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Abstract. We show that the (2+41)-dimensional massless Dirac equation, which
includes a tilt term, can be reduced to the biconfluent Heun equation for a broad range
of scalar confining potentials, including the well-known Morse potential. Applying
these solutions, we investigate a bipolar electron waveguide in 8-Pmmn borophene,
formed by a well and barrier, both described by the Morse potential. We demonstrate
that the ability of two-dimensional materials with tilted Dirac cones to localize
electrons in both a barrier and a well can be harnessed to create pseudogaps in their
electronic spectrum. These pseudogaps can be tuned through varying the applied
top-gate voltage. Potential opto-valleytronic and terahertz applications are discussed.
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1. Introduction

In contrast to conventional semiconductors, charge carriers in graphene behave like
ultra-relativistic massless particles, moving at approximately one three-hundredth of the
speed of light. The relativistic nature of graphene’s charge carriers leads to its highly
celebrated optical and electronic properties [1,2], positioning graphene as a promising
material for several advanced optoelectronic applications. The rise of graphene sparked
a surge of interest in researching other materials whose low-energy charge carriers can
be described by a Dirac-like Hamiltonian, among which are topological insulators [3,4],
transition metal dichalcogenides [5], 3D Weyl semimetals [6], and materials predicted
to exhibit tilted Dirac cones, such as 8-Pmmn borophene [7].

Tilted Dirac cones can be classified into three categories. For a type-I cone, the
equienergy contours are closed. For the other two types, the equienergy contours are
open: in a type-II cone the equienergy contours are hyperbolic, while in type-III they
are parabolic [8,9]. These various cone geometries lead to remarkably different physical
properties [10-29]. In certain materials, the Dirac cones can be naturally tilted due
to the material’s inherent crystal structure and properties, and there is a plethora of
theoretical materials that have been predicted to possess tilted Dirac cones [7,30-43].
In graphene, the tilting of Dirac cones can be induced through various means, e.g.,
via the application of mechanical strain [31, 44-47], doping [48], or the application
of external electric [49-55] or magnetic potentials [56,57]. An alternative approach
to studying systems that support tilted Dirac cones involves exploring the connection
between gravitational physics and condensed-matter systems [58-64]. This approach
was first considered in (3+1)-dimensional Weyl semimetals [58], opening the door to
the investigation of black holes and gravitational lensing in a solid-state setting. In
many systems with tilted Dirac cones, the spatial dependence of the tilt parameter
can be achieved through various means, such as externally applied electric fields [65],
magnetic/pseudo-magnetic fields [66,67], chemical substitution [68] and, in the case of a
tunable circuit realization of tilted Dirac cone systems, by spatially varying the capacitor
and inductor sizes [69]. The presence of a space-dependent tilt parameter in these
systems allows for the exploration of nontrivial spacetime geometry and gravitomagnetic
effects. The rising interest in tilted Dirac materials has led to the revisiting of several
well-known problems in graphene, such as Klein tunneling [70], atomic collapse [71],
and optical absorption [14], to now incorporate a tilt term. Transport across quasi-
1D heterostructures [72-75] in tilted Dirac materials has also been investigated, as
has the alternative geometry: propagating fully confined modes along electrostatic
potentials [26].

In graphene, bipolar electrostatic potentials have been demonstrated to introduce
valence-like and conduction-like bands into the energy spectrum, and the size of the
pseudogaps can be externally tuned through varying the top-gate voltage [76]. The
pseudogaps are a consequence of avoided crossings, which occur due to the overlap of
the spectra of the individual well and barrier that form the bipolar waveguide. In this
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paper, we demonstrate that bipolar waveguides in tilted Dirac materials yield spectra
that significantly differ from those of materials with untilted Dirac cones. Notably, in
graphene, for a given valley, the spectrum is symmetric with respect to momentum
as measured about an individual K-point [76]. In stark contrast, when considering a
given valley in a tilted Dirac material, the avoided crossings occur at different energies
depending on the sign of the momentum, provided the waveguide is not normal to the
tilt direction. This key difference has the potential to be harnessed for novel valleytronic
applications, where the valley quantum number could serve as a basis for carrying
information, akin to the role of spin in semiconductor spintronics [77,78].

The paper is organized as follows: first we show that the differential equations
governing guided modes within a tilted Dirac waveguide can be transformed into the
biconfluent Heun equation for a wide range of potentials. We then investigate a specific
case: the bound state solutions propagating along a bipolar potential formed by a
well and barrier described by the Morse potential [79]. The eigenvalue spectrum of
the waveguide is then determined using a simple transcendental equation. Finally, we
discuss possible applications.

2. The tilted Dirac equation

The Hamiltonian describing the guided modes contained within a smooth electron
waveguide in a tilted Dirac material can be written as

H=h (vggaxl;:x + svyayl;:y + svtaol;:y) +o,U(x,y) (1)

where k, = —10y, l%y = —10y, 0., are the Pauli matrices, oy is the identity matrix, v,
and v, are the anisotropic velocities, v; is the tilt velocity, s = £1 is the valley index
number, and U(z,y) is the externally applied electrostatic potential. This Hamiltonian
is of the same form as the low-energy two-band effective Hamiltonian used to describe
8-Pmmn borophene [80], 2B: Pmmn borophane [81], and a-(BEDT-TTF)y15 [30,31]. In
practical experiments, it is not yet possible to select the exact angle between the top
gate and the crystallographic orientation. Although we will consider the specific case
of aligning the waveguide along the y-direction, it should be emphasized that one can
derive spectra for any waveguide orientation by applying the mapping method outlined
in Ref. [26].

When the Hamiltonian, Eq. (1), is applied to a two-component Dirac wavefunction
of the following form: ¥ = (¢, (x), (z))T e™*v¥ where 1, and 1, are the wavefunctions
associated respectively with the a and b sublattices of the tilted Dirac material, and the
free motion in the y-direction is characterized by the wave vector k, measured with
respect to the Dirac point, the following coupled first-order differential equations are
obtained:

(V =&+ sthy) g + (—z';z - sz’T%y> by =0, (2)
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and

<—7;§Z + szT%y> Yo+ (V = &+ sthy) v, = 0, (3)
where z = x/I, %y = lk,, and [ is a constant, and the dimensionless tilt and anisotropic
velocities are defined as t = v, /v, and T' = v, /v,, respectively. The potential, V'(z),
and the charge carrier energy, &, have been scaled such that V(z) = [U(z)/hv, and
€ = le/hv,, where ¢ is the eigenvalue of the system. Substituting W, = v, + 1, and
U_ =1, —1 into Eq. (2) and Eq. (3) allows them to be reduced to a single second-order
differential equation in W,:

oV 0
(V—E)Z—AQZt’La \I/:t‘f‘ﬁzo, (4)

where £ = ¢ — st%y and A = sT %y, and the other components are found via the relation:
Ve =+i(V—-FEFi0,) UV /A. (5)

It should be noted that whenever the Schrodinger equation possesses exact solutions for
a given potential, W (Z), there exists a corresponding potential, V(Z), for which Eq. (4)
is exactly solvable, satisfying the relation W(z) = (V — E)* & %—g, where Z = iz [82].
This method can be used to obtain a broad set of zero-energy and energy-dependent

potentials [83-86].

3. The bipolar Morse potential

Based upon state-of-the-art waveguides achievable in experiments [87], our proposed
bipolar waveguide is created by two carbon nanotube top gates. These gates are
separated by a finite distance and positioned a certain height above a metallic substrate
(see Figure 1). The bipolar potential in the plane of the tilted Dirac material [76], can
be approximated by the piecewise function

Ulz) = { —Upe*/ (1 — e‘x/l) , >0

Upe®! (1 — e”’/l) , x <0 (6)

where [ and U, are the characteristic potential width and depth respectively. This
function is zero at the origin, possesses continuous derivatives to the first order,
asymptotically approaches zero at * = Z4oo, has a minimum value of —U;/4 at
x =1In(2), and has a maximum value of Uy/4 at x = —[1n (2).

4. Transforming the tilted Dirac equation into the biconfluent Heun
equation

Heun’s equation is a second-order linear ordinary differential equation characterized by
four regular singular points [88]. Confluent forms of Heun’s differential equation occur
when two or more of the regular singularities combine to form an irregular singularity. In
the case of the biconfluent Heun equation, the merging of its two finite regular singular
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Figure 1. (a) Illustration of the proposed experimental setup and (b) the bipolar
potential created by a well and barrier, as described by the Morse potential: U (z) =
—sgn (z) Upe~1#I/1 (1- e“””Vl).

points with infinity results in one regular singularity at the origin and one irregular
singularity at infinity. The biconfluent Heun equation frequently arises in various areas
of mathematics and physics [88-95] and has been employed in numerous single-particle
quantum confinement problems [88,96-98|.

The normal form of the biconfluent Heun equation is given by:

0%u 1 ) 1

207w Ly 0 2 L2 pe3 ed|

a£2+[4(1 oF) = 6 +7E = (B¢ — e — ¢! u=0. (7)
This equation has the solution u(¢) = €204 28BHOL (€), where H(E) =

H(a, B,7,0; &) are the solutions to the canonical biconfluent Heun equation [88]. In what
follows we shall perform transformations on the dependent and independent variables of
Eq. (4), and find the corresponding energy-independent potentials which allow Eq. (4)
to be converted into the normal form of the biconfluent Heun equation. A similar
approach has been implemented to determine the bound states of charge carriers in
two-dimensional Dirac materials for a family of one-dimensional confining potentials [99]
using the confluent Heun equation. It should also be noted that there exists a broad
range of potentials for which the Schrédinger equation reduces to the Heun equation or
one of its confluent forms [97,100-102].

Applying the change of variable { = £ (z), satisfying % = —c&™, where ¢ is a
constant, and selecting a wave function of the form W, = ¢.£7%, allows Eq. (4) to be
expressed as

0%y (V—E)> = A2 Tic, "%—‘E/ n (1— n
o " e e

Let us consider the case of n = 1, i.e., £ = c;e”“%. In this instance if the potential is of

) e =0. (8)

the form

V =y + a;&" (9)



Bipolar electron waveguides in two-dimensional materials with tilted Dirac cones 6

where ay = s.ica with s, taking the value of 1 or —1, then Eq. (8) reduces to the normal
form of the biconfluent Heun equation, Eq. (7), with

2\/ AQ — E2 2&1 i

Q= Sq ) p=—sc—i,
Co C2
y = 280 (:l:CQ — ZE)7 5= 2&1 (2E;:|: Z.CQ)7
CQ C2
where s, can take the value of 1 or —1. When a; = —s.cic9i and Vy = s.c?i then the

potential takes the desired form of
V= —eVoe 2 (1—em?), (10)

where ¢y is now restricted such that ¢ = 1 for z > 0, and ¢, = —1 for z < 0, and in this
instance the linearly independent solutions to Eq. (4) are

Ui =Y As a5 82% # O H (0, 8,7, 6 €), (11)
where Ay 5, s I8 a constant, o = $,c22VA? — E2, [ = —2¢, v = 2(+1 — i k),
0 =2c1 (£1 —2c0F), ¢ = +/—1Vj, and Vj is a positive parameter.

There are several other cases where the tilted Dirac equation, Eq. (1), can be
reduced to the normal form of the biconfluent Heun equation. For example, when
n = —1, the energy-independent potential formed by a linear combination of an inverse-
square-root and Coulomb potential

Vi Vs
V(z) = 12
(@) = et (12)

where xq, V1, and V5 are constants, can be solved in terms of biconfluent Heun functions.

It should be noted that both the shifted Coulomb and inverse-square-root potentials
were previously solved for the one-dimensional Dirac problem in terms of Whittaker and
Hermite functions, respectively [103-105]. Another example is for the case of n = 0; in
this instance, the potential formed by the addition of a Coulomb and linear potential

Vix)= . + Vo, (13)

where V7, and V5 are energy-independent constants, can be solved in terms of biconfluent
Heun functions. For the case of V; = 0, Eq. (1) can also be solved in terms of Hermite
functions [106, 107].

5. Guided modes in a bipolar Morse potential

We shall now analyze the asymptotic behavior of the wavefunctions as |z| approaches
infinity, i.e., £ — 0. It can be seen from Eq. (11) that the asymptotic expressions for
U, become Wi = 3 Ai,smscféo‘. Thus, for a bound state to exist, it is necessary that
« is real and positive (i.e., A? > E?), implying that Ay ¢, s, = 0 unless s, = s.. The
relationship between the remaining nonzero coefficients of A, ;. in the well-like and
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Figure 2. The energy spectrum of guided modes (for the s = 1 valley) in a bipolar
Morse potential, U (z) = —sgn (z) Upe™ 121/t (1 — e=12I/1) | of strength Vy = Uy /hw, =
10, as a function of wavenumber along the waveguide in a tilted Dirac material, defined
by parameters v, = 0.86vr, vy = 0.69vp and v; = 0.32vp, where vp is the Fermi
velocity of graphene. Here, only the three lowest modes associated with the individual
well (red lines) and the three highest modes associated with the individual barrier (blue
lines) that form the bipolar waveguide are displayed. The grey dashed lines indicate
the boundary at which the bound states merge with the continuum.

barrier-like regions is determined by the boundary conditions at the origin, where we
require both continuity and smoothness of the wavefunction:

ov_, 0w,
0z 0z
For brevity, we have omitted the + sign appearing in Eq. (11), leaving only the index

U 1 (z=0)=V,(2=0), (14)

z=0 z=0
co, where co = —1 for z < 0 and ¢ = 1 for z > 0. Therefore, the eigenvalues
are determined via the zeros of the Wronskian, W (¥, ¥_;) (¢ = 0). Notably, the
Wronskian method has been successfully employed to determine the energy spectrum for
guided modes in several Dirac waveguides [99,108,109] and eigenstates for the quantum
Rabi model [110-112].

In Figure 2 we plot the eigenvalues obtained from the zeros of the Wronskian
W (¥, U_y)(z = 0), for a bipolar potential with characteristic potential strength
Vo = 10, for a tilted Dirac material (8-Pmmn borophene) defined by parameters
vy = 0.86 vp, vy = 0.69vp and v, = 0.32 vp, where vp is the Fermi velocity of graphene.
The boundary at which the bound states merge with the continuum is denoted by the
grey dashed lines. In stark contrast to graphene, the presence of the tilt term breaks
the e(k,) = e(—k,) symmetry for a given valley. As a consequence, avoided crossings
occur at different energies for opposite signs of k. This asymmetry in the band structure
opens up opportunities for potential valleytronic applications. For example, if the Fermi
level is positioned within the higher-energy pseudogap, any charge carriers optically
excited across the gap will result in carriers propagating along a specific direction of the
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waveguide that are fully valley-polarized. This phenomenon does not occur in graphene
bipolar waveguides, as pseudogaps occur at the same energy.
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Figure 3. The normalized wavefunctions of guided modes (for the s = 1 valley)
in a bipolar Morse potential, U (z) = —sgn (z)Uye1*!/! (1 —e‘m/l), of strength
Vo = Wy/hw, = 10, for k,l = 2 and energy: (a) € = 2.195, (b) € = 1.658, (c)
€ =0.864, (d) £ =0.624, (e) € = —0.169, and (f) &€ = —0.706, in a tilted Dirac material
defined by parameters v, = 0.86vr, v, = 0.69vr and v; = 0.32vp. The solid red
and blue lines correspond to real parts of ¥, and 1, respectively, while the dashed
lines correspond to their imaginary parts. The black line shows the electron density
O = il + [l
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It should be noted that, if the bipolar potential is an odd function, then it can
be seen from Egs. (2) and (3) that for a given k,, the eigenfunctions of E and —F
are related through the simple relations v, (—FE,2) = ¢ (F,—z) and ¢, (—E,2) =
), (F,—z). Therefore, the electron density of the modes associated with the individual
well (eigenfunctions of F) and barrier (eigenfunctions of —FE) which form the bipolar
waveguide are mirror images of each other (see Figure 3). Thus, away from the
pseudogap, the positive F eigenfunctions have an electron-like character (i.e., mainly
localized in the proximity of the well), and the negative E eigenfunctions have a hole-like
character (i.e., mainly localized in the proximity of the barrier). Another characteristic
of an odd bipolar potential is that, for a given E, the wavefunctions of the other
valley can be obtained by a simple change of sign in k,, along with the switching
of the spinor components 1, and ¢4. In other words: (¢, (E,—k,), v (E,—k,))" =
(b (E, k) ,%a (E, k,))". Furthermore, if a bound-state solution exists for a given E
and A, then a solution also exists for £ and —A. Therefore, the eigenvalue spectrum
of the s = —1 valley can be obtained by reflecting the eigenvalue spectrum of the s =1
valley about k, = 0 [26].

Although the exact optical selection rules of a tilted Dirac material depend on
the details of the lattice structure, for materials where optical transitions across the
pseudogap are allowed, the presence of van Hove singularities at the pseudogap edges
should lead to a very sharp absorption maximum. This, combined with the ability
to control the size of the pseudogap via the applied top-gate voltage, gives rise to
the possibility of gate-controlled polarization-sensitive THz detectors with a very high
sensitivity of the photocurrent to photon frequency.

6. Conclusions

We have shown that the (241)-dimensional massless Dirac equation containing a tilt
term can be reduced to the biconfluent Heun equation for a range of energy-independent
electrostatic potentials. We studied the particular case of a bipolar potential formed by
a well and barrier, modeled by the Morse potential. Our study shows that the ability of
a tilted Dirac material to localize charge carriers in both a barrier and a well allows for
the creation of pseudogaps in the material’s spectrum. The size of these pseudogaps can
be controlled by the strength of the guiding potentials. In stark contrast to graphene,
the presence of a tilt term leads to the breaking of reflection symmetry, causing them
to occur at different energies within a given valley. These findings have direct relevance
to the expanding field of research on tilted Dirac materials, as well as applications in
opto-valleytronics and terahertz science and technologies.
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