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ABSTRACT

A direct numerical simulation (DNS) database for head-on quenching of premixed flames propagating across turbulent boundary layers rep-
resentative of friction Reynolds numbers, Res, of 110 and 180 has been utilized to analyze the interrelation between Reynolds stresses and
their dissipation rates during flame–wall interaction. The Reynolds stresses and their dissipation rates exhibit significant deviations from the
corresponding non-reacting flow profiles within the flame brush and in the burned gas region. This behavior is prominent for the compo-
nents in the wall-normal direction because the mean direction of flame normal acceleration due to thermal expansion aligns with the
wall-normal direction in this configuration. The anisotropy of Reynolds stresses and their dissipation rate tensors have been found to be qual-
itatively similar, but the anisotropic behavior weakens with increasing Res. However, the components of the anisotropy tensors of Reynolds
stresses and viscous dissipation rate are not related according to a linear scaling, and thus, the models based on this assumption do not
successfully capture the viscous dissipation rate components obtained from the DNS data. By contrast, a model, which includes the invariants
of the anisotropy tensor of Reynolds stresses and satisfies the limiting conditions, has been found to capture especially the diagonal compo-
nents of the viscous dissipation rate tensor more successfully for both non-reacting and reacting cases considered in this work. However, the
quantitative prediction of this model suffers for the components in the wall-normal direction for lower values of Res, but the performance of
this model improves with an increase in Res.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0204038

I. INTRODUCTION

The closure of Reynolds stresses motivates the need for turbu-
lence modeling in the context of Reynolds averaged Navier–Stokes
(RANS) simulations. The Reynolds stress is defined as gu00i u00j , where ui
is the ith component of velocity and q, eq ¼ qq=q, and q00 ¼ q� eq
refer to the Reynolds average, Favre-average, and Favre fluctuation of a
general variable q, respectively, with q being the gas density. The effects
of heat release induce additional effects on Reynolds stresses in turbu-
lent premixed combustion,1–4 which make the closure of Reynolds
stresses for turbulent reacting flows more challenging than non-
reacting flows. The statistical behavior and modeling of viscous dissi-
pation rate tensor3,5 [i.e., eeij ¼ 2lð@u00i =@xkÞð@u00j =@xkÞ/q] play key
roles in the closure of the Reynolds stress transport equation in non-
reacting flows, and these aspects are particularly important for the
modeling of wall-bounded flows. It has been demonstrated in previous
analyses1–4 that the flame normal acceleration induced by thermal

expansion can have a significant influence on the statistical behavior and
modeling of the Reynolds stress tensor in turbulent premixed flames.
The statistical behavior and modeling of the viscous dissipation rate of
the Reynolds stress tensor are rarely analyzed for turbulent premixed
flames.6 Moreover, all the existing analyses2–4 in premixed combustion,
which dealt with the viscous dissipation rate, were carried out for flows
without any influence of walls. The heat release rate due to combustion
and local quenching of flame caused by the heat loss through the wall
within the turbulent boundary layer can potentially affect the anisotropy
of both Reynolds stress tensor and its dissipation rate.2–4

The anisotropy of Reynolds stresses plays a key role in the model-
ing of the pressure strain term in the Reynolds stress transport equa-
tion7 (e.g., return to isotropy approaches), and this is also important in
the premixed combustion modeling using second moment closure.8–12

The second-moment closure, where the Reynolds stress transport is
solved, has been found to provide better predictions of turbulence
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quantities than eddy viscosity models in complex flow configura-
tions13–15 for which large eddy simulation (LES) turns out to be too
expensive in comparison to RANS. A large extent of uncertainty is
associated with the modeling of eeij,11,16 and thus, an improved
approach for dissipation rate modeling is necessary. Thus, the under-
standing of anisotropy of Reynolds stress and its dissipation rate tensor
along with its modeling are likely to yield improved predictions of tur-
bulent kinetic energy and its dissipation rate in the context of second-
moment closure.11 It is important to note that turbulent kinetic energy,ek, and its dissipation rate, ee, are often used as input parameters for
combustion models (e.g., flame surface density17 and scalar dissipation
rate18 based closures), and thus, their accurate predictions will in turn
improve the predictive capabilities of combustion models in RANS
simulations of premixed flames.

The statistical behaviors of gu00i u00j and ee ij tensors are rarely ana-
lyzed for premixed flame–wall interaction (FWI) within turbulent
boundary layers19 although this information is vital for the Reynolds
stress, gu00i u00j , transport in the case of hybrid RANS/LES modeling strat-
egies for wall-bounded turbulent reacting flows. It should be recog-
nized here that the linear eddy viscosity based models relying on the
conventional Boussinesq’s hypothesis are often rendered invalid in
premixed flames.20–23 Thus, for the purpose of hybrid RANS/LES of
turbulent premixed FWI, it might be useful to consider Reynolds stress
closures instead of models employing the Boussinesq’s hypothesis.
Furthermore, in complex engineering configurations, the near wall sec-
ondary flow features are better represented by the second moment clo-
sure type models when compared with the one or two equation linear
eddy viscosity based models.13,14,24 Hence, it may be useful to consider
the second moment closure in the context of hybrid RANS/LES of tur-
bulent reacting flows at least in some configurations. In order to

understand the interrelation between gu00i u00j andee ij, the current analysis
focuses on the statistical behaviors of gu00i u00j and eeij tensors using direct
numerical simulations (DNS) for head-on quenching (HOQ) of statis-
tically planar flames propagating toward inert isothermal walls across
turbulent boundary layers representative of friction Reynolds numbers,
Res, of 110 and 180.

In this respect, the main objectives of this analysis are (a) to com-

pare the variations of gu00i u00j and ee ij at different stages of FWI with the
corresponding statistics for non-reacting fully developed channel flows
along with physical explanations for the observed behavior, (b) to ana-

lyze the interrelation between gu00i u00j and ee ij during head-on quenching
of premixed flames within turbulent boundary layers and its implica-
tions on the modeling of ee ij, and (c) to demonstrate the effects of Res
on the statistics related to (a) and (b). The remainder of the paper is
organized in the following manner. The mathematical background
and numerical implementation of the DNS database are described in
Secs. II and III, respectively. This is followed by the presentation and
discussion of results in Sec. IV. The main findings are summarized,
and conclusions are drawn in Sec. V of this paper.

II. MATHEMATICAL BACKGROUND

The anisotropy associated with gu00i u00j and ee ij can be analyzed in
terms of anisotropy tensors bij and dij, which are defined as

5,25

bij ¼ gu00i u00j =2ek � dij=3 and dij ¼ ee ij=2ee � dij=3; (1)

where ek ¼ gu00i u00i =2 and ee ¼ lð@u00i =@xjÞð@u00i =@xjÞ=q ¼ eeii=2 are the
turbulent kinetic energy and its dissipation rate, respectively.

It is worth noting that the derivation of the turbulent kinetic
energy transport equation from the first principles yields the unclosed
term, arising from the combined action of molecular diffusion of
kinetic energy and viscous dissipation rate, which is given by26

TV ¼u00i
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where sij ¼ lð@ui=@xj þ @uj=@xiÞ � dijð2l=3Þð@uk=@xkÞ is the com-
ponent of the viscous stress tensor. It is clear from Eq. (2) that the
expression of ee automatically arises out of the derivation of turbulent
kinetic energy. It is also worth noting that TVK disappears for incom-
pressible (i.e., constant density) flows because @u00k=@xk ¼ 0.

Therefore, TV reduces to TV ¼ �qee þr � ðlrekÞ for incompressible
flows for which k� e model was originally developed. In the context
of k� e modeling of turbulent premixed flames, the definition
of viscous dissipation rate presented in this paper [i.e.,ee ¼ lð@u00i =@xjÞð@u00i =@xjÞ=q] is used. Separate models have been pro-
posed for TVK

21–23,26, and thus, the modeling of TV translates to the clo-
sure of conventional dissipation rate. Wilcox27 proposed an alternative
definition of turbulence dissipation rate for compressible flows as

eecomp ¼ 2lS00ijS
00
ij � 2=3lð@u00k=@xkÞ2

h i
=q ¼ eesol þeedil; (3)

where S00ij ¼ 0:5ð@u00i =@xj þ @u00j =@xiÞ is the fluctuating component of
the strain rate tensor,eesol ¼ lx00

i x
00
i =q is the solenoidal part of the dis-

sipation rate with x00
i is the ith component of the vorticity fluctuations,

and eedil ¼ 4lð@u00i =@xiÞð@u00j =@xjÞ=3q is the dissipation rate arising
from the dilatation rate fluctuations ð@u00j =@xjÞ. The value of eedil is
identically zero for incompressible non-reacting flows and thuseecomp ¼ eesol for incompressible flows, and consequently, the differences
betweeneecomp andeesol within the flame brush can be expected due to the
non-zero eedil contribution within the flame. For the DNS data consid-

ered here, eecomp¼eeþ½lð@u00i =@xjÞð@u00j =@xiÞ�=q�2=3lð@u00k=@xkÞ2
remains close to ee indicating that the net contribution of

½lð@u00i =@xjÞð@u00j =@xiÞ�=q�2=3lð@u00k=@xkÞ2 remains small in com-
parison to the magnitude ofee. Similar trends have been observed when
compressible definition for ee ij is used. This implies that using eecomp
instead of ee does not offer any major benefits for premixed flame–wall
interaction cases considered in this work.

The tensors given by bij and dij are trace free (i.e., bii ¼ dii ¼ 0),
but their second invariants are given by5,25

IIb ¼ �bijbji=2 and IId ¼ �dijdji=2: (4)

Similarly, the third invariants of bij and dij tensors are defined as
5,25

IIIb ¼ bijbjkbki=3 and IIId ¼ dijdjkdki=3: (5)

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 045120 (2024); doi: 10.1063/5.0204038 36, 045120-2

VC Author(s) 2024

 19 April 2024 12:11:51

pubs.aip.org/aip/phf


The invariants given by Eqs. (4) and (5) in turn determine the eigen-
values of anisotropy tensors and these eigenvalues indicate different
realizable limiting states of anisotropic turbulence in the following
manner:5,25

• One-component (1C) limit: Here, one of the eigenvalues of
ðgu00i u00j Þ or eeij, as applicable, is non-zero and the eigenvalues of
anisotropy bij and dij tensors are given by ½k1; k2; k3�
¼ ½2=3;�1=3;�1=3�.

• Two-component (2C) axisymmetric limit: Here, two of the eigen-

values of ðgu00i u00j Þ or eeij, as applicable, are non-zero and the eigen-
values of anisotropy bij and dij tensors are given by
½k1; k2; k3� ¼ ½1=6; 1=6;�1=3�.

• Three-component (3C) isotropy limit: Here, three eigenvalues of

ðgu00i u00j Þ or ee ij are non-zero and equal, while the eigenvalues of

anisotropy bij and dij tensors are given by ½k1; k2; k3� ¼ ½0; 0; 0�.
The borders between these limits are characterized by the following
intermediate relations:5,25

• Two-component limit, which is representative of ellipse-like
(pancake) turbulence structures characterized by k1 > k2 and
k3 ¼ 0.

• An axisymmetric expansion, which is representative of rod-like
turbulence structures characterized by k1 > k2 ¼ k3.

• Axisymmetric compression, which is representative of disc-like
turbulence structures characterized by k1 ¼ k2 > k3.

All the realizable points fall within the Lumley triangle given by the
aforementioned borders and vertices mentioned above.

A commonmodel foree ij for non-reacting turbulent flow was pro-
posed by Hanjalic and Launder28 as

ee ij ¼ fee ija þ ð1� f Þ2dijee=3; (6)

where eeija ¼ ðgu00i u00j =ekÞee, f ¼ ð1þ Ret=10Þ�1 is a bridging function

with Ret ¼ ek2=�Ree being the turbulent Reynolds number and �R is
the kinematic viscosity of the unburned gas. This model was previously
shown to be ineffective for non-reacting turbulent boundary layer
flows.29 Antonia et al.5 proposed alternative models foree ij as

ee ij ¼ fbee ija þ ð1� fbÞee ijb; (7)

where fb ¼ expð�20Ab
2Þ with Ab ¼ 1þ 9ðIIb þ 3IIIbÞ is a bridging

function.5,30 There are two modeling options foree ijb:5,30,31
eeijb ¼ 2eeð10Re�0:5

t bij þ dij=3Þ; (8a)ee ijb ¼ 2eeðbij � 2a ð2IIb þ 1=3Þbij þ ðbikbkj þ 2IIbdij=3Þ
� �þ dij=3Þ;

(8b)

where a is a model parameter of the order of unity, which is taken to
be 1.0 in the current analysis. The model expressions given by Eq. (6),
Eq. (7) with Eq. (8a), and Eq. (7) with Eq. (8b) will henceforth be
referred to as model 1, model 2, and model 3, respectively.

III. DNS DATABASE

For the purpose of the current analysis, the simulations are
performed using a three-dimensional compressible code called
SENGAþ,32 and the combustion chemistry is represented by a

single-step Arrhenius type chemical reaction [unit mass of fuel þ s
unit mass of oxidizer ! (1þs) unit mass of products, where s is the
stoichiometric oxidizer–fuel mass ratio] for the sake of computational
economy. As the present analysis focuses primarily on the fluid-
dynamical aspects of FWI, it is expected that the findings of this study
will not be affected by the choice of the chemical mechanism. The
chemical reaction affects the turbulence statistics only through the dila-
tation rate and it is discussed elsewhere19,33–36 that the statistics of
reactive scalar gradient, wall heat flux magnitude, and the flame
quenching distance obtained from detailed chemical mechanism can
be captured reasonably accurately by single-step chemistry. In the cur-
rent analysis, stoichiometric methane–air premixed flames (i.e.,
s ¼ 4:0) under atmospheric conditions are considered. The Lewis
number of all the species is taken to be unity, and the unburned gas
temperature TR is taken to be 730K, which yields a Zel’dovich parame-
ter, b ¼ TaðTad � TRÞ=T2

ad of 6.0 (where Ta;Tad; andTR is the activa-
tion, adiabatic, and reactant temperatures, respectively) and a heat
release rate parameter of s ¼ ðTad � TRÞ=TR ¼ 2:3. Standard values
are taken for the Prandtl number, Pr, and the ratio of specific heat, c
(i.e., Pr ¼ 0:7, c ¼ 1:4). The first- and second-order spatial derivatives
in SENGAþ are calculated using a tenth-order finite difference central
scheme for the internal grid points, but the order of accuracy gradually
reduces to a second order for the non-periodic boundaries. A third-
order Runge–Kutta scheme is used for explicit time advancement. The
simulations in this analysis have been conducted in a configuration,
where the turbulent boundary layer is formed on top of a chemically
inert wall and the initial flow conditions for the reacting flow simula-
tions have been generated using fully developed non-reacting turbulent
channel flow solutions corresponding to Res ¼ us;NRh=�R ¼110 and
180, where us;NR ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijsw;NRj=qR

p
and sw;NR are the friction velocity

and wall shear stress for the non-reacting channel flow, respectively,
qR is the unburned gas density, and h is the channel half height corre-
sponding to the non-reacting fully developed channel flow solution.

The computational domain size for the reacting cases at both
Res ¼ 110 and 180 are taken to be 10:69h� 1:33h� 4h and equidis-
tant cartesian grids of 1920� 240� 720 and 3200� 400� 1200 are
used for Res ¼ 110 and 180, respectively. These grids ensure that
yþNR ¼ ðqRus;NRyÞ=lR for the wall adjacent grid points remain smaller
than 0.6, which satisfies the criteria proposed by Moser et al.37 for sim-
ulating turbulent boundary layers, and at least eight grid points
are accommodated within the thermal flame thickness
dth ¼ðTad � TRÞ/max jrTjL (where T is the instantaneous dimen-
sional temperature). The non-reacting flow simulations have been
benchmarked with respect to previous DNS by other researchers,38 and
it is shown elsewhere19,36,39 that an excellent agreement is obtained. It
should be recognized here that the bulk and friction Reynolds numbers
for the simulations performed in this work are comparable to the recent
state-of-the-art experiments performed for FWI.40

In all of the reacting flow simulations, periodic boundary condi-
tions are used for both streamwise (i.e., x-coordinate) and spanwise
(i.e., z-coordinate) directions, and a pressure gradient (i.e.,
�@p=@x ¼ qu2s;NR/h, where p is the pressure) has been imposed in the
streamwise direction.19,36,39 A no-slip impenetrable, inert (i.e., velocity
components in wall normal and tangential directions are zero and
mass flux in the wall-normal direction vanishes) wall boundary condi-
tion is implemented at y ¼ 0, and an isothermal wall boundary condi-
tion (i.e., Tw ¼ TR) is imposed for the temperature at the wall. A
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partially nonreflecting boundary is specified at y=h ¼ 1:33. The sche-
matic of the flow configuration is presented in Fig. 1. For both
Res ¼ 110 and 180 cases, an unstretched steady state 1D laminar flame
solution has been interpolated onto the 3D grid in such a manner that
the reaction progress variable c ¼ ðYFR � YFÞ=ðYFR � YFPÞ (where
the subscripts R and P represent the fresh reactant and fully burned
products, respectively) takes a value of 0.5, at y=h � 0:85 such that the
reactant side faces the wall, whereas the burned gas side faces the out-
flow boundary of the domain. The ratio of the laminar burning veloc-
ity, SL, and non-reacting flow friction velocity, us;NR, is taken to be 0.7
for all cases considered here. The simulations have been continued for
a maximum of 2.0 flow through time based on the maximum stream-
wise mean velocity. The flames propagate toward the wall and eventu-
ally quench due to heat loss through the wall over the simulation time,
but the boundary layer does not evolve significantly.19,36,39 The
Reynolds and Favre averaged quantities in this configuration have
been evaluated by spatial averaging the quantities of interest in the
periodic directions (i.e., x–z planes) for a given time instant and thus
the averaged quantities only vary in the y-direction.

IV. RESULTS AND DISCUSSION

The instantaneous views of c ¼ 0:8 isosurface for different nor-
malized times at t=tf ¼ 3:99, 13.12, and 16.27 in the case of
Res ¼ 110, and t=tf ¼ 7:89, 16.75, and 20.11 for Res ¼ 180 cases are
shown in Fig. 2, where tf ¼ dth=SL is the chemical time scale. The dis-
tributions of the normalized vorticity magnitude, X ¼ ffiffiffiffiffiffiffiffiffiffi

xixi
p

� h=us;NR, at z=h ¼ 4:0 are also shown in Fig. 2. The choice of
c ¼ 0:8 is driven by the fact that the peak value of the reaction rate of
the reaction progress variable is obtained for c � 0:8 for the
unstretched steady laminar premixed flame so this isosurface can be
considered as the flame surface. Figure 2 shows that the flame surface
becomes wrinkled due to the interaction of turbulent shear and vortical
motion within the boundary layer, but these wrinkles eventually quench
when they come in the vicinity of the wall (i.e., the normalized mini-
mum quenching distance is yQ=dZ ¼ 1:71 and 1.72 for Res ¼ 110 and
180 turbulent cases, with dZ ¼ aT0=SL and aT0 being the Zel’dovich
flame thickness and thermal diffusivity in the unburned gas, respectively,
and yQ is the wall-normal quenching distance of the temperature
isosurface corresponding to the peak reaction rate of the unstretched
laminar premixed flame) due to the heat loss. This quenching is reflected
in the fragmented flame surface at later times in Fig. 2. The presence of
the flame within turbulent boundary layers gives rise to a predominantly

positive dilatation rate (i.e., @ui=@xi > 0), which in turn affects the tur-
bulence statistics due to flame normal acceleration resulting from ther-
mal expansion.19,39 This has implications for the distribution of gu00i u00j
and eeij components within turbulent boundary layers analyzed here. In
this configuration, only gu001u001 , gu002u002 , gu003u003 , and gu001u002 assume non-zero
values for the Reynolds stress tensor, whereas ee11, ee22, ee33, and ee12 are
the non-zero components of the viscous dissipation rate,ee ij, tensor.

As the present configuration represents an unsteady FWI config-

uration, the statistics related to the non-zero components of gu00i u00j andee ij will henceforth be presented at t=tf ¼ 3:99, 13.12, and 16.27 for
Res ¼ 110 and at t=tf ¼ 7:89, 16.75, and 20.11 for Res ¼ 180 cases,
which correspond to the normalized wall normal distance of
y=h ¼ 0:72, 0.06, and 0.03 for non-dimensional Favre-averaged tem-

perature eh ¼ ðeT � T0Þ=ðTad � T0Þ ¼ 0:5 isosurface for each Res,
respectively. For the following discussion, these time instants will be
considered for the purpose of further analysis because these conditions
are representative of the situations (i) when the flame is away from the
wall and thus without any wall influence, (ii) when the flame is inter-
acting with the wall, and (iii) when the flame is mostly quenched.
These can further be substantiated by the distributions of Favre-
averaged values of the reaction progress variable ec and non-

dimensional temperature eh with the normalized wall normal distance

y=h, as shown in Fig. 3, which shows that ec ¼ eh is maintained away
from the wall, as expected for unity Lewis number conditions in low
Mach number flows. However, it can be seen from Fig. 3 that the cou-

pling between ec and eh is lost during FWI due to different wall bound-
ary conditions for c and h (i.e., @c=@yjw ¼ 0 and hjw ¼ 0), which is
consistent with several previous studies.41–43 After flame quenching,

FIG. 1. Schematic of the computational domain used for head-on quenching of the
statistically planar flame across a turbulent boundary layer.

FIG. 2. Head-on quenching for the premixed flame case with Res ¼ 110 (top) and
180 (bottom) at different t=tf . The isosurface colored in yellow represents c ¼ 0:8.
The instantaneous normalized vorticity magnitude X ¼ ffiffiffiffiffiffiffiffiffiffi

xixi
p � h=us;NR is shown

on the x–y plane at z=h ¼ 4. The gray surface denotes the wall.
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burned gas diffuses toward the wall and the unburned gas close to the
wall diffuses away from it, and accordingly the value ofec increases from
0.0 with the progress of FWI, which is also consistent with previous
experimental44,45 and computational41–43 findings. It can further be
appreciated from Figs. 2 and 3 that burned gas increasingly occupies a
major part of the turbulent boundary layer with the progress of FWI,

which has implications on the distributions of gu00i u00j andeeij components.
The distributions of ½gu001u001 , gu002u002 , gu003u003 , gu001u002 , ek�=u2s;NR and [ee11,ee22, ee33, ee12, ee� � �NR=u4s;NR with y=h at different stages of FWI are

shown in Figs. 4 and 5, respectively, for both Res¼110 and 180 cases.

Figures 4 and 5 show that gu001u001 andee11 are the dominant contributors

of ek andee, respectively, which are consistent with the expected behav-
ior in turbulent boundary layers. However, a comparison between

Figs. 3 and 4 reveals that the differences in gu001u001 and ek between the
premixed flame and the fully developed non-reacting channel flow
profiles are obtained within the flame brush (e.g., 0:1 � ec � 0:9),
where the effects of thermal expansion due to heat release are strong
when the flame remains away from the wall (e.g., t=tf ¼ 3:99 and 7.89
for the Res ¼ 110 and 180 cases, respectively). The differences forgu001u001 and ek between the reacting and non-reacting cases increase with
the progress of flame quenching. When the flame starts to interact
with the wall (e.g., t=tf ¼ 13:12 and 16.75 for the Res ¼ 110 and 180

FIG. 4. Distributions of [gu001u001 , gu002u002 , gu003u003 , gu001u002 , and ek �=u2s;NR with y=h at different t=tf for Res ¼ 110 (first row) and 180 (second row).

FIG. 3. Distributions of Favre-averaged values of reaction progress variable ec (solid
lines) and non-dimensional temperature eh (dashed lines with symbols) with y=h at
different time instants for Res¼ (a) 110 and (b) 180.
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cases, respectively), gu002u002 and gu001u002 are significantly affected by the heat
release as the flame normal vector in a mean sense aligns mostly with
the wall-normal direction, and thus, the thermal expansion effects are
mostly felt in the Reynolds stress components involving velocity fluctu-
ations in the wall-normal direction. The redistribution of Reynolds

stresses gives rise to the alteration of gu003u003 in the reacting cases in com-
parison to the corresponding non-reacting flow profiles. The alterations

of gu002u002 and gu003u003 due to thermal expansion and momentum redistri-
bution at the early stages of HOQ are masked by the dominant contri-

bution of gu001u001 toward ek ¼ gu00i u00i =2. Moreover, a comparison between

Figs. 3 and 4 reveals that gu001u002 assumes positive values within the
flame brush and in the burned gas for the early stages of FWI (e.g., t=tf
¼ 13:12 and 16.75 for the Res ¼ 110 and 180 cases, respectively),

whereas gu001u002 for fully developed non-reacting channel flow assumes

negative values. Thus, the positive values of gu001u002 are indicative of
counter-gradient behavior as @eu1=@x2 > 0 is obtained throughout the

boundary layer. The quantity gu00i u00j can be expressed as16gu00i u00j ¼ecð1�ecÞ ðuiÞP � ðuiÞR
� � ðujÞP � ðujÞR

� �
þ ð1�ecÞðu0iu0jÞR þecðu0iu0jÞP þ OðccÞ; (9)

where ðqÞR and ðqÞP are the conditional mean values in unburned
reactants and products of a general quantity q and OðccÞ is the contri-
bution of the burning mixture. The counter-gradient behavior of gu001u002
occurs when the contribution due to velocity jump across the flame
brush [i.e., which leads to positive values for the first term on the right-
hand side of Eq. (9)] dominates over the turbulent velocity fluctuation
contributions [i.e., second and third terms on the right-hand side of
Eq. (9)],16,46 but a gradient type of transport is obtained when fluid
turbulence contributions [i.e., second and third terms on the right-
hand side of Eq. (9)] overwhelm the effects of flame normal accelera-
tion due to thermal expansion [i.e., first term on the right-hand side of
Eq. (9)]. Therefore, a gradient type of behavior (negative value in this

configuration) for gu001u002 is observed for both cases when the flames are
at an advanced stage of quenching (e.g., t=tf ¼ 16:27 and 20.11 for the
Res ¼ 110 and 180 cases, respectively). However, the magnitudes ofgu001u002 remain greater than the corresponding non-reacting values even
when the gradient type of transport is obtained at the advanced stage
of HOQ. At advanced stages of HOQ (e.g., t=tf ¼ 16:27 and 20.11 for
the Res ¼ 110 and 180 cases, respectively), the turbulent boundary
layer is filled by the burned gas and the high kinematic viscosity in the
burned gas gives rise to a significant drop in the magnitudes of all

Reynolds stress components and ek due to the dampening of turbulent

FIG. 5. Distributions of [ee11, ee22, ee33, ee12, andee]��NR=u4s;NR with y=h at different t=tf for Res ¼ 110 (first row) and 180 (second row).
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fluid motion. However, gu001u001 continues to be the major contributor toek ¼ gu00i u00i =2 even at the advanced stages of HOQ (e.g., t=tf ¼ 16:27
and 20.11 for the Res ¼ 110 and 180 cases, respectively), which is
characteristic of wall-induced shear flows within turbulent boundary
layers under imposed pressure gradient.5,29

Similar to the Reynolds stress components, ee11 acts as the
dominant contributor to 2ee ¼ ee ii for both Res cases considered
here. Moreover, the differences in ee ij between non-reacting and
reacting cases are obtained only within the flame brush and in
the burned gas side, where the effects of thermal expansion

FIG. 6. Plots of �IIb vs IIIb in the form of
the Lumley triangle for Res ¼ 110 (first
column) and 180 (second column) at dif-
ferent t=tf . Note axi� represents axisym-
metric contraction and axi�� represents
axisymmetric expansion.
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are strong at the early stages of HOQ. By contrast, at the
advanced stages of HOQ, the decay of turbulence due to the
strengthening of viscous damping within the burned gas leads to
significant drops in the magnitudes of ee ij and ee in comparison
to the corresponding values obtained for non-reacting fully

developed channel flows. However,ee11 continues to act as the dom-
inant contributor to 2ee ¼ ee ii for both Res cases even at the
advanced stages of HOQ, which is once again characteristic of
wall-bounded turbulent boundary layer flows under imposed pres-
sure gradient.5,29

FIG. 7. Plots of �IId vs IIId in the form of
the Lumley triangle for Res ¼ 110 (first
column) and 180 (second column) at dif-
ferent t=tf . Note axi� represents axisym-
metric contraction and axi�� represents
axisymmetric expansion.
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The findings from Figs. 4 and 5 suggest that gu00i u00j and ee ij tensors
demonstrate a significant amount of anisotropy at all stages of FWI in
this configuration. The different states of anisotropy can be character-
ized in terms of the plots of�IIb vs IIIb and�IId vs IIId in the form of
the Lumley triangle for the Reynolds stress tensor and dissipation rate-
tensor, respectively, which are shown in Figs. 6 and 7 at different time
instants for both Res ¼ 110 and 180 cases, respectively. The corre-
sponding plots for non-reacting isothermal fully developed channel
flow are also shown in Figs. 6 and 7, which show that the two-
component elliptic behavior is obtained close to the wall for non-
reacting fully developed channel flows, which is consistent with the

fact that 2ek is dominated by gu001u001 and gu003u003 contributions. Similarly,
2ee is dominated byee11 andee33 contributions. This is followed by a ten-
dency toward the one-component limit for small values of y=h (due to

the peak value of predominant gu001u001 and ee11 at around y=h � 0:1)

before exhibiting axisymmetric expansion [i.e., gu001u001 > ðgu002u002þgu003u003 )
and ee11 > ðee22 þee33)] and finally tending toward isotropy close to
y=h ¼ 1:0. The same qualitative behavior is obtained for the reacting
cases when the flames remain away from the wall, but the tendency
toward isotropy close to y=h � 1:0 is stronger for the Res ¼ 180 case
than in the Res ¼ 110 case, which is consistent with the greater ten-
dency toward isotropy for higher values of the Reynolds number.

It can further be seen from Figs. 6 and 7 that the tendency toward
isotropy close to y=h ¼ 1:0 at later stages of HOQ (e.g., t=tf ¼ 16:75)
becomes weaker than at earlier times (e.g., t=tf ¼ 3:99) for the
Res ¼ 110 case and two-component-elliptical and axisymmetric expan-
sion behaviors are mostly obtained for this case. By contrast, in the case
of HOQ for Res ¼ 180, the behaviors of the second and third invariants
remain qualitatively similar to the non-reacting case at all stages of FWI
and the tendency toward isotropy is obtained close to y=h � 1:0. In
this respect, it is worth noting that Durbin and Speziale47 indicated even
in the limit of the infinite value of Reynolds number the true isotropy is
inconsistent with Navier–Stokes equations in the presence of mean
shear rate, as is the case for turbulent boundary layer flows.

Lumley48 suggested that dij=bij 	 ðkT=u0Þ=ðl=u0Þ 	 Re�0:5
t ,

where kT and l are the Taylor microscale and integral length scale,
respectively, but this scaling is rendered invalid at Ret ¼ 0 (at the wall)
and dij 6¼ 0 is obtained for Ret ! 1. Therefore, a Ret based blending
function in Eq. (6) may not be suitable for turbulent boundary layers.
It was demonstrated in previous studies5,29 that a strictly linear relation
is not obtained between Re�0:5

t bij and dij in the case of non-reacting
turbulent boundary layer flows, which has also been observed for both
non-reacting and reacting cases considered here, and is shown in
Fig. 8.

The predictions of ee11, ee22, ee33, and ee12 ��NR=u4s;NR according to
Eq. (6), Eq. (7) [with Eq. (8a)], and Eq. (7) [with Eq. (8b)] (i.e., model
1, model 2, and model 3) are compared with the corresponding values
from the DNS data in Figs. 9 and 10, for Res ¼ 110 and 180 cases,
respectively, which also shows model 1 does not adequately capture
both qualitative and quantitative behaviors of ee11, ee22, ee33, and ee12
extracted from the DNS data. Model 2 and model 3 reasonably capture
the behaviors of ee11 for both non-reacting and reacting cases consid-
ered here, but the quantitative agreement is less satisfactory for ee22,ee33, and ee12. Moreover, model 2 yields a wrong sign of ee22 close to the
centerline, where the effects of thermal expansion are strong in the
reacting case with Res ¼ 110 at t=tf ¼ 3:99 because the negative con-
tribution of 10Re�0:5

t b22 overcomes 1/3 in Eq. (8a), but this problem
disappears in the premixed FWI case with Res ¼ 180. The better per-
formance of model 3 than model 2 originates because Ab ¼
1þ 9ðIIb þ 3IIIbÞ in fb accounts for the departure from the two-
component limit (where Ab ¼ 0). The model by Hallback et al.31 uti-
lizes the local anisotropy behavior in terms of IIb and IIIb and satisfies
(a) the symmetry with respect to i and j, (b) dii ¼ 0, and (c) in the
homogeneous two-component limit yields (dm�m� ¼ bm�m� ¼ �1=3,
where � indicates no summation). Thus, model 3 is more successful
than other models in predicting the behavior for the diagonal compo-
nents in ee ij, and the model performance has been found to improve
with an increase in Res. However, the behavior for the off diagonal
components of ee ij is better predicted by model 1. Therefore, model 3

FIG. 8. Variations of dij with Re�0:5
t bij at different time instants for Res ¼ (a) 110 and (b) 180.
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can be considered for approximating the diagonal components of eeij
and model 1 can be used for closing the off diagonal components ofeeij
in the Reynolds stress transport closure. This suggests that there is a
further scope for improvement in the modeling of eeij. This behavior
for model performance is qualitatively similar to that reported by
Antonia et al.5 in the case of non-reacting boundary layer flows. Note
that according to models 1–3 the trace of ee ij yields 2ee, and thus, ee is
not shown in Figs. 9 and 10. It is worth noting that models 1–3 were
originally proposed for non-reacting flows, but the reasonable perfor-
mance of model 3 in reacting flows in the cases considered here

originates principally due to the fact that the effects of thermal expan-
sion are implicitly accounted for in the invariants of the Reynolds stress
tensor.

A high-fidelity modeling of dissipation rate tensor allows for
accurate predictions of turbulent kinetic energy, ek, and its dissipation
rate, ee, which are often input parameters in the closures of flame sur-
face density17 and scalar dissipation rate18 models, needed for the accu-
rate closure of the mean reaction rate. As mentioned before,
Boussinesq’s hypothesis is not able to predict the anisotropic behaviors
of normal Reynolds stresses and, thus, accurate closures for eeij allow

FIG. 9. Predictions of model 1 [i.e., Eq. (6)], model 2 [i.e., Eq. (7) with fb given by Eq. (8a)], and model 3 [i.e., Eq. (7) with fb given by Eq. (8b)] for ee11, ee22, ee33, and ee12
��NR=u4s;NR with the corresponding DNS data at different t=tf for Res ¼ 110.
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for higher fidelity in the prediction of gu00i u00j and consequently ek, which
in turn indirectly affect the closures of flame surface density and scalar
dissipation rate in premixed turbulent flames. Thus, an improved clo-
sure of ee ij will not only affect the predictions of turbulent kinetic
energy ek and its dissipation rate ee, but will give rise to more accurate
predictions of the mean reaction rate as well.

V. CONCLUSIONS

The interrelation between Reynolds stresses and their dissipation
rates during head-on quenching of premixed flames within turbulent

boundary layers has been analyzed using DNS data for friction
Reynolds numbers, Res, of 110 and 180. It has been found that both
Reynolds stresses and their dissipation rates show significant devia-
tions from the corresponding non-reacting flow profiles within the
flame brush and in the burned gas region. This behavior is particularly
strong for the components in the wall-normal direction because the
mean direction of flame normal acceleration due to thermal expansion
aligns with the wall-normal direction in this configuration. The anisot-
ropy of the Reynolds stress tensor and its dissipation rate tensor is
found to be qualitatively similar but the anisotropic behavior

FIG. 10. Predictions of model 1 [i.e., Eq. (6)], model 2 [i.e., Eq. (7) with fb given by Eq. (8a)], and model 3 [i.e., Eq. (7) with fb given by Eq. (8b)] for ee11, ee22, ee33, and ee12
��NR=u4s;NR with the corresponding DNS data at different t=tf for Res ¼ 180.
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corresponding to axisymmetric expansion is relatively strong in the
premixed flame case with Res ¼ 110, and this anisotropy weakens with
increasing friction Reynolds number. Despite the qualitative similari-
ties in the anisotropy behavior of the Reynolds stress tensor and its dis-
sipation rate tensor, the components of the corresponding anisotropy
tensors cannot be assumed to be linearly related, and thus, the models
based on this assumption are not successful in capturing the diagonal
components of the viscous dissipation rate tensor but the agreement is
found to be relatively better for the non-diagonal components. By con-
trast, a model, which accounts for the statistical behaviors of the invari-
ants of the anisotropy tensor of Reynolds stresses and satisfies the
limiting conditions for isotropy and two-component limit explicitly,
has been found to reasonably capture the diagonal components of ee ij
tensor but the quantitative prediction suffers for the components in the
wall-normal direction for small values of Res. However, the perfor-
mance of this model improves with an increase in Res, and thus, this
model can be used for modeling the diagonal components ofee ij for the
Reynolds stress closure in the context of FWI modeling under the
hybrid RANS/LES framework. Although the simplification of chemis-
try made in this analysis is unlikely to affect the turbulence statistics
presented here, further validation of the performance of the models in
the presence of detailed chemistry and transport will be necessary.
Finally, the model identified to provide satisfactory performance based
on DNS data will also need to be implemented in hybrid RANS/LES of
FWI for a posteriori model assessment, which will form the basis of
future investigations.
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