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Summary This paper presents a conceptually simple finite element implementation of the combined
elasto-plastic Mohr-Coulomb and Rankine material models, also known as Modified Mohr-Coulomb
plasticity. The stress update is based on a return mapping scheme where all manipulations are carried
out in principal stress space which simplifies the calculations. The model supports both associated and
non-associated perfect plasticity.

I ntroduction

Materials such as sand and concrete show pressure dependent strength properties. The simplest
material model which incorporates this pressure dependency is the Mohr-Coulomb material model.
The yield criterion uses the well known parameters friction angle, o, and cohesion, ¢
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where o1, o2 and o3 are the principal stresses. In this paper tension is taken as positive.

When ¢ > 0 the Mohr-Coulomb model predicts a tensile strength which is larger than the tensile
strength observed experimentally, see e.g. references [1], [2] and [3]. This discrepancy can be
mended by the introduction of the Rankine or "tension cut-off” criterion
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where oy is the "tension cut-off” value, which is the highest tensile stress allowed in the material.
The combination of these criteria is usually referred to as the Modified Mohr-Coulomb Criterion,
cf. [2]. On Fig. 1 this criterion can be seen in the principal stress space and in the i — o3 plane.
The Rankine part of the criterion, Eq. (2), is taken to be associated whereas the Mohr-Coulomb
part is non-associated.
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Figure 1: The Modified Mohr-Coulomb Criterion in a) principal stress space and b) the section through the
o1 — o3 plane.



Plastic stress update for yield planesin principal stress space

From Egs. (1), (2) and Fig. 1 it can be seen that the criterion consists of intersecting planes in the
principal stress space. As will be shown later the Modified Mohr-Coulomb criterion leads to nine
different types of stress return, which must be properly identified. This can be a cumbersome task
in general stress space. Therefore the method of [4] and [5] is very well suited for carrying out the
plastic integration and formation of the constitutive matrix. In the following a short summary of
the method will be given.

The stress update and formation of the consistent constitutive matrix require the derivative of
the yield function and the first and second derivatives of the plastic potential. As only isotropic
material models are considered the manipulations can be carried out with respect to any set of co-
ordinate axes. Therefore the predictor stress is transformed into principal stress space and returned
to the yield surface. Considering the fact that the stress return preserves the principal directions,
the updated stress can then be transformed back into the original coordinate system. This sim-
plifies the manipulations of the return mapping scheme considerably compared to the standard
formulation, see, e.g. [6]. There are two reasons for this. Firstly the dimension of the problem
reduces from six to three, and secondly, in the three-dimensional stress space the stress states can
be visualized graphically, making it possible to apply geometric arguments.

Linear yield criteria in the principal stresses are visualized as planes in principal stress space.
These planes intersect in lines and points, making three types of stress returns and constitutive
matrices necessary: Return to a yield plane, return to a line, e.g. intersection of two yield planes
and finally return to a point, e.g. intersection of three or more yield planes. The three types of
return are visualized on Fig. 2.

The formulae for the different returns will be established in the following. The conditions for de-
termining which return is needed will also be established by dividing the stress space into different
stress regions.

Vectors and matrices are expressed with respect to the principal axes. This means that the last three
components of vectors are always zero and are not be shown as a matter of convenience. Even so
all matrices and vectors are six-dimensional.
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Figure 2: Three intersecting yield planes in principal
stress space with three types of return shown.

Figure 3: Boundary plane p;;—; = 0 with
normal np;_y, which separates the stress
regions | and 1.



The task is to determine the updated stress, o, in the equation

o =0 - AoP? =0P - A)\D@ 3
do

where oB is the predictor stress state found by the solution of the global system of FEM equations,
AoP is the plastic corrector stress, A\ is a plastic multiplier, D is the elastic constitutive matrix
and g is the plastic potential.

Sressreturn to a plane

The equation of a yield plane and a plastic potential in the principal stress space can be written as
fle)=a'(c—-0;)=0 and g(o)=blo (4)

where o/ is a point on the plane and a and b are the gradients,
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Both a and b are constant. The plastic corrector stress can be computed as
f(a®) B . Db
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where rP is the scaled direction of the plastic corrector in principal stress space, i.e. # is at an
angle with the plastic strain direction, b.

Sressreturnto aline
A line, [, in principal stress space has the equation
l: o=tr'+ 0oy @)

where ¢ is a parameter with the unit of stress, o7 is a point on the line and r; is the direction vector.
The parameter ¢ can be found as
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where r} and r} are the plastic corrector vectors from Eq. (6) for the two yield planes intersecting
at the line.

Sress return to a point

If the stress is to be returned to a singularity point, &%, e.g. an apex point, see Figure 2, there is no
need for calculations, as the returned stress is simply

o® =o? 9



Sress regions

In this section it will be outlined how to determine to which plane, line or point the stress should
be returned. In order to do this the concept of stress regions is introduced, and the boundary planes
that separate them are defined. Each yield plane, line and point is associated with a particular
stress region. When the predictor stress is located in a given region it must be returned to the
corresponding plane, line or point. Two stress regions, | and Il, separated by a boundary plane,
pri—1 = 0 are illustrated on Figure 3.

When the yield functions and plastic potentials are linear in the principal stresses, the boundary
planes are also linear. The direction of the plastic corrector, 1, c.f. (6), and the direction vector
of the line, r;, define the orientation of the plane, and so the equation of a boundary plane can be
found as:

pu-i(o) = (r* xr)) (o —07) = nfj_j(6 —0y) =0 (10)

where ny;_ is the normal of the plane. The indices indicate that the normal points into region Il
from region 1. The point on the plane is o7, which can be taken as a point that also belongs to I,
see Fig. 3 and Eq. (7). If two stress regions are located as seen on Fig. 3, the following is valid for
a given predictor stress, o located outside the yield locus, i.e. f(a®) > 0:

pu-1(6®) <0 & Regionl < Returnto f =0

11
pu-1(6®) >0 < Regionll < Returnto! (1)

Constitutive matrix

The consistent constitutive matrix is also formed in principal stress space. Details are given in refs.
[4] and [5].

Modified M ohr-Coulomb plasticity

The principal stresses are ordered in descending order, i.e. oy = o9 = o3. This means that the
Modified Mohr-Coulomb criterion consists of only two planes in the principal stress space, see Fig.
4. As can be seen on the figure the geometry of the yield planes is bounded by five lines which

a) g3 ¥ 7 b) N o,

-
-
03 -
R7,
-
-
-
-
-
2
-
7
- 4 !

Figure 4: a) The Modified Mohr-Coulomb criterion in principal stress space. b) Detail of the tension cut-off
plane, fr. The line, p, is the hydrostatic axis.



intersect at three points. With reference to Fig. 4 the equations for the lines and their direction
vectors are

lllvlc o= trllvlc + 0'240, I‘ll\/IC =1 k]T (12)
lévlc o= trlgvlc + 0'240, rg/IC =[1 k K" (13)
B o=tl+a,, =100 1" (14)
B o=trf 4ol =10 10" (15)

where ¢ is a parameter with the dimension of stress, and o>, &, and ot are the Mohr-Coulomb
apex (not shown on Fig. 4), the Modified Mohr-Coulomb apex and the intersection between lines
IMC and 1%, respectively. A fourth point, denoted o¥', is the intersection between lines ' and
I&}. These points have the coordinates

o Ot Ot Ot
oMC k _C 7 , oa=R01p, o= ot , ox =1 ko —o. (16)
ot koy — o koy — o,

The boundary planes that separate the nine stress regions can be seen on Fig. 5. The equations of
the 11 boundary planes will not be given here but can be found from the Egs. (10) and (12-16).
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Figure 5: a) Stress regions, denoted by roman numerals. b) Detail.

Numerical example

A finite element calculation is carried out on a rigid smooth footing resting on a frictional cohesive
soil. Two material models are employed. The first is a perfectly plastic Mohr-Coulomb model with
¢ = 20° 1 = 5° and ¢ = 20 kPa. The second is the Modified Mohr-Coulomb material model
with the same parameters and also a tension cut-off, oz = 0. A mesh of six-noded triangular linear
strain elements is created, and can be seen on Fig. 6. This element mesh has a total of 347 elements
with 1500 degrees of freedom. The radius/halfwidth of the footing is » and the domain has a width
of 12r and a height of 10r. A forced displacement is applied to the footing in steps, and the footing
pressure ¢ is found from the reaction forces. The soil has a selfweight of v = 20 kN/m?, a modulus
of elasticity of £ = 20 MPa and a Poisson’s ratio of v = 0.26. An initial earth pressure coefficient
of kg = 1 is used.
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Figure 6: Geometry, boundary conditions and ele- Figure 7: Normalized load-displacement curves.

ment mesh for the computational example.

On Fig. 7 the load-displacement curves can be seen. The displacement has been normalized with
respect to the footing radius and the load has been normalized according to Terzaghi’s superposi-
tion equation for the bearing capacity of surface footings

Gu = cN. + ’)/TNW (17)

Fig. 7 shows that the Mohr-Coulomb and the Modified Mohr-Coulomb model predict almost the
same bearing capacity with the Mohr-Coulomb bearing capacity being slightly larger. In a problem
with an eccentric load the difference would be more pronounced, as positive normal strains could
develop between the soil and a part of the footing without the development of tensile stresses.

Conclusion

A simple and efficient method of performing the plastic stress update for a Modified Mohr-
Coulomb material is presented. In the method all manipulations are carried out in the principal
stress space which simplifies these considerably compared to the equivalent manipulations in gen-
eral six-dimensional stress space. A numerical example shows the performance of the method.
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