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The effects of water injection on flame surface topology and local flame propagation char-

acteristics have been analysed for statistically planar turbulent n-heptane spray flames with

an overall (i.e., liquid + gaseous) equivalence ratio of unity using carrier phase Direct Nu-

merical Simulations. Most fuel droplets have been found to evaporate as they approach the

flame even though some droplets can survive until the burnt gas side is reached, whereas

water droplets do not significantly evaporate ahead of the flame and the evaporation of wa-

ter droplets starts to take place in the reaction zone and is completed within the burnt gas.

However, the gaseous phase combustion occurs predominantly in fuel-lean mode although

the overall equivalence ratio remains equal to unity. The water injection has been found

to suppress the fuel droplet-induced flame wrinkling of the progress variable isosurface

under the laminar condition and this effect is particularly strong for small water droplets.

However, turbulence-induced flame wrinkling masks these effects and thus water injection

does not have any significant impact on flame wrinkling for the turbulent cases consid-

ered here. The higher rate of evaporation and the associated high latent heat extraction

for smaller water droplets induce stronger cooling effects, which weakens the effects of

chemical reaction. This is reflected in the decrease of the mean values of density-weighted

displacement speed with decreasing water droplet diameter. The weakening of flame wrin-

kling as a result of injection of small water droplets is explained through the curvature

dependence of the density-weighted displacement speed. The combined influence of cool-

ing induced by the latent heat extraction of water droplets and flame surface flattening leads

to a decrease in volume-integrated burning rate with decreasing water droplet diameter in

the laminar cases, whereas the cooling effects are primarily responsible for the drop in

burning rate with decreasing water droplet diameter in the turbulent cases.
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I. INTRODUCTION

Injection of water droplets is often employed for fire abatement1, explosion mitigation2,3 and

in gas turbines for power-boosting and reduction of pollutant emissions4. For example, the power

output of the BMW M4 GTS engine can be increased4, and the power output for gas turbines

can potentially be augmented by 30% by water injection4. The Water Boost system by Bosch

offers a reduction in CO2 emission and an increase in fuel economy4. Furthermore, the decrease

in temperature resulting from liquid phase evaporation impacts the formation of NOx through a

significant inhibition of the Zeldovich mechanism, which is responsible for nitrogen oxide gen-

eration at elevated temperatures5. Despite these advantageous features of water injection, the

influence of water injection in flames has not been analysed sufficiently in the existing literature.

The effects of water injection on turbulent premixed flames depend on the ratios of the vapor-

isation timescale of droplets and the chemical timescale (i.e., evaporation Damköhler number)

and the ratio of inter-droplet distance to the flame thickness6–8. The influence of water droplets

on premixed flames in terms of either flame quenching or power boosting depends on these two

non-dimensional quantities. In discerning the predominant effect, whether it be the cooling in-

fluence or the evaporation-induced wrinkling of the flame surface, which potentially can lead to

an enhancement in the burning rate, the aforementioned non-dimensional parameters alongside

flame topology play a pivotal role. The evaporation Damköhler number assumes small values

for the small droplet size because of their small evaporation time6–9. For a given water mass

loading, a decrease in droplet diameter reduces the ratio of the inter-droplet distance to the flame

thickness6–9. Therefore, both water loading and droplet diameter play key roles in determining the

ratio of inter-droplet distance to the flame thickness and evaporation Damköhler number. Further-

more, in addition to pertinent physical phenomena such as cooling and dilution, primarily evident

in the temperature field, gaseous water can influence the flame structure, radical concentration, and

flame propagation characteristics10,11. Nonetheless, given the low steam concentration considered

in this analysis, the chemical effects of water injection remain weak for the present analysis and

thus will not be addressed further in this paper. The investigation of flame topology, given its im-

plications for modeling, has been extensively studied in the context of purely gaseous flames12–15.

However, the effects of an interacting second phase and the water droplet diameter on the flame

surface topology in spray flames where the fuel is supplied by liquid droplets are yet to be analysed

in detail16. This information is fundamentally important for the purpose of turbulent combustion
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modelling because the nature of flame topology is often quantified in terms of curvature statistics,

which in turn affect the evolution of the Flame Surface Density (FSD) and Scalar Dissipation Rate

(SDR) within the flame brush17,18. To address this gap in the existing literature, this paper focuses

on the analysis of the effects of water injection on the flame surface topology and its implication

on flame propagation statistics for both laminar and turbulent n-heptane spray flames for differ-

ent initial mono-sized water droplet diameters based on carrier-phase three-dimensional Direct

Numerical Simulations (DNS). It is worth noting that the effects of fuel droplet diameter, overall

equivalence ratio and water loading on flame surface topology and local flame propagation charac-

teristics have been addressed elsewhere9,16,19–23 for different turbulence intensities for premixed

and spray flames and thus are not considered here. Instead, the present analysis focuses on the

effects of water droplet diameter and flow conditions (i.e., under laminar and moderate turbulence

intensity conditions) on flame surface topology and local flame propagation. The flame surface

topology is often characterised by flame curvature12 and thus the curvature statistics will be the

main focus of this paper. It is recognised that both tangential strain rate and curvature affect the

local flame propagation characteristics but it was demonstrated earlier by Rutland and Trouve24

that the strain rate effects remain weak in the absence of significant differential diffusion effects

and primarily impact the global flame characteristics. Thus, the effects of the tangential strain rate

will not be addressed in this paper because the evaporation of droplets directly affects the flame

curvature as a result of droplet-induced flame wrinkling, which in turn affects the flame topology.

In this respect, the main objectives of the present analysis are: (a) to demonstrate the effects of wa-

ter droplet injection on the topologies of reaction progress variable; (b) to explain the influence of

water injection on local flame propagation for different initial mono-sized water droplet diameters

and flow conditions.

The rest of the paper is organised as follows. The mathematical background and numerical

implementation related to this analysis are provided in the next two sections of this paper. Follow-

ing that the results will be presented and subsequently discussed in Section 4. Finally, the main

findings will be summarised, and conclusions will be drawn in Section 5 of this paper.

II. MATHEMATICAL BACKGROUND

A modified single-step irreversible Arrhenius-type chemical reaction25, where the Zeldovich

number β and the heat of combustion H are taken to be functions of equivalence ratio and used in
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the reaction rate defined through an Arrhenius-type expression:

ω̇F =−ρB∗YFYO exp
(

−β (1−θ)

1−α(1−θ)

)
(1)

Here the variable ρ denotes density, YF and YO denote the mass fractions of fuel and oxidizer,

B∗ is the pre-exponential factor and α signifies the heat release parameter, derived from the adi-

abatic flame temperature under stoichiometric conditions and the unburnt gas temperature, given

as α = (T̂ad,(φg=1)− T̂0)/T̂ad,(φg=1). In Eq. 1, θ represents the normalized temperature, defined

as θ = (T̂ − T̂0)/(T̂ad,(φg=1)− T̂0) where T̂ , T̂0 and T̂ad,(φg=1) represent the instantaneous dimen-

sional temperature, unburned gas temperature and adiabatic flame temperature of the stoichiomet-

ric mixture, respectively. The use of a single-step chemical model for the present study allows for

a parametric analysis in terms of water droplet diameter and flow conditions without incurring an

exorbitant computational cost. It was shown in previous studies9,22 that the variation in laminar

burning velocity Sb,(φg) with the gaseous equivalence ratio φg obtained from detailed chemistry

simulations26 can be captured with this chemical mechanism by choosing the appropriate value

of B∗. It was also demonstrated elsewhere9 that this chemical mechanism accurately predicts the

influence of water loading in the unburnt gas on the laminar burning velocity obtained from a

detailed chemical mechanism. Although simplification of chemistry is adopted here in favour of

parametric analysis, it is also worth noting that either reduced/skeletal chemical mechanisms are

used in most ’detailed chemistry’ DNS and these mechanisms are also not free from simplifica-

tions. The gaseous species are assumed to be perfect gases with unity Lewis number and have

standard values of the ratio of specific heats (γ = 1.4) and Prandtl number (Pr = 0.70). Statisti-

cally planar n-heptane-air spray flames with an overall equivalence ratio of φov = φg + φl = 1.0

(where φg is the equivalence ratio in the gaseous phase and φl is the equivalence ratio in the liquid

phase), where the fuel is supplied in the form of liquid fuel droplets, are allowed to interact with

different mono-sized spherical water droplets. The employment of mono-sized mists comprising

fuel and water allows for the identification of the effects of droplet diameter in isolation. It is worth

noting that the primary aim of the present study is to obtain fundamental physical insights rather

than to simulate realistic technical applications, as is commonly expected in typical DNS endeav-

ours. This approach is consistent with several previous DNS studies on droplet-laden combustion

processes19–23,27–30. In this analysis, the liquid water and fuel droplets are individually tracked

in a Lagrangian sense and their position, velocity, diameter and temperature (i.e. x⃗d , u⃗d , ad , Td

with the subscript d referring to droplet quantities) are obtained based on the following evolution
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relations9,16,19–23,27,29:

d⃗xd

dt
= u⃗d;

du⃗d

dt
=

u⃗(⃗xd, t)− u⃗d

τu
d

;
da2

d
dt

=−
a2

d
τ

p
d

;
dTd

dt
=

T̂ (⃗xd, t)−Td −BdLv/Cg
p

τT
d

(2)

where u⃗ and T̂ are gaseous phase velocity vector and temperature, respectively, Lv is the latent heat

of vaporization of liquid fuel or water, as applicable. The relaxation timescales for droplet veloc-

ity τu
d , diameter τ

p
d and temperature τT

d in Eq. 2 are given by9,16,19–23,27,29: τu
d = ρda2

d/(18Cuµ);

τ
p
d = /ρda2

d/4µ)(Sc/Shc)/ln(1+Bd) and τT
d = (ρda2

d/6µ)(Pr/Nuc)[Bd/ln(1+Bd)]CL
p/Cg

p, re-

spectively. Moreover, in Eq. 2, ρd is the droplet density, Sc stands for the Schmidt number (Sc=Pr

since Le = 1 in all the cases considered in this work), CL
p denotes the specific heat for the liquid

phase, Cu = 1+Re2/3
d /6 is the drag coefficient correction, Red is the droplet Reynolds number,

Bd is the Spalding number, Shc and Nuc are the corrected Sherwood and Nusselt numbers, respec-

tively, which are defined as9,16,19–23,27,29:

Red =
ρ |⃗u(⃗xd, t)− u⃗d|ad

µ
; Bd =

Y s
α −Y g

α (⃗xd, t)
1−Y s

α

; Shc = Nuc = 2+
0.555RedSc

(1.232+RedSc4/3)1/2 (3)

Here, µ is the dynamic viscosity of the gaseous phase and Cg
p is the gaseous specific heat

at constant pressure. In Eq. 3, Y s
α is the vapour mass fraction of species α (where α = F,W

for fuel and water, respectively) at the droplet surface. The partial pressure of the vapour at

the droplet surface ps
α is evaluated using the Clausius-Clapeyron relation as9,16,19–23,27,29: ps

α =

pre f exp(Lv/R[(1/T s
re f )− (1/T s

d )]) and Y s
α = (1+(Wg/Wα)[p(⃗xd, t)/ps

α −1])−1 where T s
re f repre-

sents the boiling point of species α (i.e., either fuel or water droplets, as applicable) at a reference

pressure pre f and T s
d is taken to be Td , with Wg and Wα being the molecular weights of the gaseous

mixture and species α (i.e., either for fuel or water), respectively, and R is the universal gas con-

stant. The drag model employed here is consistent with that proposed by Crowe et al.31, while

the Sherwood number and the Nusselt number, which are considered identical in this study, are

determined using the empirical formula introduced by Faeth and Fendell32. It is noteworthy to

highlight that the equivalence observed between the Sherwood number and the Nusselt number, or

between the Spalding number for heat transfer and mass transfer, is contingent upon the assump-

tion of unity Lewis number within the droplet-gas interface. This assumption was invoked in sev-

eral previous analyses19,27–30,33. Moreover, heavy hydrocarbons, such as n-heptane, degrade into

lighter hydrocarbons such as methane upon heating, and these lighter hydrocarbons have Lewis

numbers close to unity and thus, a unity Lewis number assumption might hold without much loss

of generality for the current analysis. The governing equations of mass, momentum, energy and
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species conservation for the carrier phase can be given by the following generic partial differential

equation9,16,19–23,27,29:

∂ (ρϕ)

∂ t
+

∂ (ρu jϕ)

∂x j
=

∂

∂x j

[
Rϕ

∂ϕ1

∂x j

]
+ ω̇ϕ + Ṡgϕ + Ṡϕ (4)

Here, ϕ = {1,ui,e,YF ,YO,YW} and ϕ1 = {1,ui, T̂ ,YF ,YO,YW} are used for the conservation equa-

tions of mass, momentum, energy, and mass fractions, respectively, Rϕ = ρν/σϕ for ϕ =

{1,ui,YF ,YO,YW} and Rϕ = λ for ϕ = e, respectively, where e =
∫ T̂

T̂re f
CvdT̂ +uiui/2 is the specific

stagnation internal energy with T̂re f and Cv being the reference temperature and specific heat at

constant volume, respectively. Here, ν , λ and σϕ are the kinematic viscosity, thermal conductivity

and an appropriate Schmidt number corresponding to ϕ , respectively. On the right-hand side

of Eq. 4, ω̇ϕ represents the reaction rate contribution, Ṡgφ is the appropriate source term in the

gaseous phase conservation equation and Ṡϕ = −(1/Vcell)∑d(mdϕd)/dt is the term arising from

droplet evaporation which is responsible for two-way coupling with md = ρd(1/6)πa3
d being the

droplet mass.

A reaction progress variable c, which increases monotonically from 0.0 in the unburnt gas to

1.0 in the fully burnt gas, can be defined based on oxygen mass fraction, YO and mixture fraction

ξ = (YF −YO/s+YO∞/s)/(YF∞ +YO∞/s) in the following manner9,16,19–23,27,29:

c =
YO,u(ξ )−YO

YO,u(ξ )−YO,b(ξ )
(5)

Here, YO∞ = 0.233 is the oxygen mass fraction in air and YF∞ = 1.0 is the fuel mass fraction in the

pure fuel stream, and YOu(ξ ) =YO∞(1−ξ ) and YOb(ξ ) = max(0,(ξ −ξst)/ξst)Y ∞
O are equilibrium

mass fractions of oxygen in the unburnt gas and burnt gas mixture, respectively. For n-heptane,

C7H16, s = 3.52 is the stoichiometric mass ratio of oxidiser to fuel and YFst = 0.0621 and ξst =

0.0621 are the corresponding stoichiometric fuel mass fraction and mixture fraction, respectively.

The transport equation of the reaction progress variable, c is given as9,16,19–23:

ρ

[
∂c
∂ t

+u j
∂c
∂x j

]
=

∂

∂x j

[
ρD

∂c
∂x j

]
+ ẇc + Ṡliq,c + Ȧc (6)

In Eq. 6, D is the molecular diffusivity of the reaction progress variable, ẇc indicates the reac-

tion rate of the reaction progress variable, Ṡliq,c represents the source/sink term arising due to

droplet evaporation and Ȧc is the cross-scalar dissipation term arising due to mixture inhomogene-

ity, which are expressed in the following manner using Burke-Schumann relations for YOu(ξ ) and
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YOb(ξ )
9,16,19–23,27,29:

ẇc =

− ξst ẇO
YO∞ξ (1−ξst)

if ξ ≤ ξst

− ẇO
YO∞(1−ξ )

if ξ > ξst

(7a)

Ṡliq,c =

− ξst
YO∞ξ 2(1−ξst)

[ξ ṠO +(YO∞ −YO)Ṡξ ] if ξ ≤ ξst

− 1
YO∞(1−ξ )2 [(1−ξ )ṠO +YOṠξ ] if ξ > ξst

(7b)

Ȧc =

2ρD∇ξ · ∇c
ξ

if ξ ≤ ξst

−2ρD∇ξ · ∇c
(1−ξ )

if ξ > ξst

(7c)

In Eq. 7, ẇO is the reaction rate of the oxidiser, Ṡξ = (ṠF − ṠO/s)(YF∞ +YO∞) is the droplet

source/sink term in the mixture fraction transport equation, ṠF = ΓF −ΓmYF and ṠO = −ΓmYO

are the droplet source/sink terms in the mass fraction transport equations for fuel and oxygen,

respectively, Γm is the source term in the mass conservation equation due to the evaporation of

liquid fuel and water and ΓF is the evaporation rate of fuel droplets.

Equation 6, for a given c isosurface, reads19,21–23: ∂c/∂ t +u j∂c/∂x j = Sd|∇c| where Sd is the

displacement speed, which is given as19,21–23:

Sd =
[∇ · (ρD∇c)+ ẇc + Ṡliq,c + Ȧc]

ρ|∇c|
= Sn +St +Sr +Ss +Sz (8)

In Eq. 8, Sn = N⃗ ·∇(ρDN⃗ ·∇c)/ρ|∇c|, St = −2Dκm, Sr = ẇc/ρ|∇c| represent the normal dif-

fusion, tangential diffusion, and reaction components (where N⃗ = −∇c/|∇c| is the local flame

normal vector and κm = 0.5∇ · N⃗ is the flame curvature), and Sz = Ȧc/ρ|∇c| and Ss = Ṡliq,c/ρ|∇c|

are the contributions arising from cross-scalar dissipation term and droplet evaporation, respec-

tively. It can be appreciated from Eq. 8 that density ρ variation can affect the displacement speed

Sd and its components (i.e. Sn, St , Sr, Sz and Ss). Thus, the density-weighted displacement speed

S∗d = ρSd/ρ0 and its components: S∗r = ρSr/ρ0, S∗n = ρSn/ρ0, S∗t = ρSt/ρ0, S∗z = ρSz/ρ0 and

S∗s = ρSs/ρ0 (where ρ0 is the unburnt gas density) are considered here because S∗d statistics are

necessary for the FSD17, SDR18 and level set34 based modelling methodologies. The principles

underlying the characterization of Sd and the progress variable c originate from the theoretical

framework of premixed flame propagation, whereas partially premixed combustion occurs in spray

flames. Nevertheless, findings from a prior study16, utilizing an identical dataset of simulations,

illustrate that the combustion predominantly occurs in premixed mode, justifying the use of these
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quantities in the present analysis. It is also worth noting that reaction progress variable and dis-

placement speed were extensively used for partially premixed flames including spray combustion

by several other authors30,35–38. In the present analysis, the reaction progress variable represents

the normalised oxidiser mass fraction, which is consistent with previous attempts of spray com-

bustion modelling analysis using the flamelet generated manifold39 and the chemistry is often

parameterised using c and ξ in the tabulated chemistry approach, especially in the context of

partially premixed combustion40–42. Thus, displacement speed and topology of c-isosurfaces are

important from the point of view of modelling. This further justifies the use of displacement speed

of c-isosurface instead of the displacement speed of YF isosurface for the current analysis.

It can be appreciated from the definitions of St and S∗t that the flame curvature κm plays a key

role in local flame propagation statistics. The flame curvature κm = 0.5∇ · N⃗ can be expressed as12:

κm = 0.5(κ1 +κ2) =−0.5I1 (9)

where κ1 and κ2 are the principal curvatures of the flame surface and eigenvalues of the curvature

tensor with components given by ∂Ni/∂x j and I1 is the first invariant of the curvature tensor. The

second invariant I2 of the curvature tensor is given by12:

I2 = κ1κ2 = κg (10)

The second invariant I2 is alternatively known as the Gauss curvature. The third invariant I3 =

det(∂Ni/∂x j) is identically zero for the curvature tensor. Therefore, the flame surface topology

can be characterised in terms of κm and κg. The phase space, given by κ2
m > κg, is physically

unrealisable because κ1 and κ2 become complex numbers under this condition. The realisable

condition, given by κm > 0 and κg > 0 is representative of cup convex flame surface topology,

whereas the condition given by κm < 0 and κg > 0 is representative of cup concave flame surface

topology12. By contrast, κm > 0 and κg < 0 is representative of convex saddle-type flame surface

topology, whereas κm < 0 and κg < 0 represents a concave saddle topology12. Moreover, the

realisable region, given by κm > 0 and κg = 0, is representative of a convex cylindrical flame

surface topology, whereas κm < 0 and κg = 0 is representative of a concave cylindrical flame

surface topology12. The condition, given by κm = 0 and κg = 0, represents a flat flame surface.

The influence of droplet-induced wrinkling of the c isosurfaces and their implications on the local

flame propagation characteristics are discussed in Section IV of this paper.
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III. NUMERICAL IMPLEMENTATION

All the simulations conducted in this paper are carried out using a well-known DNS code

SENGA+9,16,19–23,27,29 where the conservation equations of mass, momentum, energy, and species

are solved in non-dimensional form. In SENGA+, high-order finite-difference (10th order central

difference for the internal grid points with a gradual decrease in the order of accuracy to a 2nd

order one-sided scheme at the non-periodic boundaries) and Runge-Kutta (3rd order low-storage)

schemes are used for spatial discretisation and time advancement, respectively. For this analysis,

DNS of statistically planar spray n-heptane-air flames with φov = 1.0 have been carried out under

laminar condition, and for an initial value of the normalised root-mean-square turbulent velocity of

u′/Sb,(φg=1)= 4.0 with a non-dimensional longitudinal integral length-scale of L11/δst = 2.5 where

δst = (T̂ad,(φg=1) − T̂0)/max|∇T̂ |L is the thermal flame thickness of the stoichiometric mixture.

These values of u′/Sb,(φg=1) and L11/δst yield a Damköhler number of Da = L11Sb,(φg=1)/δstu′ =

0.625, and a Karlovitz number of Ka = (u′/Sb,(φg=1))
1.5(L11/δst)

−0.5 = 5.0, which are represen-

tative of the thin reaction zones regime combustion34. It is important to note that a moderate

turbulence intensity is considered for the current analysis because the droplet-induced effects on

flame topology and flame propagation are eclipsed by turbulence-induced flame wrinkling for

large values of u′/Sb,(φg=1), as indicated by several previous analyses19,20,43,44. For the present

analysis, the thermodynamic pressure is taken to be atmospheric and the unburnt gas temperature

is considered to be 300K, which yields a heat release parameter τ = (T̂ad,(φg=1)− T̂0)/T̂0 of 6.54.

Additional cases representative of spray n-heptane-air flames without any water loading are also

considered for the sake of comparison with the corresponding cases with water injection. The

simulation domain for the present analysis is considered to be 30δst ×20δst ×20δst and a uniform

Cartesian grid of 384× 256× 256 is used to discretise this domain. This grid remains smaller

than the Kolmogorov length scale η and accommodates 10 grid points within δst (ans more than

2-grid points for η , since η/δst = 0.32). For these simulations, the direction of the mean flame

propagation is taken to align with the long side of the simulation domain (i.e. x-direction in this

configuration). The boundaries in x-direction are taken to be partially non-reflecting and are spec-

ified using the Navier-Stokes Characteristic Boundary Conditions technique45. The transverse

domain boundaries are taken to be periodic. For the present analysis, two different initial mono-

sized water droplets (i.e. ad/δst = 0.02 and 0.04, which corresponds to a range of 10− 20µm),

have been considered for a water loading of Y ov
W = mW/(mW +mA) = 0.1 where Y ov

W is the mass
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n-heptane water unit

Density 684 999.9 kg/m3

Molecular mass 100.0 18.2 g/mol

Latent heat of vaporization (at boiling temperature) 315.0 2258.0 kJ/kg

Specific heat at constant pressure 2296.45 4181.0 J/kg/K

Boiling temperature 371 373 K

TABLE I: Thermo-physical properties of liquid n-heptane and water

fraction of water (in both liquid (l)+ gaseous (g) phases) in the unburnt gas (and thus independent

of the chemical reaction) with mW being the total amount of water injected in a mass of air given

by mA. The fuel droplets are considered to have an initial normalised diameter of ad/δst = 0.04 for

this analysis and the effects of fuel droplet diameter have been addressed elsewhere9,16,19–22 and

thus are not discussed here. For the simulations considered here, both fuel and water droplets are

introduced with a constant initial diameter. The initial diameter distribution of the fuel droplets

results from the preceding evolution of the monodisperse mist, aimed at achieving a stable flame

before interacting with the water droplets. The fuel and water droplets are randomly placed in

a statistically homogeneous manner within the unburnt gas part of the domain as a part of the

initialisation. The thermo-physical properties of the two liquids are reported in Tab. I. The huge

difference in the latent heat of evaporation and other properties such as specific heat and density

is visible from Tab. I. The Stokes number for both water and fuel droplets can be defined based on

the turbulent timescale (i.e. L11/u′) as St = τpL11/u′ = ρda2
du′/(18CuµL11) and it remains smaller

than 0.06 for the largest droplets in the turbulent cases with u′/Sb,(φg=1) = 4.0. Alternatively, the

maximum Stokes number St ′ = τpS2
b,(φg=1)/αT 0 = ρda2

dS2
b,(φg=1)/(18CuµαT 0) based on the chem-

ical timescale (i.e. αT 0/S2
b,(φg=1), where αT 0 is the thermal diffusivity) remains smaller than 0.20

for the largest droplets considered in this analysis. The droplet volume fraction remains much

smaller than 0.01% for the cases considered here. The ratio ad/η is 0.06, 0.12 for ad/δst = 0.02

and 0.04, respectively for u′/Sb,(φg=1) = 4.0 and the mean normalised inter-droplet distance sd/η

ranges between 2.48 and 4.35. For ad/δst = 0.02 and 0.04, the ratio of the initial droplet volume to

the computational cell volume Vd/Vcell is 0.007 and 0.057, respectively, which justifies the point

source assumption and is comparable to several previous analyses9,16,19–22,27–30,33,46.
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A standard pseudo-spectral method is used to generate initial divergence-free, homogeneous

isotropic turbulent velocity fluctuations following Batchelor-Townsend spectrum47, which is also

injected at the inflow to maintain the turbulence intensity. At the same time, the scalar field is

initialised by a steady-state unstrained spray flame solution generated using the commercial soft-

ware package COSILAB48, as done in several previous analyses19–22,49. The flame-turbulence

interaction takes place under spatially decaying turbulence and statistics are taken at 4tchem =

4αT 0/S2
b,(φg=1) which amounts to 4.35L11/u′ for initial u′/Sb,(φg=1) = 4.0. This simulation time is

consistent with several previous analyses9,16,19–23,27,29,30,33 and both the volume-integrated burn-

ing rate and flame surface area reached a quasi-stationary state by the end of the simulation16,23.

This can be substantiated by the temporal evolutions of the volume-integrated burning rate and

flame surface area for the cases considered here, which were presented elsewhere16 and thus are

not repeated here. In the subsequent sections of this study, statistical analyses are conducted across

various intervals of the progress variable. Sampling is performed within the entire flame when the

progress variable falls within the range of 0.1 ≤ c ≤ 0.9. Conversely, when examining statistics

within the pre-heating region, the range is restricted to 0.4 ≤ c ≤ 0.6, while within the reaction-

dominated region, the interval is defined as 0.7 ≤ c ≤ 0.95. Subsequently, for the probability den-

sity function (PDF) of the burnt gas side temperature, values of c greater than 0.7 are exclusively

considered. This selection aims to focus solely on regions strongly influenced by water evapora-

tion and in which the reaction term is dominant, thereby excluding phenomena occurring within

the unburnt region of the flame. The assertions made earlier regarding the reaction-dominated

region for the present thermochemistry of n-heptane-air mixtures can be substantiated by the re-

sults shown in several previous analyses19,50,51 which include the profiles of various terms in the

transport equation of the progress variable conditioned upon c. This information is not repeated

here and interested readers are referred to Refs.19,50,51 for further information in this regard.

IV. RESULTS AND DISCUSSION

A. Droplet effects on flame morphology

The instantaneous views, from the product side, of the isosurfaces of c = 0.75 and θ = 0.75 are

shown in Fig. 1, respectively for the water injection case with an initial water droplet diameter of

ad/δst = 0.04 for both laminar and turbulent flow conditions. For unstretched laminar premixed n-
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Figure 1

1

FIG. 1: Isosurfaces of reaction progress variable c = 0.75 (left) and non-dimensional temperature

θ = 0.75 (right) at t = 4.0tchem for the turbulent spray flame case with water addition with initial

u′/Sb,(φg=1) = 4.0 (top) and laminar conditions (bottom). Not-to-the-scale spheres indicate the

fuel droplets (red) and water droplets (blue). The point of view is in the product side.

heptane-air flames, the maximum heat release rate occurs at c ≈ 0.75 and θ ≈ 0.75 for the current

thermochemistry9,21 and thus these isosurfaces have been chosen as the visual representation of

flame in Fig. 1. It can be seen from Fig. 1 that c and θ isosurfaces are not identical to each

other for these flames. The latent heat extraction of the water droplets gives rise to dimples on

the θ = 0.75 isosurface, whereas water droplets do not impart any significant distortion to the

c = 0.75 isosurface. This is particularly visible in the laminar case. It is worth noting that the

13



evaporation of water droplets can potentially dilute the concentration of reactants, but this effect

is relatively weak, which was demonstrated elsewhere9,16. The weak dilution effect of the water

vapour is a result of the relatively low volatility of water in comparison to fuel droplets (see Table

I). As a result, the fuel droplets rarely reach the hot gas side of the flame and the gaseous fuel

has more time for mixing, whereas the water droplets penetrate far into the post-flame region

(i.e. c = 1.0). In order to explain the observations made from Fig. 1, the distributions of non-

dimensional temperature θ and mass fraction of evaporated water (i.e., it does not include the

water vapour produced by chemical reaction) Y g
W in the central midplane for the turbulent case

with an initial normalised droplet diameter of ad/δst = 0.04 for both water and fuel droplets for an

initial turbulence intensity of u′/Sb,(φg=1) = 4.0 are shown in Fig. 2. The contours of c = 0.1, 0.5

and 0.9 (from left to right) are superimposed on non-dimensional temperature θ and mass fraction

of evaporated water Y g
W fields in Fig. 2.

FIG. 2: Mid-plane contours of non-dimensional temperature θ (left) and steam mass fraction Y g
W

excluding the product water (right) at t = 4.0tchem. Not-to-the-scale dots indicate the fuel droplets

(white) and water droplets (pink), both of the initial size of ad/δst = 0.04. White isolines

represent c = 0.1, 0.5, 0.9 (left to right), respectively.

Moreover, it can be appreciated from Fig. 1 that the physical locations of c = 0.75 and θ = 0.75

are different from each other. It can be seen from Fig. 2 (left) that the non-dimensional temperature

θ remains significantly different from c within the flame front and θ assumes a value significantly

smaller than 1.0 (which is indicative of the adiabatic flame temperature for φg = 1.0). This is

a consequence of a predominantly fuel-lean inhomogeneous mixture in the gaseous phase (i.e.

φg < 1.0) due to incomplete evaporation of fuel droplets because of their finite evaporation time,

which can be substantiated by the probability density functions (PDFs) of φg within the flame

14



front characterised by 0.1 ≤ c ≤ 0.9 shown in Fig. 3, on the left, for all cases considered here. It

can be seen from Fig. 3 (left) that the PDFs of φg peak at φg < 1.0 for all cases and the PDFs of

φg = ξ (1− ξst)/[ξst(1− ξ )] are wider with a higher probability of finding φg < 1.0 mixture for

the turbulent cases as a result of the combined effects of turbulent dispersion and mixing of the

evaporated fuel vapour. The predominance of fuel-lean burning, despite having φov = 1.0 in spray

flames, is consistent with the findings of several previous analyses on turbulent spray flames19–22.
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1

FIG. 3: PDFs of φg within the flame front characterised by 0.1 ≤ c ≤ 0.9 (left) and θ for the

region corresponding to c > 0.70 (right) for laminar (line with symbols) and turbulent condition

with initial u′/Sb,(φg=1) = 4.0 (continuous line). In the legend h. stands for heptane, d. stands for

droplets and w. stands for water. The number refers to the initial water diameter and L stands for

laminar. The same nomenclature is used also in the following figures. The markers in Fig. 3 and

subsequent figures provide an idea of the number of bins employed for the generation of these

PDFs. The bin number is chosen such that it shows the distribution for the whole range of

samples without excessive numerical noise.

It can further be seen from Fig. 2 (right), that Y g
W remains considerably smaller than Y ov

W within

the flame front, which is indicative of the fact that the evaporation of water droplets does not

significantly dilute the reacting mixture. Figure 2 (right) further suggests that the evaporation of

water droplets principally takes place in the post-flame region within the burnt gas, as shown in

previous analyses9,16,23. Thus, the extraction of latent heat of evaporation by the water droplets

acts to reduce the temperature of the burnt gas, which can be seen from the reduction in the

probability of finding high values of θ in the case of water injection in Fig. 3 (right) where the
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PDFs of θ for the region corresponding to c > 0.70 are shown for the cases considered here.

The cooling effects due to water droplet evaporation are particularly prevalent for smaller water

droplets owing to their faster evaporation rates. The PDFs of θ for the region corresponding to

c > 0.70 are wider in the turbulent cases than in the laminar cases because of enhanced mixing due

to turbulent motion. Furthermore, the bi-modal temperature distribution depicted in Fig. 3 (right),

indicates the presence of unburnt fuel within the flame. Typically, this unburnt fuel is situated

within the evaporation clouds of n-heptane droplets, which undergoes combustion in the hotter

regions of the flame, after mixing with the surrounding air, leading to a subsequent increase in

temperature.

It can further be seen from Fig. 3 (left) that the probability of finding fuel-lean mixture is

found to be smaller in the water injection case with small initial water droplet diameter (e.g.

ad/δst = 0.02) than in the cases without water injection and large water droplet diameter (e.g.

ad/δst = 0.04) for both laminar and turbulent cases. The cooling effect induced by small water

droplets acts to weaken the effects of thermal expansion and flame normal acceleration. This

was demonstrated by the present authors elsewhere16 and can also be verified from the PDFs

of normalised dilatation rate ∇ ·u× δst/Sb,(φg=1) for turbulent (left) and laminar (right) cases in

Fig. 4, which indicates that the strength of flame normal acceleration due to thermal expansion

weakens with decreasing ad/δst . This effect gives rise to an increase in the residence time of the

fuel droplets within the flame front and thereby fuel droplets get more time to fully evaporate and

the resulting fuel vapour gets more time to mix with the surrounding gaseous mixture with the

weakening of the flame normal acceleration for small water droplets.

It can be appreciated from the foregoing discussion that water injection is likely to have a

significant influence on the flame surface topology and its propagation characteristics, which will

be discussed next in this paper.

B. Distribution of flame surface topologies

The contours of joint PDFs between κm × δst and κg × δ 2
st for the reaction progress variable

isosurfaces in the regions given by 0.4 ≤ c ≤ 0.6 (representative of the preheat zone) and 0.7 ≤

c ≤ 0.95 (representative of the reaction zone) for all turbulent cases considered here are shown

in Fig. 5. The corresponding joint PDFs between κm × δst and κg × δ 2
st for the corresponding

laminar cases are shown in Fig. 6. The most probable value of κm remains close to zero for all
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Figure 1: 52.7 ◦

1

FIG. 4: PDFs of dilatation rate ∇ ·u×δst/Sb,(φg=1) in the domain portion with 0.1 ≤ c ≤ 0.9 for

initial turbulence intensity of u′/Sb,(φg=1) = 4.0 (left) and laminar (right). The statistics are taken

at t = 4.0tchem.

cases, as expected for statistically planar flames considered here. The spread of the joint PDFs is

comparable for the turbulent cases with and without water injection, but water injection gives rise

to narrowing of the range of κm ×δst for the laminar cases and this effect is particularly strong for

water droplets with small diameters.

The effects of water injection become more prominent for smaller water droplets due to faster

evaporation (cf. diameter squared law). The non-zero values of κm for the laminar case without

water injection are indicative of fuel droplet-induced flame wrinkling. The fuel droplet-induced

deformations of c isosurfaces are weakened by the cooling effect induced by the latent heat of

evaporation of water droplets. The dampening of flame wrinkling as a result of water injection

with small water droplet diameter is eclipsed by turbulence-induced flame wrinkling and thus the

joint PDFs between κm×δst and κg×δ 2
st both in the preheat and reaction zones for cases with and

without water injection are found to be comparable (see Fig. 5), whereas a significant difference

in behaviour is observed for the laminar cases as a result of water injection, especially for small

water droplet diameters. In order to explain this behaviour, it is instructive to consider the effects

of water injection on flame propagation characteristics and its interrelation with flame surface

topology.
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FIG. 5: Joint PDFs between κm ×δst and κg ×δ 2
st for the reaction progress variable isosurfaces in

the regions given by 0.4 ≤ c ≤ 0.6 (top row) and 0.7 ≤ c ≤ 0.95 (bottom row) for the cases

without droplets (left), and for cases with an initial water droplet size of ad/δst = 0.04 (middle)

and 0.02 (right) for the turbulent condition with initial u′/Sb,(φg=1) = 4.0.

For the sake of completeness, it is worth mentioning that the correlation between c and φg has

been found to be weak and their joint PDF seems to indicate statistical independence between

these quantities for all the cases considered here (not shown here to avoid digression). Thus, the

joint PDF of c and ξ in the flamelet-based closures41,42 can be approximated by the product of

marginal PDFs of these quantities for the flames considered here.
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FIG. 6: Joint PDFs between κm ×δst and κg ×δ 2
st for the reaction progress variable isosurfaces in

the regions given by 0.4 ≤ c ≤ 0.6 (top row) and 0.7 ≤ c ≤ 0.95 (bottom row) for the cases

without droplets (left), and for cases with an initial water droplet size of ad/δst = 0.04 (middle)

and 0.02 (right) for the laminar condition.

C. Interrelation between isosurface topology and flame propagation

The cooling effects induced by water droplet evaporation can further be substantiated by Fig. 7

(top-left) where the variations of the normalised mean value of the density-weighted displacement

speed S∗d/Sb,(φg=1) = Sdρ/ρ0Sb,(φg=1) within the region given by 0.1 ≤ c ≤ 0.9, Figure 7 (top-

left) shows a monotonic drop in the mean value of S∗d with decreasing water droplet diameter for

both laminar and turbulent flow conditions. This is a consequence of the strengthening of the

cooling effect associated with evaporation with a decrease in water droplet diameter. This acts to

reduce the magnitude of ẇc within the reaction zone in the case of water injection especially for
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small water droplets (e.g., water droplets with initial ad/δst = 0.02), which leads to a decrease

on the mean value of S∗d . The contributions of (S∗s + S∗z ) remain negligible in comparison to S∗r ,

S∗n and S∗t (not shown for the sake of brevity) which is consistent with previous analyses19,21,23.

The weakening of the chemical reaction effects is also reflected in the reduction of the normalised

burning velocity SF/Sb,(φg=1) (where SF = 1/(ρ0A0)
∫

V ẇcdV with A0 being the projected flame

area in the direction of mean flame propagation, which is the cross-sectional area of the simulation

domain, in this configuration, and V is the flame volume) as a result of water injection in Fig. 7

(top-right), which shows that the extent of this reduction increases with decreasing water droplet

diameter. The temporal evolution of the burning velocity is documented in a previous study by

the same authors16, where this quantity was analysed for cases involving spray combustion and

premixed combustion with water injection.

It can further be seen from Fig. 7 (top-left) that the mean values of S∗d in turbulent cases are

smaller than the corresponding laminar flame cases. It has been demonstrated earlier in Fig. 3

(left) that the probability of finding a fuel-lean mixture (i.e. φg < 1) is higher in turbulent cases

than in the corresponding laminar cases, which acts to reduce the magnitude of S∗r . This trend

alongside turbulent stretching yields a reduced magnitude of the mean value of S∗d for turbulent

cases in comparison to the corresponding laminar cases irrespective of the water droplet diameter.

In addition to the mean value, the local flame topology dependence of S∗d is also affected by

water injection. The correlation coefficients of S∗d with κm and κg in the cases considered here are

shown for the reaction zone given by 0.1 ≤ c ≤ 0.9 in Figs. 7 (bottom-left) and (bottom-right),

respectively. It can be seen from Fig. 7 (bottom-left) that S∗d is negatively correlated with κm for

all cases but the correlation strengths for the cases without water droplets and with large water

droplets are found to be stronger than that obtained for the corresponding water injection cases

with small initial water droplet diameter under both laminar and turbulent conditions. Moreover,

the correlation coefficients between S∗d and κm for all cases are smaller than unity in magnitude.

The negative correlation between S∗d and κm of c isosurfaces originates principally due to S∗t =

−2ρDκm/ρ0 and the nonlinearity, reflected in the correlation coefficient being smaller than unity

in magnitude, is introduced by the curvature dependences of S∗r and S∗n as a result of the variations

of ẇc and |∇c| with curvature κm
19,21,22. It was demonstrated by Peters34 by scaling arguments

that the relative importance of the S∗t contribution towards S∗d strengthens with increasing Karlovitz

number and thus the correlation coefficients between S∗d and κm in the turbulent cases assume

values closer to −1.0 than in the laminar cases. The non-linear curvature dependences of S∗r and
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S∗n oppose within the reaction zone and therefore partially nullify each other52–54. Hence, the non-

linearity of the curvature dependence of (S∗r +S∗n) strengthens when the relative importance of S∗r

diminishes. As the contribution of S∗r to S∗d weakens with the decrease in water droplet diameter,

the cases with an initial normalised water droplet diameter of ad/δst = 0.02 show correlation

coefficients deviating farther away from −1.0 than other cases because of the increased non-linear

curvature dependences of (S∗r + S∗n) for the cases with small water droplets (e.g. initial ad/δst =

0.02 water droplet cases).

Finally, it can be seen from Fig. 7 (bottom-right) that S∗2
d exhibits a strong positive correlation

with κg only for the laminar cases but for others S∗2
d and κg for the c isosurfaces are weakly

correlated. Using κ1 = (κm+ε) and κ2 = (κm−ε) (where ε is a parameter), one gets κg = κ2
m−ε2,

which can be utilised to rewrite S∗2
d as:

S∗2
d = (S∗n +S∗r +S∗s +S∗z )

2 −2(S∗n +S∗r +S∗s +S∗z )ρDκm/ρ0 +4ρ
2D2(κg + ε

2)/ρ
2
0 (11)

Equation 11 allows for the analysis of the relation between the flame displacement speed and Gauss

curvature and suggests that a strong positive correlation between S∗2
d and κg can only be realised

when ε is small and contributions arising from (S∗n + S∗r + S∗s + S∗z ) to S∗d remain relatively weak

in comparison to S∗t . It can be seen from a comparison between Figs. 5 and 6 that the variations

of κm and κg for c isosurfaces are relatively small for the laminar cases and thus ε is expected

to be small in these cases, and therefore this trend strengthens for small water droplet diameters

(e.g. initial ad/δst = 0.02 water droplet cases). Therefore, the positive correlation between S∗2
d

and κg is found to be stronger in the laminar cases than in the turbulent cases. This suggests that

the magnitudes of S∗d in either cup convex or cup concave topologies induced by fuel droplet-

induced wrinkles are greater than in saddle-type topologies of the c isosurfaces for the laminar

water injection cases. This aspect alongside the negative correlation between S∗d and κm of the c

isosurfaces suggests high positive and negative values of S∗d are obtained at cup concave and cup

convex topologies, respectively for the laminar water droplet cases, which act to flatten the flame.

However, in turbulent cases without water injection and with water injection, the cup convex or

cup concave topologies are relatively more stable because of weaker positive correlation between

S∗2
d and κg than those in the corresponding laminar cases. This is reflected in the decrease in

the normalised flame surface area AF/A0 (where AF =
∫

V |∇c|dV ) as a result of water injection

under laminar condition but AF/A0 values are not appreciably affected by water injection for the

turbulent cases considered here. This can be substantiated by the results shown in Fig. 7 (top-
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right), which also indicates that the extent of this reduction of AF/A0 for the laminar cases is more

prevalent for the smaller water droplet diameter cases. Figure 7 (top-right) further indicates that

the extent of the reduction of SF as a result of water injection in the laminar cases is greater than

the reduction of AF . The reduction of AF as a result of water injection contributes to the drop in SF

but the cooling effects associated with latent heat extraction for water droplets reduce the reaction

rate magnitude per unit area, which is responsible for a greater extent of the drop in SF than that

of AF in the laminar cases considered here. The flame surface area AF values for all turbulent

cases remain comparable but the value of SF decreases as a result of water injection. This trend

strengthens with decreasing water droplet diameter as the cooling effects associated with latent

heat extraction for water droplets reduce the reaction rate magnitude per unit area in the turbulent

cases considered here.
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FIG. 8: PDFs of reaction rate ẇc in the domain portion 0.7 ≤ c ≤ 0.9 for initial turbulence

intensity of u′/Sb,(φg=1) = 4.0 (left) and laminar (right). The statistics are taken at t = 4.0tchem.

Finally, Fig. 8 depicts the PDFs of normalized reaction rate ẇc × δst/ρ0Sb,(φg=1) for turbulent

(left) and laminar (right) cases. It is clearly visible that the introduction of water results in a

leftward shift in the distributions, indicating a decrease in the reactivity of the system (which is

more prevalent for smaller droplets), consistent with the findings presented in Fig. 7.
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V. CONCLUSIONS

Carrier phase DNS of water injection on statistically planar turbulent n-heptane spray flames

(where the fuel is supplied in the form of mono-sized droplets on the unburnt gas side) has been

carried out for an overall (i.e. liquid + gaseous) equivalence ratio of unity for different water and

fuel droplet diameters and flow conditions. It has been found that water droplets do not signif-

icantly evaporate ahead of the flame and most of the evaporation of water droplets starts to take

place in the reaction zone and is completed within the burnt gas. By contrast, most fuel droplets

evaporate as they approach the flame and continue to evaporate within the flame although some

droplets can survive until the burnt gas side is reached. This difference in evaporation behaviour

between water and fuel droplets occurs because of the much greater latent heat of water than

n-heptane. However, the finite rate of evaporation of fuel droplets leads to predominantly fuel-

lean combustion within the gaseous phase although the overall equivalence ratio remains equal to

unity. The probability of finding a fuel-lean mixture increases under turbulent conditions because

the evaporated fuel vapour gets transported away more easily from the evaporation sites due to

turbulent fluid motion. It has been found that the flame curvature variation and the probabilities of

obtaining cup convex and cup concave topologies induced by fuel droplet-induced flame wrinkles

in laminar cases decrease with water injection and this effect is particularly strong for small values

of water droplet diameter. However, these effects are eclipsed by flow-induced flame wrinkling in

turbulent cases where curvature variation has not been found to be affected significantly by water

injection. The higher rate of evaporation and the associated latent heat extraction for smaller water

droplets induce stronger cooling effects, which act to weaken the effects of chemical reaction. This

is reflected in the decreases of mean values of density-weighted displacement speed with decreas-

ing water droplet diameter. Moreover, it has been found that the negative correlation coefficient

between the density-weighted displacement speed S∗d and curvature κm decreases in magnitude

with decreasing water droplet diameter. Furthermore, a strong positive correlation between S∗2
d

and Gauss curvature κg is obtained for the laminar water injection cases with small water droplet

diameter, which along with the negative correlation between S∗d and κm, leads to the flattening of

the flame surface. Thus, both the reaction rate of the reaction progress variable and flame surface

area decrease with decreasing water droplet diameter in the case of water injection in the laminar

cases due to the combined effects of cooling induced by the latent heat extraction and this effect

is aided by the flame surface flattening. This is reflected in the decrease of the volume-integrated
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burning rate with decreasing water droplet diameter, and its reduction as a result of water injection

is greater than the drop in flame surface area. By contrast, flame surface area for all turbulent cases

remains comparable and thus the drop in the reaction rate magnitude per unit area is principally

responsible for the decreasing trend of the volume-integrated burning rate with decreasing water

droplet diameter in the turbulent cases considered here. Although the qualitative nature of the

findings of the current analysis is expected to be independent of the choice of the chemical mech-

anism, the present results will need to be verified using detailed chemistry DNS for quantitative

predictions.
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