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and some of its approximations for convex functions in symmetric quantum calculus.
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1. Introduction and preliminaries

Calculus is a major field of mathematics which mainly deals with the study of functions and their
continuous changes. In the 17th century, Isaac Newton and Gottfried Wilhelm Leibniz contributed to
its modern development. After the 17th century, Euler (1707-1783) was the first person who gave the
idea of quantum calculus (a calculus which the concept of a limit excludes) which builds a connection
between mathematics and physics. In the early 20th century, F. H. Jackson and others further advanced
quantum calculus. Time-scale calculus has a subbranch called quantum calculus, which deals with
the study of difference equations and solves many problems in dynamical systems. Quantum calculus
can be further divided into two types: g-calculus/q-deformed calculus and h-calculus. Moreover, we
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can say that the derivative and integration of classical calculus can be generalized in g-calculus, and
when q — 1, we recapture the classical results. The g-parameter was first introduced in Newton’s
infinite series by the eminent mathematician Euler (1707-1783), who also developed g-calculus. To
define the g-integral and g-derivative of continuous functions on the interval (0, co), popularly known
as calculus without limits, Jackson [1] extended Euler’s idea in 1910. The ideas of g-fractional integral
inequalities and g-Riemann-Liouville fractional integral inequalities were investigated by Al-Salam [2]
in 1966. The main and fundamental principles of g-calculus were summarized by Kac and Cheung in
their book [3]; see also [4-6]. Later, Tariboon and Ntouyas, in particular, presented the g-integral and
g-derivative of continuous functions on finite intervals in [7]. Moreover, in recent years, some authors
have studied the existence theory for g-boundary value problems [8—10].

In the following, we summarize definitions and a basic introduction to the g-calculus. In this paper,
let q be a constant with 0 < q < 1, and [by, b;] € R with by < b;. The quantum analog of any number
n can be given as

==L iquea g, neN
q 1= q ’ :
Definition 1.1. [7] The g-derivative on [by, b;] for a continuous function f : [byg,b;] — R is defined
by
- 1-q)b
fx) —f(gx+(1-q) 0), if x # b:
b Dgf(x) =4 (1 =@)x=bo) ' (1.1)
111‘{)1 o Dgf(X), if x = by.
X—byg

A function f is stated to be y,q-differentiable if ,, Df(x) exists.
Putting by = 0 in Definition 1.1, then (1.1) takes the form

i) - T (qx)
(1 -x)

It is a derivation operator provided by Jackson. For more information, see [1].

D,f(x) =

Definition 1.2. [7] Let { : [by, b;] — R be a continuous function. Then, a ,,q-integral on [by, b;] can
be defined as

fb () wdgt = (1= q)(x = bo) D q"F (q"x + (1~ q") by) (12)
0 n=0

for x € [by, b;]. A function f is called 1,,q-integrable if f f(t) dgyt exists for all x € [by, b;].
bo

Substituting by = 0 into Definition 1.2, (1.2) can then be given as

[ 10di=a-ax Y aiaw, (13)
n=0

This is a g-integral provided by Jackson. For more information, see [1]. Moreover, Jackson [1]
introduced the g-Jackson integral on the interval [by, b;] as

by by bo

iOdt= | fOdt- | T0dg

bo
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Using the above fundamentals of quantum theory, Tariboon and Ntouyas presented numerous
well-known inequalities, namely Hermite-Hadamard, trapezoid, Ostrowski, Cauchy-Bunyakovsky-
Schwarz, Griiss, and Griiss-Cebyvsev for g-calculus in [11]. However, Alp et al. in 2018 introduced
the first corrected version of the g-Hermite-Hadamard inequality in [12] by considering support lines
and the geometrical concept of convex functions as follows:

Theorem 1.3. Let f : [by,b;] = R be a convex function on [by, b]. Then, we have

b
%mm+m)sb “}J}G)m%tﬁq“mo+HM)
1= v0
bo

1+q 1+q

where q € (0, 1).

Another useful approach was introduced by Bermudo et al. in 2020 in the context of quantum
calculus in [13]. They not only provided new definitions of the quantum derivative and quantum
integrals, but also employed these notions to obtain a new interpretation of the Hermite-Hadamard
inequality.

Definition 1.4. [13]Iff: [by,bi] — R is an arbitrary function, then an ® q-definite integral on [bg, b;]
is given by

(o)

by
[ @M=y (1= a) b= b+ (1 -y
bo

n=0
1
= (by —bo)ff(tbo + (1 = t)by) dgt. (1.4)
0

Definition 1.5. [I3] If{ : [by,b;] — R is an arbitrary function, then ®'q-derivative of f at t € [bg, b;]
is defined by
f(qt+ (1 —aby)—F()
D) = , t#Dby.
! (1-q)(by -1 1
Theorem 1.6. [13] Let{ : [bg,b;] = R be a convex function on [by, by]. Then, we have the following
new variant of the q-Hermite-Hadamard inequalities

b;
by + qby 1 by f (bo) + qf (by)
bo

where q € (0, 1).

There is a large amount of literature is presented regarding the development of useful inequalities in
quantum calculus. Noor et al. established some inequalities of trapezoid type for ,,q-integrals in [14].
On the other hand, Budak et al. presented several midpoint and trapezoid type inequalities for ®'q-
integrals in [15, 16]. Some Simpson and Newton type quantum inequalities can be seen in [17-20];
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for the coordinate case, see [21,22]. Many mathematicians have conducted research in the fascinating
area of quantum calculus. Interested readers can check [23-26].

In this paper, we will derive Hermite-Hadamard inequalities in the symmetrical quantum sense.
The idea of symmetric quantum calculus was first introduced by Da Cruz et al. [27]. The q-symmetric
calculus plays an important role in quantum mechanics. It has a key role in the development of
basic hypergeometric functions, the generalized linear Schrodinger equation, and quantum dynamical
equation, in quantum mechanics [28]. We can write g-differentials and h-differentials in the
symmetrical sense, which are mentioned in [3], forq # 1, h # 0,

dgi(x) = f(qx) — f(q"'%),  x # by.

dha(x) = g(x +h) —g(x —h), x # b,.

Definition 1.7. [29] Let  : [by,b;] € R — ‘R be a continuous function. Then, the q-derivative or
b q-Symmetric derivative at x € [by, b,] is formulated as

dyf(x) _ f(gx + (1 = q)bg) — f(q~'x + (1 = g~ ")bp)
d,x (@—qH(x =by) ’

bquf(X) = X # by

which implies that 5
dgf®) _ §(gx) = f(q”'%)

D i(x) =
af®) dyx (q-q7"x

x # 0.

Definition 1.8. [29] Let § : [by,b1] € R — R be a continuous function. Then, the ,,q-definite integral
on [by, b] is given as

fb (0 wdit = (@7 = q)(x = by) i g (@ x + (1= ¢™*)b).
0 n=0
Here, x € [bg, by], or
fb i) bodat = (1 = )(x = by) i @' (g™ x + (1= g>*!) by). (1.6)
0 n=0
If we take f(t) = 1, then (1.6) becomes

f f(t) boc?qt =X bo.
bo

f f(t)odyt = f f(t)d,t
0 0

f f(Dodqt = f f(H)dyt = (1 — ¢*)x Z q™f (qzn“x)
" 0 n=0

and is simply called g-integral.

If we take by = 0 in (1.6), then

or
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If u € (by, x), then the y,,d-definite integral on [u, X] can be written as

ff(t)bodt—ff(t)bodt ff(t)bodt

Motivated by the idea of Bermudo et al. in [13], one can define the b1 §-definite integral atb; € [by,b;] C
‘R as follows:

Definition 1.9. Let f : [by,b;] — R be a continuous function. Then, the *'§-definite integral on [by, b;]
is given as

f: f(t) bqut =(q"" - q)(x - by) Z R (q2n+1b0 n (1 _ q2n+l) X)
0 n=0

for each x € [by,by], or

ﬂo“dt—u q)@—b@}]&% "oy + (1 -¢7")x). (1.7)

n=0

Remark 1.10. It is pertinent to mention here that the monotonicity property

by by
fy<glt)y = f(Ddgt < f g(t)dgt
bo bo
is not always true in quantum calculus for all t € [by,b]. In [30], one can find a counter-example in
the context of Hahn calculus so that, if f < g on an interval [by, b,], we have

by

by
Jr(t)d(q,w)t > f g(t)d(q,wt.
bo

bo

Some recent investigations in this direction were pursued by Cardoso et al. in [31], where the authors
give other generalizations of the Hahn difference operator by using 3-integrals. Therefore, in order to
avoid this ambiguity in this paper, in all our theorems, we will consider the monotonicity property for
all functions in the context of symmetric q-calculus, i.e., if f(t) < g(t), then

b

by
f(t)d,t < f g(t)dyt

bo bo

forall t € [by,by].
2. Hermite-Hadamard inequalities in symmetric g-calculus

In this section, we introduce the Hermite-Hadamard inequality in symmetric g-calculus at by €
[bg, b;] € R, which is a different variant. Note that, in all theorems of this section, the monotonicity
property, given in Remark 1.10, is satisfied for the function f : [by,b;] ¢ R — R.

Theorem 2.1. If{: [by,b;] € R — ‘R is a convex differentiable function on (bgy,b;), then

(1-q+g>bg + gb; 1 o - (1 - q+ g?i(by) + qf(by)
(R < [ s e e

holds for 0 < q < 1.
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(1 —q+g*)by + qby
1+q?

Proof. Since the line of support of the given function at the point € (bg,b;) can

be written as

z(x):f(“‘q+q2)b°+qb‘)+f'(”—q+q2>bo+qbl)(x_(1—q+q2>bo+qbl)‘

1+q? 1 +q? 1+¢q?
Due to convexity of f on [by, by],

(1 —q+g*bo +gb; o (1-q+g)bo+qbi)(  (1-g+g"bo+gbs
1+¢q? 1+¢q? 1+q?

x) = f( )< f(x)

for all x € [bg, b;].
Taking the y,J-Integral on [by, b,], we write

by ~
f (X) podgX
bo

(MM =q+gD)bo+gbi\ ., ((1—q+g>by+qb; (1 —q+g*by +qb; 7
bo 1+q 1+q 1+q
(1 —q+g?by +gb; ((1 —q+g*)by +gb;
— (b b
(b o)f( T+ + T+
R (1 —q+q*)by +gb;
d,x—(b; —b
([ ondamm-mietyn)
_ (1-q+qg)bg+qby\  _ ((1—q+g*by+ b
= (b; bo)f( T+ + T+

x ((1 _ qz)(bl _ bo)zqzn ((1 _ q2n+l)b0 4 q2n+lb1) — (b; — by)
n=0

(1-q+q*)by +qby o (1-q+q*)by +qby
I+q 1+q°

(1 -q+q*)by +qb;
1+¢q?

= (b - bo)f(

X ((1 —q*)(b; — by) — (by —by)

(1 -q+q>)by +qb1)

1 q q
- b b
(l—q2 1—q4) T 1+

(1-q+q*)by +qby i (1-q+q*)by +qby
1+¢q 1+¢?

= (b, - bo)f(

— (by — by)

by _ qbo + gb,
1 — a2

2
X ((1 —q7)(b; = by) T-P1+q@)  (T-)(+g)

(1-q+g*by +qb;
1+q°

(1 —q+qg*by +qb; (1 —q+g*)by +gb;
— (b —b
(by o)f( T+ +f T+
q q (1-g+g*)by +gb;
b;—b 1- b bi{—(b; =D
X((l o)[( 1+q2) 0+1+q2 1] (b1 —by) T+
(1 —q+g°)bo +gb,
=(b; —Db
(b o)f( T+
((1—q+g*)by+gb 1-q+q?b b 1-q+qg®)by+gb
L (I-q Q)zo qb; (bl—bo)( q 3 0 q12 —(bl—bo)( q+q il qb;
1+q l1+q 1+q 1+q
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(1 -—q+g*)by + qby
= (b, - b
(b; o)f( T+
,((1—q+q>)by + gb, (1-q+9g>)by + qb; (1-q+9>)by + qb;
b —b ~(b; b
+T( T+ q (b1 —bo) T+ (b1 —bo) T+
1-q+qg»)by +gb b1 -
=(b1—bo)f(( ql(_]'_);) d 1)< F(X)b,dgX.
q bo

Hence,

f((l - q+q*)bg + gb;

1 b1 ~
T+ q ) < b — by J, F(X) pydgX. 2.2)
0

Moreover, the secant line with end points (by, f(by)) and (by, f(b;)) can also be written in terms of the
function S(x) = f(bg) + f(b‘) T(bO)(x by). Using the convexity of f on [by, b;],

f(b1) — f(bo)

109 < B0 = fbo) + =

(x = bo)

holds for all x € [by, by].
Taking the y,g-Integral on [by, b;], we can write

b B b b _ b 5
f S(X) 0y = f (f(bo) IVl (GO bo)) e
bo bo b; — by

by) — f(by) (™ y
= (by — boyitbg) + L2V =IO (T by oy
by —by Uy,

b)) — f(b b
= (by = bg)f(bg) + 1) ~ Hbo) (j; X bodgX — bo(b; — bo))

b; — by
= (by — bg)f(bo)
N T(btl)f - [T)(:O)
= (b1 — bp)T(bo)
N f(by) — f(bo) ((

((1 — @b = be) > g™ (1= *")bg + g*"*'by ) = bo(b; - bo))
n=0

1 q q
2
—— 1 —q°)(by — by) [(1 — 1 —q4)b0+ I —q4b1] — by(by —bo))

f(b1) — f(bo)
b, — by

2 1 q q
X ((1 —q°)(b; —by) [(1 p - -+ qz))bo + d-p) + qz)bl] — by(b, —bo))

b;) — f(b
_ (by = bo)i(bo) + %

q q
X ((b1 - b()) [(1 — 1+ qz)bo + qubl] - bO(bl - bO))

q qb
= (b; — by)f(bo) + (f(b1) — f(by)) ((1 13 qz)bo LN ]qz —bO)

= (b; — bp)f(by) +

AIMS Mathematics Volume 9, Issue 3, 5523-5549.
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1 - b b
— (by = bo)i(bo) + (§(by) — f(byy L2990 * 1—bo)

1+q?
gb: — gby
1+q?
q(b; — by)
1+¢q?
qf(b1) — qf(bo)
1+q?
qf(by) — qf(bo)
1 +q?

= (b1 = bo)i(bo) + (7(b1) — F(bo))

= (b1 = bo)i(bo) + (f(b1) — F(bo))

= (by — by)f(bg) + (b; — by)

= (b; — by) (T(bo) +

f(bg) + q*f(bo) + qf(b;) — qf(b
=(b1—b0)((0) q (01) qz( 1) CI(O))
+q
1 —q+ q®f(by) + qf(b b1 ~
— (b, - bo)( q+q)¥( 2) qf(by) S HX) by dgx. (2.3)
1+ q bo
A combination of (2.2) and (2.3) gives (2.1). |
Remark 2.2. Ifq — 17 in Theorem 2.1, then it becomes the classical Hermite-Hadamard inequality,
ie.,
by + by 1 o f(bo) + (b1)
< dx < ———— 2.4
f( > ) by —bg Uy, f(x) dx > (2.4)

which was first introduced in [32].

— 2 _ 2
gbo+ A —q+qbr . oo (1 =d+g)bo +gb,
I+q 1+q?

different inequality which will be proved in the next theorem.

Now we choose the point , and we will get a

Theorem 2.3. For a convex differentiable function f : [byg,b;] — R on (by, by),

f(qbo +(1-q+ q2)b1) _ (1=g)*(bs =bo) ., (gbo + (1 —q+q2)b1)

1+q? 1+q? 1+q?
1 o1 - (1 = q+ g*)i(by) + qf(by)
< dox < 2.5
by —bg Jp, T0) X 1+q? 2

holds for all x € [by, b;].

bo + (1 —q +q?)b
o+ (1 =9 +a)b1 4 can be
1+¢q?

qbo + (1 = q +g*)b (ot d —a+gbi | gbo+(1-g+g)b
1+¢q? 1+q? 1+¢q?
to the convexity of f on [by, b;], we have

gbo + (1 = q+g*b, o gbo + (1 —q+g*by X_qb0+(1—q+q2)b1
1+q? 1+q? 1+q°

Proof. Since the line of support of the given function at the point

written as t;(x) = ), due

ti(x) = T( ) < (%)
for all x € [bg, b;].

AIMS Mathematics Volume 9, Issue 3, 5523-5549.



5531

Taking the ,,q-Integral from by to b;, we get

N . [ (gbo+ (1 —q+g>b
[ neondx= [ [f(qO Coara 1)
bo bo l+q

b 1- b b 1- b ~
+T,(q o+(1 q2+q)1)(x_q 0+ ( q2+q)1)]b0qu
+q I+q
qbo + (1 — g+ )by
=(b,-b
(b, o)f( e
,(abo+(1—q+agbi\( ™ - gbo + (1 = q + g*)b;
+f( T+ boxm%x—wl—%) T+
bo+(1-q+g*b bo+(1-q+qg>b
:(bl_bo)f(qo (1 a q)l)”,(qo d-q q)l)
+q 1+q

qbo+<1—q+q2)bl)

X ((1 — @)1 —bo) ) ¢ (1= ™) b +q*"*'b1) = (bs — bo) T
n=0

- 2 _ 2
:(bl—bo)f(qb0+(1 q+q )b1)+r(qbo+(1 q+dq )bl)((l_qz)

1+¢q? 1+q?

! q q
X (b —bo)[(l pe - 1—q4)b0+ 1—q4b1] — (b1 —bo)

qbo + (1 — q + g*)by
1+q?

by + (1 —q+qg>b (gqbo+ (1 —q+g>b
:(b]_bo)f(qo (1+32 qa) 1)+f(qo (1+32 qa) 1)

q q gbo + (1 =g+ )b,
(o1 - i) il - - G
b+ (1 —q+qg>b bo+ (1 —q+qg>)b

:(bl—bo)f(qo (ng Q) 1)”, qbo (1+32 qa) 1)
(1-q+q*)by = gb; | qbo + (1 —q +q*)b,
X((bl—bo)[ T+ +1+q2_—(b1—bo) I
B gbo + (1 —q+g?)b, (gbo+ (1 —q+g>b,
(1 —q+9g*)bg + gb; qbo + (1 —q +q*)b;
X((bl bo)[ T+ (b —by) T+
_ qbo + (1 =q+¢g*bi)  (gbo+ (1 -q+g*)b,
= (b bo)f( T+ + ¥ T+
(1 -q+g*)bg+qgb by + (1 —q+g>)b
N R
bo+ (1 —q+q>b by + (1 —q+g>)b
% (b —b) bo—qb0+q2b0+qb1—b1+qb]—q2b]—qb()
b 1+¢?
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bo+(1-q+qg*b bo+(1-q+qg*b
~ (b, — by [ 220+ ch b1, 4 (dbo + ck q)bs
1+q 1+q
—(b; —bg) +2q(b; —by) —g*(b; = b
X((bl—bo)[ (by 0) Q(ll 20) q-(b; o))
+q
by + (1 —q+qg>b by + (1 —q+qg®b
:(bl—bo)f(q 0 (1 9 ) 1)+f,(q 0 + 9 ) 1)
+q 1+q
—(b; — bo)(1 —2q + %)
X |(b;y — b
(SEWEURSE
gbo + (1 =q+g>)bi) ., (gbo+(1-q+g*)b 2(1 9’
=((Mb;-b - -b
(b, o)f( T i = b = b0
qbo + (1 = q +¢*)b;
=(b;—-b
(b o)f( T+
(1 - q)*(bs —bo)*, (gbo + (1 —q + )b, o .
T s N RCETES (2.6)
0
Combining (2.6) and (2.3), we get (2.5), and hence the theorem is proved. O
1- b
Moreover, if we choose the midpoint of the interval [by, b;] instead of qbo + (1 " 1+q) 1, then
q*
we obtain another inequality which will be described in the next theorem.
Theorem 2.4. For a convex differentiable function f : [bg,b;] — R on (by, by),
: bo +bi) (1 -q)f(bi - bO)f’ by + b,
2 2(1 +¢?) 2
L™ 5 (1=q+@)i(by) +qi(by)
< dyx < 2.7
el MGECE e 2.7)

holds for 0 < q < 1.

by +b
Proof. Since the line of support of the given function at the point 0 l¢ (bo, by) can be written as

t,(x) = T(bo *h )+f’(b0 ;bo)(x— bO;bl), due to the convexity of f on [by, b;],
() (252 52

holds for all x € [bg, b;].
Taking ,q-Integral from by to b;, we get

b1 . 1l (by+b (by+b bo+b
I B R [y

=<bl—bo>f(b°+bl)+f'(¥)(f X gk — (by — bo)b0+b1)
b

- (b, —bo)f(bO 2b‘)+f'(b°;b‘)

AIMS Mathematics Volume 9, Issue 3, 5523-5549.
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x ((1 = q)(bi = bo) Y 4 ((1 = q”")bo + ¢*"'by) - (b1 = by)
n=0

- - ;bl) e (22 +bl)

2
X ((1 — @*)(bs — by) [(1 _1q2 - - _qq4)b0 +e _qq4b1] by — by ' bl)
= (b - bo)f(bo ;bl)
o g 2
= (b, —bo)f(bo ;bl)w'(b(’ ;bl)
o ((b1 _ bO)qbl + (i ;3; q>bo (b, - bo)bo er bl)
_ (b - by)f by J2rb] 4 (b — bo)Y (bo ;bl)(qbl + bollc;tzo + ¢*by _bo ;bl)
= (1~ bo)f [ 22|~ (b ~ b (bO o ) ( 1;(1‘1:22)‘1)
= (b — bp)i 2 ;bl e _;()12 (flq;)b())z '(bo ;bl) < : ) pdgx.  (2.8)
Now, combining (2.3) and (2.8), we get (2.7). O

We can also generalize the following results.

Theorem 2.5. For any convex differentiable function { : [bg,b;] — R on (bg, by),

1 . - (1 = q + g*)f(bo) + qi(by)
31,32, 33} < dgx < 2.9
max {31, Iz, I3} by — by, f(X) bydgX T+ q (2.9)
holds for 0 < q < 1, where
1 -q+g*by+qgb
NIERLE, L)
1+q
~ _ofabo+ (1 —q+gd)b) (1—q)?*b;—by),(qby+(1—q+q>b
‘52 - f 2 - 2 T 2 9
1+q 1+q 1+q
~ _<(bo+bi) (I-q)(b;—bg),, (be+b
2 2(1+q?) 2
Proof. A combination of (2.1), (2.5), and (2.7) gives (2.9). Thus, the proof is complete. O

Using the same methodology and (1.7), we can derive the Hermite-Hadamard inequality and its
types at the point b; of the interval [by, b;]. These results are in the following theorems.
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Theorem 2.6. For any convex differentiable function | : [by,b;] — R on (bg, by),

by + (1 —q+g*)b 1 o . bo) + (1 — q+ @?)i(b
; qbg + (1 —q +q7)b; < M dx < qf(bg) + (1 — g+ q)i( 1). (2.10)
1+q2 bl—bo bo 1+q2
Proof. We can prove it in the same way as in Theorem 2.1. O

Remark 2.7. If q — 17 in Theorem 2.6, we will get the classical Hermite-Hadamard inequality (2.4)
again.

Corollary 2.8. If we add (2.1) and (2.10), then the following inequalities can be obtained:

(1-q+qg*)bpy +qby gbo + (1 —q+qH)b,
f o +f >
+q 1+q

1

<
b; — by

by by
{ f(X) bydgX + f(x) blcqu} < f(bo) + f(by)

bo bo

and

e 1 ) ] Y 0 f(bo) + f(by)
T( 2 )< 2(b1—b0){ . f(X) bodgx + . f(x) dqx}gf.

Theorem 2.9. Let § : [by,b;] — R be a function which is convex and differentiable on (b, b;). Then,

f((1 —-q+q>bg + qbl) L= q)*(by — by) ,((1 —-q+q>)bg + qbl)

1+¢q? 1+q? 1+q?
gmibobjﬂwmﬁxgqm%wwalz+¢ﬁmo o
holds.
Proof. The proof is similar to that of Theorem 2.3. O

Theorem 2.10. Let f : [by, b;] = R be a function which is convex and differentiable on (b, by). Then,

f(bo +b1) 4 (I - q)z(bl —bo)f, (bo +b1)

2 2(1 +g?) 2
L™ by o 4o + (1 = q+a)i(b)
< 'd,x < . 2.12
by — by Jy, 1) Mg 1+q° ( )
Proof. The proof is similar to that of Theorem 2.4. O

Theorem 2.11. Let § : [by,b;] = R be a function which is convex and differentiable on (by, b;). Then,

qf(b) + (1 — q + g*)i(by)
1+q?

1

by
bld" <
b=y Jy, [ X

0

max {31, J2, I3} < (2.13)

holds for 0 < q < 1, where

qbo + (1 — q + g*)by
1+q? ’

S =1
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~ _ [0 =q+g»)by+qb, (1 —q)*(b; —by)_, (1 —q +q*)by + gb;
\52 _f 2 2 )
l+q 1+q? 1+q
by +b 1-qg)Mb;-b by +b
S, = f o + D +( q)(12 O)T’ o + D1 '
2 2(1+qg?) 2
Proof. A combination of (2.10), (2.11), and (2.12) gives (2.13). O

Now, we will investigate a function which does not hold for the Hermite-Hadamard inequality in
g-calculus. See Example 5 in [12].

Example 2.12. Let f(x) = 1 — x, set [by,b;] = [0, 1], and for the value of q choose from (0,1) in
Theorem 2.1. Then, we have

_ _ 2
T((l Q+Q)(O)+Q(1)) - ff(X)od (1 q+q9)f0) +qi(1)

1+¢q? 1+
1
q 5 (1-q+9)(1) +q(0)
< dyx <
q 2 N 2ng 20+l 1-q+¢°
- Toe 2<<1—q)Zq O A e
1+q’-q _ (1 - g 1-q+¢’
T1+q s q)Zq s 1+q?
1+q’—q _ g 1-q+¢
1+ <d q)Z STIig
2 _ _ 2
l+q 4Ueq-g I 4 |\ 1=d+g
1+¢q? 1-¢> 1-¢* 1+¢q?
2 _ 2
1+q°-q_,__a9 _1l-g+q
1+q? 1+q? 1+q?

1-q+q’ _1-9q+¢’ _1-q+¢
1+ 1+  1+q °

Remark 2.13. In Example 2.12, we can see that q-symmetric analogues of the Hermite-Hadamard
inequality becomes equality for f(X) = 1 — x given as in Example 5 of [12].

Example 2.14. Now, we choose f(x) = x> and [by,b;] = [0,1], and we then get the following
inequalities:

Case 1: We fix by = 0,by = 1, and the value of q is chosen from (0,1) in Theorem 2.1. Then, the
inequalities become:

(1-q+g»)(0) +q(1) . (=g +g)i0) +gi(1)
()« 5 [ s A

0+q a —q+q3)(0) +q(1)
( ) f fxndex 1+¢?
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(1+q) ff(X)odX\—

<{- qz)zqznf(qznn) < q
n=0

(1+q2)2 1+¢q?
2
q 20, 4n+2 q
—\ 1_ <
Teay < q);q R
2
q 6142 q
—\ 1_ <
Trqr < ‘“Zq T+
2 2
q < q <4 (2.14)

A+¢)? 1+@+q 1+¢

1
Case 2: If we fix q = 3 and assume that by varies from 2 to 2.1 and b, varies from 3 to 5 in

Theorem 2.1, then the inequalities become

(R [ e < S
T(3b0 ; 2b1) < . 1 - b Omdex < 3f(bo) ;_r 2f(b1)’
Since
bob' f(Obydqx = (1 = q*)(by = bo) 2 " (q”"by + (1 - ") bo)
= (1 - g*)(b; = by) i ¢ (¢ by + (1 - ¢*"*") by)’
n=0

— (1 _ qz)(b1 _ bO) Z q2n (q4n+2b12 + b02 + q4n+2b02 + 2b0blq2n+l
n=0

-2 2q2n+1 2b0b1q4n+2)

— (1 _ q2)(b1 _ bO) Z (q6n+2b12 +b 2q2n + q6n+2b02 + 2b0b1q4n+1
n=0
- 2b 2q4n+1 2b0b1q6n+2)

= (1= )(b1 = bo) | (bs” + by’ = 2bob1)g D ¢ + (2bgby = 2be>)q D q*" +bo” D q”‘}

n=0 n=0 n=0
2 2
q N bo
+ (2bgb; — 2b +
I (2bob, 0 )1 1= q2]

= (1 - g*)(b ~ bo)

(bl2 + bo2 - 2b0b1)1
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2
= (by — bo) [(by* + by — 2b0b1)ﬁ + (2bgb; — 2by?) q S+ bo>

1+q

41by? + 20b,% + 44bgb,
105

b

=(b1—bo)[

inequality (2.15) becomes
(3bg + 2b;)? B 41by> + 20b;% + 44byb,

<

5 21
Graphical representations of (2.14) and (2.16) are given in Figures 1 and 2.

< 3by? + 2b,°. (2.16)

— Right

1.0 —
— Middle

— Left

0.0

1 L 1 1 1 1
0.5 1.0 1.5 20 25 3.0

Figure 1. Case 1: 2D graph.

12

11

Right
Middle
Left

10

Figure 2. Case 2: 3D graph.

3. Midpoint type inequalities in symmetric q-calculus

In this section, we will construct a lemma and, with the help of this lemma, we will prove the
midpoint type inequalities for the convex function in symmetric g-calculus at by. Also, note that in all
theorems of this section, the monotonicity property, given in Remark 1.10, is satisfied for the function

f: [bo,bl] c R - R.
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Lemma 3.1. For any convex v, q-symmetric differentiable function  : [by,bi] — R on (by,by), if its
first v,q-symmetric derivative is continuous and integrable on [by, b,], then

(1 —q+g)by + gb; 1 ! .
f( I+q? me—M)Of“M%X

1
1 . -
(t - @) by Dqf(qtby + (1 — qt)bg)od,t

1
1+q2 ~ ~
= qz(bl —bo) [f ! t by Dqf(qtby + (1 — qt)bg)odyt +
0

l+q2

(3.1)
holds for q € (0,1).

Proof. Using the definition of the §-derivative, we have

f(q'(qtby + (1 — qt)by) + (1 — g~ H)bg) — F(q(qtb; + (1 — qt)by) + (1 — q)by)
(@~' = g)(qtb; + (1 = gt)by — bp)
T(tbl + (1 = t)bg) — f(g’tby + (1 — 2t)bo)
(1 =g*)(b; — byt

b Dqf(qth; + (1 — qt)by) =

From the right-hand side of (3.1), we get
1

1+q2 - ~
q* (b; — by) [ f "t Dyf (qthy + (1 = qtybg) odyt
0

1 B B 1 1 B B
+ fl tbquf (qtbl + (1 - qt)bo) odqt - @ f] bquf (qtbl + (1 - qt)bo) odqt

2

1+q2 I+q

e . 3
:q2 (b; = by) [ f ! t v, Dgf (qtby + (1 — qt)by) odgt

1
+ fl tbquT (qtbl + (1 — qt)bo) ()d t— —f bo qf (qtbl + (1 — qt)bo) od t

1+q2 1+q2

1 1+72 ~ ~ l+ 2 ~ ~
_ ? f ! bOqu (qtbl + (1 - qt)bo) ()dqt + ? f ! bquT (qtbl + (1 - qt)bo) odqt:|
0 0

1
=% (b; — by) [ f t b, Dyf (qtby + (1 — qt)byg) odt
0

L
1+q2

1 . y 1 . .
- ?f b Dgf (qthy + (1 — gt)by) odyt + ?f o Dgf (qtb; + (1 — qt)by) Odqt]
0 0

) ! f(tbl + (1 = tbg) — f(g*tb; + (1 — g*t)by)
=1 b bwLﬁ (1 - qA)(b; — bo)t
1 (1 5(thy + (1 = t)bg) — f(gth; + (1 — g*t)by)
‘7f (1 - g*)(by — bo)t
+1fw&@+wmm f(g*tby + (1 — g*0)bo) 4
2 (1 —q?)(b; — byt ‘

Oqt

qt
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1 1 ~ 1 5
=q* (b; —bo)[ (RS { f f(thy + (1 = Oby) odyt - f f(q*tby + (1 = q*t)bo) odqt}
B 1 { f f(tb, +<1—t>bo> i@ty + (1= g’0by) }
(1 — g*)(b ~ by) t dy

1 1+q? f(tbl + (1 - t)bo) 1+q2 f(thbl + (1 _ Zt)bo) 3
" q*(1 = g*)(b; — bp) {f t odgt _fo 0 odqt}]

2 1 !
= [(1 ! 2) {f f(tb, + (1 = t)by) od, t—f f(g’tby + (1 = ¢°by) od, t}

f f(tby + (1 - t)bo) " i(qPthy + (1 — q?t)by) at
(- 2) t 0

I { f ity + (1= 0b) f ¢ f(a’ths + (1= q°bo) Oth}
0

TS ( (

Q-
_( 5 {( —q )ZanT(qZIHIb + (1 - 2n+1)b0) (1-q )Zanf(q2n+3b +(1 - 2n+3)b )}
n=0

B 1
(I1-¢%

2n+lb1 q2n+1 211+3b1 q2n+3
2){<— )Zf(1+2 (1 >bo)—<1—q)2f(l+q2 (1= 2>b0)}

{(1 -q) Z f(@™*'by + (1= q*"Ybo) = (1 - ¢*) Z (g™ by + (1 - q2n+3)b0)}

=¢*{ > q"i(@""by + (1 - g bo) Z q”"f(q™ by + (1 = q”’”)b@}
=0

n=|

(
_ {Z f(q2n+lbl + (1 _ 2n+l Z f(q2n+3bl + (1 2n+3)b0)}
n=0

x© 2n+1 2n+1 & 2n+3 2n+3
q b] bl q
b
Si(Trg -] - Sl o -

n=

2 2n 2n+1 2n+1 2n+2 2n+2+1 2n+2+1
=q q7f(q™ by + (1 - o) — = > 97 by + (1 - )bo)
Z q Z 0

e )bo) - T(bo)}

o0 1 [S]
=q’ {Z (@™ by + (1= g bo) = 5 3 a7 Q™ by + (1 q2m+l)b0)}
n=0 m=1

qb,
1+¢q?

—{i(gby + (1 = @)by) — f(bo)} + {f( +(1 -

(1-q+g>)by + qb;
1+q?

— f(gby + (1 = @)by) + F(bo) +T( )—T(bo)

= 1
=q’ {Z q™'f(a™"'by + (1 — g™ bo) + 1@+ (1= bo)
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el _ 2
_ i Z an(q2n+1b + (1 2n+1)b0)} _ f(qbl + (1 _ q)bo) " f((1 q+q )IZO + qbl)
q? oy l1+q

1 1
{ = - Zqz”f(qz”“b + (1 =g )bo) + —T(gby + (1 —q)b@}
e q

(1-q+q>bg +qb1)

—f(qb1+(1—q)bo)+f( T+

=~ (1=a7) ) ai(@""br + (1 = ¢"*bo) + f(gbi + (1 =~ Pbo)

(1-q+q>)by +gb
—f(qb1+(1—q)bo)+f( 1+qu 1)
:f((l —q+g*)bo +gb,

1+¢q?

1 bo ~
— d
) b] _ b() by T(X) bo qX

which completes the proof. O

Remark 3.2. If q approaches 1 in Lemma 3.1, it will reduce to Lemma 11 in [12], and Lemma 3.1 will
help us to prove the midpoint type inequality in symmetric q-calculus.

Theorem 3.3. For any v,q-symmetric differentiable function f : [bg,b;] — R on (bo,by), if its first
bod-symmetric derivative is continuous and integrable on [by, b;] and if |y, @qfl is convex on [by, b;],
then the q-symmetric midpoint type inequality holds:

'f((l —q+g>)by + gb; B1(q)

(b1 bO) |:|b0qu(b1)|(1 + q2)3(1 + q2 + q4)

PBa(q)
P+ +q? +q")

1 o1
- X dx
1+¢q? ) b1 = bo Jy, T0:) b

+ oy Dqf(bo)l
where
Pi(q) =29 +q* +3q" -3q° +3¢° -39 +q* - ¢’,
o) =’ +q’ +q* - 2¢° +q° + ¢,
Proof. Taking the modulus in Lemma 3.1, we have

‘f((l —q+g3)by + gb;

b;—-b
TP q’(b; - by)

1 o1
)_bl—bo bo 100 wdox| <

e . | . .
X [ f " t]o Daf(qtby + (1 = q)b)| odyt + f | (@ —t) |no Dqf(atby + (1 — qt)bp)| odt
0 vl

1+q
1

<@y = bo) | [ t{qt oo Paitbn)] + (1 = qt) sy Difbo)|} odat
0

1

| ] i i
i f 1 (? ) t) {4t s Dafon] + (1 = 40 | Do)} odot
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5 ha N 5 T N
<q’(b; — by) [|bOqu<b1>| f " qt? odgt + |, DyT(bo)| f T 11 - qt) odt
0 0

1 1
N 1 - N 1 -
o] [ (55t atodic by [ (5 =1)1 - a0 o
T+2 q vl q
2 i~ ﬁ 23 ! 1 ~
<q*(by — bo) ||, Dgf(b1))| qt’ odgt + | 7 — t|qt odt
0 N S

l+q2
1 1 l
+ | DyTbo)| { f "1~ qO) odyt + f (E—t)(l—qt) odqt} , 3.2)
e
ﬁ 5 2n+1 2 3 5 1 sl 6
t dt_ 1— L [ — = 1_ - n
fo qt® odyt = a( q)1+22q (1+q) = q’( q)(1+q2)3;q
ﬁ 2 05 q3
t° od,t = , 3.3
fo W o= A+ e+ ) G-9)
o s L
1+ ~ 1+ ~ 1+ ~
f "1 - qb) odqt:f ! todqt—f T qt? odyt
0 0 0
ﬁ ) 2n+1 q3
t(1 = qt) odgt = (1 - n
fo (1= odgt = q)1+q Zq 1+¢@ 1+ +@+q)
1
o . q 4 q’
t(1 = qt) odt = (1 — ¢*)———— "
fo (1= a0 odgt = q)<1+q12>2,,2:;;q T+ 1+ +q)
1 3
1+q2 ~ q q
t(1 — qt) odyt = -
fo =t = s " T @ v 2+ )
1
[ 4 q+q
t(1 —qt) od,t = , 3.4
fo (=40 ot = s G4
fl 1 p 1 p n (1 p
——tqt() t:f(——t)qt() t—f (——t)qto t
ﬁ q? a 0 \q? d 0 q? a
1 1 1 1 1
1 ~ 1 ~ ~ 1 +q2 ~ +q2 ~
f — —t qtodqt:—f todqtt—f qtzodqt——flq todqt+flq qt? odyt
o q qJo 0 q Jo 0
1 0
1 2 1
— —t tdt——(l ) 2n 2n+l (1_ 2) 2n 2n+1 _
g q HZ(;q ~q(l-q ;q @) - v
X q3
(1+g?)(1 +q>+q*)
l (o) (o]
f (%_t)qtoth:(l_q2)2q4n_q3(1_q2)zq6n_ 123+ 23q3 2 4
1> \q oy oy I1+q)° (A+g)d+q +qY)
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) (3.5)

V(LN g 200439 -3¢ +3¢° ~3q" +¢° - ¢’
>~ tatodgt = 2)3 2 4 g4
(I+q*)°(1 +499° +q*)

I+q

fl(l t)(l t) odyt = fl ! ) £) odqt f‘t‘z(l )( t) odyt
- = —qU) odqt = - —qy) odqtl — — —-q
2 \¢ o \q? e ’
1 ! l+q2
__Zf 10dt——ft0dt—ftodt+fqt Odt——f
q° Jo
1 1+q2 +q 1+
+—f t()dqt-l-f todt—f qt ()dt
q Jo 0 0

2 (o] o0
—q Z q2n q2n+1 qz) Z q2n q2n+1
q n=0 n=0
+ @ — ! + ! + d
l+q?+q* @U+¢) (A+¢») (1+g?)?
3
q

A+ +q +qh)
q2+q4_2q5+q6
P +@PA+q*+qh)
Adding (3.3), (3.4), (3.5), and (3.6) and then putting in (3.2), we get the required result. O

(3.6)

Remark 3.4. If q approaches 1 in Theorem 3.3, it will become Corollary 14 in [12].

Theorem 3.5. For any ,q-symmetric differentiable function § : [by,b;] — R on (by, b)), if its first
b q-Symmetric derivative is continuous and integrable on [by,b,] and if |b0qu| is convex on [bg, b;],
then the q-symmetric midpoint type inequality holds:

1-q+q»)by +qb 1 o .
‘f(( q+q*)bo ql)_ 0 ndox
b]—b() bo

1+¢q?
b —b -
% [924(@) (1 DefdDF Ru(@)
+ oy Dqf(bo) gz(q))? + My (q) (|bODq‘r(bl)|r Q3(q) + Iy DT (o)l m(q))']
where
B, q’
i@ = fo Aot =115 PP +q+qY)’
N q+q’

() = fo ol = qt) odyt = (1 +g231 +q+q*)’

1 2 4 5 6 7 8 9
1 ~ 29-+39"—-39° +39° -39’ +q° —
Qu(q) = L t)qtodst = q q q” q : q4 q°—q
1 (I+g*)°(1+q*+q*)

2

1+¢2
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¢ +9q'-2¢° +q°
(1 + g1 +q* + ")’

Y1 N
Qu(q) = fl (@ - t)(l — qt)odyt =

]+q2

Wiq) =q'
and
(-1+q-¢*+2¢°—q*+q%)'

My(q) = -
(l T

Proof. We have

f(l—q+q2)bo+qb1 1 .
1+q2 b,

f(X) bodgX| < @*(by — by)

—bo Jb,
1

e - -
[ f " t]oy Dyf(qtbs + (1 = qO)bo)| odyt + f
0

_1_
1+q2

1

1 . -
(@ - t) |b0qu(qtb1 +(1 - qt)b0)| Odqt}

1

1-< 1
[ I B AR ro5
< qz(bl ~bo) l(fl q todqt) [fl q t|b0DqT(qtb1 +(1- qt)b0)| odth
0 0
1 1 l_% ! 1 %
+ U 1 (?—t) ociqt] U 1 (?_t) by Dqf(qtbs + (1 = qobo)| qut) ]
five 2

1+q
i Odqt]

T

r

1=1

< ¢*(b; — by) [q— ( f " tfqtln Daf D + (1 = G0 1, Dyitbo)
0

(1+q>*
L Clta-a+2¢° —q' +q9)'
q'r(1+ )

- |—

1
1+q2

| 1 ) ! ™ r ~
+ (f (@ - t) {qt |bquf(b1)| +(1—qt) |bOqu(b0)| } Odqt]

(b1 -b [ o Y
< ?1(;1—2)3_0; [ql—r [ fo t{at o, Daibn)|| + (1 = q0) o, Dai(bo)['} odqt]

(-1+q-q+2¢° —q* + 6)1—} I _ . 5 o
p— T —a = — t){atfu Ba 0] + (1 = a0 o Do)} ot
q'-t L\ @2
I-¢-q2
1
q(bs — by) o (T, - e (e Y
< 2| M1(Q) | |, DeT(b1) qt® odyt + [o, Dyi(bo) t(1 — qt) odyt
(1+g»)*r 0 0

+ Di(q)

! i g
(@ - t) (1 — qt) Odth

1
MACH f
1+]q2

Using (3.3)—(3.6) from Theorem 3.3, we get required result.

1
r

1
l+q2

1 - 3
(? - t) qt odyt + [b, Dyf(bo)

T

O
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Remark 3.6. If q approaches 1 in Theorem 3.5, it will become Corollary 17 in [12].

Theorem 3.7. For any v,q-symmetric differentiable function f : [bg,b;] — R on (by,by), if its first
b q-Symmetric derivative is continuous and integrable on [by,b,] and if IbODqTI is convex on [by, b;],
then the q-symmetric midpoint type inequality holds:

T((1—q+q2)bo+qb1)_ 1 .

d
1+ by —by Jy, ) ol

1 1-¢?
q(l + q2)s+1 1 - q25+2

1 1 N 5
+ fl (g—t) ()dqt

< q2(b; — by) [( ) (Ioy D T(bDI" Wi (q) + I, Dy bo)l" (@)’

1
s

(I Daf(BDI" Us(@) + Iy Dy Tbo) I u4<q>)w

l+q2
where
1
e ~ q?
u = tod,t = —————,
l(q) j()‘ qtodq (1 +q2)3
T - 1+¢+q*
u = 1-qt) gdyt = ————,
1 4 6
- 29" +q
u = todyt = ————
I+q
1 q2
U = 1 —qt) pdst = ———, Tyt =1).
@) f( a0 ol = s G art=1)

Proof. We have

|f((1 —q+g3)by + gb;

<q’(by—b
T+ q°(by —bo)

1 b1 .
- d
) bl — bO b T(X) bo qX

1

T . - 1 - .
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Using g-integration, we may write
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1 1

= Uy (q),
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2q* +q°
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and

1+q2

Putting (3.8)—(3.11) into (3.7), we get the desired results.
Remark 3.8. If q approaches 1 in Theorem 3.7, we will get Corollary 19 in [12].

1
s 1 1
[lbobqﬂbl)lr f ~ atodgt + o, Dyf(bo)| f (1=qy odyt

! 1+2 ~ e 2
t odyt = todt— | " qtod.t=q(l —q? n 2+l
. Qbodq fOQOq fo qt odgt = q( Q);qq —(1+q2)3

1 1 4 2
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fl (1 - qt) Odqt = ‘fOV (1 qt) ()dqt v[(; (1 qt) qut = (1 " q2)3 = 114(q)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

Theorem 3.9. For any v,q-symmetric differentiable function i : [bg,b;] — R on (by,by), if its first
b q-Symmetric derivative is continuous and integrable on [by,b,] and if |b0qu| is convex on [by, b;],

then the q-symmetric midpoint type inequality holds:
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— by Jo,
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Proof. Using Lemma 3.1, estimate
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LV o (e = .
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T
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0

Using (3.3)—(3.6) from Theorem 3.3, we get required result. O

Remark 3.10. If q approaches 1 in Theorem 3.9, then we will get Corollary 22 of [12].
4. Conclusions

In this work, we constructed new results of Hermite-Hadamard and midpoint-type inequalities using
the basic definition of symmetric quantum calculus. We also analyzed that, when ¢ — 1, the newly
acquired inequalities transformed into classical Hermite-Hadamard and midpoint-type inequalities.
Examples were considered to verify the newly acquired inequalities. These inequalities may be more
helpful to obtain new results in symmetric quantum calculus for further publications.
Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

The authors extend their appreciation to Prince Sattam bin Abdulaziz University for funding this
research work through the project number (PSAU/2023/01/90102).

Conflict of interest

The authors declare no conflicts of interest.

References

1. F H.Jackson, On a g-definite integrals, Quart. J. Pure Appl. Math., 41 (1910), 193-203.

2. W. A. Al-Salam, Some fractional g-integrals and g-derivatives, Proc. Edinburgh Math. Soc., 15
(1966), 135-140. https://doi.org/10.1017/S001309150001 1469

AIMS Mathematics Volume 9, Issue 3, 5523-5549.


http://dx.doi.org/https://doi.org/10.1017/S0013091500011469

5548

10.

11.

12.

13.

14.

15.

16.

17.

18.

V. Kac, P. Cheung, Quantum calculus, New York: Springer, 2002. https://doi.org/10.1007/978-1-
4613-0071-7

T. Ermst, A comprehensive treatment of q-calculus, Birkhduser Basel, 2012.
https://doi.org/10.1007/978-3-0348-0431-8

T. Ernst, A method for g-calculus, J. Nonlinear Math. Phys., 10 (2003), 487-525.
https://doi.org/10.2991/jnmp.2003.10.4.5

H. Gauchman, Integral inequalities in g-calculus, Comput. Math. Appl., 47 (2004), 281-300.
https://doi.org/10.1016/S0898-1221(04)90025-9

J. Tariboon, S. K. Ntouyas, Quantum calculus on finite intervals and applications to impulsive
difference equations, Adv. Differ. Equ., 2013 (2013), 282. https://doi.org/10.1186/1687-1847-2013-
282

N. D. Phuong, F. M. Sakar, S. Etemad, S. Rezapour, A novel fractional structure of a
multi-order quantum multi-integro-differential problem, Adv. Differ. Equ., 2020 (2020), 633.
https://doi.org/10.1186/s13662-020-03092-z

S. Rezapour, A. Imran, A. Hussain, F. Martinez, S. Etemad, M. K. A. Kaabar, Condensing
functions and approximate endpoint criterion for the existence analysis of quantum integro-
difference FBVPs, Symmetry, 13 (2021), 469. https://doi.org/10.3390/sym 13030469

S. Etemad, S. Rezapour, M. E. Sameli, a-y-contractions and solutions of a g-fractional differential
inclusion with three-point boundary value conditions via computational results, Adv. Differ. Equ.,
2020 (2020), 218. https://doi.org/10.1186/s13662-020-02679-w

J. Tariboon, S. K. Ntouyas, Quantum integral inequalities on finite intervals, J. Inequal. Appl., 2014
(2014), 121. https://doi.org/10.1186/1029-242X-2014-121

N. Alp, M. Z. Sarikaya, M. Kunt, I. Iscan, g-Hermite-Hadamard inequalities and quantum estimates
for midpoint type inequalities via convex and quasi-convex functions, J. King Saud Univ. Sci., 30
(2018), 193-203. https://doi.org/10.1016/].jksus.2016.09.007

S. Bermudo, P. Kérus, J. E. N. Valdés, On g-Hermite-Hadamard inequalities for general convex
functions, Acta Math. Hungar., 162 (2020), 364—374. https://doi.org/10.1007/s10474-020-01025-
6

M. A. Noor, K. I. Noor, M. U. Awan, Some quantum estimates for Hermite-Hadamard inequalities,
Appl. Math. Comput., 251 (2015), 675-679. https://doi.org/10.1016/j.amc.2014.11.090

H. Budak, Some trapezoid and midpoint type inequalities for newly defined quantum integrals,
Proyecciones J. Math., 40 (2021), 199-215. https://doi.org/10.22199/issn.0717-6279-2021-01-
0013

S. I. Butt, M. Umar, H. Budak, New study on the quantum midpoint-type inequalities for
twice g-differentiable functions via the Jensen-Mercer inequality, Symmetry, 15 ( 2023), 1038.
https://doi.org/10.3390/sym 15051038

H. Budak, S. Erden, M. A. Ali, Simpson’s and Newton’s type inequalities for convex
functions via newly defined quantum integrals, Math. Methods Appl. Sci., 44 (2020), 378-390.
https://doi.org/10.1002/mma.6742

W. Luangboon, K. Nonlaopon, J. Tariboon, S. K. Ntouyas, Simpson- and Newton-
type inequalities for convex functions via (p,q)-calculus, Mathematics, 9 (2021), 1338.
https://doi.org/10.3390/math9121338

AIMS Mathematics Volume 9, Issue 3, 5523-5549.


http://dx.doi.org/https://doi.org/10.1007/978-1-4613-0071-7
http://dx.doi.org/https://doi.org/10.1007/978-1-4613-0071-7
http://dx.doi.org/https://doi.org/10.1007/978-3-0348-0431-8
http://dx.doi.org/https://doi.org/10.2991/jnmp.2003.10.4.5
http://dx.doi.org/https://doi.org/10.1016/S0898-1221(04)90025-9
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2013-282
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2013-282
http://dx.doi.org/https://doi.org/10.1186/s13662-020-03092-z
http://dx.doi.org/https://doi.org/10.3390/sym13030469
http://dx.doi.org/https://doi.org/10.1186/s13662-020-02679-w
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2014-121
http://dx.doi.org/https://doi.org/10.1016/j.jksus.2016.09.007
http://dx.doi.org/https://doi.org/10.1007/s10474-020-01025-6
http://dx.doi.org/https://doi.org/10.1007/s10474-020-01025-6
http://dx.doi.org/https://doi.org/10.1016/j.amc.2014.11.090
http://dx.doi.org/https://doi.org/10.22199/issn.0717-6279-2021-01-0013
http://dx.doi.org/https://doi.org/10.22199/issn.0717-6279-2021-01-0013
http://dx.doi.org/https://doi.org/10.3390/sym15051038
http://dx.doi.org/https://doi.org/10.1002/mma.6742
http://dx.doi.org/https://doi.org/10.3390/math9121338

5549

19

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

. S. 1. Butt, H. Budak, K. Nonlaopon, New quantum Mercer estimates of Simpson-Newton like
inequalities via convexity, Symmetry, 14 (2022), 1935. https://doi.org/10.3390/sym 14091935

S. I. Butt, Q. U. Ain, H. Budak, New quantum variants of Simpson-Newton
type inequalities via (a,m)-convexity, Korean J. Math., 31 (2023), 161-180.
https://doi.org/10.11568/kjm.2023.31.2.161

M. A. Latif, S. S. Dragomir, E. Momoniat, Some g-analogues of Hermite-Hadamard inequality
of functions of two variables on finite rectangles in the plane, J. King Saud Univ. Sci., 29 (2017),
263-273. https://doi.org/10.1016/j.jksus.2016.07.001

S. Rashid, S. I. Butt, S. Kanwal, H. Ahmad, M. K. Wang, Quantum integral inequalities with
respect to Raina’s function via coordinated generalized-convex functions with applications, J.
Funct. Spaces, 2021 (2021), 6631474. https://doi.org/10.1155/2021/6631474

M. J. Vivas-Cortez, A. Kashuri, R. Liko, J. E. Herndndez, Quantum trapezium-
type inequalities wusing generalized ¢-convex functions, Axioms, 9 (2020), 12.
https://doi.org/10.3390/axioms9010012

M. A. Khan, N. Noor, E. R. Nwaeze, Y. M. Chu, Quantum Hermite-Hadamard inequality by means
of a green function, Adv. Differ. Equ., 2020 (2020), 99. https://doi.org/10.1186/s13662-020-02559-
3

S. Asawasamrit, C. Sudprasert, S. K. Ntouyas, J. Tariboon, Some results on quantum Hahn integral
inequalities, J. Inequal. Appl., 2019 (2019), 154. https://doi.org/10.1186/s13660-019-2101-z

S. Chasreechai, M. A. Ali, M. A. Ashraf, T. Sitthiwirattham, S. Etemad, M. De la Sen, et al., On
new estimates of g-Hermite-Hadamard inequalities with applications in quantum calculus, Axioms,
12 (2023), 49. https://doi.org/10.3390/axioms 12010049

A. M. C. B. da Cruz, N. Martins, The g-symmetric variational calculus, Comput. Math. Appl., 64
(2012), 2241-2250. https://doi.org/10.1016/j.camwa.2012.01.076

A. Lavagno, G. Gervino, Quantum mechanics in g-deformed calculus, J. Phys.: Conf. Ser., 174
(2009), 012071. https://doi.org/10.1088/1742-6596/174/1/012071

A. Nosheen, S. Ijaz, K. A. Khan, K. M. Awan, M. A. Albahar, M. Thanoon, Some ¢-
symmetric integral inequalities involving s-convex functions, Symmetry, 15 (2023), 1169.
https://doi.org/10.3390/sym 15061169

M. H. Annaby, A. E. Hamza, K. A. Aldwoah, Hahn difference operator and associated Jackson-
Norlund integrals, J. Optim. Theory Appl., 154 (2012), 133—-153. https://doi.org/10.1007/s10957-
012-9987-7

J. L. Cardoso, E. M. Shehata, Hermite-Hadamard inequalities for quantum integrals: A unified
approach, Appl. Math. Comput., 463 (2024), 128345. https://doi.org/10.1016/j.amc.2023.128345

J. Hadamard, Etude sur les propriétés des fonctions entieres et en particulier d’une fonction
considérée par Riemann, J. Math. Pures Appl., 58 (1893), 171-216.

©2024 the Author(s), licensee AIMS Press. This
— is an open access article distributed under the

Aatms ATMS Press

@ terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 3, 5523-5549.


http://dx.doi.org/https://doi.org/10.3390/sym14091935
http://dx.doi.org/https://doi.org/10.11568/kjm.2023.31.2.161
http://dx.doi.org/https://doi.org/10.1016/j.jksus.2016.07.001
http://dx.doi.org/https://doi.org/10.1155/2021/6631474
http://dx.doi.org/https://doi.org/10.3390/axioms9010012
http://dx.doi.org/https://doi.org/10.1186/s13662-020-02559-3
http://dx.doi.org/https://doi.org/10.1186/s13662-020-02559-3
http://dx.doi.org/https://doi.org/10.1186/s13660-019-2101-z
http://dx.doi.org/https://doi.org/10.3390/axioms12010049
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2012.01.076
http://dx.doi.org/https://doi.org/10.1088/1742-6596/174/1/012071
http://dx.doi.org/https://doi.org/10.3390/sym15061169
http://dx.doi.org/https://doi.org/10.1007/s10957-012-9987-7
http://dx.doi.org/https://doi.org/10.1007/s10957-012-9987-7
http://dx.doi.org/https://doi.org/10.1016/j.amc.2023.128345
http://creativecommons.org/licenses/by/4.0

	Introduction and preliminaries 
	Hermite-Hadamard inequalities in symmetric q-calculus
	Midpoint type inequalities in symmetric q-calculus
	Conclusions

