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POSITIVITY AND LOWER BOUNDS TO THE DECAY
OF THE ATOMIC ONE-ELECTRON DENSITY

S. FOURNAIS, M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF,
AND T. OSTERGAARD SORENSEN

ABSTRACT. We investigate properties of the spherically averaged
atomic one-electron density p(r). For a p which stems from a phys-
ical ground state we prove that p > 0. We also give exponentially
decreasing lower bounds to p in the case when the eigenvalue is
below the corresponding essential spectrum.

1. INTRODUCTION AND RESULTS

Let H be the non-relativistic Schrodinger operator of an N-electron
atom with nuclear charge Z in the fixed nucleus approximation,

al Z 1
H:Z(—Aj——>+ I (1.1)
o 2517 Ly 1 =
Here the z; = (z;1,%,2,7;3) € R% j=1,..., N, denote the positions
of the electrons, and the A; are the associated Laplacians so that A =
Zj.vzl A; is the 3N-dimensional Laplacian. Let x = (21, 22,...,25) €
R3N and let V = (V4,...,Vy) denote the 3N-dimensional gradient
operator. We write

H=-A+V (1.2)
where V' is the multiplicative potential
N
7 1
VE) =) 7=+ Y, — (1.3)
j=1 4] 1<i<j<N i — 4]

The operator H is selfadjoint with operator domain D(H) = W?2?(R3Y)
and form domain Q(H) = WH2(R3N) [9].
For an eigenfunction ¢ € L2(R3Y) of H, with eigenvalue E, i.e.,

Hy = Ey, (1.4)
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we associate the one-electron density p € L'(R?). Tt is defined by

o) =S =30 [ pas)Pa, (19

where we use the notation

o 3N-3
Xj = (xl,...,:Ujfl,xjpi,l,...,x]\[)GR s
and
df(j = d.l?l c. dﬂi’j_ld.iﬁj_H e d.TN,
and, by abuse of notation, we identify (z1,...,%;1,2,2j41,...,2ZN)

with (x,%;). The spherically averaged density p € L'(R;72dr) is then
defined by

i) =270 =3 [ sl (1.6)

where r = |z|, w = z/|z| € S* for z = rw € R3.
We assume throughout when studying p that £ and ¢ in (1.4) are
such that there exist constants Cy,y > 0 such that

lih(x)] < Coe X for all x € RV, (1.7)

The a priori estimate [7, Theorem 1.2] (see also [7, Remark 1.7]) and
(1.7) imply the existence of constants Cy,7; > 0 such that

V()| < ¢y e~ for almost all x € R?Y, (1.8)

Remark 1.1. Since ¢ is continuous (see [8]), (1.7) is only an assump-
tion on the behaviour at infinity. For references on the exponential
decay of eigenfunctions, see e.g. [3] and [12]. The proofs of our re-
sults rely (if not indicated otherwise) on some kind of decay-rate for
1; exponential decay is not essential, but assumed for convenience.
Note that (1.7) and (1.8) imply that p is Lipschitz continuous in R?
by Lebesgue’s theorem on dominated convergence. This on the other
hand implies that p is Lipschitz continuous in [0, c0).

Since we are interested in atoms (in this non-relativistic description
with fixed nucleus) we have to take into account that electrons are
fermions. We shall work in the spin-independent description. That is,
we split N such that

N:N1+N27 N17N220a
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and proceed as follows: We associate Sobolev-spaces to this splititng.
Let S(R*Y) be the space of Schwartz-functions, and define

SNLNQ(RSN> = {QD < S(RgN) ‘ gO(Z'l, X2y, X2y yTNyy TN 41y - - ,Q?N)
is antisymmetric with respect to the first N; coordinates

and antisymmetric in the remaining Ny coordinates. }

Therefore, for instance,
O(T1,. Ty Ty TNy -, TN)
= — (X1, Ty Ty TNy, N

Similarily ¢ changes sign if we interchange the coordinates of two elec-
trons which belong to the other group of N electrons which are labeled
with © = Ny 4+ 1,...,N. Note that in physical terms this require-
ment means that the total spin is £|Ny — N;|/2. Define finally the
Sobolev-spaces Wiy (R*) as the closure in the W#¢(R*V)-norm of
SN1,N2 (R3N) :

Let Hn, n, be the atomic N-electron Schrodinger operator defined
by (1.1), restricted to functions with the above symmetry. Then Hy, v,
has operator domain D(Hpy, n,) = Wi’y (R*N) and form domain
Q(Hn, n,) = W]b’iNQ (R3Y). We denote El, y, the infimum of its spec-
trum (when this is an eigenvalue), and call it the ground state energy.
A corresponding eigenfunction ¢ = 9, n, is called a ground state. E
will henceforth denote any eigenvalue.

Here is the first of our main results.

Theorem 1.2. Let 1 be a ground state of Hy, n,, t.e., Hyn, N =
En, n,%, and let p be the associated spherically averaged density defined
by (1.5)—(1.6).

Then

p(r) >0 forallr € [0,00). (1.9)

Remark 1.3.

(i) At the origin we derive an explicit, positive lower bound to the
density (see (2.13))

2P

PO 2 3Nl

. with P = H ivw”. (1.10)
j=1

(ii) Note that the choice of anti-symmetric in both groups of coor-
dinates in the definition of Sy, n,(R3*") is, in fact, not essential.
One could consider functions symmetric in each group of co-
ordinates. In fact, the theorem holds for any combination of
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symmetric/anti-symmetric. This will be clear from the proof.
In particular, with Ny = N and symmetric (N, = 0), one gets
the known result for the absolute (bosonic) ground state.

(iii) We would expect that the non-averaged density p of a ground
state of Hy, n, does not vanish either. Also, the one-electron
density p associated to fermionic ground states of molecules
should be strictly positive. However, these are much harder
problems and they will not be addressed here.

(iv) It is not clear what to expect for excited states. Consider for
instance a two-electron atom with no interelectronic repulsion;
that iS, H = _Al — AQ — Z/’.fl?l‘ — Z/|.T2‘ Let ¢i7 1= 1,2,
be linearly independent eigenfunctions of the three-dimensional
one-electron operator —A — Z/|z| satisfying ¢;(0) = ¢2(0) = 0.
Then ¢(z1,x2) = ¢1(z1)P2(22) — ¢1(22)d2(21) is an eigenfunc-
tion of Hs( such that the associated density satisfies p(0) = 0.
However, it is not clear whether or not p still vanishes once the
interelectronic repulsion is turned on.

Our next result on the density is in the spirit of [4].

Theorem 1.4. Let ¢ be an eigenfunction of Hy, n, with eigenvalue
E and let p be the associated spherically averaged density defined by
(1.5)~(1.6). Define

Qp = sup {a|ea|x‘w e L*(R*)}. (1.11)
Then
3
lim sup ( np(R)) < —2ay. (1.12)
R—+o00 R
If furthermore E < inf 0ess(Hn, N, ), then also
.. . (Inp(R)
— ) > — . .
(20> e

Remark 1.5. One can make these bounds more explicit using [4]; in
fact,

af < |E|. (1.14)
To see this, we use Theorems 1.1 and 1.2 in [4]. The set of thresholds

7T (H) is defined as the closure of the set of eigenvalues of subsystems,
i.e., the corresponding ionized systems. We have, according to [4],

a2+ EcT(H) and T(H) C (—00,0], (1.15)

so that
af <sup7(H) - E = |E|. (1.16)
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We shall discuss in Section 3.1 why the difference beween the upper
and lower bounds (1.12), (1.13) is to be expected.

Remark 1.6. It will be clear from the proof of Theorem 1.4 (see
Section 3) that the result holds for more general N-body operators.
That is, we could replace V' in (1.3) by any multiplication operator of
the form Y v,(II,x), x € R3" where II, is the orthogonal projec-
tion of R*Y on a d,-dimensional subspace, and the v, are real-valued
functions on R% satisfying that v,(—A4, +1)7! and (—=Ag, + 1)1 (y -
Vo, (y))(—Aqg, +1)~t are compact as operators on L?(R%). Here —Ag,
is the usual Laplace operator on R% and y € R% (compare with (1.2),
(1.3) and (1.4) in [4]).

The above theorem gives upper and lower exponential bounds on p
near infinity. Combined with Theorem 1.2 this implies (by continuity
of p, see Remark 1.1) global lower exponential bounds in the case of a
ground state. We state this explicitely in the next corollary.

Corollary 1.7. Let ¢ be an eigenfunction of Hy, n, with eigenvalue E,
let ag be as in (1.11), and let p be the associated spherically averaged
density defined by (1.5)—(1.6).

If E < inf oess(Hn, N,), then for all o > ag there exists 1o > 0 and
¢ = c(a,rg) > 0 such that

p(r) > ce 2N for allr > 1y (1.17)

If furthermore E = En, n, (the ground state energy), then (1.17)
holds with rog = 0.

More detailed results than (1.12) on upper bounds to p are known.
For completeness, we include the following classical result; see [2].

Proposition 1.8. Let v be an eigenfunction of Hy, n, with eigenvalue
E, satisfying
€ :=inf oess(Hny v,) — E >0, (1.18)
and let p be the associated density defined by (1.5).
Then for all ro > 0 there exists a constant C' = C(ry) > 0 such that

Z—(N-1)

p(z) < Cla|” ve e 2l for all x € R® with |x| > 1.  (1.19)
Remark 1.9.

(i) The infimum of the essential spectrum of Hy, n, is character-
ized by the HVZ-theorem [11, Theorem XII.17], which takes
symmetry into account, in particular the fact that we consider
fermions. Hence,

€ > min {ENl—l,Nga EN1,N2—1} - k.
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(ii) Note that the bound (1.19) can be asymptotically sharp as has
been shown for the ground state density of the Helium-like atom
2], where the physical ground state eigenfunction can be chosen
positive.

(iii) If we consider a bosonic ground state, Hi) = Eyt), for an atomic
Hamiltonian which happens to have Ey = inf 0es(H) then the
associated density can decay like e #V" for some suitable 5 up
to some sub-exponential factors; see [6].

2. PROOF OF POSITIVITY
Proof of Theorem 1.2. Assume first for contradiction that
p(ro) = 0 for some ry > 0. (2.1)

This implies that p;(ro) = 0 for all j = 1,..., N, and therefore, still
forall 7 =1,..., N, that

B(x))> =0 it x € Nj(rg) = {x € B | |z;| = ro}.
Here we used (1.5), (1.6), and the continuity of ¢. This means that
W(x) =0 for x € N(ry),

where
N
N(ro) = U N;(ro) = U {x e R3N ‘ |z, = 7“0}.
j=1

Let

Qo = Qo(ro) = {x € R* | max_|a;] <ro}.
J

=1,.,N
Then € is an open bounded subset of R?*" satisfying
x €y = Pxe

for every permutation P € G of the electron coordinates (that is,
of the N-tuple (1,...,N)). This means that the following space is
non-trivial (# {0}):

Qny v, () = {f € Wy?(Q) | IF € Q(Hy,,n,) such that Flg, = f}.

In fact, by the above, ¢y = 0 on 9€2. Therefore, the restriction g, :=
Y|, of ¥ € Q(Hn, n,) to Qp belongs to Oy, n,(€2), and clearly

<wﬂo> Hzﬂﬂo) = EN17N2 Hwﬂo”2 . (2'2)
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We now claim that we have the strict inequality

. {0, Hp) et

E Q)= mn ~——->F T eati Tl
M) = o0 el P T el ) Tl

(2.3)

Indeed, assume that we have equality in (2.3). Then, by the variational
characterization of the ground state (also in a symmetry subspace), the
eigenfunction which minimizes the LHS of (2.3), and which we extend
to R®*Y by setting it identically equal to zero outside €2y, will have to
be an eigenfunction in all of R3" also. This is a contradiction to unique
continuation (see [11, Theorem XIIL.57]).

Now, (2.2) and (2.3) imply that v¢|q, = 0. By unique continuation,
1 =0 (since 79 > 0). This is a contradiction, and therefore settles the
case when 79 > 0 (see (2.1)).

We still have to show that

p(0) = 4mwp(0) > 0. (2.4)

Here we explicitely use the Coulombic nature of the potential V' (see
(1.3)). Recall that x = (z1,...,2x) € R with ; = (z;1,2;9,2;3) €
R®. The gradient with respect to x; is denoted V.

Let, for a € R,
N
FO =3 "(V;+ azy)y = (F, B, F) (2.5)
j=1
with F{™ = Y| (525 +aw;xth), k = 1,2,3. Using that v € D(H) =

W22(R3N), and the exponential decay (1.7) and (1.8), we get that

F, lga) € WH2(R3N). Then the following variational expression is well-

defined:
3

R(o) =Y (FY,(H - Ey, 5,)F\). (2.6)

k=1

Note that the Fk(a) are obtained by applying the operator

to ¢, which does not change symmetry properties with respect to per-
mutations of the electron coordinates. Hence F; k(a) has the same per-
mutational properties as v itself, and so Féa) € Q(Hn, n,), k=1,2,3.
Therefore, by the variational characterization of the ground state v
(also in a symmetry subspace), we have

R(a) >0 forall a € R. (2.7)
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We have (since H is self-adjoint) that

3 N
R(Oé) = Z Z (amk + QOébijjjk + 04201'7]'7]{),

k=1 i,j=1
oY oY
H-F
:( Nl,Nz)axiﬁk ),

a(L’ng
bi,j,k = < s (H - ENl,Nz)(mi,kw»?

Y
8xj7k

Ciga = (@), (H = Eny 3) (i) (2.8)

First note that, since Hy = En, n,?, ([ ; ] denoting the commutator)

o ) v

(H - EN“NQ)% = [(H - En, ) m]iﬁ = (- OT; 1

@ijk = <

)¢,

and so, by partial integration,

Strictly speaking, V' and v are not smooth enough for this and the
following computation to be but formal. However, regularizing V' and
using the exponential decay (1.7)—(1.8), and the continuity of p (see
Remark 1.1), one easily justifies this.

Note that (for V', see (1.3))

L Dy () =0,

Oxiy  Oxjp
3
82 T -1
> M = 018 (|| ™) = —4mdi30(|)),

where ¢; j is Kronecker’s delta, and ¢ is the delta - function. This way,

3 N N
S 3 aa =Y (02028 ) =202 [ 06l dx
k=1 1i,j=1 j=1 R3N

= o7 Z p;(0) = 27 Zp(0). (2.9)
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Secondly, again since HY = En, n,v,

(H - ENI,NQ)(%,MM = [(H - ENl,Ng); %’,k}?ﬂ = - 2;% (2-10)
Xik
Therefore,
3 N
DD ik = —2Z<Za Zax
k=1 i,j=1 =1 YTik ok
= 9| ZvijQ — —2p”. (2.11)
j=1

Finally, using (2.10) and partial integration,

3

)IITEE) 3D T

k=1 1,j=1 k=1 1,j=1
3 N
0
ZZ 2
- / LIk (v7) dx
k=1 ij=17R* k

3 N
=> Z 0ig - I0I* = 3N || (2.12)

Combining (2.9), (2.11), and (2.12) with (2.8), we find that
R(a) = 27Zp(0) — 4aP? + 3a*N|j1||* > 0 for all a € R.

Optimizing this expression in a we obtain

N
p(o)zgﬁZZTP;w”2 , P:H;vij. (2.13)

Suppose that P = 0. After Fourier transformation, this implies that
N
> pid(p) =0, (2.14)
j=1

in L?(R3). The equation (2.14) clearly implies that ¢) = 0 (since it has
support on the set { p € R3" | Zjvzl p; = 0} which has zero measure).
Since v is an eigenfunction, 1) # 0, so this is a contradiction. We
conclude that P # 0 and (2.13) thus implies (2.4).

This settles the case ry = 0, and therefore finishes the proof of The-
orem 1.2. U
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3. DISCUSSION AND PROOF OF DECAY

3.1. Discussion and examples. Before proving Theorem 1.4, we
show with some examples why the difference on the right hand sides of
(1.12) and (1.13) is natural. Define ay as

ap =sup {a|e*p(r) € L' (R, r?dr)}. (3.1)
For the definition of «y, see (1.11).
Example 3.1 (ap = o). Consider first the function,
(21, 29) = elmlgzazleal 0 0 € RS
Clearly, the associated density satisfies,
p(r) = cre™ 2 fcpe 2 oy =q/al | ¢y =T/,

Thus, ap = min(ay, as). It is not hard to see that in this example also
ap = min(aq, ap): Clearly, oy > min(ay, ). Suppose, without loss of
generality, that a; < aw. If @ > aq, then (by continuity) there exists a
neighbourhood T' (in S%) of (1,0,0,0,0,0), and € > 0, such that, for all
(wl,wg) € F,
a — aj|wy| — aglws| > €.

The integral of |e**4)|? over the cone R,I' C RS therefore clearly
diverges. Thus,

ap = min(ay, as).

Example 3.2 (qy # «p). Consider now the function

r1 1

—on | TLEE2 | —qp| T2 3
o(x1,22) =€ V2 e V2 , T1,T9 € R,

It is easy to see that ay = min(ay, az) also in this case (the definition of
ap is invariant under an orthogonal change of coordinates). However,
we will see that Gy = v2min(a, as). We write out

20| T1HT2 | _9q,|TLoT2
/ 626”’"1|p1(m1)dm1:/ e2alzil =20l = 052 =202l =0, ldxldxg
R3 RE

2al¥1ty2) _ _
:/ 2 el gm0zl gy, dy,.
R6

Since |y + yao| < |y1] + |y2|, the above integral is clearly convergent
for all o satisfying % < min(ay, az). It is also easy to see (as in the
previous example) that the integral is not convergent (on a suitable
cone) if % > min(ay, as).
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Remark 3.3. Example 3.1 would be the correct behaviour (modulo
polynomial forefactors) of eigenfunctions of H, if we omitted the terms
|z; — xx|™' in V. Since our proof works for general N-body opera-
tors (see Remark 1.6), it is therefore clear that Example 3.2 is equally
relevant, since Example 3.2 is obtained by using a rotation of the co-
ordinates in Example 3.1.

The proof of Theorem 1.4 will rely on the result [4, Theorem 2.1]

adapted for our purpose. For Ry < Ry, denote by Q(R;, Ry) the spher-
ical shell (in R3Y)

Q(R1, Ry) = {x e R* | R, < [x| < Ry} (3.2)

Theorem 3.4. Suppose ¢ is an eigenfunction of H with eigenvalue F
and let ag be defined by (1.11). Suppose 6(R) is a positive function
satisfying

lim inf (m %R)) > 0. (3.3)

R—+o00
Then

1
lim - In (/ [9(x) dx) = ~200. (3.4)
R—+oo R Q(R,R+6(R))

The next result, which is a special case of [4, Theorem 2.2], will
not be used in the sequel. It is given only in order for the reader to
be able to compare the result for the density, Theorem 1.4, with the
corresponding result for the spherically averaged eigenfunction.

Theorem 3.5. Suppose in addition to the hypotheses of Theorem 3.4
that E < inf o (H ).
Then

1
lim —1n ( RQ)P? d0) = ~2ap.
dm ([ W) 2

Before starting the proof of Theorem 1.4, we state and prove a result
similar to Theorem 3.4 for the density p.

Theorem 3.6. Suppose ¥ is an eigenfunction of H with associated
electron density p and let g be defined by (1.11).
Then

1 oo
lim sup Eln (/ p(r)r? dr) < —2aq), (3.5)

R—+o00 R

1 (0.9]
liminf — In (/ p(r)r? dT) > -2V Nay . (3.6)
R R

R—+00
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Proof. The proof of (3.5) is a simple calculation:

/ T Hrtdr < N 6|2 dx

R {x:max; |z;|>R}
<N ()] dx.
{x:[x[>R}
Therefore, for all a < «,

/R p(r)r*dr < Ne_ZO‘R||e°‘|X|1/J||%2(R3N) :

This clearly implies (3.5).
In order to prove (3.6), we calculate

/ By dr

R
N 00
:Z/ err/ dw/ [(21, .. on))?0(rw — x;) dx
=R S2 R3N
N

/ [p(x1, ... on)] dx
j=1 {|zj]€[R,00), %;ER3N =3}

v

|¢(‘T17"‘7xN>|2dX‘

{x:max; |z;|>R}
Using

min|x~|<ﬂ<m ;
L5 = < max |z;],
j j

VN

we get
{x e R*"| VNR < x|} € {x € R*" | max|z;| > R},
J
and so, from the above,
| sz [ (e, en) dx.
R {x:VNR<|x|}

The lower bound (3.6), now follows from Theorem 3.4 by taking 6(R) =
+o0. U

3.2. Proof of Theorem 1.4. We now start the proof of Theorem 1.4.
It will be based on a number of lemmas.

We start by defining an operator Tk which maps functions from
HY2+¢(R3N) continuously to L?(S? x R3V=3). T is the restriction map

[Trfl(w,%1) = f(Rw,%1), R>0,w0eS* % e RN (3.7)
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Lemma 3.7 will allow us to get the upper bound (1.12).

Lemma 3.7. Suppose ¢ is an eigenfunction of H with eigenvalue E.
Then there exists ¢ > 0 such that, for all R > 1 and all j € {1,..., N},

5i(R) < cR™ / 3(r)r2 dr (3.8)
R-1
In particular,
p(R) < cRZ/ p(r)r*dr. (3.9)
R—1

Proof. Since (3.9) follows from (3.8) by summation over j, it clearly
suffices to prove the latter. Without loss of generality, we will restrict
attention to the case j = 1. It is well-known that the restriction map
Ty from (3.7) defines a bounded map between Sobolev spaces with loss
of a half (+e€) derivative. We need some control of how the constants
depend on R, but not the optimal regularity result, so we state and
prove the following (elementary, not optimal) lemma.

Lemma 3.8. The map Tg defines a bounded operator from H*(R3Y)
to L2(S? x R3N=3), with the estimate

T fll 22 xmov—sy < BRIV fllzeny + 1 flr2@om)) - (3.10)

Proof of Lemma 3.8. (The proof is a repetition of the proof of
[4, Lemma 3.1]). For f € C°(R3Y), we have

/ (R, 50)| doo %y
S2 xR3N-3

B d
_/ / — L\ Frw, %) dw d5, dr
R S2xR3N-3 dr

* —d
:/ / —2Re{ f(rw,x1)— f(rw, %;) } dw dx; dr
R S2 xR3N-3 dr

= RQ/ / v (|f(rw, 1) > + |V f (rw, %1)|?)7? dw dX; dr .
R S2xR3N—

This clearly implies (3.10), from which Lemma 3.8 follows. O

We now finish the proof of Lemma 3.7. Let x € C*°(R) be monotone,
0 < x <1, such that

x(t)=0fort<1/2 | x(t)=1fort>1. (3.11)

Define xg(x) = x(Jz1| — (R — 1)). With ¢ being the eigenfunction of
H, we have Trt) = Tr(xr?), and therefore (using the relative form
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boundedness of V' with respect to the Laplacian [10, Theorem X.19])
we get, using Lemma 3.8,

pL(R) = | Trvl| 722 wmev—sy < B2 (xrY, (A + 1)xr1)
< cR*(xrY, (H + 1)xrY)
cR™ 2(1#, (3(XRH + Hx3) + Xk + [Vxz*)¥)
2, (E+1)x% + [Vxal)v)

< c’R_Q/ [ (x) [ dx .
{x:|z1|>R-1}

From this (3.8) follows, and therefore Lemma 3.7 is proved. O

Next, we define an operator £g, which will harmonically extend func-
tions defined on S? x R3V=3 (see (3.15) and (3.16) below).

We define by Y;,,(w) the normalised (in L?(S?)) real valued spherical
harmonics of degree ¢, ¢ € Ny, with m = 0,1,...,20+1. Then {Y,m}em
constitutes an orthonormal basis in L?(S?); they are the eigenfunctions
for £2, the Laplace-Beltrami operator on S?* (£2Y7,,, = £( + 1)Y7,).

Since L2(S? x R3V=3) = [2(S?; L2(R3*N~?)), we have, for ¢ € L?(S? x
R3N73)’

oo 2041

Zzlfém Qbﬂm )7

£=0 m=0
gbﬁ,m(fil) = /52 Yeym(w)gb(w,fil) dw .

Note that, with F the Fourier-transform on L?(R3V=3),

. 1 ik . .
Pen0) = s / N (Frn) () ey (3.12)
Define
[gRgb](T)w)}A(l) (313)
oo 20+1 ) ) A
/273N -3 Z Z /3N Z/fm ek (Fbem) (k1) fo, m(r) dka,
=0 m=0

where f = f,; g is the solution (given by Lemma A.1 in Appendix A)
to the equation

f//‘i‘ ;f/ . [g(fr—IQ— 1) +1A<ﬂf =0, re (R, _'_00)7 (3‘14)

satisfying f(R) =1, |f(r)| <1 for all » > R.
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Using again Lemma A.1 we find that
Ergp € L™([R, 00); L*(S* x R¥V79)).

Furthermore, by the definition of f,; ., Er¢ satisfies (in the sense of
distributions)

Alpp=0 in {xeR™||z]|> R} (3.15)
We also have that
TrERD = ¢. (3.16)
By analogy with Q(R;, Ry) from (3.2), we define
QRi, Ry) = {x e R | R, < || < Ry} (3.17)

With this notation we have the following L? - bound:
Lemma 3.9. For all R > 0 and ¢ € L*(S* x R3V=3),

1€-DN L2@s(msmy) < 3R]l 1252 cron-—s)- (3.18)

Proof. Using the definition (see (3.13)) of g, the Plancherel theorem,
and Lemma A.1, we get

3R
/ (/ / ]5R¢(7’,w,)i1)|2 dw df{l)r2 dr
R R3N-3 Jg2

oo 2042

= 2y [ (XX /

[ Wi (Foum) k)]

3N-3

X |fe,121,R(7")|2 dw dR1>r2 dr

3R
< 0l [
R

This implies the conclusion of the lemma. O

Lemma 3.10. Let ¢ be an eigenfunction of Hn, n, with eigenvalue E
and assume that E < inf oess(Hn, n,)-

Then there exist constants Ry,c > 0 such that for all R > Ry and
all je{l,...,N},

/ 712 dr < BB (R). (3.19)
R
In particular,
/ p(r)r*dr < cR*p(R). (3.20)
R
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Proof. Clearly (3.20) follows from (3.19) by summation over j, so we
will only prove (3.19). Without loss of generality, we only consider
j = 1 and therefore aim to prove

/ROO pr(r)r?dr < cR*p1(R). (3.21)

We define (with the previously defined operators Eg, Tk, see (3.7)
and (3.13))
u = ERTRY,
as a function on R3*V. The function u does not necessarily satisfy

the antisymmetry properties from Q(Hx, n,). Therefore, denote, for
x € R3, by u, the function on R3*N~3 defined by

Uz (T, ... on) = u(z, X, ..., TN).

We stress that u, is not a derivative of u. With this definition u, has
the useful symmetry property

Uy € Q(HNl—l,NQ) . (322)

From Lemma 3.9 we get the inequality
Lo P dx < ORI Tt e aan sy = FA(R). (323
Q(R,3R)

Define Hy, n,(R) as the operator obtained by restricting H to the space
Hn, Ny (R) =
(1772 (&5 \ B0 1) n W3 2(R\ B0, ) ) @ W22, (B,
That is, we impose Dirichlet conditions at radius R on the first electron

coordinate, and the symmetry conditions on the last N — 1 electron

coordinates.
Let ¢ € Hp, n,(R) be normalised (in L2(R3M)). Then, since |z;| >
R, it follows that

<907 HNLNZ (R)(p> =

V
S
5
—
=
|
e
N

By the HVZ-theorem (see [11, Theorem XIII.17’]) the term in (-, -)
(on the right side) is bounded below by inf gess(Hpn, n,). Thus, for any
€ > 0 there exists R’ > 0 such that for all R > R/,

inf o(Hn, Ny (R)) > inf oess(Hn, N,) — €
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Since, by assumption, £ < inf 0ess(Hn, N, ), the operator Hy, v, (R)—E
is invertible for R sufficiently large, i.e., for all R > R, for some Ry > 0.
Let ¢ € C*(R),0 < ¢ <1, be a function such that

C(t) =1 for |t| <2, C(t) =0 for |t > 3. (3.24)

With ¢ as above and R > 0, we define (g(z1,...,2n) := ((|z1]|/R). Let
v =1 —Cru. Then Trv = 0, so we see using (3.22) that v € Hp, v, (R).
A calculation gives

(—A+V — E)yo=—(V = E)(gu+ 2V(rVu+ (Alg)u. (3.25)
Since Hp, n,(R) — E is invertible and v € Hy, n,(R), we find
v = (HNlJVz(R) - E)il( - (V - E)CRU + 2V<RVU + (ACR)U)

It is easy to see, using that V' is relatively bounded with respect to the
Laplacian, (3.23), and the support properties of (g, that there exist
¢, d such that

[0l 22 (0 et ly) < Nl 22 (s Reporj<ry) < ¢ RPP1(R). (3.26)
Combining (3.23) and (3.26) we get

”wH%2({x:R<\ax1\}) = ”CRU + UH%Q({X:RQJH\})
< 2(||<Ru|’%2({x:R<|:c1|}) + ||U||%2({X:R<\x1\}))
< cR*pi(R).

This is the inequality (3.21). The proof of Lemma 3.10 is therefore
finished. 0

The estimate (1.12) follows from (3.9) and (3.5). The lower bound
(1.13) clearly follows from Lemma 3.10 upon inserting (3.6). This fin-
ishes the proof of Theorem 1.4.

APPENDIX A
Lemma A.1. For all¢ € NU{0}, all R > 0 and all k > 0, the equation

f”+§f’— [é(gr—jl)Jr/ﬂf:O, f(R)=1 (A1)

has a solution f vanishing at infinity and satisfying
\f(r)| <1 forallr > R.

Proof. Actually, if f is a solution of (3.14), then rf is a Whittaker
function (see [1] for details). This implies that a solution f exists
vanishing at infinity.
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Define, for z € R?, u(z) := f(|z|), then u satisfies

—Au+ Wu =0, 1

u’|x|:R -

with W(z) = % + k2 > 0. By Kato’s inequality [10, Theorem X.27]
we get

—Alu| + Wlu| <0. (A.2)
Let v, £ > 0, be the function on R3\ {0},
o) = %e—num—m_
Then
—Av,, + K*v, =0, U“‘III=R =1, andvg(z) <1 for x| > R.
So

(v — [ul)] = 0.

The maximum principle (see e. g. [5, Theorem 8.1]) implies (since f
and v, vanish at infinity) that for all |z| > R,

lu(z)] < ve(x). (A.3)
This implies the statement of Lemma A.1. U
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