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['-Convergence of an Ambrosio-Tortorelli approximation scheme

for image segmentation

Irene Fonseca Lisa Maria Kreusser Carola-Bibiane Schonlieb Matthew Thorpe

Abstract. Given an image ug, the aim of minimising the Mumford-Shah functional is to find a
decomposition of the image domain into sub-domains and a piecewise smooth approximation u
of ug such that u varies smoothly within each sub-domain. Since the Mumford-Shah functional
is highly non-smooth, regularizations such as the Ambrosio-Tortorelli approximation can be con-
sidered which is one of the most computationally efficient approximations of the Mumford-Shah
functional for image segmentation. While very impressive numerical results have been achieved
in a large range of applications when minimising the functional, no analytical results are cur-
rently available for minimizers of the functional in the piecewise smooth setting, and this is the
goal of this work. Our main result is the I'-convergence of the Ambrosio-Tortorelli approxima-
tion of the Mumford-Shah functional for piecewise smooth approximations. This requires the
introduction of an appropriate function space. As a consequence of our I'-convergence result,
we can infer the convergence of minimizers of the respective functionals.

AMSC: 49J45, 49J55, 62H35, 68U10.
Keywords: I'-convergence, Ambrosio-Tortorelli functional, image segmentation.

1. INTRODUCTION

Due to their volume and complexity, image and video data are among the largest and fastest
growing sources of information, and present some of the biggest challenges for data science.
Image segmentation, one of the most fundamental and ubiquitous tasks in image analysis, is the
process of partitioning an image into disjoint regions with certain characteristics. Typical exam-
ples include image editing (separating foreground from background, merging multiple images),
medical applications (segmenting regions with similar grey-scale values), and biological imaging
(detecting cancerous cells, finding cells and nuclei).

Variational models such as the Mumford-Shah model [31] are an important tool for image
segmentation. In their model, Mumford and Shah formulated an energy minimization problem
for computing optimal piecewise smooth approximations of a given image. Particular cases of
the minimal partition problem, its extensions and generalizations are proposed in [10] 1], 34].

We consider the image domain to be represented as  C R? with d > 1, where € is an interval
for d = 1 and, for example, a rectangle in the plane for d = 2. By ug: Q@ — R™ with m > 1,
we denote a given bounded scalar (grey-scale) or vector-valued (colour) image which should be
segmented into two regions. Let C be a closed subset in 2, made up of a finite set of smooth
curves, and the length of curves making up C' is denoted by |C|. We write | - | for the Euclidean
norm.

In the segmentation problem proposed by Mumford and Shah [31], the aim is to find a
decomposition of {2 into sub-domains and an optimal piecewise smooth approximation u of wug
such that u varies smoothly within each sub-domain, and rapidly or discontinuously across the
boundaries of the sub-domains. This problem is solved by minimizing the energy functional

EMS (u, C) :—/ ]u—u0]2dx+u/ \Vu|? dz + v|C], (1.1)
Q o\C
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where u,v > 0 are fixed parameters, weighting the different terms in the energy functional. If
(u, C') is a minimizer of the above functional, then u is an ‘optimal’ piecewise smooth approx-
imation of the initial, possibly noisy image ug, C' can be regarded as approximating the edges
of up, and w is smooth outside of C, i.e., in Q\C. Theoretical results on the existence and
regularity of minimizers of are provided by Mumford and Shah [31], Morel and Solimini
[28, 29, [30], and De Giorgi et al. [15].

For proving existence of minimizers based on the direct method from the calculus of varia-
tions, it is necessary to find a topology for which the functional is lower semi-continuous, while
ensuring compactness of minimizing sequences. However, the last term in is not lower
semi-continuous with respect to any compact topology. This motivates the formulation of
proposed by [14] and studied in [I3], where the curve C is replaced by the set J,, of jumps of u,
leading to the weak formulation of

EVMS (y, J,) ::/Q’u—UOIde—i—M/Q\J \Vaul? dz + v|J,|. (1.2)

A constructive existence result for piecewise constant functions u in is provided in [28] 29],
and a practical multi-scale algorithm based on regions growing and merging is suggested for this
case in [22]. Ambrosio and Tortorelli proposed two elliptic approximations by I'-convergence
[4, 5] to the weak formulation of the Mumford-Shah functional. Approximation [5] is more
commonly used in practise. For e > 0 and (u,v) € L?(Q)?, it is defined as

Jo lu = uo|?dz + p [, v?Vul* dz + v [, (5|Vv|2 + %) dz,
EM (u,v) = (u,v) € WH2(Q)? with 0 < v < 1,
00, otherwise.
(1.3)

A minimizer (u, J,,) of £¥M5(u, J,) is approximated by a pair (u.,v.) of smooth functions, such
that u. — u and v. — 1 in the L?(Q)-topology as ¢ — 0 and v, is different from 1 only in a small
neighbourhood of J, which shrinks as € — 0. These elliptic approximations result in a coupled
system of two equations with unknowns u. and v. which can be solved by applying standard
numerical methods for PDEs. Further approximations and numerical results are provided in
[7, 8, 24]. An approximation by I'-convergence to the weak formulation of , based on the
finite element method, is discussed in [9]. However, most of the methods for solving the weak
formulation of the Mumford-Shah functional do not explicitly compute the partition of the
image and the set of curves C.

The popular active contour model [11], proposed by Chan and Vese and based on the Mumford-
Shah model, can be regarded as a particular case of the Mumford-Shah model by restricting
the segmented image u to piecewise constant functions. This model motivates the generalized,
widely used multiphase level set model [34], also introduced by Chan and Vese. Let E C § be
an open subset of Q inside the boundary curve C' = OF of length |C|, and let ¢V and ¢ be
unknown constants. In the active contour model for grey-scale images (i.e., m = 1), piecewise
constant approximations are considered and the energy

Erec, M, 2y .= / | — g% da: +/ (¥ —up)?da + v|C]
E O\E

is minimized with respect to ¢), ¢ e R, and C. The parameter v > 0 is assumed to be given.
The first two terms of £’ penalize the discrepancy between the input image ug and its piecewise
constant approximation with grey-scale values ¢! in E and ¢? on Q\ E, respectively. The last
term controls the regularity of the segmentation by penalizing the length of the boundary curve
C. Instead of minimizing over all curves C, we can represent C' implicitly as the zero-crossing of
a level set function ¢: Q@ — R, i.e., C := {x € Q: ¢(z) = 0}, and we assume that the inside (i.e.
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the set E) and the outside (i.e., the set Q\FE) of C' are distinguished by positive and negative
signs of ¢, respectively, to be precise,

¢(x) >0 in E, ¢(x) <0 on Q\E, ¢(x) =0 on OFE.

A typical example of a level set function is the signed distance function to the curve. In its level
set formulation, the energy functional can be rewritten as

£15PC (g, o) (2)) = / 1€ g2 Hy(9) dr + / 1€®) w21 — Hy(@)) da
@ @ (1.4)

+v /Q VH;(9)| da,

where Hs with § > 0 denotes a smooth approximation of the Heaviside function H, defined as
H(z) =1for z >0 and H(z) = 0 for z < 0. Hence, the aim of the active contour model is to
find a two-phase segmentation of the image, given by u(z) := ¢V Hs(p(z)) + ¢ (1 — Hs(¢(z))),
z € Q. In Figure [ the segmentation of a given image (based on the implementation in [I8])
into two regions, marked in black and white, is shown for v = 0.2 and v = 0.6. The value of the
parameter v governs the smoothness of the boundary of the segmentation, i.e., for larger values
of v the interface between white and black areas becomes smaller. This example also illustrates
how crucial the parameter choice in this class of models is.

(A) Input image

FIGURE 1. Image segmentation results for different values for parameter v > 0

Following the level set approach, piecewise smooth segmentations are considered in [33, 34]
by replacing the constants ¢, ¢(2) by smooth functions in E and on Q\ E, respectively. The
proposed model can be easily extended to vector-valued functions, such as colour images as in
[11], for instance. Based on the Mumford-Shah functional, this leads to the energy functional

5730, ) i= [ 1)~ uoPHy()do + [ 16— uoP(1 ~ Hy(6) ds

@ @ (1.5)

[ (IVEOPHs@) + TP~ Hy(9)) do +v [ [TH(0)]do
Q Q

for piecewise smooth functions ¢, ¢ proposed independently by Vese and Chan [34], and
Tsai et al. [33]. Here, the regularity of @ and ¢@ is controlled by the parameter w >0, and
the smoothness of the boundary of the segmentation is governed by v > 0. Numerical results
have been obtained independently and contemporaneously by Vese and Chan [34] and Tsai et
al. [33]. These results show that piecewise smooth regions can be reconstructed very well by the
model, that jumps are well located and without smearing, and that the piecewise constant case
can be recovered.

In what follows, we want to study and its piecewise constant version . In particular,
the regularity of the piecewise smooth functions ¢V, ¢(?) in is controlled by the parameter
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i, and for p — co we expect M, ¢@ to be piecewise constant. This motivates us to study the
dependence of the energy on p. In addition, it is desirable to control the smoothness of the
vector-valued approximations ¢V, ¢(2): Q0 — R™, using a parameter 1 < p < +o0.

The mathematical analysis of , however, is a highly non-trivial task due to the dependence
of the functional on the level set function ¢ and on the approximation Hgs of the non-smooth
Heaviside function H as ¢ is only implicitly defined and the non-smoothness of H causes dif-
ficulties estimating the last term of . They also render the numerical minimization more
difficult. To get around this, we propose another formulation that is more amendable to math-
ematical analysis. Since the Heaviside function H only takes values in {0, 1}, this suggests to
replace H(¢) by an indicator function v. These considerations lead to the energy functional

555(0,0(1),0(2)) ::/ B —u0|p|v]d33+/ 1@ — Pl — v] dx

@ @ (1.6)

—i—u/ (|Vc(1)\plv|+\Vc(2)]p|1—v]> dw+1// |Vo|dz,
Q Q

in place of (L.5). For v = xg for some measurable set E with finite perimeter Per(E; (), (1.6)
may be equivalently written as

555(1},0(1)’@(2)) = / (‘c(l) _ UO‘p + u]Vc(l)P’) da +/ (’6(2) _ uO’p 4 M|VC(2)‘p) dz
E O\E
+ v Per(E; Q).

To overcome the non-smoothness of the last term of , several regularization methods and
approximations have been proposed in the literature for the numerical minimization. One of the
most computationally efficient approximations of the Mumford-Shah functional was proposed
by Ambrosio and Tortorelli [4, 5], and uses the Ginzburg-Landau functional £ defined as

£5L (y) ::/Q <s|w2+ iww) do (1.7)

which generalizes the approximation in (|1.3]). Here, £ > 0 is a positive constant, and the function
W:R — [0,+00) is a double well potential with wells at 0 and 1, satisfying the following
assumption.

Assumption 1.1. Let W: R — [0, +00) be such that

e W is continuous,
e W(t) =0 if and only if t € {0,1}, and
e there exist L > 0 and T > 0 such that

W(t) > L|t| for allt € R with |t| > T. (1.8)

The most common example for W is W (x) := 2?(x — 1)2. The Ginzburg-Landau functional
plays an important role due to the work of Modica and Mortola [26], 27] who proved that the
Ginzburg—Landau functional can be used for approximating the TV energy, the last term
in . In the context of image processing, examples of using the Ginzburg-Landau functional
are given by [7, 8], which relate to previous works by Ambrosio and Tortorelli [I, 4] on diffuse
interface approximation models.

The framework is a very powerful, flexible method that can segment many types of
images, including those that are either difficult or impossible to segment with classical thresh-
olding or gradient-based methods. Using appropriate approximations of the non-smooth terms,
this model has been implemented successfully, and very impressive numerical results have been
achieved in a large range of applications. However, no analytical results are currently available
for minimizers of in the piecewise smooth setting, and this is the goal of this work.
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1.1. Contributions. We will prove I'-convergence of an Ambrosio-Tortorelli approximation of

L),

Epcvre, ) im [ (16 = ol o] +1¢2 — uol? 1 o] ) do (L.9)
Q

P

1
+M5/ (\vc@)mv\+|vc<2>|P\1—u|) dx+y/ (5|Vv|2+W(v)> da,
Q w Ja €

to the functional ([1.6)), where the positive scaling parameter u. approximates p > 0, v > 0 is
another scaling parameter, and

cw = 2/01 VvW(t)dt > 0. (1.10)

In particular, minimizers of will converge to minimizers of , giving new insights into
numerical methods for determining minimizers of .

Minimizers of correspond to the segmentation of the vector-valued images ug: 2 — R™
with m > 1. Since the wells of W are at 0 and 1, this suggests that v is an indicator function in
the limit e — 0, and the segmentation, consisting of smooth approximations ¢!, ¢2): Q — R™,
is obtained from v: Q — R.

For piecewise constant segmentations of the form c(l)v+c(2)(1 —v) = C(l)XE+C(2)XQ\E for v =
x& and constants ¢V, ¢(2) € R™, the energy functional reduces to £.: LY(Q;R) x R™ x R™,
where

E(v,eM, )y .= / (|C(1) —ug|P|v| + | — ug|P|1 — U|) dz + V/ (€|V’U|2 + 1W(U)) dz
Q cw Jq £

for v € W1’2(Q;Rl, and Ea(v,c(l),c(z)) = +o0o otherwise. As an illustrative example, we prove
I-convergence of £., to £: L'(;R) x R™ x R™, where

E(v, eV, ) = / <|C(1) — ug|P|v| + [ — wlP|1 — v|) dz + vTV(v)
Q

for v € BV(Q;{0,1}), and E(v,cM,c?) = 400 otherwise. Here, TV(v) denotes the total
variation of v in .

For piecewise smooth segmentations of the form ¢Mv 4 ¢ (1 — v) where the approximations
D, @ are functions, any ['-convergence result requires @ and ¢@ to be defined only for
z € Q for which v(z) # 0 and 1 — v(x) # 0, respectively, where the sets {v = 0} and {v =
1} depend on v. Given a function v € LY((Q,£%q);R), we want ¢ and ¢?, defined on
2, to be A - and A;_,-measurable, respectively. To achieve this, we introduce the space
CLP(Q) in Sectionﬁ7 motivated by the space TLP(f2) in [17]. Denoting the d-dimensional
Lebesgue measure by £%, we say that (v,cM),c?) € CLP(Q) if v € LY((Q,£%q);R), M €
LP((, Ap); R™), @ € LP((2, Aj1—y)); R™), where A, and Ay, are defined by

[v] d |1—v] d _
)‘\vl — ||”||L1<Q;1R>£ LQ; H”HLl(Q;R) 7507 )\“71)' — ||1*”HL1(Q;R)£ m? Hl ’UHLl(Q;R) 7507
0 L%a.e., otherwise, 0 L%a.e., otherwise.
(1.11)
We denote the space of distributions on Q by D’(€2), and we consider the space
LYP(Q):={feD(Q) : VfeclP(Q)}
endowed with the seminorm ||f|[;1» := |[|[Vf|lLe. The reformulation of the first term in the

second line of the energy functional (1.9) with ¢(!) e LP((2, Apy)); R™), ? e LP((Q2, A\j1—y|); R™)
requires the definition of metric measure Sobolev spaces L'P((€2, X,)); R™), LYP((Q, Aj1_y|); R™),
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with seminorms || - HLl,p(,\lvl) and || - HLLP(/\H_U\)’ respectively, which are introduced in Section
The Sobolev space WP((2, A); R™) is defined by
WHP((S2, Ay )i R™) 1= LP((Q, Ao s R™) NLAP((2, Ay ); R™).

Using the notation of metric measure spaces, we consider a rescaled formulation of the energy

functional (|1.9)):

gpg,e(vac(1)>c(2)) Hc(l) - uOHLp ApoiR™) + HC(Q) - UOH P(Aj1_y[;R™) + ,LL5||C ”Llp Apop)

1%
+ Ms”c(mHil,p(Auiv‘) + /Q <€‘VU2 + EW(?))) dx.

w

(1.12)

We distinguish between two cases for the limit of the positive scaling parameter p., namely
e — 1 with g > 0, and p, — 400 as € — 0. For 400 > p > 0, we define the limit functional

of (1.12) by

Su(v,c(l),c@)) = Hc(l) - “0H€P(A\1)\;Rm) - HC(Q) n uOHi”(/\u_v\;Rm)

(1.13)
+ :u’”c(l) ||€1’p()\|v|) T H||C(2) ||€1’p()\\1—v\) - VTV(U)

for any v = xp € BV(Q;{0,1}) with E = {z € Q: v(z) = 1}, 1) € WLP((Q, \,);R™) and
? e Whe((Q, Aj1—y|); R™), and Eu(v,cM c?) = 400 otherwise. Note that for any Lebesgue
measurable set £ C {2 such that xg € BV(Q;{0,1}), the limit functional &, reduces to

1
gﬂ(XEac(l)a ‘E| / |C uO’ de + = ‘Q\E’ ’6(2) - Uo‘p dz

|E| ||C HLI P(Axg) |Q\E’ ” HLL;D()\XQ\E)) + VTV(XE))

where |E| = L4(E) denotes the d-dimensional Lebesgue measure of E, and A, Axa\ are defined
as in (L.1I). For a bounded domain E with smooth boundary, the norms Hc(l)HLl,p()\XE) and
Hc(l)HLl,p(E) = ch(l)HLp(E) are equivalent.

Our main result is the I'-convergence of the variational model to as e — 0.

Theorem 1.2. Let Q C R? be an open, bounded set, let 1 < p < 400, and let &,_.: CLP(Q) —
[0, 4+00] be defined by

( ||C(l) - UOHip()\lvl;Rm) + ||C( UOH P(Aj1_o);R™) + MEHC ||L1 P (Aj))
+IU’€HC(2)||€1,P()\|1_U|) + cw fQ€|vv|2 + 5W( )dm,
1D (2
Epe (v, eV, ) = if v € WE2((Q, £2]); R), D € WIP((, App); R™),
c®) € WHP((Q, Ay R™),
400, otherwise.

(1.14)
Then, the functionals &,,_ . I'-converge, with respect to the CLP(2) topology,

Ja eV —uolP ANy (2) + fo [¢® —uolP ANy (2) + pll VIR 1y, )
+N”C(2)Hzﬁl,p(,\|17v‘) +vTV(v),
Eulv, e, ) = if v=xp €BV(Q:{0,1}) for E := {x € Q: v(z) = 1},
D) € WHP((Q, Ay )i R™), ¢ € WHP((Q, Ay ); R™),
| +00, otherwise,

(1.15)



if e = p with >0, ase — 0, and

Jo 1M —ugP dXy () + o [6®) = uoP dXjy_y (2) + TV (v),
if v=xg € BV(Q;{0,1}) for £ :={z € Q: v(z) = 1},
Soo(v,c(l),c@)) = M =¢ Liqge z€FE,? =cy LOqe € OQ\E for

constants c1,co € R™,

~+00, otherwise,
(1.16)

if e = +00 as e — 0.

Provided that the compactness property holds, i.e. every bounded sequence (v, cﬁf), cg)) €

CLP(Q) satisfying sup,,cy Suawen(vn,cg),cg)) < oo is relatively compact, the convergence of
minimizers follows from the I'-convergence of the energy functional &, .. We prove the com-
pactness property in Theorem if there exists v = xp for some Lebesgue measurable set
E C Q, if there exist £ > 0, 79 > 0 such that P(E; B.(x)) > xr? for every x € 0*E, if there exist
k>0, rp > 0 such that P(Q\ E; B.(z)) > kr¢ for every x € 0*(Q\ E), and if there exists a
subsequence {vy, } of {v,} such that v,, — v in L}(Q;R). In particular, we prove the following
corollary.

Corollary 1.3 (Convergence of minimizers). Let @ C R? be an open, bounded set with d > 2.
Suppose that (vy, cg), cg)) € CLP(Q) is a minimizer of the energy E,. ., in , for positive
sequences {en}, {te, } with lim, o0&, = 0 and limy, 00 e, = p € (0,+00|. If there exists
v = xg for some Lebesgue measurable set £ C §, if there exist kK > 0, rg > 0 such that
P(E;B,(z)) > kr? for every x € 0*E, if there exist k > 0, rg > 0 such that P(Q\ E; B,(z)) >
wr? for every x € 9*(Q\ E), and if there exists a subsequence {vn, } of {vy} such that v,, — v in
LY (C;R), then there exists (v,cV), ) € CLP(Q) such that, up to a subsequence (not relabeled),
(n, c%l), c7(12)) converges to (v, ) in CLP(Q), and (v, V), ) minimizes the energy &, in
(1.15) and for p < 400 and p = +o0, respectively, over CLP(£).

While we focus on image segmentations into two segments in this work, the analysis can be
extended to images which are partitioned into more than two segments.

1.2. Overview. In Section [2| we give some preliminary material which includes the definition
of metric measure spaces, transportation theory, I'-convergence and the space CLP. Section [3]is
devoted to the proof of Theorem for piecewise constant segmentations, i.e., D ) e R™,
In Section we prove Theorem for piecewise smooth approximations and we show the
convergence of minimizers of the respective functionals.

2. DEFINITIONS AND PRELIMINARY RESULTS

2.1. Notation. Throughout this paper, let xg denote the characteristic function of a set E C
R?. We write £¢ for the d-dimensional Lebesgue measure on R, and |E| = L%(E) stands for
the d-dimensional Lebesgue measure of E. For an open set Q C R? we designate by B(f)
the Borel o-algebra on €2, and by P(2) the set of Borel probability measures on . For the
measure space (€2, B(£2), \), where A is a measure on (2, B(€2)), we often write (£2, \). For the LP
space of all measurable functions from (£, \) to R™, we write LP((2, A); R™). If the considered
spaces or measures are clear, we may use LP({) or LP()) for ease of notation. The space of
functions of bounded variation, BV (Q;R), is defined as the space of all functions v € L!({%;R)
whose distributional first-order partial derivatives are finite signed Radon measures, defined
on the Borel o-algebra B(€2;R), i.e., for all i« = 1,...,d, there exists a finite signed measure
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vi: B(2;R) — R such that

UGCI)dx:—/@dvi
o Oz Q

for all ® € C°(Q2;R). The measure v; is called the weak partial derivative of v with respect to
z;, and is denoted by D;v. For v € BV(Q;R) we set Dv := (Djv,...,Dgv). The total variation
of v in Q for v € L} (2 R) is defined by

loc

TV(v) := sup{/ vdiv®dr : & € C(Q;RY), [P |00 (sray < 1}.
Q

2.2. Definition of metric measure spaces. Sobolev spaces can be defined on metric measure
spaces [19, 20, 2I]. For completeness, we recall the standard definitions of Sobolev spaces

WH(Q) = {feD'(Q) : felP(Q),Vfell(Q)},
L'P(Q) ={f€D'(Q) : VfelP(Q)},

where Q C R? is an open set, 1 < p < 400, and D’'(2) denotes the space of distributions on €.
The space W1P(Q) is a Banach space when endowed with the norm || f||w1» := || fllLe + |V f]lLrs
LYP(Q) is endowed with the seminorm ||f||;1p := ||V f|Le. Note that WHP(Q2) # LM?(Q) in
general.

The definition of Sobolev spaces strongly relies on the Euclidean structure of the underlying
domain 2. In order to define Sobolev spaces on metric measure spaces, we need to consider a
different approach that does not involve derivatives. From [20, Theorem 2.2], we obtain:

Theorem 2.1. Let Q C R? be a bounded domain with smooth boundary, and let 1 < p < +oc.
Then f € WYP(Q), if and only if f € LP(2), and there is 0 < g € LP(Q) such that

[f(x) = f()] < |z = yl(9(x) +g(y)) L-ae. (2.1)

Moreover, ||f||L1» is equivalent to infg | g||re, i.e., there exists a constant C > 1 such that
S fle <infgllglle < C||fllLie, where the infimum is taken over the class of all functions g

satisfying (2.1).

This definition can be extended to the case in which 2 is replaced by a metric space (€2, d)
equipped with a Borel measure A:

Definition 2.2. Let (Q,d) be a metric space with a finite positive Borel measure \ and finite
diameter,

diam Q := sup d(z,y) < +oc.
z,yef)

Let 1 < p < +o00. The Sobolev spaces L'P(Q,d, \) and WP(Q,d, \) are defined, respectively, as
LYP(Q,d,\) :={f: Q =R : f is measurable, and there exist E C Q with A\(E) =0 and

0<g€LP(A) such that |f(x) — f(y)] < d(z,y)(g9(x) + g(y))
for all x,y € Q\E},

and
WIP(Q,d, \) := LP(\) N LYP(Q, d, \).

The space L1'P(Q, d, \) is equipped with the seminorm [ fllLreny = infy [|glle(n) where 0 < g
satisfies

[f(@) = f(y)| < d(z,y)(9(z) + 9(y)) I-ae. (2.2)

The space WHP(€,d, \) is equipped with the norm || fllwie(n) = [fllLey + [fllLreey). If the
metric d is clear, we also write L?(Q, \) and WHP(Q, \).
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Remark 2.3. Note that other modifications of LP spaces exist, such as the weighted LP space
with a weight function w on ). However, while these spaces are defined on a domain 2, we are
interested in LP spaces, and more generally Sobolev spaces, on some measure space (2, \) for
some nonnegative measure \. For f € LYP(Q,\) where A = xgL% q is the indicator function
of some measurable bounded domain E C Q with smooth boundary, we have f € LY (E). In
particular, the norms Hf”Ll,p()\XE) and || flltivgy = IV fllLe(e) are equivalent.

2.3. Transportation theory.

Definition 2.4. Let Q c R? be an open set, and let )\,5\ be probability measures on Q). We
define the set of couplings II(\, \) between A\ and X\ as

I\ A) = {r e P(Ax Q): 7(E x Q) = MNE), 7(Q x E) = X\(E) for all measurable E C Q}.
The elements € TI(\, 5\) are also referred to as transportation plans between A and \.

Definition 2.5. Let 1 < p < +o0, A € P(Q) and {\,} C P(Q). A sequence of transportation
plans {mp,} C II(A\, \,) is called stagnating if
lim |z — y|P dmp(z,y) =0 (2.3)
n—oo Ox
1$ satisfied.
Since € is bounded, the existence of a stagnating sequence of transportation plans is equivalent

to the weak convergence of probability measures, i.e., {\,} converges weakly-* to A if and only
if for any 1 < p < 400 there is a sequence of transportation plans {m,} C II(A, \,,) for which

(2.3)) is satisfied [3} [35].
Lemma 2.6. [I7] Let 1 < p < 400, A € P(Q), {\,} C P(Q), and let {m,} C II(\, \,) for all
n € N. If {m,} is a stagnating sequence of transportation plans, then for any c € LP((Q, A); R™)

lim le(x) = e(y)|P dma(z,y) = 0.
n—oo QAxO

Lemma 2.7. [I7] Suppose that the sequence {\,} in P(Q2) converges weakly-+ to A € P(Q). Let
cn € LP((QA);R™), n € N, and let ¢ € LP((Q, A); R™). Consider two sequences of stagnating
transportation plans {m,} and {7,}, with m,, 7, € IL(\, \p). Then,

lim le(x) — cn(y)|P dmp(z,y) =0 < lim le(x) — en(y)|P d7tp(z, y) = 0.

n—oo OxQ n—oo OxQ

Definition 2.8. Given a Borel map T: Q — Q and A € P(Q2), the push-forward of A by T is
denoted by Ty € P(Q), and is given by

Tu\E) := NT'(E)), E € B().
For any bounded Borel function ¢: €2 — R, the following change of variables holds:

[ o) amn e = [ o) are) (2.4)
Definition 2.9. A Borel map T: Q — Q is called a transportation map between the measures
AeP(Q) and X € P(Q) if X =Ty,
For a transportation map T between measures A, \e P(2), we associate to T' the transporta-
tion plan 7mp € II(\, \) given by
T = (Id X T)#)\, (2.5)
where Id x T: Q — Q x Q with (Id x T')(z) = (z,T(z)). For any ¢ € L}(Q x Q,R), a change of

variables yields

o(z,y) drr(e,y) = /Q o, T(x)) dA(x). (2.6)

OQxQ
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2.4. T-convergence. We recall the notion of I'-convergence [6, [12].

Definition 2.10. Let (X, d) be a metric space, and let {€,} be a sequence of functions E,: X —
[—00, +00]. We say that {E,} T'-converges to a function £: X — [—o0, +00] if the following two
properties are satisfied:
e (Liminf inequality) For every x € X and every sequence {x,} C X such that x,, — x
with respect to d,
E(x) < liminf &, (zy,).

n—oo
e (Limsup inequality) For every x € X, there exists a sequence {x,} C X such that x,, — x
with respect to d, and

limsup &, (z,) < E(z).

n—oo

The limit function € is called the T'-limit of the sequence {&,}, and we write

I'-lim &, =¢&.
n—oo
Definition 2.11. Let (X, d) be a metric space. A sequence of nonnegative functionals {E,} with
En: X — [—00,400] satisfies the compactness property if for any increasing subsequence {ny}
of natural numbers and any bounded sequence {x;} C X such that

sup &, (z1) < o0,
keN

the sequence {xy} is relatively compact in X.

For functionals {&,,} satisfying the compactness property, the notion of I'-convergence is par-
ticular useful since it guarantees the convergence of minimizers (or approximations of minimizers)
of &, to minimizers of £. It also guarantees the convergence of the minimum energy of &, to
the minimum energy of £. To be precise,

Proposition 2.12. Let &,: X — [0,00] be nonnegative functionals not identically equal to +oo,
satisfying the compactness property, and I'-converging to the functional £: X — [0, 00| that is
not identically equal to +00. Then,

lim inf &,(z) = min&(z).

n—oo xeX zeX

Furthermore, every bounded sequence {xy}nen in X for which

n—o0

lim <€n(xn) —Iig)fcé’n(x)> =0 (2.7)

1s relatively compact, and each of its cluster points is a minimizer of €. In particular, if £ has
a unique minimizer, then a sequence {x,} satisfying (2.7) converges to the unique minimizer

of €.

Theorem 2.13 (I'-Convergence and Compactness of the Ginzburg-Landau Functional [26], 27,

25, 32]). Let Q@ C RY be an open, bounded set and e, — 0. Suppose that Assumption
is satisfied, and define EgL by (1.7). Then, I'-lim, o0 ESLL = cw'TV, with cyw as in (1.10)).
Furthermore, let {v,} C WY2(Q;R) be such that

M :=sup SgL(vn) < +o0.
neN

Then there exist a subsequence {vy, } of {v,} and v € BV(Q;{0,1}) such that
Up, — v in LY R).
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Using the results of Modica and Mortola [26], 27], Modica [25] and Sternberg [32] independently
proved Theorem under the stronger assumption that

1
—[t|T < W(t) < clt]!
C

for all |t| > T for some T' > 0, ¢ > 0 and ¢ > 2. Fonseca and Tartar [16] showed that the weaker
assumption of linear growth in (|1.8]) is sufficient for Theorem

2.5. The space CL?. Let Q C R? be an open set. We define

CLP(Q) := {(v,c(l),c(2)): ve LY ((Q,L£Y0);R),

M € LP((Q,Ap); R™), ¢ € LP((Q,A|1_U|);Rm)},

where A, and Aj;_,| are given by (1.11)), i.e. | and A;_, are probability measures on {2 which
ML and =l if ol o) # 0 and (11— v]lpigm) # 0,

vl L(Q;R) - v”Ll(Q iR)

have Lebesgue densities

respectively. For (v,c), ) and (3,1, &2)) in CLP(Q), we define the equivalence relation on
CL? as:

(v, M, @) ~ (5,61, &)

[SH

0 L%ae., ¢V =el Aj|-a-e., @ =& Aj1—y|-2-€.,
if [|v|[Ls = 0 or [|9]|Ls =0,
v=>0=1 L%a.e., =D Ay|-a-€., ? =2 Aj1—y|-a-€.,
if [1—wv|jfr =0or |1 =01 =0,
)‘|v| = )\m Ed—a.e., )\‘1_U| = )\|1_1~,| £d—a.e., C(l) = 5(1) )\‘U|—a.e., 6(2) = 5(2) )\|1_v‘—a e
otherwise.

V="

\

By abuse of notation, we also identify CLP(2) with the space of equivalence classes CLP(Q2)/ ~.
For (v,cM), @) ¢ CLP(Q) we denote the equivalence class by [(v,c(1), c?)], i.e.,

[(v, M, )] = {(3,eD,8®) € CLA(Q) + (v, eV, ) ~ (3,81, 6P)}.
Similarly, let [v], [c(l)], [¢®)] be the usual equivalence classes in L'((€2, £¢]q); R), LP((2, Ajp)); R™)
and LP((€2, A\j1—y|); R™), respectively.

Lemma 2.14. Let (v, ) € CLP(Q) with v = w L%a.e. for some constant w € R. For
W € R, let vg € LH(Q, £ q);R) satisfy vy = @ L%-a.e. If w € R\{0,1}, then
[(0,¢D, )] = Uger o3 lva) x [eV] x [¢@)].
If w e {0,1}, then
[(v, e, @] = [o] x [eD] x [e?)].

Proof. Clearly, if v = w £%a.e. for w € R\{0,1}, then

1 1-— 1
L S [ SRV
ol €] 1 —=vl [
independently of the value of w. For w € {0, 1} the claim immediately follows from the definition
of the equivalence relation.
[

For the compactness property and I'-convergence, we can restrict ourselves to (v c(l) 0(2)) €
CLP(Q) with 0 < v < 1 L%a.e. To see this, note that for any sequence {(vn,cn ,C )} in
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CLP(Q) and &, — 0 such that sup,cy&u., e, (vn,cgll),cg)) < +o0 we have v, — v in L}(;R)
with v = xg for some E C 2. We may consider

Un\T) S l,
() 1= {O’ ( )ii (2.8)

instead of v,,. To be precise,

Lemma 2.15. Let v, — v in L'(;R), with v = xg for some E C Q. Then {u,} defined by
(2.8) satisfies

nlggo [t = vnllLr k) = 0

Proof. We have
/ ]un—vnldx:/ |1—vn\dx+/ |vp| da
Q {vn>%} {vngé}

5/ ’XE—vn]dx—&-/ (1+vn)dx+/ ]vn]dx—i—/ |vn, — xE|dz
{vn>3}30E {va>3N\E {on<i}nE {(on<INE

g/er—vndx+/ 3|vn|dx+/ |vn—XErdx+/|vn—XE|dx,
Q O\E {on<iinE Q

where all terms go to 0 as n — oo since v, — v in L}(Q; R).
n

For (v,cM) @) (3,6M),62) e CLP(Q) satisfying (v, M, c®) ~ (5,1, &2), where v is
nonconstant Ed—a.e., 0<v<l1 Ed—a.e., and 0 <9 <1 Ed—a.e., we have v = ¥ L%a.e. To see
this, note that the equivalence relation on CLP(€2) implies v = a® L%a.e. and 1 — v = b(1 — ¥)

L%a.e. for some a,b € R. For a # b, we obtain v = 511 bb) L%a.e., in contradiction to v being
nonconstant £%a.e. This implies that a =b =1, i.e., v = Ed—a.e.
For (v,c¢,¢®) and (7,é1),&2)) in CLP(Q) we define
dCLp((v7 C(l)a 6(2))7 (Ua C(l)a 6(2))) Lp(()‘|v|7 C(l))> (>‘|1~)|7 6(1))) + dTLp(()\H—v\? 0(2))7 ()‘|1—17\7 6(2)))
where for (p, f), (A, g) in TLP(Q), with
TLP(Q) = {(u, f): p € P(Q), f € LP(Q, )},

the metric

drir (s 1), (ng)) == in (/Q XQ|m—y|p+|f<x>—g(x)pdw<x7y>)”

TE€Il(p,A)

is introduced in [I7]. If p, A have densities, we can write the distance drrr in the Monge
formulation. To be precise,

dre((n, ), (\g) = inf (/Q Hw—T(w)I“rlf(x)—g(T(w))!p]du(x))

T: T#/L:)\

Proposition 2.16. (CLP(Q),dcrr) is a metric space.

Proof. Nonnegativity, symmetry and dcpr((v,c), ), (17,6(1)76(2))) 0 for (v,cM,c?) =
(0,6, &2)) follow easily from the definition of drre. If dope((v,cV),e®), (5,0, 0(2 )) =0,
then
drre (N, €M), Mo €9) =0, dree (N1, ¢®), Ap_g), €@)) =
Le., Ay = Apg| L%ae., A1—v] = Aj1—3| Liae., ¢V = &1 Ajp|-a-€., € @ = &2 )\|1 _y-a.e., and
these imply
vl 0] 1o 19|

= ! L ae. = L%ae.
[vlle (9]l ’ [1—vflr 11 =2n
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Hence, (v, ¢, @) ~ (3,61, &2)), and we have equality in CLP(€).
n

It was shown in [17, Proposition 3.12] that for (i, f) € TLP(Q2) and a sequence {(un, fr)} in
TLP(Q), (un, fn) — (u, f) in TLP(Q2) as n — oo if and only if {u,} converges weakly-* to p
and fp, oT, — f in LP(u) as n — oo for any stagnating sequence of transportation maps {7}, }
between i, and p with Ty 4p = pip.

Proposition 2.17. Let (v,c), c¢?)) € CLP(Q), and let { (v, c,(ql), 61(12))} be a sequence in CLP(Q).

Then, (vn,cg), cg)) — (v,eM, @) in CLP(Q) if and only if {Ajon|} converges weakly-+-x to Ay,

DoV 5 M ip LP((2, Ap)); R™) and Do 5 @ i LP((Q, A\j1—y|); R™) as n —

0o, for any sequences of transportation maps {T,El)} and {T7(l2)} satisfying Trgl)#)\‘v‘ = Nonls
2 1 2

T 4 N1mo) = Ao and [T = 1d [ag,, ) = 0. T8 = 1d |y, ) = O-

Proof. Assume that (v, cg), 022)) — (v,¢M),c?)) in CLP(Q). We have that
dTLp(()‘|v|7C(1))a (>‘|vn\’ 0511))) —0

and, by [I7, Proposition 3.12], {),,|} converges weakly-* to A, and VoM & e in
LP((£2, Ajy)); R™) for any sequence of transportation maps {T,(Ll)} satisfying the conditions in the
proposition. Analogously, we obtain cg) o T7§2) — @ in LP((9, Aj1—o|); R™).
If {\y, |} converges weakly-* to A, Vot 5 ¢ in LP((§2, Ay)); R™) and D o1 - @
in LP((£2, Aj1—y|); R™), then we conclude that
drre (Ao €M)y Mo €)= 0 and drre (A1), ¢®), (A1_o, ), 2)) — 0.

Hence, we obtain that dcpr((v, W, 0(2)), (0, EON 5(2))) — 0.

3. '-CONVERGENCE FOR PIECEWISE CONSTANT SEGMENTATIONS

In this section we study the Ginzburg-Landau image segmentation model where ¢(!), ¢(2) € R™
are constants and correspond to the optimal intensity values to approximate each of the two
segments. For constants ¢V, ¢®) | we define €. : L'(Q;R) x R™ x R™ by
Ja (1€ — wolPlo] + 1 — wgl?|1 — v} dz + 2 [, (eIVof? + 2W(v)) da,

if v e WH2(Q;R), M), ¢®) e R™,
00,
otherwise,
(3.1)

where cyy is defined in ([1.10), and ug € L>°(Q;R™) is given. The aim of this section is to show
that {£.} T-converges to £: L1(Q;R) x R™ x R™, defined by
[ le® —ug|Pdz + fQ\E |c®) — [P dz 4 v TV (v),
2) = if v=xg € BV(Q;{0,1}) for E :={z € Q: v(z) =1}, (3.2)
o D ) e R™, '

400, otherwise.

Note that &, and € follow immediately from the definition of Eue and &, when @D, @ constant.
In this case, the CLP(£2) topology is not practical and we consider the L!(Q;R) x R™ x R™ topol-
ogy instead. The main results of this section are the compactness property and the I'-convergence
of €. for piecewise constant segmentations, which imply the convergence of minimizers:



14

Theorem 3.1. Let Q C R? be an open, bounded set, let 1 < p < +Oo, and let E.: LY(Q;R) x
R™ x R™ — [0,400] and £: LY(Q;R) x R™ x R™ as defined by (3.1) and (B.2), respectively.
Then, the functional €. satisfies the compactness property and I'-converges with respect to the
LY(Q;R) x R™ x R™ topology to € as ¢ — 0.

Let us first state a general lemma which is not only valid for constant functions ¢!, 3,
but more generally for functions ¢(!) € Wl’p((Q,)\|v|);Rm),C(2) € Wl’p((Q,)\H_v‘);Rm) for v €
LY((Q, £ q);R) given.

Lemma 3.2. Let Q C R? be an open set with finite measure. Define the energy functional
Epee as in ([L14), and let e, — 0, {v,} C WH2((Q, L% q); R), {C(l)} {cn } such that Ve
WP((, Ny, ); R™), ) ¢ WE2((€, Xj1_y,); R™), and assume that

M :=sup¢&,
neN

(vn, ), 7)) < o0,

ens€n

where pe, — pu € (0,+00] as e, — 0. Then, there exist a subsequence {vy, } of {vn,} and
v € BV(9;{0,1}), withv = xg L%-a.e. for a Lebesque measurable set E C 2, such that v, — v
in LY(Q; R).

Proof. Since sup,,en ESE (v,) < 400, where ESL denotes the Ginzburg-Landau energy functional
defined in ([1.7]), Theorem can be invoked.

As a first step towards proving Theorem we show a compactness result based on Lemma,
Theorem 3.3 (Compactness). Let Q C R? be an open set with finite measure, let €, — 0, and
let {v,} € WH2(;R), {c(l)} {cg)} C R™, be such that

M :=sup&., (vn, ¢V, ) < 400.
neN

Then, there exist a subsequence {vn, } of {vp} and v € BV(Q;{0,1}), with v = xg for some
Lebesgue measurable set E C 2, such that Up, — v in LY(Q;R). If L4YE) > 0, then there exists

a converging subsequence {c%lk)} of {c } with limit ¢Y € R™. If LYYQ\E) > 0, then there exists
a converging subsequence {cﬁ[‘;j} of {cn } with limit ¢? € R™.

Proof. By Lemma we can find a subsequence {vy, } of {v,} and v € BV(€;{0,1}), with
v = Y for some Lebesgue measurable set E C €2, such that v, — v in L}(Q;R). For L4(E) > 0
the sequence {67(11)} has to be bounded. To see this, note that the energy bound implies that

Jo \cq(ll) — ug|P|vy,| dz is uniformly bounded. If the sequence {cg)} was unbounded, for every
n > 0 there exists some k,, € N such that

M > Sup/ |c — ug|P|vp| dz > n”UanLl

using the fact that ug is bounded. This implies that vy, — 0 in L'(€2;R), which contradicts
LY E) > 0. Hence, {c%l) } is bounded, and the existence of a subsequence of {CS)} converging to
¢ in R™ follows immediately from the Bolzano—Weierstrass theorem. Similarly, one can show

if LY(Q\E) > 0 then {cg)} is bounded, and has a converging subsequence with limit ¢(2) € R™.
]

Proof of Theorem[3.1. Since the compactness property follows from Theorem it remains to
show the I'-convergence. Let

g(l)(v, M, @)y = /Q (]c(l) — ug|P|v| + | — ug|P|1 — v|) dz, (3.3)
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so that &.(v,cV), c?) = E(l)(v,c(l),c@)) + #é'EL(v) and (when v = yg) E(v,cM,c?) =
E(l)(v M, ) + TV (v).

Let (vn,cgl),cq(f)) (v,¢M, @) in CLP(Q), i.e., v, is bounded in L'(Q;R), SUD,eN |c£11)] <
+00 and sup,,cy |cn )\ < +oo. We have

]g(l)(vn, 07(11), c,(f)) — g(l)(v, ), c(z))\

< /Q (16 = ol [[va] = ull + ol [1e2 = wol” = eV~ wo|) dz

[ (e = ol 11 = ol = L= ol + 1= o] [l = wol? e = o) .
Q
Note that for any § > 0 there exists Cs > 0 such that for all a,b € R™ we have
al? < (1+8)bP + Csla— bP,
implying
1D — uglP < (14 60)[c® — uglP + CslclD — D,

Hence,

D (0, 1), @) — &V (w, ), )]

< <sup\c - uo<x>rp) lon = vl oy + /Q o] (81D = wol? + Cylell) — VP da

z€eQ

+ <Sup |c 2) _ uo( )| > ||Un — UHLl(Q) +/ |1 - U‘ (5|c(2) — uo‘p +C§|c&2) — 0(2)|P> dzx
Q

z€Q
< Cllvn = vlla(a) + 98" (0, M, ) + Clel)) — VP olluaay + Cslel? = e P11 = vl ey,
Letting n — oo, we have
Tim (8 (v, eV, ) = 8W (0, eV, )] < 58V (v, 1), @)
for any § > 0. Let 6 — 0 to obtain
lim £ )(vn, M 2y = ?(1)(1),0(1),0(2)).

n—0o0

By the stability of I'-convergence under its continuous perturbations [13 Proposition 6.20], we
obtain the I-convergence of & to {£} in L}(Q;R) x R™ x R™.
[

Due to the compactness result in Theorem we only consider ) C E' C Q with 0 < LUE) <
L£4(€2) for minimizers of the function £ in (3.2). However, the I-limit € in (3.2) is defined for
all sets ) C E C Q.

4. T'-CONVERGENCE FOR PIECEWISE SMOOTH APPROXIMATIONS

In this section we prove the main result of the paper, stated in Theorem [I.2] namely the
I-convergence of the energy functional &, . in for any positive parameter p.. In the
following we differentiate between two regimes depending on the convergence of the positive
parameter p., as e, — 0:

(1) pe, — p for a constant p > 0,

(2) pe, — +o0.
These two cases cover all positive limits of p., as €, — 0. We note that the analysis is very
similar for lim., o pte,, = ¢ > 0 and lim, g pte,, = +00. We start by showing compactness:
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Theorem 4.1 (Compactness). Let Q C R, with d > 2, be an open set with finite measure. Let
en — 0 and {v,} C W1’2((Q,EdLQ);R),{c,(ll)},{cgf)} be such that i) € WE2((€, Ny, ); R™),
Cg) € Wl’p((Q7 >\|1—vn\);Rm); and

M :=sup Eusn,gn(vn,cg)w,(f)) < +00,
neN

for Eu. o defined in (L.14), with limy_o0 pte,, € (0,400]. Then, there exist a subsequence {vy, }
of {vn} and v € BV(Q;{0,1}), with v = xg for some Lebesgue measurable set E C ), such that
Vp, — v in LY R). If LUE) > 0, if there exist K > 0, 1o > 0 such that P(E; B.(x)) > kr¢
for every x € 0*FE, and {CS)}%N are bounded in L*°, then (/\W,cﬁ})) s precompact in TLP,
and any cluster point (N, M) satisfies ¢V € Whp((Q, A)); R™). Similarly, if L4\ E) >0,
if there exist k >0, ro > 0 such that P(Q\ E;B,(z)) > kr¢ for every x € 0*(Q\ E), and
{cg)}neN are bounded in L*°, then ()\|1_Un|,cn2 ) is precompact in TLP, and any cluster point
(A‘l_v‘,c@)) satisfies ¢(?) € WEP((Q, A\1—y); R™). In particular, if 0 < LYE) < LK), if the
above assumptions on the perimeter of B and( o)fQ(\)E hold, a?d) z'fi{c)gf)}neN, 1=1,2, are bounded
1) (2 1) (2

in L2, then there exist a subsequence (vn,, cny,cne) of (Vn,cn’scn’) and (v, ¢, c?) € CLP(Q)
such that {(vy,,, c%lk), cﬁf,})} converges to (v, ), @) in CLP(Q) and &, (v, M, c?) < 4o0.

Proof. The existence of a subsequence {v,, } of {v,} and v € BV(Q;{0,1}) with v = xg for
a measurable set E C ) with finite perimeter such that v,, — v in L}(Q;R) follows from
Lemma In particular, {\},, } and {\1_,,|} converge weakly-* to A, and Aj;_,|, respectively.

Let us first consider 0 < limy, o0 e, < +00, and we assume, without loss of generality, that

e, are uniformly bounded by positive constants from above and below. Since the existence of

converging subsequences of {aﬁ},}l OTT("B} — M and {c%)l oTT(LiE} — ¢@) can be shown in a similar

way, we restrict ourselves to c%lk)l o Téi? — ¢M and in the following assume that £4(E) > 0. For

ease of notation, we omit the superscript index (1).
Since {A,, |} converges weakly- to A, then {\,,|} converges in the p'-Wasserstein distance

to Ay, with % + 1% = 1. In particular, there exists a sequence of transport maps {7} satisfying

Let 1) € C(RY) be a standard mollifier, e.g.,

() = {CeXp (pf=1)- el <1,

0, 2] > 1,

where the constant C' > 0 is chosen such that fRd 1pdx = 1. For each a > 0, we set

dule) = 0 (5), wert

We define convolution in the usual way, i.e., (Y xc)(z) := [, (2 —y)c(y) dy, and for convenience
we let 0(x) = % We claim that there exists a positive converging sequence {a,}neny C R
with lim,,_, a, = 0, such that

sup IV (%, * ((cn 0 Tn)0))||L1(ray < +00, (4.1)
ne
and

lim |[¢)q, * ((cn 0 Tn)0) — (cn o0 Tn)ﬁ“Ll(E) =0. (4.2)

n—oo
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Under these assumptions, we show that ¢ € WHP((Q, A, ;R™). Since
p
[t # (e 0 T gy = / 7 [ e = v Ty da

|E,p 7 L [ tenta = TP dyda
1
= 57 LIl dy = rlien o Tall

by the boundedness of {€,. ..}, we deduce that the sequence [¢q, * ((cn © Tn)0)||rpray is
uniformly bounded in n. The sequence {f,}, with f, := 4, * ((cp, 0 T;,)0), is bounded in
WhL(RY) by (41)), and so there exists a subsequence (not relabelled) that converges in L®(R?)
to some f € WH(R?) for any 1 < a < d%‘ll. Choosing a = 1, we have

nlggo [%a, * ((cn 0 T5)0) — f”Ll(]Rd) =0.
Define ¢(z) := f(z)|E| for z € E and ¢(x) =0 for x ¢ E. We obtain
[¥a,, * ((cn © Tn)0) — cdllr(my < [[Ya, * ((en 0 Tn)0) = fllL1(gay = 0.
Together with (4.2)), and the fact that
len o T — C”Ll(AM) = ||(cn 0 Tn) — C@”Ll(E)
<|[(en 0 Tn)0 — Pa, * ((cn 0 Tn)@”D(E) + [[Ya,, * ((cn 0 Tn)0) — CQA)HLl(E)
we deduce that

nh_)nolo len o Thy — CHLI(A‘U‘) =0.

From the fact that {c,} is bounded in L*°, and extracting a further subsequence (not relabeled),
we can assume that ¢, o T;, — ¢ pointwise on F, which implies that c is also bounded in L.
Moreover,

l[en o Ty — C”Lp ) ) < len o T — |V choT cllia,) = 0

Since ¢, € Wl’p()\|vn|), by Theorem there exist g, € LP(\,,|) and Q,, C € satisfying

len(z) — en(y)] < |2 — yl(gn(2) + gn(y))

for all z,y € Qn, Ay, () =1, and [[gnllre(r,, ) < HC"HLLP(MW) + 1. Using the transport maps
T, , we can rewrite the above as

|en(Tn(2)) = cn(Tn(y))] < [Tn(2) = Ta(y)|(gn(Tn(2)) + gn(Tn(y))) (4.3)

for all z,y € T,%(Q,) C E, )\|v|(Tn_1(Qn)) =1, and ||gn oTn||Lp(>\‘U‘) < ||cn||L1,p(>\‘vn|) + 1.
Now Aj,((T,,1(Qy)) = 1 implies |T;,1(€2,)| = |E|, and so holds for almost every z,y € E.
Taking the union over all sets T, *(€,) for n € N, we can further say that there exists E
with |E| = |E| such that holds for all z,y € F and n € N. As g, o T,, are bounded
in Lp()\|v|), there exists a weakly converging subsequence to some g € Lp()\|v|). Moreover,
(z,y) — X771 ()2 (z,y)|Tn(z) — Ton(y)|(gn(Tn(x)) + gn(Tn(y))) is also bounded in Lp()\|l,|), and
so it converges weakly along a subsequence to (x,y) — xq2(z,y)|x — y|(g(x) + g(y)). For any



18

¢:REXRY - R, with ¢ € Lp*()\M X Ajy|) where p* > 0 such that % + # =1, we have

/ e(z) — e(y)| (. y) dz dy
QQ

n—o0

< lim inf/ len () — en(y)|o(x, y) de dy by Fatou’s lemma
Tt (Qn)?

< liminf / Tu(@) ~ Ta@)l(90(Ta(@) + ga(Ta())éle,y) dady by @3)
Tn  (20)2

n—o0

= [l = sl(ota) + gw)ota ) da dy
Therefore,

le(x) —e(y)] < |z —yl(g(x) +9(v))

for almost every x,y € E. By redefining g(z) = 400, g(y) = +oc for any (z,y) where the above
does not hold, we can assume that the inequality holds for all (z,y) (and the L” norm of g is
unchanged). By the weak lower semi-continuity of norms, we have ||g|[r»( Ao S liminfr, o lgn o
Tl o) where the right hand side is finite due to boundedness of the energies. It follows that

c € WHP((2, A, ; R™), and

”CHLLP()\‘U‘) < ||g||LP()\‘U‘) < lgglogf ||gn © Tn||Lp(>\|v|) = h7LHi>lolgf Hgn”LP(A‘UM)

< lim inf !
< Hminf{ flenlliroy,,) + 5
= lﬂgf lenllLie,, - (4.4)
If e, — 400 as n — oo, the existence of a converging subsequence {(vnk,cﬁfg,cﬁ))} with
limit in CLP(2) follows in the same way as for the case lim,,_, e, < 400, due to the uniform
boundedness of &, ., (vn, c,(ll), 07(12)). Furthermore, if p., — +00 as n — oo, we have that {cg)}
converges to a constant since, again omitting the superscript (1),

lim sup ch||L1,p()\|Un‘) = lim sup inf ||gn||Lp()\|vn|) = limsupinf ||g, o TnHLp(A‘U‘) =0
n— 00 n—oo 9n n—oo 9n

i.e., gn o Ty — 0 in LP(€2, \,|), and taking the limit on both sides of the following inequality
len (T () — en(Tn ()] < [Tn(z) = Tu(y)|(gn(Tn(2)) + gn(Tn(y))) Apj-a-e.,

implies that there exists a constant ¢; € R™ such that ¢ = ¢; £%a.e. 2 € E. Similarly, it
follows that ¢(? = ey LOae. z € O\ E for some constant co € R™.

It remains to show and . To show that is indeed satisfied, note that we have
for any positive converging sequence {ay, }neny C R with limy, o a, = 0 (which will be specified
later),

¥ (G (00 0 T)0) (2) = = [ 0 (”“" - y) en(Ta(y)) dy

al|E]| an,

_ d+1|Er JAL (””a‘ny> en(Ta(y)) dy
- [ 90 (52 (e - Tl ay

an

! vo (T2 T an

altHE| Jra\g an
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where we extended ¢, to be zero outside of §2 in the last equality and used the fact that
Jga Vy(“-2)dy = 0 as Vi is odd. Hence,

IV (tha,, * ((cn © Tn)0)) |1 (ma)
1 Tr—y
L5 (52 ) (Tt - Tl ay

(Ingl |E| Rd Qn

i ol L, T () e ay

d+1‘E| R
= I,+11,.

dx

dx

Starting with term I1,, a change of variables implies that

chHLoo// < )
11, dyd

_ lenllree /
an|E| JoeE: dist(z,0E)<an Jw: r—anweR\E
< llenllLee [Vl B(O, 1)| [{z € E : dist(z,9E) < an}|
N |E| an

V| (w) dw dz

Note that the assumption in Corollary that the topological boundary OF is the closure of
the reduced boundary 0*E holds for free up to a modification on a Lebesgue null set, see [23]
Proposition 12.20]. By Corollary we can choose the sequence {a,}nen such that we have
that 11, = O(1).

For the term I,,, we use to infer

< e [ L1901 (52 Tali) = )] 0 T + an (T ]
Qn E an
1

w7 L, L0 (52 ey
< s L1900 (5) @I = o1+ b = ) (o0 (o) + Ty

4 llenllie / / <
v
d+1|E’ RAE ’ 1/}’

The second term above can be shown to be O(1) following the same argument as for I7,,.
We let

2 rT—y
111, '= ——— \Y%

dx

_|_

> dy dx.

) ITue) — |(gn(Ta(2)) + gu(Tn(y))) dy da

and

) 1@ — 91 (gn (Tn(@)) + g (Ta(y))) dy da-.

W d“|E|//W"<
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A change of variables implies

2
11, < / / V()| Tn() — 21 (gn(Tn () + gn(Ta(z — anz))) dz da
an’E| z:x—anz€R
< / Tl IVl g (Ta(2)) + IV 10 / gn(Ta( — an2)) dz | da
an]E\ B(0,1)
- 2|Vl llgn © Tl ey 1Tn —1dll L (g

|E| Qn

N 2(|Vep | oo 1Tn = Idlppr () /
|E| an E

by Holder’s inequality, where p’ satisfies % + ﬁ = 1. Now,
/.

We choose a,, such that, in addition,

/ In(Th(x — anz))dz
B(0,1)

P\
dx),

p

dz < |B(0, 1)|p_1/ / |gn (Tr(z — anz)) P dz dx
E.JB(0,1)

< B0, 1)Pllgn o Tull?, .

/ gn(Th(x — anz))dz
B(0,1)

HTn - IdHLp’(E)

an,

= 0(1)

is satisfied, and so 11, = O(1). The bound on IV, follows straightforwardly from

1
Vo= [ anz€E|vw\<z>rz| (90(Tu(@)) + ga(Tn(z — a,2))) dz da

< |V¢HLOO// ) + gn(Th(x — apz)) dzde
|E| 3(01
< 2”VQ;Z)HL°°|B 0 1)|||gnOT ||L1(E)

- |E]

Putting the bounds on I,,, 1,11, and IV, together we can conclude that (4.1)) holds.
To show (4.2) we write

[P, * ((en 0 Tn)0) = (cn 0 Tn)0|L1(k)

/ Y (& — 1) (en(T(y)) — en(Ta())) 0(y) dy

/ V& = DenlT,() (010) = 0(0)) ] o
< [ tonta =) enlTal) = o (Tu@) 5(0) dy e

/ / b (2 — ) e (T ()] [0(4) — 0(z)| dy da
=V, +VI,.
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By (4.3) we can bound V,, by

v, < |}9| /E /E Var (& — )| Ta(@) — Tu(®)] (gn(Ta(@)) + gn(Ta(y))) dy dz

S|129|//¢“"(95y)|Tn(f”)Tn(y)Hgn(Tn(x))|dydx

|E|//m o VONTR(E) = T = an2)lga(Ta(2)) | d de
= |E‘|/ ’Tn(l‘) _mHgn(Tn(iU)”dx

2(171//
| | Zir— (anEID

*@ - /w wer, ()W = Tn(w)|gn(Tn(w + an2))| dwdz

wHanz€E
< 20T, ~ Tl s, l9nllirian, ) + 2mlgnlliica, )

1
w20t =Wl [ 06 ([ lon T i) )

w+anz€E

Since

[ w ( [euen, lan(Tatw + an)Po(w >dw)"dz<wuwwm,1>rugnum<m.>
B(0,1)

w+aanE
is bounded in n, then V,;, — 0. The term VI, can be bounded as

Vln—/ |Cn n ‘ R\ 2 1/}an( y)dy@(l’)d.’ﬁ

Y, (r —y)dy| 0(z)dx

RA\E

< lewo Tallwn | |

dist(z,0F)<an

H{z € E : dist(z,0F) < an}| v
< lleallLe g, |E|

where, again, p’ satisfies %4—}% = 1. Since a,, — 0 and ||Cn”Lp()\|vn|) is bounded, we have VI, — 0
by Lemma Putting the bounds on V,, and V'I,, together, we conclude that (4.2) holds.
[

Theorem 4.2 (Liminf inequality). Let @ C R% be an open, bounded set. Let (v,c),c?)) €
CLP(Q) and consider positive sequences {en}, {pe, }, with lim, o0, = 0 and limy, o pte, €
(0, 4+00]. Assume that {(Un,cg),c% )} € CLP(Q) is such that (vn,cg),cg)) — (v, @) in
CLP(Q2). Then,

Eu(v, M ) <liminf &, .. (vn, eV, @)

mn rTn
n—oo

where &, ., and &, are defined in (1.14)) and E, respectively.

Proof. Since the case pe, — 400 as n — oo immediately follows from the case u., — p > 0 as
n — 00, we restrict ourselves to considering lim,_,o pte,, < +00 in the sequel. Without loss of
generality, we can assume that

liminf &,, e (n, etV ) < foo,

n—00
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and by passing to a subsequence (not relabelled) we obtain

liminf &, ., (vn, M @)y = hm 5“5 e (O, D D) < o0 (4.5)

n—00 n o Cn
(1)

In particular, we can assume, without loss of generality, that v, € W5H2((Q, L q);R), ¢’ €
lep((Q,AW),Rm),cﬁf) e WHP((Q, Aji—y,|); R™) for all n € N. By Theorem [2.13| the CL?

convergence of (v, cg), cg)) — (v,¢M,c?)) and [{@.4)), we have

liminf &, ., (vn, e, cP) = lim inf (ch(ll) - uoﬂzﬁp

(2) _
n—o0 + ”C UOHLp >‘\1 vn I)

\ + aéﬁ}(%))

2 11V = uollfyn,,) + 1e® = wollfagy, ,y +ulleV s,
o0l Fany, T YIV)

= Eulv, W, 6(2)),

Aonl)

+ManC o HLlp(,\l )"":uenH ) ”Llp A\1—on|

as required.
[

For the limsup inequality we will make use of the following LP-convergence of translations
result.

Proposition 4.3. Let Q C R? be an open, bounded set with Lipschitz boundary, let X = xgL% o
be the indicator function of some measurable bounded domain E C  with smooth boundary, and
let f € LP((Q,A);R™). Let {\,} C P(Q) with Lebesgue densities {p,} C L>°(2). Let Sy : Q —
be a sequence of transportation maps which pushes forward A to A\, and satisfies S, — Id in
LP(Q;R™). Then,

lim / F(Sa(x)) — F@)P dA(z) = 0.

n—o0

Proof. Let ¢ > 0 be given. Since {p,} C L*>(Q), there exists a constant C' > 0 so that, for
all n € N, |p,]| < C L%ae. on Q. Since f € LP((2,\);R™), we can assume without loss of
generality that f = 0 £%a.e. on Q\E. As continuous, compactly supported functions are dense

in LP(Q), there exists g € Cc(Q) with [|f — gll1r(0) < W Further,

2e P
17 0Sn—goSalllo /If )P dAn (2 /If z)[Ppn(z) do < <(1+Cl/p)> “

For n € N sufficiently small, we have ||g o Sy, — g|r() < § due to the uniform continuity of g.
Then,

( [ 1rtsutan - f<x>|pdA<z>> < 11F 0 S =g Sulliny + 1190 Sn = glliocy + g = Fliscy < &1

and this concludes the proof.

We now proceed to the limsup inequality.

Theorem 4.4 (Limsup inequality). Let Q C R? be an open, bounded set with Lipschitz boundary.
Let (v, c®) € CLP(Q) with max{||cM ||, [P |lL»} < o0, and consider positive sequences
{en}, {le, }, with lim, oo e, = 0 and lim, oo pte, € (0,400]. Then, there exists a sequence
{(vn,cg),cn )} € CLP(QY) such that (vn,cg),cg)) — (v, @) in CLP(Q), and

limsup &, ., (vn, csll), cg)) < &u(v, c(l), 6(2)),

n—oo

where &, ., and &, are defined in (1.14)) and (1.15)), respectively.
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Proof. Without loss of generality, we can assume that Su(v,c(l),c@)) < 400, where v = xg €
BV(Q;{0,1}) for a measurable set of finite perimeter F := {z € Q: v(z) = 1}, and V) €
Wl’p((Q,)\|v|);Rm),c(2) € WHP((, Aj1_y(); R™). By Theorem there exists a sequence
{vn} € WH2(Q) such that v, — v in L1(Q;R) and

1
limsup/ <€n]V”un]2 + €W(vn)) dz < ew TV (v).
Q n

n—o0

We are left to find ci) € WE2((€2, Xy, ); R™), ) e WH2((€2, Xj1_y,|); R™) such that

hmsup HC( ) — UOHLP /\|v ‘) < HC( ) — uOHLP )\‘ ‘) (46)
n—00
lim sup ||¢{?) — wollLe (v, ) < (S uolLe(x,_y)» (4.7)
n—00
thUPMenHCn HLl P (A v ‘) S MHC(l)Hin()\lvl)’ (48)
n—o0 n
timsup pe, e ann,, 0 < #1E® iniy, (4.9)
n—o0 n

and (vn,cg),cg)) — (v,eM,c?) in CLP(Q). Let {Tfll)} and {T7(L2)} be such that T,gl)#)\|v| =
Noals T8 e M1—of = M1,y and T8 = 1d [[ogs, ) = 0, IT8” = 1d | zoga, ) — 0, where the
existence of T,(Ll),Tr(Lz) is guaranteed by the absolute continuity of A, and {\,,} converges
weakly-* to \,|. By Proposition m it suffices to show that

Jim. e o T{H — M) Lo (@R =0, (4.10)
2 2
Jim 1§ o T — )HLP((Q,)\H_U‘);RM) =0, (4.11)

for (vn,c,(@),c,(f)) (v,¢M, @) in CLP(Q).
The proofs for ¢(?) are analogous to the ones for ¢! so it suffices to show the above statements
for ¢V, ie., [@.6), (£.8), (4.10). For ease of notation, we drop the superscript, write ¢ for ¢!,

¢y, for cn1 and T, for T, nl , and assume that c is extended by 0 on R4\Q.

Let ¢ € C®(R?) be a standard mollifier (see the proof of Theorem 4.1). We define ¢, :=
Va, * ¢ € CX(Q;R™) for any nonnegative, strictly decreasing sequence {a,}nen € Ry with
lim;, ;00 @y, = 0, which is well-defined due to ||¢||zr < oc.

First, we prove . For this, note that

|en o T — c”ip(km) = /Q len(Tn(x)) — c(x)[P d)‘|v|($)
%n( Tn(z) —y)(c(y) — c(x)) dy| dAp (@)
/ / P(z )+ anz) — c(z)[P dz dA, (z)

/ / c(Tn(z) 4 anz) — c(z)|P dAy (z) dz,

where we used the substitution z := %Z(‘T) By the reverse Fatou’s Lemma, we obtain
limsup ||¢,, o T, — c||€p(>\ ) < / P(2) limsup/ |c(Tn(7) + anz) — c(x)[P dAp(z) dz = 0,
n—o00 Il R4 n—00

where the last equality follows from Proposition This yields (4.10)).
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To show (4.6)), note that

llen — uO”LP()\‘vn‘) = |len o Th —ug o Tn”LP(A‘U‘)

< len o T = ellur(ay,) + lle = wolliee,, ) + lluo = wo © Tallrea,)-

Hence, (4.6 immediately follows from (4.10) and Proposition

It remains to prove . Let {b, }nen be a sequence with lim,_,~ b, = 0, whose relation to
{an }nen will be specified below. We introduce the sequence {Ej, } C {x € E: dist(z,0F) > b,}
with smooth boundary, such that Ep, — E as n — oo in the sense that xg, — xg in L' and
P(Ey,) — P(E). For z,y € E, , we have

len () = cn(y)] =

L PR+ anz) = cly + anz)) d

/ V(z)|e(z + anz) — c(y + anz)|dz

<z -y / (2) (9@ + an2) + gy + an2)) dz

<l|z -1y (/ P(2)g(x + anz) dz—i—/Rd w(z)g(y—i—anz)]dz)

<z =yl ((Ya, * 9)(x) + (Ya, * 9)(y)) -

Hence, we obtain
lenllLre, Le, ) < 1¥an * 9llue,, e, ) < 1Yan * glluoe,,)-

Assuming that g is extended by 0 on R\ E, we have

ol = ([ 006 )" = (] s v )

< ([ 1ttns )t - g<w>|PdA|U|<x>) ST

</ / 19(Tn(2) + anz) — g(2)[” dAy(2) dz)é +1lgllLer,);

implying, by Proposition that
limsup [len [[Liwx,, 15, ) < Imsup|[a, * glliee,, ) < [9lieo,)-
n—o0 n n—o0
Since ||c||L1,p()\|v|) = infy [[g[|Le(x,, ) Py the definition of || - ||L1,p()\|v‘), this yields
limsup [len|[Lir(x,, 15, ) < lellLiee,)-

n—oo

We denote the complement of E} in R? by Ej and, since ¢, € C*°, we have
HCnHLl’p(/\h,n‘) = HCHHLLP()‘lvn\LEbn) + HCHHLLP()\W”‘LE&I)'

It remains to show that

limsup [|cn|[L1(y,, g ) = 0.
n—oo
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We have

lenl o

= ”vaniP(A‘Unw_Egn) = /{;\Eb |V0n|p d)\|vn‘(5€)

lon| LEgn )

:/ |(Vtba,, # ) (Tn ()" dApy ()
O\Ey,,

s me (P ]

_ /Q - /R L Oy ()T (@) — anz) de|

iy dA|U|($)
1 p p
< gl V0l [ v

n

Suppose that

1

2%
ap, = </ d)\v|(aj)> , neN,
O\Ey,,

so that lim,_, a, = 0 as required above. Then,
lim sup ||cn||L1,p()\‘vn|LEc )y =0,
n—o0 bn
which yields
timsup leallingy,. ) < lelluiagy):
n—oo
If limy, o0 pte,, = p > 0, then we have
lim Sup He, HCWAHLLP()\‘WL') S /’LHC”LLP(A‘U‘P
n—oo

which concludes the limsup inequality.
For lim,,_, pte,, = 400, ¢ is constant L%a.e. x € E. This implies that

hmsupHCnHLlp A on = |lc HLlp (Ao)) =0,

and hence the limsup inequality also holds for hmn_>Oo e, = +00.
m

The T'-convergence result in Theorem follows from the liminf inequality in Theorem
and the limsup inequality in Theorem ote that the property max{||c™M s, P ||Lr} < 0o
in Theorem is used to simplify the notation as for any (v,cV),c®) € CLP(Q) we have
M e Lp((Q,/\M);Rm),c@) € LP((2, A\j1—y));R™) and hence we can assume without loss of
generality that max{|c™M||rs, [P ||Lr} < oo holds.

Due to the compactness property in Theorem with regularity assumptions on E and
the I'-convergence of the ey functionals, we can conclude the convergence of minimizers

3

(1) (2)

(Un,cn’,cn’), see Corollary |1.3] once we have shown that sup,,cy maX{Hcgll) I, ch(f) |l } < 0.

Proof of Corollary[1.3 To show that sup,,cy max{||c$Ll)||Loo, ||C£L2)||Loo} < 0o, we suppose m = 1
for simplicity, i.e., ug : 2 — R. One can proceed in a similar way for m > 1. Let M := ||ug||p,

(1) (2)

and assume that (vn,cp’,cn’) is a minimizer of £, ... For a contradiction, we suppose that
there exists i € {1,2} and n € N such that HCS)HLM > M + 1. We define

M7 lngL)(x) > M7
i (@) =19 e(x), if &) (2) € [-M, M),

—M, it d(z) < —M.
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Clearly |[|¢,||Le < M. Moreover,

=) _ P =
||cn UOHLP(Mvn\) /| (m)\ M
/ ) | =M —ug(z)[” A\, ()
i ’ N——

~M—1,— M) ~——
<Jel? (z)—uo(x)|P

+ [ M = wp(@)l? AN, ()
e’ (2)E(M,M+1) S~
<Jet) () —uo(x)|P

=M —wo(@) dApy,|(2)
N———

<Jel? (@) —uo (x)[P—1

) = up()| ANy (@)

_|_

A~
Jo

|M —ug(z)]” dAy,, ()
z)E>M+1 —z—’
<Jet) (@) —uo(@)|P—1

{x L e (z)] > M + 1}}

>0

< ||ct?)

p
- UO||LP()\|U7L|)

One can easily check that, for all x,y,

(@) — &0 ()| < el (@) - D w)

and therefore HGS)HLLI;(/\'W) < HCS)HLM()\'U )- We have shown that

gﬂen sEn (Un, é( )7 (2)) < gﬂen sEn (Un, 07(11)7 07(12))7
which contradicts the assumption that (vn,cf@l),c?(f)) is a minimizer. Hence, Hcg)HLoo <M+1
foralli=1,2, and n € N.
]

ACKNOWLEDGEMENTS

The authors thank Francesco Maggi for his advice and references on isoperimetric inequalities.
I. Fonseca acknowledges the Center for Nonlinear Analysis (CNA) where part of this work was
carried out. Her research was partial funded under grants NSF DMS No. 1411646, No. 1906238
and No. 2205627. L. M. Kreusser, C.-B. Schonlieb and M. Thorpe would like to thank the Isaac
Newton Institute for Mathematical Sciences for support and hospitality during the programme
Mathematics of Deep Learning when work on this paper was undertaken (EPSRC grant number
EP/R014604/1). L. M. Kreusser, C.-B. Schénlieb and M. Thorpe acknowledge support from the
European Union Horizon 2020 research and innovation programmes under the Marie Sktodowska-
Curie grant agreement No. 777826 (NoMADS). L. M. Kreusser also acknowledges support
the EPSRC grant EP/L016516/1, the German National Academic Foundation (Studienstiftung
des Deutschen Volkes), the Cantab Capital Institute for the Mathematics of Information and
Magdalene College, Cambridge (Nevile Research Fellowship). C.-B. Schonlieb acknowledges
support from the Philip Leverhulme Prize, the Royal Society Wolfson Fellowship, the EPSRC
advanced career fellowship EP/V029428/1, EPSRC grants EP/S026045/1 and EP/T003553/1,
EP/N014588/1, EP/T017961/1, the Wellcome Innovator Award RG98755, the Cantab Capital
Institute for the Mathematics of Information and the Alan Turing Institute. M. Thorpe also
holds a Turing Fellowship at the Alan Turing Institute.



[1]
2]
3]

27

REFERENCES

L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free discontinuity problems.
Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press, New York, 2000.

L. Ambrosio, N. Fusco, and D. Pallara. Functions of Bounded Variation and Free Discontinuity Problems.
Oxford Science Publications. Clarendon Press, 2000.

L. Ambrosio, N. Gigli, and G. Savaré. Gradient Flows in Metric Spaces and in the Space of Probability
Measures. Lectures in Mathematics ETH Ziirich. Birkhauser, 2. ed edition, 2008.

L. Ambrosio and V. M. Tortorelli. Approximation of functional depending on jumps by elliptic functional
via I'-convergence. Communications on Pure and Applied Mathematics, 43(8):999-1036, 1990.

L. Ambrosio and V. M. Tortorelli. On the approximation of free discontinuity problems. Boll. Un. Mat. Ital.
B, 7:105-123, 1992.

A. Braides. Gamma-convergence for Beginners. Oxford Lecture Series in Mathematics. Oxford University
Press, 2002.

A. Chambolle. Image Segmentation by Variational Methods: Mumford and Shah Functional and the Discrete
Approximations. SIAM Journal on Applied Mathematics, 55(3):827-863, 1995.

A. Chambolle. Finite-differences discretizations of the Mumford-Shah functional. ESAIM: M2AN, 33(2):261—
288, 1999.

A. Chambolle and G. Dal Maso. Discrete approximation of the Mumford-Shah functional in dimension two.
ESAIM: M2AN, 33(4):651-672, 1999.

T. F. Chan and L. A. Vese. An active contour model without edges. In Scale-Space Theories in Computer
Vision, Second International Conference, Scale-Space’99, Corfu, Greece, September 26-27, 1999, Proceedings,
pages 141-151, 1999.

T. F. Chan and L. A. Vese. Active contours without edges. Trans. Img. Proc., 10(2):266-277, February 2001.
G. Dal Maso. An Introduction to I'-convergence. Progress in nonlinear differential equations and their appli-
cations. Birkhauser, 1993.

G. Dal Maso, J.M. Morel, and S. Solimini. A variational method in image segmentation: existence and
approximation results. Acta Matematica, 168:89-151, 1992.

E. De Giorgi and L. Ambrosio. New functionals in the calculus of variations. Atti. Accad. Naz. Lincei Rend.
Cl. Sci. Fis. Mat. Natur., 82(2):199-210, 1988.

E. De Giorgi, M. Carriero, and A. Leaci. Existence theorem for a minimum problem with free discontinuity
set. Arch. Rational Mech. Anal., 108:195-218, 1989.

I. Fonseca and L. Tartar. The gradient theory of phase transitions for systems with two potential wells. Proc.
Roy. Soc. Edinburgh Sect. A, 111:89-102, 1989.

N. Garcia Trillos and D Slepéev. Continuum limit of total variation on point clouds. Arch Rational Mech
Anal, 220:193-241, 2016.

P. Getreuer. Chan-Vese Segmentation. Image Processing On Line, 2:214-224, 2012.

P. Hajtasz. Sobolev spaces on an arbitrary metric space. Potential Analysis, 5:403-415, 1996.

P. Hajtasz. Sobolev spaces on metric-measure spaces. In Heat kernels and analysis on manifolds, graphs, and
metric spaces, volume 338 of Contemp. Math., pages 173-218. Amer. Math. Soc., 2003.

P. Hajlasz and P. Koskela. Sobolev Met Poincare. Mem. Amer. Math. Soc. Amer. Math. Soc., 2000.

G. Koepfler, C. Lopez, and J.M. Morel. A multiscale algorithm for image segmentation by variational method.
SIAM J. of Numerical Analysis, 31(1):282-299, 1994.

F. Maggi. Sets of Finite Perimeter and Geometric Variational Problems: An Introduction to Geometric
Measure Theory. Cambridge Studies in Advanced Mathematics. Cambridge University Press, 2012.

R. March. Visual reconstruction with discontinuities using variational methods. IVC, 10:30-38, 1992.

L. Modica. The gradient theory of phase transitions and the minimal interface criterion. Arch. Rational Mech.
Anal., 98:123-142, 1987.

L. Modica and S. Mortola. Il limite nella I'-convergenza di una famiglia di funzionali ellittici. Boll. Un. Mat.
Ital. A (5), 14(3):526-529, 1977.

L. Modica and S. Mortola. Un esempio di I'-convergenza. Boll. Un. Mat. Ital. B (5), 14(1):285-299, 1977.
J.M. Morel and S. Solimini. Segmentation of images by variational methods: A constructive approach. Revista
Matematica Universidad Complutense de Madrid, 1:169-182, 1988.

J.M. Morel and S. Solimini. Segmentation d’images par m’ethode variationnelle: Une preuve constructive
d’existence. CRASS Paris Série I, 308:465-470, 1989.

J.M. Morel and S. Solimini. Progress in nonlinear differential equations and their applications. In Variational
Methods in Image Segmentation, volume 14. Birkh&user, 1994.

D. Mumford and J. Shah. Optimal approximations by piecewise smooth functions and associated variational
problems. Communications on Pure and Applied Mathematics, 42(5):577-685, 1989.

P. Sternberg. The effect of a singular perturbation on nonconvex variational problems. Arch. Rational Mech.
Anal., 101:209-260, 1988.



28

[33] A. Tsai, A. Yezzi, and A. S. Willsky. Curve evolution implementation of the mumford-shah functional for
image segmentation, denoising, interpolation, and magnification. IEEE-IP, 10(8):1169-1186, 2001.

[34] L. A. Vese and T. F. Chan. A multiphase level set framework for image segmentation using the mumford
and shah model. International Journal of Computer Vision, 50(3):271-293, 2002.

[35] C. Villani. Topics in Optimal Transportation. Graduate studies in mathematics. American Mathematical
Society, 2003.

APPENDIX A. ENLARGED BOUNDARIES FOR SETS OF FINITE PERIMETER
For completeness, we include a bound on the volume

Hx eR?: dist(z,0F) < a} ,

where FE denotes a set with finite perimeter which is used in the compactness result in Theo-

rem .11

Theorem A.1. [2| Theorem 2.106] If Z is a compact, countably H*-rectifiable set in R? and if
there are k > 0 and ro > 0 such that H*(Z 0 B,(z)) > kr* for every x € Z and every r < r,
then Z is k-Minkowsk:i regular, i.e. there exists a constant o > 0 such that

{z e RY: dist(z, Z) < a}| = omg_pa® *H¥(Z) + 0(a®*) as a—0,
where mg_y, denotes the d — m dimensional sphere.

Applying Theorem u to our setting yields an estimate for Hx € R? : dist(x,0F) < a}‘:

Corollary A.2. Let E be a bounded set of finite perimeter in R?. Assume that the topological
boundary OF is the closure of the reduced boundary O*E. Assume that for some k > 0 and some
ro > 0 we have P(E; B.(x)) > kr¢" for every x € 0*E. Then

[{z € R?: dist(x,0F) < a}| = 2aP(E) + o(a) as a— 0.

Proof. The assumptions on F imply that E is compact and countably H¢ l-rectifiable. Since
OF is the closure of 0*E, the fact that P(E; B.(x)) = H ' (B.(x) N 0*E) has lower density
estimates implies by continuity that Z = OF has lower density estimates, and then one applies

Theorem [A 1]
n

Note that the assumption on the topological boundary in Corollary holds for free up to a
modification on a Lebesgue null set, see [23, Proposition 12.20]. Hence, when applying Corollary
[A-2]to a bounded set E with finite perimeter in the proof of Theorem [4.1], it is sufficient to assume
that for some x > 0 and some 79 > 0 we have P(E; B.(x)) > rkr?! for every z € 0*E.
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