τ∂
4
yuε · ∂τ∂3

yuε|y=0dx
∣∣∣∣

≤ ∥∂τ
(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε|y=0

)
∥∥∂τ∂

3
yuε|y=0∥

≤ ∥∂τ∂y
(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε

)
∥∥∂τ∂

4
yuε∥

≤
1
8
∥∂yuε∥2H4

k+l
+C∥uε∥2H4

k+l
+C∥(uε, bε)∥4H4

k+l
. (5.16)

Case 2: β1 = β2 = 0, k = 4, i.e.,
∣∣∣∣ ∫R ∂τ∂5

yuε · ∂τ∂4
yuε|y=0dx

∣∣∣∣.
The estimate of this term is the main obstacle. Since there is a higher order partial derivation in y

on the boundary value, we use the Eq (4.1)1, Corollary 5.1 and the boundary conditions to overcome
this difficulty. We first get the boundary value of ∂5

yuε|y=0 by using the Eq (4.1)1,

∂5
yuε = ∂3

y

(
∂tuε − ε∂2

xu
ε + (us + uε)∂xuε + vε∂yuε − (1 + bε)∂xbε − gε∂ybε + vε∂yus

)
,

then using the boundary value (4.2), we can obtain∣∣∣∣ ∫
R

∂τ∂
5
yuε · ∂τ∂4

yuε|y=0dx
∣∣∣∣

=
∣∣∣∣ ∫
R

∂3
y

(
∂tuε − ε∂2

xu
ε + (us + uε)∂xuε + vε∂yuε − (1 + bε)∂xbε − gε∂ybε + vε∂yus

)
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×
(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε

)
|y=0dx

∣∣∣∣
=
∣∣∣∣ ∫
R

(
∂t∂

3
yuε − ε∂2

x∂
3
yuε + (us + uε)∂x∂

3
yuε − ∂x∂

3
ybε
)

×
(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε

)
|y=0dx

∣∣∣∣. (5.17)

From the above equality, we only establish the estimate of the term, which contains the term ∂2
x∂

3
yuε

by performing an integration by parts in x and using Corollary 5.1; This is the main difficulty. Its
estimate shows as follows

−

∫
R

∂2
x∂

3
yuε
(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε

)
|y=0dx

=

∫
R

∂x∂
3
yuε∂x

(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε

)
|y=0dx

≤ ∥∂x∂
3
yuεy=0∥∥∂x

(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε

)
|y=0∥

≤ ∥∂x∂
4
yuε∥∥∂x∂y

(
∂x∂yuε∂yuε + ∂x∂yuε∂yus − ∂x∂ybε∂ybε

)
∥

≤
1

32
∥∂yuε∥2H4

k+l
+C∥uε∥2H4

k+l
+C∥(uε, bε)∥4H4

k+l
. (5.18)

Other terms are direct calculations in (5.17) by using the Hölder and Young’s inequalities and
Corollary 5.1. Hence, we deduce∣∣∣∣ ∫

R

∂τ∂
5
yuε · ∂τ∂4

yuε|y=0dx
∣∣∣∣ ≤ 1

8
∥∂yuε∥2H4

k+l
+C∥(uε, bε)∥2H4

k+l
+C∥(uε, bε)∥4H4

k+l
. (5.19)

Inserting (5.15), (5.16) and (5.19) into (5.14), we arrive at∣∣∣∣ ∫
R2
+

∂2
yDαuε · ⟨y⟩2k+2lDαuεdxdy

∣∣∣∣ ≤ −5
8
∥∂yuε∥2H4

k+l
+C∥(uε, bε)∥2H4

k+l
+C∥(uε, bε)∥4H4

k+l
. (5.20)

Similar to (5.20), we easily conclude that∣∣∣∣ ∫
R2
+

∂2
yDαbε · ⟨y⟩2k+2lDαbεdxdy

∣∣∣∣ ≤ −5
8
∥∂ybε∥2H4

k+l
+C∥(uε, bε)∥2H4

k+l
+C∥(uε, bε)∥4H4

k+l
. (5.21)

Plugging (5.13), (5.20) and (5.21) into (5.3), yields (5.1). The proof is thus completed. □

Lemma 5.3. Let k ≥ 1
2 , l ≥ 0 be real numbers. Assume that (uε, vε, gε, bε) is a solution to the problem

(4.1) in [0,T ] and satisfies (uε, bε) ∈ L∞([0,T ]; H4
k+l), then there exists a positive constant C, which

may be dependent on k, l such that∑
|β|=4

( d
dt
∥∂βτ(u

ε, bε)(t)∥2L2
k+l
+ ε∥∂βτ∂x(uε, bε)(t)∥2L2

k+l
+ ∥∂βτ∂y(uε, bε)(t)∥2L2

k+l

)
≤ C∥(uε, bε)∥2H4

k+l
+C∥(uε, bε)∥4H4

k+l
+

C
ε
∥(uε, bε)∥2H4

k+l
. (5.22)
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Proof: Applying the operator ∂βτ = ∂
β1
t ∂

β2
x on (4.1)1,2 and |β| = |β1| + |β2| = 4,

∂t∂
β
τuε − ε∂2

x∂
β
τuε = ∂2

y∂
β
τuε − ∂

β
τ

(
(us + uε)∂xuε + vε∂yuε

−(1 + bε)∂xbε − gε∂ybε + vε∂yus
)
,

∂t∂
β
τbε − ε∂2

x∂
β
τbε = ∂2

y∂
β
τbε − ∂

β
τ

(
(us + uε)∂xbε + vε∂ybε

−(1 + bε)∂xuε − gε∂yuε − gε∂yus
)
.

(5.23)

Multiplying the resulting Eqs (5.23)1,2 by ⟨y⟩2k+2l∂
β
τuε and ⟨y⟩2k+2l∂

β
τbε, respectively, and integrating

it by parts over R2
+, we derive that

1
2

d
dt
∥⟨y⟩k+l∂βτ(u

ε, bε)(t)∥2L2 + ε∥⟨y⟩k+l∂βτ∂x(uε, bε)(t)∥2L2

=

∫
R2
+

R1 · ⟨y⟩2k+2l∂βτu
εdxdy +

∫
R2
+

R2 · ⟨y⟩2k+2l∂βτb
εdxdy (5.24)

+

∫
R2
+

∂2
y∂

β
τu

ε · ⟨y⟩2k+2l∂βτu
εdxdy +

∫
R2
+

∂2
y∂

β
τb

ε · ⟨y⟩2k+2l∂βτb
εdxdy,

where  R1 = −∂
β
τ

(
(us + uε)∂xuε + vε∂yuε − (1 + bε)∂xbε − gε∂ybε + vε∂yus

)
,

R2 = −∂
β
τ

(
(us + uε)∂xbε + vε∂ybε − (1 + bε)∂xuε − gε∂yuε − gε∂yus

)
.

Next, we will establish the estimates of the righthand side terms (5.24). First of all, we deal with
the first second terms. By the definitions of R1 and R2, we have

R1 = −
(
(us + uε)∂x∂

β
τuε + vε∂y∂

β
τuε − (1 + bε)∂x∂

β
τbε − gε∂y∂

β
τbε
)

−
(
[∂βτ, (us + uε)]∂xuε + [∂βτ, vε]∂yuε − [∂βτ, (1 + bε)]∂xbε − [∂βτ, gε]∂ybε

)
+∂

β
τ(vε∂yus)

≜ R1
1 + R2

1 + R3
1,

R2 = −
(
(us + uε)∂x∂

β
τbε + vε∂y∂

β
τbε − (1 + bε)∂x∂

β
τuε − gε∂y∂

β
τuε
)

−
(
[∂βτ, (us + uε)]∂xbε + [∂βτ, vε]∂ybε − [∂βτ, (1 + bε)]∂xuε − [∂βτ, gε]∂yuε

)
−∂

β
τ(gε∂yus)
≜ R1

2 + R2
2 + R3

2.

Hence, we can divide the term∫
R2
+

R1 · ⟨y⟩2k+2l∂βτu
εdxdy + R2 · ⟨y⟩2k+2l∂βτb

εdxdy

into the following three parts:∫
R2
+

R1 · ⟨y⟩2k+2l∂βτu
εdxdy + R2 · ⟨y⟩2k+2l∂βτb

εdxdy

=

3∑
i=1

∫
R2
+

Ri
1 · ⟨y⟩

2k+2l∂βτu
εdxdy + Ri

2 · ⟨y⟩
2k+2l∂βτb

εdxdy (5.25)
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≜ J1 + J2 + J3,

and the estimates of each term Ji are as follows.
The estimate for J1: ∫

R2
+

R1
1 · ⟨y⟩

2k+2l∂βτu
εdxdy + R1

2 · ⟨y⟩
2k+2l∂βτb

εdxdy

= 2(k + l)
∫
R2
+

⟨y⟩2k+2l−1(vε, gε)(|∂βτu
ε|2dxdy + |∂βτb

ε|2)dxdy (5.26)

≤ C∥(vε, gε)∥L∞∥⟨y⟩2k+2l−1∂βτ(u
ε, bε)∥2L2

≤ C∥(uε, bε)∥H2
0
∥(uε, bε)∥2Hm

k+l
,

where we have used integration by parts.
The estimate for J2:

Notice that

J2 ≤ ∥R2
1∥L2

k+l
∥Dαuε∥L2

k+l
+ ∥R2

2∥L2
k+l
∥∂βτb

ε∥L2
k+l
. (5.27)

Therefore, we need to establish the estimates of the terms ∥R2
1∥L2

k+l
and ∥R2

2∥L2
k+l

. However, we know
that the terms in ∥R2

2∥L2
k+l

are similar to the terms in ∥R2
1∥L2

k+l
, so we will estimate only the L2

k+l of R2
1.

For the commutator operator, we can rewrite it as

[∂βτ, (u
s + uε)]∂xuε =

∑
β̂≤β, 1≤β̂

Cβ̂
β∂

β̂(us + uε)∂β−β̂∂xuε,

then, for |β| = 4, we can obtain

∥[∂βτ, (u
s + uε)]∂xuε∥L2

k+l
≤ C
(
∥uε∥H4

k+l
+ ∥uε∥2H4

k+l

)
.

Note that
[∂βτ, v

ε)]∂yuε =
∑

β̂≤β, 1≤β̂

Cβ̂
β∂

β̂vε∂β−β̂∂yuε.

Since 1 ≤ |β̂|, β̂ ≤ β, we have for |β − β̂| ≤ 3,

−∂β̂vε = ∂β̂τ

∫ y

0
∂xuεdỹ =

∫ y

0
∂β̂+e2
τ uεdỹ.

Thus, we have

∥∂β̂+e2
τ uε∂β−β̂∂yuε(t, ·)∥L2

k+l
≤ C∥uε∥H4

l+1
∥uε∥H4

0
,

i.e.,

∥([∂βτ, v
ε]∂yuε)∥L2

k+l
≤ C∥uε∥2H4

k+l
.

Similarly,

∥([∂βτ, (1 + bε)]∂xbε)∥L2
k+l
≤ C
(
∥bε∥H4

k+l
+ ∥bε∥2H4

k+l

)
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and

∥([∂βτ, g
ε]∂ygε)∥L2

k+l
≤ C∥bε∥2H4

k+l
.

Combining the above inequalities, we can attain

∥R2
1∥L2

k+l
≤ C
(
∥(uε, bε)∥H4

k+l
+ ∥(uε, bε)∥2H4

k+l

)
. (5.28)

Similar to the above estimates for L2
k+l of R2

1, we can conclude that

∥R2
2∥L2

k+l
≤ C
(
∥(uε, bε)∥H4

k+l
+ ∥(uε, bε)∥2H4

k+l

)
. (5.29)

Inserting (5.28) and (5.29) into (5.27), we have

J2 ≤ C
(
∥(uε, bε)∥2H4

k+l
+ ∥(uε, bε)∥3H4

k+l

)
. (5.30)

The estimate for J3:
By a direct computation, we can attain that |β| = 4,

∂βτ(v
εus

y) =
∑

|β|=|β1 |+|β2 |=4

∂
β1
t ∂

β2
x (vεus

y)

=
∑

|β1 |+|β2 |=4, β′1≤β1

Ck′
k Cβ′1

β1
∂
β′1
t ∂

β2
x vε∂β1−β

′
1

t ∂yus

=
∑

|β1 |+|β2 |=4, β′1≤β1

Ck′
k Cβ′1

β1
∂
β′1
t ∂

β2+1
x vε∂β1−β

′
1

t ∂yus.

Therefore, |β| = 4, and we can get

∥∂βτ(v
εus

y)∥L2
k+l
≤ C∥∂x∂

β
τu

ε∥L2
k+l
.

Analogously, |β| = 4, and we can also derive

∥∂βτ(g
εus

y)∥L2
k+l
≤ C∥∂x∂

β
τb

ε∥L2
k+l
.

Combining the above two inequalities with |β| = 4, we have

J3 ≤
ε

2
∥∂βτ(u

ε, bε)∥2L2
k+l
+

C
ε
∥(uε, bε)∥2H4

k+l
. (5.31)

Hence, we infer from (5.26), (5.30) and (5.31),∣∣∣∣ ∫
R2
+

R1 · ⟨y⟩2k+2l∂βτu
εdxdy + R2 · ⟨y⟩2k+2l∂βτb

εdxdy
∣∣∣∣

≤ C
(
∥(uε, bε)∥2H4

k+l
+ ∥(uε, bε)∥3H4

k+l

)
. (5.32)

Now, we deal with the last two terms in (5.24). We first estimate the term
∫
R2
+

⟨y⟩2k+2l∂2
y∂

β
τuε·∂

β
τuεdxdy.

Similarly, the term
∫
R2
+

⟨y⟩2k+2l∂2
y∂

β
τbε · ∂

β
τbεdxdy can be derived.
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Integrating it by parts and using the boundary value (4.2) and the Cauchy-Schwarz inequality, we
arrive at ∫

R2
+

∂2
y∂

β
τu

ε · ⟨y⟩2k+2l∂βτu
εdxdy

= −∥⟨y⟩2(k+l)∂y∂
β
τu

ε∥2L2 − 2(k + l)
∫
R2
+

∂y∂
β
τu

ε · ⟨y⟩2k+2l−1∂βτu
εdxdy

−∥⟨y⟩2(k+l)∂y∂
β
τu

ε∥2L2 +
1
2
∥∂yuε∥2H4

k+l
+C∥uε∥2H4

k+l

≤ −
1
2
∥∂βτ∂yuε∥2L2

k+l
+C∥uε∥2H4

k+l
. (5.33)

Similarly, we can deduce that∫
R2
+

∂2
y∂

β
τb

ε · ⟨y⟩2k+2l∂βτb
εdxdy ≤ −

1
2
∥∂βτ∂ybε∥2L2

k+l
+C∥bε∥2H4

k+l
. (5.34)

Plugging (5.32)–(5.34) into (5.24), we can conclude the desired result. The proof is completed.

5.2. Weighted H4
k+l only in tangential derivatives

To investigate the existence of solution to problem (4.1), we encounter some difficulties. Similar to
the Prandtl equation, the difficulty of solving problem (4.1) in the Sobolev framework is the loss of the
x-derivative in the terms vε∂yuε − gε∂ybε and vε∂ybε − gε∂yuε in the first and second equations of (4.1),
respectively. In other words, vε = −∂−1

y ∂xuε and gε = −∂−1
y ∂xbε, by the divergence-free conditions and

boundary conditions. Thus, it creates a loss of the x-derivative and a y-integration to the y-variable,
then the standard energy estimates do not work. To overcome this essential difficulty, inspired by recent
results in [7, 14], we only need the background tangential magnetic field (1 + b) ≥ δ, δ > 0 to have a
lower positive bound instead of Oleinik’s monotonicity assumption on the tangential velocity.

We now apply the differential operator ∂βτ(|β| = 4) to the first two equations of (4.1). We have that

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)∂βτu

ε + ∂βτv∂yuε

−(1 + bε)∂x∂
β
τb

ε − ∂βτg
ε∂ybε + ∂βτv

ε∂yus = ruε (5.35)

and

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)∂βτb

ε + ∂βτv∂ybε

−(1 + bε)∂x∂
β
τu

ε − ∂βτg
ε∂yuε − ∂βτg

ε∂yus = rbε , (5.36)

where

ruε = −
∑

0<β̃<β

∂β̃τv
ε∂β−β̃τ ∂yuε − [∂βτ, (u

s + uε)∂x]uε + [∂βτ, (1 + bε)∂x]bε

+[∂βτ, ∂ybε]gε − [∂βτ, ∂yus]vε (5.37)

and

rbε = −
∑

0<β̃<β

∂β̃τv
ε∂β−β̃τ ∂ybε − [∂βτ, (u

s + uε)∂x]bε + [∂βτ, (1 + bε)∂x]uε
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+[∂βτ, ∂yuε]gε + [∂βτ, ∂yus]vε. (5.38)

Exploiting the expression (5.37) and the commutator operator, the L2
k+l-estimates of each terms

in (5.37) can be controlled, then we can conclude the estimates of ∥ruε∥L2
k+l

and ∥rbε∥L2
k+l

. We establish
the estimate of the term ∥rũε∥L2

k+l
by using the inequalities (2.2) and (2.3), and we derive

∥ruε∥L2
k+l
≤ C
(
∥uε∥H4

k+l
∥bε∥H4

k+l
+ ∥(uε, bε)∥H4

k+l

)
. (5.39)

The term ∥rbε∥L2
k+l

can be estimated similarly:

∥rbε∥L2
k+l
≤ C
(
∥uε∥H4

k+l
∥bε∥H4

k+l
+ ∥(uε, bε)∥H4

k+l

)
. (5.40)

Next, we consider the Eqs (5.35) and (5.36). It is obvious that the major difficulty derives from the
terms

∂βτv
ε∂yuε + ∂βτv

ε∂yus − ∂βτg
ε∂ybε = −(∂yuε + ∂yus)

(
∂−1

y ∂
β+e2
τ uε

)
+ ∂−1

y ∂
β+e2
τ bε∂ybε (5.41)

and

∂βτv
ε∂ybε − (∂βτg

ε∂yuε + ∂βτg
ε∂yus) = −

(
∂−1

y ∂
β+e2
τ uε

)
∂ybε + (∂yuε + ∂yus)

(
∂−1

y ∂
β+e2
τ bε

)
, (5.42)

which imply the 5th-order tangential derivatives, and they cannot be controlled by the standard energy
estimates.

To overcome this difficulty, inspired by recent results of [14], we depend on the following two main
observations. One is that from the divergence-free condition ∂xbε + ∂ygε = 0, we give a stream funtion
ψε satisfing

∂yψ
ε = bε, ∂xψ

ε = −gε, ψε|y=0 = 0, (5.43)

then, using the Eq (4.1)2, we can derive

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)ψε + vε = 0.

We apply the differential operator ∂βτ to the above equation as follows

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)∂βτψ

ε + ∂βτv
ε(1 + bε) = rψε , (5.44)

where

rψε = −[∂βτ, (u
s + uε)∂x]ψε −

∑
1≤|β̃|<|β|≤3

∂β−β̃τ vε∂β̃τ∂yψ
ε.

At the moment, by using the inequalities (2.2) and (2.3) and the commutator operator, we can
conclude the following estimate that |β| < 4,

∥⟨y⟩k+lrψε∥L2 ≤ ∥⟨y⟩k+l[∂βτ, (u
s + uε)∂x]ψε∥L2 + ∥⟨y⟩k+l

∑
β̃<β

∂β−β̃τ vε∂β̃τ∂yψ
ε∥L2
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≤ ∥⟨y⟩k+l
∑
β̃<β

∂β−β̃τ (us + uε)∂β̃τ∂xψ
ε∥L2 + ∥⟨y⟩k+l

∑
β̃<β

∂β−β̃τ vε∂β̃τ∂yψ
ε∥L2

≤ C(1 + ∥uε∥H2
0
)∥gε∥H3

k+l
+ ∥uε∥H2

0
∥bε∥H3

k+l

≤ C(1 + ∥uε∥H2
0
)∥bε∥H4

k+l
. (5.45)

We set ξuε =
∂yuε+∂yus

1+bε and ξbε =
∂ybε

1+bε and introduce the following two new unknown functions

uεβ := ∂βτu
ε −

∂yuε + ∂yus

1 + bε
∂m
τ ψ

ε, bεβ := ∂βτb
ε −

∂ybε

1 + bε
∂βτψ

ε. (5.46)

On the other hand, we use the above two given unknown functions (uεβ, b
ε
β) in (5.46) to deal with the

loss regularity of gε = −∂−1
y ∂xbε by using the convection terms −(1 + bε)∂xbε and −(1 + bε)∂xuε. More

specifically,

−(1 + bε)∂x∂
β
τb

ε − ∂βτg
ε∂ybε

= −(1 + bε)∂x

(
bεβ +

∂ybε

1 + bε
∂βτψ

ε
)
− ∂βτg

ε∂ybε

= −(1 + b̃ε)∂xbεβ − (1 + b̃ε)∂xξbε∂
β
τψ

ε, (5.47)

and

−(1 + bε)∂x∂
β
τu

ε − ∂βτg
ε∂yuε − ∂βτg

ε∂yus

= −(1 + bε)∂x

(
uεβ +

∂yuε + ∂yus

1 + bε
∂βτψ

ε
)
− ∂βτg

ε∂yuε − ∂βτg
ε∂yus

= −(1 + bε)∂xuεβ − (1 + bε)∂xξuε∂
β
τψ

ε, (5.48)

which combined with (5.35) and (5.36), we can derive the following equations of (uεβ, b
ε
β){

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)uεβ − (1 + bε)∂xbεβ = rψε,uε ,

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)bεβ − (1 + bε)∂xuεβ = rψε,bε ,

(5.49)

where 
rψε,uε = ruε − ξuεrψε − ∂

β
τψ

ε(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)ξuε

+2ε∂xξuε∂x∂
β
τψ

ε + 2ε∂yξuε∂y∂
β
τψ

ε + (1 + bε)∂xξbε∂
β
τψ

ε,

rψε,bε = rbε − ξbεrψε − ∂
β
τψ

ε(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)ξbε

+2ε∂xξbε∂x∂
β
τψ

ε + 2ε∂yξbε∂y∂
β
τψ

ε + (1 + bε)∂xξuε∂
β
τψ

ε.

(5.50)

We can also get the following initial and boundary conditions
uεβ|t=0 = ∂

β
τuε(0, x, y) − ∂yuε(0,x,y)+∂yus(0,x,y)

1+bε(0,x,y)

∫ y

0
∂
β
τbε(0, x, ỹ)dỹ △= uεβ0,

bεβ|t=0 = ∂
β
τbε(0, x, y) − ∂ybε(0,x,y)

1+bε(0,x,y)

∫ y

0
∂
β
τbε(0, x, ỹ)dỹ △= bεβ0,

uεβ|y=0 = 0, bεβ|y=0 = 0.
(5.51)

Finally, we derive the initial boundary value problem for (uεβ, b
ε
β) as follows

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)uεβ = rψε,uε ,

(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)bεβ = rψε,bε ,

(uεβ, b
ε
β)|y=0 = 0, (uεβ, b

ε
β)|t=0 = (bεβ0, b

ε
β0),

(5.52)
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where the initial date (bεβ0, b
ε
β0) and (rψε,uε , rψε,bε) are given by (5.50) and (5.51), respectively.

Moreover, since ψ = ∂−1
y bε, ψ|y=0 = 0, we deduce

∥∂βτψ
ε(t)∥L2(R;L∞(R+)) ≤ C∥∂βτb

ε(t)∥L2 . (5.53)

According to the expressions of ξuε and ξbε and the Sobolev embedding inequality, we derive that
for 1 ≤ λ < k,

∥⟨y⟩λξuε∥L∞(R2
+) = ∥⟨y⟩

λ
∂yuε + ∂yus

1 + bε
∥L∞(R2

+)

≤ ∥⟨y⟩λ
∂yuε

1 + bε
∥L∞(R2

+) +
∥⟨y⟩λ∂yus

1 + bε
∥L∞(R2

+)

≤ Cδ−1(∥⟨y⟩λ∂yuε∥H2
0
+ ∥⟨y⟩λ−k∥L∞(R2

+)
)

≤ Cδ−1(∥uε∥H3
λ−1
+ 1
)
. (5.54)

Analogously, we also have

∥⟨y⟩λξbε∥L∞(R2
+) ≤ Cδ−1∥bε∥H3

λ−1
,

∥⟨y⟩λ∂xξuε∥L∞(R2
+) ≤ Cδ−1∥uε∥H4

λ−1
+Cδ−2(1 + ∥uε∥H4

λ−1

)
∥bε∥H4

0
,

∥⟨y⟩λ∂yξuε∥L∞(R2
+) ≤ Cδ−1(1 + ∥uε∥H4

λ−1

)
+Cδ−2(1 + ∥uε∥H4

λ−1

)
∥bε∥H4

0
,

∥∂tξuε∥L∞(R) ≤ Cδ−1(1 + ∥uε∥H3
0

)
+Cδ−2(1 + ∥uε∥H3

0

)
∥bε∥H2

0
,

∥∂2
xξuε∥L∞(R) ≤ Cδ−1∥uε∥H4

0
+Cδ−2(1 + ∥uε∥H3

0

)
∥bε∥H2

0

+Cδ−3(1 + ∥uε∥H2
0

)
∥bε∥2

H2
0
,

∥∂2
yξuε∥L∞(R) ≤ Cδ−1∥uε∥H4

0
+Cδ−2(1 + ∥uε∥H3

λ−1

)
∥bε∥H3

0

+Cδ−3(1 + ∥uε∥H2
0

)
∥bε∥2

H2
0
,

∥⟨y⟩λ∂xξbε∥L∞(R2
+) ≤ Cδ−1∥bε∥H4

λ−1
+Cδ−2∥bε∥2

H4
λ−1
,

∥⟨y⟩λ∂yξbε∥L∞(R2
+) ≤ Cδ−1∥bε∥H4

λ−1
+Cδ−2∥bε∥2

H4
λ−1
,

∥∂tξbε∥L∞(R) ≤ Cδ−1∥bε∥H3
0
+Cδ−2∥bε∥2

H2
0
,

∥∂2
xξbε∥L∞(R) ≤ Cδ−1∥bε∥H4

0
+Cδ−2∥bε∥2

H3
0
+Cδ−3∥bε∥3

H2
0
,

∥∂2
yξbε∥L∞(R) ≤ Cδ−1∥bε∥H4

0
+Cδ−2∥bε∥2

H3
0
+Cδ−3∥bε∥3

H2
0
,

(5.55)

which combined with (5.39),(5.40), (5.45), (5.53), and (5.54), we can infer that for |β| = 4,

∥rψε,uε∥L2
k+l

≤ ∥ruε∥L2
k+l
+ ∥ξuεrψε∥L2

k+l
+ ∥∂βτψ

ε(∂t − ∂
2
y − ε∂

2
x + (us + uε)∂x + vε∂y)ξuε∥L2

k+l

+2ε∥∂xξuε∂x∂
β
τψ

ε∥L2
k+l
+ 2ε∥∂yξuε∂y∂

β
τψ

ε∥L2
k+l
+ ∥(1 + bε)∂xξbε∂

β
τψ

ε∥L2
k+l

≤ C
(
∥uε∥H4

k+l
∥bε∥H4

k+l
+ ∥(uε, bε)∥H4

k+l

)
+C∥∂βτb

ε∥L2
k+l

(
δ−1∥uε∥H4

k+l
+ δ−2(1 + ∥uε∥H4

k+l
)∥bε∥H4

k+l

+δ−3(1 + ∥uε∥H4
k+l

)∥bε∥2H4
k+l
+ δ−1∥uε∥2H4

k+l
+ δ−2(1 + ∥uε∥H4

k+l
)2∥bε∥H4

k+l

)
+Cε∥∂x∂

β
τb

ε∥L2
k+l

(
δ−1∥uε∥H4

k+l
+ δ−2(1 + ∥uε∥H4

k+l
)∥bε∥H4

k+l

)
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+C(1 + ∥bε∥H4
k+l

)(δ−1∥bε∥H3
0
+ δ−2∥bε∥2H2

0
)∥∂βτb

ε∥L2
k+l

+(∥uε∥H3
λ−1
+ 1)(1 + ∥uε∥H2

0
)∥bε∥H4

k+l

≤ Cε∥∂x∂
β
τb

ε∥L2
k+l

(1 + ∥(uε, bε)∥H4
k+l

)∥(uε, bε)∥H4
k+l

+Cδ−3(1 + ∥(uε, bε)∥2H4
k+l

)∥(uε, bε)∥H4
k+l
. (5.56)

Similarly, we can derive that

∥rψε,bε∥L2
k+l
≤ Cδ−3(1 + ∥(uε, bε)∥2H4

k+l
)∥(uε, bε)∥H4

k+l

+Cε∥∂x∂
β
τb

ε∥L2
k+l

(1 + ∥(uε, bε)∥H4
k+l

)∥(uε, bε)∥H4
k+l
. (5.57)

Now, we will conclude the following L2
k+1-norms of (uεβ, b

ε
β).

Lemma 5.4. We have the following estimate of (uεβ, b
ε
β) given in (5.46),∑

|β|=4

( d
dt
∥(uεβ, b

ε
β)(t)∥

2
L2

k+l
+ ε∥∂x(uεβ, b

ε
β)(t)∥

2
L2

k+l
+ ∥∂y(uεβ, b

ε
β)(t)∥

2
L2

k+l

)
≤ Cδ−6(1 + ∥(uε, bε)∥2H4

k+l
)2 +Cδ−1(1 + ∥(uε, bε)∥H4

k+l
)4
∑
|β|=4

∥(uεβ, b
ε
β)∥

2
L2

k+l

+
εδ

4

∑
|β|=4

∥∂x∂
β
τb

ε∥2L2
k+l
. (5.58)

Proof: Similar to the proof of Lemma 5.3, multiplying (5.49)1,2 by ⟨y⟩2(k+1)uεβ and ⟨y⟩2(k+1)bεβ
respectively, and integrating it by parts over QT , we deduce that

∑
|β|=4

(1
2

d
dt
∥(uεβ, b

ε
β)(t)∥

2
L2

k+l
+ ε∥∂x(uεβ, b

ε
β)(t)∥

2
L2

k+l
+ ∥∂y(uεβ, b

ε
β)(t)∥

2
L2

k+l

)
=
∑
|β|=4

(
2(k + l)

∫
R2
+

⟨y⟩2(k+l)−1vε(|uεβ|
2 + |bεβ|

2)dxdy −
∫
R2
+

⟨y⟩2(k+l)bε(uεβb
ε
β)dxdy

+2(k + l)
∫
R2
+

⟨y⟩2(k+l)−1(∂yuεβu
ε
β + ∂ybεβb

ε
β)dxdy

+

∫
R2
+

⟨y⟩2(k+l)(rψε,uεuεβ + rψε,bεbεβ
)
dxdy
)
=

4∑
i=1

J̃i, (5.59)

where we have used the boundary conditions (5.52)3 and (vε, bε)|y=0 = 0.
Next, we deal with the estimates of the righthand side terms of (5.59) as follows. By the Sobolev

inequality, we first establish the estimate of term J̃1,

|J̃1| ≤ ∥vε∥∥(uεβ, b
ε
β)∥

2
L2

k+l
≤ C∥uε∥H2

0
∥(uεβ, b

ε
β)∥

2
L2

k+l
. (5.60)

Similar to (5.60), exploiting the Sobolev inequality and Young inequality, we can obtain

|J̃2| ≤ C∥bε∥H2
0
∥(uεβ, b

ε
β)∥

2
L2

k+l
(5.61)
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and

|J̃3| ≤
1
2
∥∂y(uεβ, b

ε
β)∥

2
L2

k+l
+C∥(uεβ, b

ε
β)∥

2
L2

k+l
. (5.62)

For J̃4, using (5.56), (5.57), and Young inequality, we infer

|J̃4| ≤ ∥rψε,uε∥L2
k+l
∥uεβ∥

2
L2

k+l
+ ∥rψε,bε∥L2

k+l
∥bεβ∥

2
L2

k+l

≤ C
(
δ−3(1 + ∥(uε, bε)∥2H4

k+l
)∥(uε, bε)∥H4

k+l

+Cε∥∂x∂
β
τb

ε∥L2
k+l

(1 + ∥(uε, bε)∥H4
k+l

)∥(uε, bε)∥H4
k+l

)
∥(uεβ, b

ε
β)∥L2

k+l

≤ Cδ−6(1 + ∥(uε, bε)∥2H4
k+l

)2 + δ−1(1 + ∥(uε, bε)∥H4
k+l

)4∥(uεβ, b
ε
β)∥

2
L2

k+l

+
εδ

4
∥∂x∂

β
τb

ε∥2L2
k+l
. (5.63)

Substituting (5.60)–(5.63) into (5.59) and taking the summation over all |β| = 4 in (5.59), we can
derive the desired result (5.58). The proof is therefore completed.

Up to now, we have completed the main estimates of the solutions (uε, bε) for (4.1). However,
Lemma 5.4 gives the estimates of (uεβ, b

ε
β); Thus, we need to show the equivalence in the L2

k+1-norm
between (∂βτuε, ∂

β
τbε) and (uεβ, b

ε
β) given by (5.46).

Lemma 5.5. If the smooth function (uε, bε) satisfies the problem (4.1) in [0,T ] and the tangential
magnetic field has a lower positive bound , then for ∀t ∈ [0,T ], k ≥ 1, l ≥ 0, and the equality (uεβ, b

ε
β)

with |β| = 4 defined by (5.46), we conclude

γ(t)−1∥(∂βτu
ε, ∂βτb

ε)∥L2
k+l
≤ ∥(uεβ, b

ε
β)∥L2

k+l
≤ γ(t)∥(∂βτu

ε, ∂βτb
ε)∥L2

k+l
(5.64)

and

∥∂x∂
β
τb

ε∥L2
k+l
≤ ∥∂xbεβ∥L2

k+l
+ ∥∂ybε∥L∞k+l+1

∥∂xbεβ∥L2
k+l

+∥bε∥H4
k+l
∥bεβ∥L2

k+l
+ ∥∂ybε∥L∞k+l+1

∥bε∥H4
k+l
∥bεβ∥L2

k+l
, (5.65)

where

γ(t) = δ−1(1 + ∥∂y(uε, bε)∥L∞k+l+1(R2
+)). (5.66)

Proof: According to the definitions of uεβ and bεβ in (5.46) and using the equalities (2.2) and (2.3), we
can derive from (5.53),

∥uεβ∥L2
k+l
≤ ∥∂βτu

ε∥L2
k+l
+ ∥ξuε∥L∞k+l+1(R2

+)∥⟨y⟩
−1∂βτψ

ε∥L2

≤ ∥∂βτu
ε∥L2

k+l
+ δ−1(1 + ∥∂yuε∥L∞k+l+1(R2

+))∥∂
β
τb

ε∥L2 (5.67)

and

∥bεβ∥L2
k+l
≤ ∥∂βτb

ε∥L2
k+l
+ ∥ξbε∥L∞k+l+1(R2

+)∥⟨y⟩
−1∂βτψ

ε∥L2(R)
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≤ ∥∂βτb
ε∥L2

k+l
+ δ−1∥∂ybε∥L∞k+l+1(R2

+)∥∂
β
τb

ε∥L2 . (5.68)

Therefore, we derive

∥(uεβ, b
ε
β)∥L2

k+l
≤ γ(t)∥(∂βτu

ε, ∂βτb
ε)∥L2

k+l
. (5.69)

On the other hand, since the equality ∂yψ
ε = bε and expression of bεβ in (5.46),

bεβ := ∂βτb
ε −

∂ybε

1 + bε
∂βτψ

ε = (1 + bε)∂y
( ∂βτψε
1 + bε

)
,

which gives that by ∂βτψε|y=0 = 0,

∂βτψ
ε(t, x, y) = (1 + bε(t, x, y)) ·

∫ y

0

bεβ(t, x, ỹ)

1 + bε(t, x, ỹ)
dỹ (5.70)

and combined with (5.46), we attain ∂
β
τuε = uεβ + (∂yuε + ∂yus) ·

∫ y

0

bεβ(t,x,ỹ)

1+bε(t,x,ỹ)dỹ,

∂
β
τbε = bεβ + ∂ybε ·

∫ y

0

bεβ(t,x,ỹ)

1+bε(t,x,ỹ)dỹ.
(5.71)

Thus, we have for k ≥ 1,

∥∂βτu
ε∥L2

k+l
≤ ∥uεβ∥L2

k+l
+ ∥∂yuε∥L∞k+l+1

∥⟨y⟩−1
∫ y

0

bεβ(t, x, ỹ)

1 + bε(t, x, ỹ)
dỹ∥L2

+∥⟨y⟩l
∫ y

0

bεβ(t, x, ỹ)

1 + bε(t, x, ỹ)
dỹ∥L2

≤ ∥uεβ∥L2
k+l
+Cδ−1(1 + ∥∂yuε∥L∞k+l+1(R2

+))∥b
ε
β∥L2 . (5.72)

Also,

∥∂βτb
ε∥L2

k+l
≤ ∥bεβ∥L2

k+l
+Cδ−1∥∂ybε∥L∞k+l+1(R2

+)∥b
ε
β∥L2

k+l
, (5.73)

which gives

∥(∂βτu
ε, ∂βτb

ε)∥L2
k+l
≤ γ(t)−1∥(uεβ, b

ε
β)∥L2

k+l
, (5.74)

provided that γ(t) given (5.66). Hence, combining (5.69) with (5.74) implies (5.64).
Similar to (5.72), we also get the desired result (5.65). The proof is thus completed. □
In this part, we will complete the proof of Theorem 2.1. Similar to the proof of Proposition 3.6

in [14], by (2.1) we have

∥⟨y⟩k+l+1∂i
y(u

ε, bε)∥L∞ ≤ δ−1, for i = 1, 2, t ∈ [0,T ], (5.75)

which, combined with (5.46) and (5.66), it follows that for δ ∈ (0, 1) small enough,

γ(t) = δ−1(1 + ∥∂y(uε, bε)∥L∞k+l+1(R2
+)) ≤ 2δ−2. (5.76)
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Since the operator Dα = ∂
β
τ∂

k
y, from (5.64), we discover

∥(uε, bε)∥2H2
k+l
=

∑
|α|≤4, |β|≤3

∥Dα(uε, bε)(t)∥2L2
k+l
+
∑
|β|=4

∥∂βτ(u
ε, bε)(t)∥2L2

k+l

≤
∑

|α|≤4, |β|≤3

∥Dα(uε, bε)(t)∥2L2
k+l
+ 4δ−2

∑
|β|=4

∥(uεβ, b
ε
β)∥

2
L2

k+l
. (5.77)

In this position, we show the energy estimate of the approximate solutions (uε, bε). Collecting some
established estimates (5.1), (5.58), (5.65), and (5.76) and adding together, then inserting (5.77) into the
resultant and using the Young inequality implies

d
dt

( ∑
|α|≤4, |β|≤3

∥Dα(uε, bε)(t)∥2L2
k+l
+ 4δ−2

∑
|β|=4

∥(uεβ, b
ε
β)(t)∥

2
L2

k+l

)
+
( ∑
|α|≤4, |β|≤3

∥Dα∂y(uε, bε)(t)∥2L2
k+l
+ 4δ−2

∑
|β|=4

∥∂y(uεβ, b
ε
β)(t)∥

2
L2

k+l

)
≤ Cδ−6(1 + ∥(uε, bε)∥2H4

k+l
)2 +Cδ−2(1 + ∥(uε, bε)∥2H4

k+l
)2
∑
|β|=4

∥(uεβ, b
ε
β)∥

2
L2

k+l

≤ Cδ−6
( ∑
|α|≤4, |β|≤3

∥Dα(uε, bε(t)∥2L2
k+l
+ 4δ−2

∑
|β|=4

∥(uεβ, b
ε
β)(t)∥

2
L2

k+l

)3
+C(δ−2 + δ−6). (5.78)

Define

F0 :=
∑

|α|≤4, |β|≤3

∥Dα(uε, bε)(0)∥2L2
k+l
+ 4δ−2

∑
|β|=4

∥(uεβ, b
ε
β)(0)∥2L2

k+l
. (5.79)

Consequently, applying the nonlinear Gronwall inequality (Theorem 2, P362, [18]) in (5.78), we
have ∑

|α|≤4, |β|≤3

∥Dα(uε, bε)(t)∥2L2
k+l
+ 4δ−2

∑
|β|=4

∥(uεβ, b
ε
β)(t)∥

2
L2

k+l

≤
(
F0 + (δ−2 + δ−6)t

){
1 − 2Cδ−6(F0 + (δ−2 + δ−6)t

)2t
}− 1

2 . (5.80)

Up to now, we have the following lemma.

Lemma 5.6. Under the assumptions of Theorem 2.1, there exists a positive constant C, which may be
dependent on k, l, for some k ≥ 1, l ≥ 0, but independent of ε and t such that

∥(uε, bε)(t)∥2H4
k+l
≤ 16δ−2∥(u, b)(0)∥2H4

k+l
, ∀t ∈ [0,T ]. (5.81)

Proof: First, invoking (5.77) and (5.80), we can derive that

∥(uε, bε)(t)∥2H4
k+l
≤
(
F0 + (δ−2 + δ−6)t

){
1 − 2Cδ−6(F0 + (δ−2 + δ−6)t

)2t
}− 1

2 , (5.82)

then combining (5.79), (5.64), (5.66) with (4.22), we can lead to

F0 ≤ C
( ∑
|α|≤4, |β|≤3

∥Dα(u, b)(0)∥2L2
k+l
+ 4δ−2

∑
|β|=4

∥(uβ, bβ)(0)∥2L2
k+l

)
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≤ Cδ−2∥(u, b)(0)∥2H4
k+l
. (5.83)

Hence, we can conclude the uniform estimates with respect to ε ∈ (0, 1) and ∀t ∈ [0,T ]

∥(uε, bε)(t)∥2H4
k+l
≤ 16δ−2∥(u, b)(0)∥2H4

k+l
,

provided that T be determined by (5.82) and (5.83) such that

T = min
{3C∥(u, b)(0)∥2

H4
k+l

(1 + δ−4)
,

δ10

64C∥(u, b)(0)∥4
H4

k+l

}
. (5.84)

The proof is thus completed. □
Convergence and consistency

Using evolution Eq (4.1) and uniform H4
k+l bound in (5.81), we conclude that (∂tuε, ∂tbε) is

uniformly (in ε) bounded in L∞([0,T ]; H2
k+l). By the Lions-Aubin Lemma and the compact embedding

of H4
k+l in H4−δ̃

µ,loc, for 0 < δ̃ < 1, taking a subsequence as εk → 0+,

(uεk , bεk)
∗
⇀ (u, b) in L∞([0,T ]; H4

k+l) and (uεk , bεk)→ (u, b) in C([0,T ]; H4−δ̃
k+l,loc).

Applying the local uniform convergence of (∂4
xu

εk , ∂4
xb

εk), we have the following pointwise convergence
of (vεk , gεk): as εk → 0+,

(vεk , gεk) =
(
−

∫ y

0
∂xuεkdy,−

∫ y

0
∂xbεkdy

)
→
(
−

∫ y

0
∂xudy,−

∫ y

0
∂xbdy

)
=: (v, g). (5.85)

Now, we pass the limit in the problem (4.1) and conclude that (u, v, b, g) solves the original
problem (3.4). Hence, we finish the proof of Theorem 2.1.
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