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The spin-orbit splitting between neutron 1𝑝 orbitals at 33Si has been deduced using the single-neutron-
adding (𝑑,𝑝) reaction in inverse kinematics with a beam of 32Si, a long-lived radioisotope. Reaction products 
were analyzed by the newly implemented SOLARIS spectrometer at the reaccelerated-beam facility at the 
National Superconducting Cyclotron Laboratory. The measurements show reasonable agreement with shell-
model calculations that incorporate modern cross-shell interactions, but they contradict the prediction of proton 
density depletion based on relativistic mean-field theory. The evolution of the neutron 1𝑝-shell orbitals is 
systematically studied using the present and existing data in the isotonic chains of 𝑁 = 17, 19, and 21. In 
each case, a smooth decrease in the separation of the 1𝑝3∕2-1𝑝1∕2 orbitals is seen as the respective 𝑝-orbitals 
approach zero binding, suggesting that the finite nuclear potential strongly influences the evolution of nuclear 
structure in this region.
1. Introduction

The spin-orbit (SO) potential, which arises from the coupling of a 
particle’s orbital motion to its intrinsic spin, plays an important role in 
atomic [1] and nuclear [2] structure. Incorporating a SO term in the 

* Corresponding author.

nuclear potential is necessary to describe experimental data, which re-
vealed enhanced stability at particular “magic” nucleon numbers. The 
SO term lifts the degeneracy of orbitals with total nucleon angular mo-
mentum 𝑗 and creates a splitting between orbitals with 𝑗 = 𝓁 + 𝑠 and 
𝑗 = 𝓁 − 𝑠, where 𝓁 and 𝑠 are the orbital and spin angular momenta.
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Recently, the evolution of the energy separation between the neu-
tron 1𝑝3∕2 and 1𝑝1∕2 SO partners along the 𝑁 = 21 isotones has received 
much attention [3–8]. A sudden reduction in the separation of the neu-
tron 1𝑝 SO partners was suggested to occur between 37S and 35Si, 
speculated to be the consequence of a proton “bubble” in 34Si where 
the 1𝑠1∕2 proton orbital was measured to be almost empty relative to 
36S where the 1𝑠1∕2 orbital is fully occupied. It is thus postulated that 
there is a central density depletion which results in a weakening of 
the two-body SO potential [3,4]. However, in these initial studies, only 
the 3/2− and 1/2− states, representing the dominant fragment of the 
1𝑝3∕2 and 1𝑝1∕2 single-particle strengths, respectively, were used [4]. 
In contrast, a smooth reduction of the SO splitting in these 𝑁 = 21 iso-
tones is obtained when taking into account the fragmentation of these 
single-neutron strengths. The smooth reduction was discussed in terms 
of the weak binding of these low-𝓁 states, where the corresponding 
orbitals show a “lingering” effect approaching the neutron-emission 
threshold [5]. However, this highly debated interpretation still calls 
for investigation on the question of whether the weak-binding effect 
or weakening of the two-body SO potential drives the change in the 1𝑝
SO-splitting change in this region [6–8].

Theoretically, the existence of a proton bubble structure within 34Si 
and its possible impact on the SO splitting is not yet well established. 
Ab-initio predictions regarding the existence of the bubble structure 
have been shown to vary significantly with the choice of Hamiltonian 
used [9]. Relativistic mean-field (RMF) calculations suggest that the SO 
splitting weakens with enhanced pairing correlations, vibrational cou-
plings, and model parameters [10,11].

In order to investigate whether a common mechanism is driving the 
evolution of the SO splitting in this region, we present new data and 
a systematic study of the 1𝑝 orbital single-particle energies (SPEs) for 
even 𝑍 , odd 𝑁 = 17-21 nuclei. In particular, knowledge of the change 
in SO splitting from S (𝑍 = 16) to Si (𝑍 = 14) is crucial to determine 
whether there is a sudden reduction of SO splitting due to the removal 
of the 1𝑠1∕2 protons in the core. In the present work, the SPEs of the 
neutron 1𝑝 and 0𝑓7∕2 orbitals in 33Si have been determined. In par-
ticular, the 1∕2− state carrying the dominant fragment of the 1𝑝1∕2
single-particle strength, which determines the SO splitting, has been 
observed for the first time.

In this study, a strikingly smooth evolution in the SO splitting is 
seen as the nuclei become less bound. Importantly, there is no signif-
icant deviation from this trend across any of the nuclei. This trend 
is reproduced by the Woods-Saxon calculations, which include data 
approaching zero neutron binding energy, indicating that the finite nu-
clear potential strongly influences the evolution of nuclear structure in 
this region.

2. Experiment

The experiment to study 33Si was carried out at the ReA6 reaccelera-
tor-beam facility of the National Superconducting Cyclotron Laboratory 
(NSCL). The 8.3-MeV/u 32Si beam, a long-lived radioisotope, had an 
intensity of approximately 105 particles per second and a beam purity 
of ∼ 90% due to a 32S contaminant. Protons produced by reactions of 
the 32Si beam impinging on a 120-μg/cm2 (CD2)𝑛 target were analyzed 
by the newly developed SOLARIS solenoidal spectrometer [12] with a 
magnetic field of 3 T. SOLARIS is based on the solenoidal spectrometer 
concept pioneered at Argonne National Laboratory [13–15], which was 
set up in a similar way to that described in Ref. [16]. The energies and 
positions at which the protons returned to the beam axis were measured 
using the HELIOS four-sided array of position-sensitive silicon detectors 
(PSD). The projectile-like Si recoils were uniquely identified from other 
reaction channels or un-reacted beam components, including the 32S 
contaminant, by a square (5 × 5 cm2) Si recoil detector telescope with 
quadrant segmentation in the Δ𝐸. The recoil detectors were 53-μm and 
2

150-μm thick, serving as Δ𝐸 and 𝐸 detectors, and were shielded from 
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Fig. 1. The excitation-energy spectrum for states in 33Si populated via the 
32Si(𝑑, 𝑝) reaction. The peaks are labeled by their excitation energies (in MeV) 
together with their spin-parity assignments.

the primary beam by an 8-mm diameter blocker. A 20-ns timing coinci-
dence between the protons and the Si recoils was applied to select the 
(𝑑,𝑝) reaction channel, to separate the S contamination and to reduce 
the background.

Fig. 1 shows the excitation-energy spectrum of 33Si, deduced from 
the protons in coincidence with the Si recoils. A 𝑄-value resolution of 
approximately 150 keV FWHM was achieved. Four known, low-lying 
states of 33Si [17,18] are clearly identified in the spectrum, correspond-
ing to the ground (3∕2+), 1.01-MeV (1∕2+), 1.435-MeV (7∕2−), and 
1.981-MeV (3∕2−) states. They are associated with the transfer of a 
neutron into the 0𝑑3∕2, 1𝑠1∕2, 0𝑓7∕2 and 1𝑝3∕2 orbitals, respectively. 
Two new states are observed at 3.19(2) and 3.58(2) MeV, below the 
neutron-separation energy (𝑆𝑛 = 4.508 MeV). There are also two weakly 
populated resonances observed at around 4.52 and 5.43 MeV. The dif-
ferential cross sections measured for the observed states are shown in 
Fig. 2. Each PSD on the array is divided into one or two angular bins 
depending on statistics. Relative cross sections used in the following 
analysis have a systematic uncertainty of around 5%, which is domi-
nant by the angular range covered by the silicon array, and the cut on 
the Δ𝐸-𝐸 recoil detectors. The absolute cross sections were normalized 
to the elastic scattering events in the recoil detectors. The uncertain-
ties of the absolute cross sections are estimated to be around 30-50%, 
which is dominated by the estimated uncertainty in the angular cov-
erage of the recoil detectors. At these forward center-of-mass angles, 
changes in a few tenths of a degree can modify the calculated cross 
section by as much as 50%.

Distorted-wave Born approximation (DWBA) calculations were per-
formed with the code PTOLEMY [19]. Optical-model parameters (OMPs) 
of Refs. [20,21] were used. For the four lowest-lying states, the agree-
ment between the experimental angular distributions and the DWBA 
calculation confirms previous 𝓁 assignments. The newly observed 
3.58(2)-MeV state has an 𝓁 = 1 shape, which may be associated with 
a neutron transfer into the 1𝑝1∕2 or 1𝑝3∕2 orbitals as discussed below. 
A tentative assignment of 𝓁 = 3, and an assumption of a 0𝑓7∕2 orbital, 
is made for the smaller peak at 3.19(2) MeV. For the unbound states, 
a binding energy of 200 keV for the transferred neutron was assumed 
in a “quasi-bound” approach. The 4.52(4)- and 5.43(4)-MeV resonances 
have fitted widths Γ = 220(80) keV and Γ < 90 keV, and were tenta-
tively assigned 𝓁 = 1, 2 and 𝓁 = 3, respectively.

Since the more bound 0𝑑5∕2 orbit is almost full, the 1𝑠1∕2 and 0𝑑3∕2
orbitals have two shared vacancies in 32Si, with 𝑁 = 20 being the 
closed shell. The relative spectroscopic factors were thus normalized 
so that their summed strength 

∑
(2𝑗 + 1)𝐶2𝑆 is 2.0. The same normal-

ization factor was then also applied to the 𝓁 = 1 and 3 states yielding 
the normalized spectroscopic factors listed in Table 1. The uncertainty 

of the relative spectroscopic factors was dominated by the variation 
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Fig. 2. Differential cross sections from the 32Si(𝑑, 𝑝)33Si reaction for the low-
lying states of 33Si. DWBA calculations are plotted as solid red lines with the 𝓁
values labeled for the known states (a-d). For the newly observed states (e-h), 
the 𝓁 = 1 (red solid lines), 𝓁 = 2 (black dashed lines) and 𝓁 = 3 (black dot-
dashed lines) are plotted. The adopted 𝓁 values are labeled for each state.

Table 1

Excitation energies 𝐸𝑥, transferred orbital angular mo-
mentum 𝓁, spin-parities 𝑗𝜋 , shell-model orbital 𝑛𝓁𝑗 and 
normalized spectroscopic factors 𝑆 for the low-lying 
states in 33Si observed in the 32Si (𝑑, 𝑝)33Si reaction.

𝐸𝑥 (MeV) 𝓁 𝑗𝜋 𝑛𝓁𝑗 𝐶2𝑆

g.s. 2 3∕2+ 0𝑑3∕2 0.37(4)
1.01 0 1∕2+ 1𝑠1∕2 0.25(5)
1.435 3 7∕2− 0𝑓7∕2 0.89(5)
1.981 1 3∕2− 1𝑝3∕2 0.92(6)
3.19(2) (3) (7∕2−) (0𝑓7∕2) 0.07(2)
3.58(2) 1 1∕2− 1𝑝1∕2 0.91(7)

4.52(4)
(1) (3∕2−∕1∕2−) (1𝑝1∕2,3∕2) 0.08(2)
(2) (3∕2+∕5∕2+) (0𝑑5∕2,3∕2) 0.10(3)

5.43(4) (3) (7∕2−∕5∕2−) (0𝑓7∕2,5∕2) 0.10(3)

of the OMPs, which is less than 10% [22]. The relative spectroscopic 
factors of the 1.435-MeV (7∕2−), 1.981-MeV (3∕2−) and the newly ob-
served 3.58-MeV state are close to 1.0, which is commensurate with the 
expected full single-particle strength of the nominally empty neutron 
1𝑝 and 0𝑓7∕2 orbitals. This sum-rule analysis strongly supports a 1∕2−
assignment to the 3.58(2)-MeV state since it almost exhausts the full 
1𝑝1∕2-orbital single-particle strength. This analysis suggests the domi-
nant fraction of 1𝑝1∕2,3∕2 and 0𝑓7∕2 orbital single-particle strengths are 
observed below 6 MeV, similar to 35Si.

3. Discussion

The excitation energies, spectroscopic factors, and SPEs of the 33Si 
low-lying states are compared with shell-model calculations using the 
FSU [23], SDPF-SI [24] and SDPF-MU [25] interactions in Fig. 3. In 
these calculations, a model space allowing for one particle to move 
3

across the 𝑁 = 𝑍 = 20 shell gap (0–1ℏ𝜔) was used, without the mix-
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Fig. 3. Excitation energies and corresponding spectroscopic factors of the low-
lying states in 33Si measured in the 32Si(𝑑, 𝑝)33Si reaction compared to shell-
model calculations using the FSU, SDPF-SI and SDPF-MU interactions. The 
dashed pink lines are the centroids of the 7∕2− , 3∕2−, and 1∕2− states.

ing between 0p-0h and 2p-2h or 1p-1h and 3p-3h configurations. The 
SDPF-SI and SDPF-MU interactions underestimate the excitation ener-
gies of the low-lying states, while the FSU interaction reproduces them 
reasonably well. Since the experimental data are reproduced without 
significant configuration mixing, the 𝑁 = 20 shell gap is observed to 
persist in 32,33Si as expected from previous measurements [26,27]. The 
SPEs of the neutron 0𝑓7∕2 and 1𝑝3∕2,1∕2 orbitals are determined from 
the spectroscopic-factor-weighted average energy of states with a given 
𝑗 [28]. From the calculations, any fragments of single-neutron strengths 
outside of these lowest-lying states shift their centroid energies at most 
by ∼250 keV. The shell model calculations predict that about 90% of 
the ideal sum-rule value strength is obtained below 6 MeV for each or-
bital. The lowest 7∕2−, 3∕2− and 1∕2− states should account for 90% of 
the predicted single-particle strength.

The experimental binding energies of the 0𝑓7∕2, 1𝑝3∕2 and 1𝑝1∕2 or-
bitals were determined to be -2.95(15), -2.53(15) and -0.93(15) MeV, 
respectively, according to the method in Ref. [28]. The SO splitting 
is consequently 1.60(30) MeV. Experimentally, no significant fragmen-
tation of the 𝓁 = 1 strength was observed, which is supported by the 
shell-model calculation above. Therefore, the binding energies of the 
1𝑝3∕2 and 1𝑝1∕2 orbitals were determined by the lowest 3∕2− and 1∕2−
states, respectively. The possible 𝓁 = 1 resonance at 4.52 MeV would 
shift the SPEs by at most 150 keV, which has been incorporated in the 
uncertainties. The 0𝑓7∕2 single-particle energy is determined by tak-
ing the weighted average of the 1.435- and 3.19-MeV states. The SPEs 
of these orbitals in the neighboring 𝑁 = 19 isotones 35S [29,30] and 
37Ar [31,32] were also determined from existing data [Fig. 5(a)]. The 
1𝑝3∕2 and 0𝑓7∕2 SPEs of 37Ar have been shifted downward by around 
100 and 250 keV, respectively, when the neutron-removal strength was 
considered [28]. The 𝑝𝑓 -shell orbitals of 35S have been shifted by less 
than 50 keV. For 33Si, the removal strength impact is expected to be no 
greater than in 35S or 37Ar.

In Fig. 4(b), the neutron 1𝑝-orbital SO-splitting (ΔSO) of 𝑁 = 17, 
19, and 21 isotones reconstructed from the current measurement and 
literature data are plotted as a function of the corresponding neutron 
1𝑝3∕2 SPE. The 1𝑝 SPEs of the 𝑁 = 17 and 21 isotones are taken from 
Refs. [5,33,34]. The uncertainties vary case by case, but most are within 
100-300 keV. There is a strikingly clear, smooth trend in ΔSO as a func-
tion of binding energy. The data for both 35Si and 33Si lie along this 
smooth trend, together with their sulfur counterparts 37S and 35S, so 

there is no evidence of a sudden reduction in the SO-splitting from 
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Fig. 4. (a) Experimental binding energies of the neutron 1𝑝3∕2 (green circles) and 1𝑝1∕2 (purple triangles) orbitals as a function of the fitted depth of the Woods-
Saxon potential and compared to the calculated values (solid curves) with fixed geometry. The red symbols highlight the 33Si data. (b) SO-splitting of the neutron 
1𝑝-orbitals as a function of the corresponding neutron 1𝑝3∕2-orbital binding energies. The shaded band shows the result of the Woods-Saxon calculation with the 

associated uncertainties.

Fig. 5. (a) Binding energies of the neutron 1𝑝1∕2 (blue), 1𝑝3∕2 (green) and 0𝑓7∕2
(red) orbitals in the 𝑁 = 19 isotones as determined from the data. The slashed 
areas indicate their uncertainties. (b) The SO splitting ΔSO of the 1𝑝-orbitals of 
𝑁 = 19 isotones predicted by the RMF theory in comparison with the experi-
mental values determined from the centroid.

𝑍 = 16 to 𝑍 = 14. The smooth dependence on the binding energies is 
an indication that the finite-binding effect may play a significant role.

The evolution of the 1𝑝 SPEs can be described by a simple Woods-
Saxon potential, including data in the region approaching zero neutron 
binding energy. Fig. 4(a) shows the binding energy of the 1𝑝1∕2 and 
1𝑝3∕2 orbitals, as a function of the fitted depth of a Woods-Saxon po-
tential using the potential parameters 𝑟0 = 1.2 fm, 𝑎0 = 0.7 fm, 𝑟𝑠𝑜 = 1.3
fm, 𝑎𝑠𝑜 = 0.65 fm and 𝑉𝑠𝑜 = 6 MeV. The depth of the potential was cho-
sen to reproduce the binding energies of these two orbitals using the 
𝜒2 minimization method. The SO strength is not varied in the calcula-
tion. It is immediately apparent that the SO splitting and SPEs of the 
neutron 1𝑝 orbitals are reproduced by the calculation without a need 
for modification of the SO strength. A range of sensible WS parameters 
were investigated but with the same general conclusion. Agreement be-
tween the data and calculation indicates that the smooth evolution of 
the neutron SO splitting follows the previously noted lingering effect of 
the low-𝓁 orbitals [5], which is a direct effect of the extended nature of 
their wave functions.

Development of a proton bubble structure in 34Si requires two at-
tributes: a very small proton occupancy in the 1𝑠1∕2 orbital and little-
to-no coherent correlations between the nucleons. The 1𝑠1∕2 proton 
occupancy of 34Si has been determined to be 0.07(3) (compared to its 
isotone 36S ≈ 1.8) [3], while in 34S it is 1.4-2.0 [34]. The deforma-
tion magnitude of the 32Si first excited 2+ level is unexpectedly small, 
which is well below theoretical predictions [27,35]. The latter informa-
tion is a strong indication that the protons form a good 𝑍=14 core, as 
4

supported by shell-model calculations.
In the RMF calculation with the DD-ME2 interaction [36], 32Si was 
predicted to exhibit a central density depletion, similar to 34Si, due 
to low 1𝑠1∕2 proton occupancy. This calculation predicts a sudden re-
duction of the neutron 1𝑝 SO splitting (ΔSO(S)-ΔSO(Si)≈0.9 MeV) in 
33Si compared to 35S, similar to the 𝑁=21 isotones. However, from 
the present measurement, there is little reduction of SO splitting in 33Si 
compared to 35S (ΔSO(S)-ΔSO(Si) ≈ -0.1 MeV), which is in contradiction 
to the RMF calculation (see Fig. 5(b)). The mismatch of this calculation 
might be attributed to the fact that the proton-neutron quadrupole cor-
relations are not taken into account in the RMF calculation. Therefore, 
from the consistency of the empirical ΔSO trend and contradiction with 
the RMF calculation, the existence of a sudden reduction of SO split-
ting associated with a proton bubble is not supported. It is noted that 
the ΔSO of 29Mg is the smallest among these nuclei, which cannot be 
explained by the presence of a proton bubble.

The SO coupling is a surface term by definition [37]. By approx-
imating the SO potential to a 𝛿 function at the nuclear surface, a 
simple evaluation of the SO splitting was established [37,38], ΔSO ∝
𝑉so(𝓵 ⋅ 𝒔)r20RΨ

2(R), where Vso is the SO potential strength, Ψ(R) is 
the radial wave function and R is the nuclear radius. Due to the fi-
nite binding effect, the wave functions of the neutron 1𝑝 orbitals have 
smaller surface radial amplitude when becoming weakly confined. Us-
ing the calculation with a WS potential, it is found that the RΨ2(R)
term reduces gradually, lower than 60% of its original value when the 
binding energy decreases from 2.9 to 0.1 MeV. Therefore, the appar-
ent SO-splitting reduction can be accounted for by the evolution of the 
neutron 1𝑝 wave functions at the surface.

The dramatic narrowing of the 𝑁 = 28 shell gap can also be inferred 
from Fig. 5(a), seen from the change in separation of the 0𝑓7∕2-orbital 
binding energy below 𝑁 = 28 and that of the 1𝑝3∕2 orbital above it. 
The relative energy reduction of the 1𝑝3∕2 orbital is in part due to the 
differing behaviors of the 1𝑝3∕2 and 0𝑓7∕2 orbitals as they become less 
bound; the lingering effect is more pronounced for the low-𝓁 orbitals.

4. Summary

In conclusion, the SPEs of the neutron 1𝑝1∕2, 1𝑝3∕2 and 0𝑓7∕2 orbitals 
have been discussed for the neutron-rich 𝑁 = 19 isotones, including 
new data on 33Si. Combined with the neutron 1𝑝-shell SPEs in the 
𝑁 = 17 and 𝑁 = 21 isotones, a smooth reduction in the SO splitting is 
found when nuclei become less bound; this feature can be reproduced 
by a calculation with a WS potential without any modifications of the 
SO strength. These phenomena agree with an interpretation of the SO-
splitting evolution resulting from the geometric effect of the nuclear 

potential. Further insight may be gained from a systematic mapping of 
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the SO splitting across the region via one-nucleon transfer-reaction ex-
periments, which is an exciting prospect with modern-day facilities.
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