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simple simply connected classical linear algebraic group of rank £ and let T
be a maximal torus in G with rational character group X(T). For a nonzero p-
restricted dominant weight A € X(T), let V be the associated irreducible kG-
module. We define vg(V) as the minimum codimension of any eigenspace on
V for any non-central element of G. In this paper, we determine lower-bounds
for vg (V) for G of type Ay and dim(V) < g, and for G of type By, Cy, or Dy and
dim(V) < 4£3. Moreover, we give the exact value of vg (V) for G of type Ay with
£ > 15; for G of type By or Cp with £ > 14; and for G of type Dy with ¢ > 16.
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1. Introduction

Let k be an algebraically closed field of characteristic p > 0, let V be a finite-dimensional k-vector space
and let H be a group acting linearly on V. For h € H denote by Vj (1) the eigenspace corresponding to
the eigenvalue u € k* of hon V. Set

vy (V) = min{dim(V) — dim(V,(u)) | h € H\ Z(H) and u € k*}.

In [2], one can find the classification of groups H acting linearly, irreducibly and primitively on a vector
space V (over a field of characteristic zero) that contain an element h for which vy (V) is small when
compared to dim(V). The following year, Hall, Liebeck and Seitz, [6], expanded on Gordeev’s result
by working over algebraically closed fields of arbitrary characteristic, and they proved that, in the case
of linear algebraic groups, if H is classical, we have vy (V) > m, where ¢ is the rank of H and
V is a faithful rational irreducible kH-module of dimension #; while, if H is not of classical type, then

v (V) > ‘l/—zﬁ Now, with the lower-bounds for vy (V) known, the following natural step was to start
the classification of pairs (H, V) with bounded vy (V) from above, in particular the pairs (H, V) with
v(V) = 1 or vg(V) = 2 have been of great interest, see for example [9, 10, 23]. In [4], the irreducible
subgroups H of GL(V), where V is a finite-dimensional k-vector space of dimension n > 1, which act

primitively and tensor-indecomposably on V and vy (V) < max({2, JTE} have been classified.

Let G be a simple simply connected classical linear algebraic group of rank £ with £ > 1 over k and let
V be a nontrivial rational irreducible tensor-indecomposable kG-module. In this paper, we determine
vG(V) in the following cases:

(a) Gisoftype Ay with £ > 15 and dim(V) < %;
(b) Gisoftype By with £ > 14 and dim(V) < 403,
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(c) Gisoftype Cp with £ > 14 and dim(V) < 403,
(d) Gisoftype Dy with £ > 16 and dim(V) < 403,

Moreover, for the groups of smaller rank and their corresponding irreducible tensor-indecomposable
modules with dimensions satisfying the above bounds, we improve the known lower-bounds for vg(V)
(see [4, Theorem 8.4]). The origin of this paper is the PhD thesis of the author, in which the classification
of pairs (G, V) with vg(V) < 4/dim(V) was established. We now state the main results of this paper.
The notation used will be introduced in Section 2.

Theorem 1.1. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply

connected classical linear algebraic group of rank £ over k. When G is of type By, we assume that p # 2. Let

T be a maximal torus in G and let V.= Lg(X), where X is a nonzero p-restricted dominant weight. When
l3

G is of type Ay with £ > 1 assume that diim(V) < 5. In all other cases (G of type Cy with £ > 2; By with

€ > 3; Dy with £ > 4) assume that diim(V) < 4€°. The value of vG(V) is as given Table 15.

In the following section, we fix the notation and terminology used throughout the text. In Section 3
we go over preliminary results, we establish an algorithm for calculating vg(V), and, for each type of
classical group G, we determine the complete list of kG-modules that are candidates for Theorem 1.1.

Table 1. The value of vg (V).

Group 4 Char. Rank vg (V)
Ag Lg(w1) p=0 0>1 1
L(w2) p>0 >3 =1
Lg(201) p#2 £>1 [/
Lg(w1 + wy) p>0 >2 20 — 8p(3)8@(2)
Lg(w3) p=>0 €>5 o
LgBw) | p#23 | =1 it
p= 3 £>3 (/é+1)
L 2
G(@1 + »2) P 3 =3 2
Lg(wa) p>0 |7<t<14 ()
Lg(ws) p>0 [ 9<¢<10 ()
Ce Lg(w1) p=>0 0>2 1
Lg(wy) p>0 (=2 20—2—¢,00)
[cQwr) p£2 7>2 20
7= 1—262)
Lo(w3) p>0 =4 4 —¢,(3)
£>5 202 —504+2—g(( — 1)
LcBwr) p+2,3 £>2 202 4+ ¢
p=0 =2 8~ 265(5)
Lg(w1 + @) p=3 >3 202 +¢-2
p#3 >3 > M7 — 40— ep(20+1) — 20ep(2)T
[cQwy) pZ2 =2 Z
Lg(w1 + 2w)) p= L= 12
[cGw)) p= = 9
LR +wy) | p= t= 9
Lo(wr + @3) p=0 7=3 30— 56,(3) — 1065 (2)
[y +w3) | p=5 7=3 26
LgQ2w3) p=>5 =3 24
Lg(2w7) p=>5 =3 40
Lo(wa) pZ2 =4 4 —¢,(3)
Lol +wp) | p=2 | 4<€<6 (t+2 21
Lg(w1 + wa) p=7 =4 > 96
[ +w3) | p=2 =4 > 102
Lg(wa) p>0 = > 48 — 8ep(3) — 4ep(2)7
Lo(ws) p£2 =5 2—25,0)
Lc(ws) p>0 =6 > 110 — 146p(D)*
Le(ws) p=>0 =6 > 165 — 44p(3) — 17ep()7

(Continued)
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Table 1. (Continued)

Group v Char. Rank vg(V)
L¢(we) p#2 = 132 = 11g,3)
Lc(w4) p>0 = > 208 — 125(5) — 26p(2)*
) p=3 =7 364
Lc(w7) p= 7= 364
Lc(ws) p=2 =7 > 340
Lc(wa) p>0 =38 > 350 — 14¢,(3) — 1665(2)°
L (wa) p>0 =9 > 544 — 168p(7) — 26p(D)°
Lg(wg) p=2 | 4<t<13 202
Lo Qw1 + wp)* p=2 3<0<6 £ +2)-2tT
By Lg(w1) p#2 >3 1
Lg(w2) p#2 £>3 20
[cQw) p£2 >3 20
Lg(w3) p#2 (>3 207 —¢
Lc(Bwr) p#23 >3 200 +0—ep(2L+3)
Lg(wy + @) p#£2 £>3 407 -1 —ep(0) — 202 = Dep(3)
[cQw3) p£2 7= 14
Lg(wy + w3) p= = > 50
Lg(wy + w3) p=>5 =3 32
[cGw3) p=5 =3 52
LcQws) p£2 =4 50
L¢(wa) p#2 =5 > 116
[cQws) p£2 =5 183
Lc(wg) p£2 7=6 > 216
L (wa) p#2 =7 > 360
L (w1 + wp) p#2 3<0<6 >(+2) 2T -2 20 +1)°
Lg(wg) p#£2 | 4<t=<13 22
Dy Lg(w1) p>0 >4 2
Lg(w)) p>0 (>4 40 —6
[cQw) p£2 >4 40— 4
Lg(w3) p>0 £>5 467 —140+14 =201 + &€ — 1))
LcBwr) p#2,3 (>4 42 —60+4—2ep(t+1)
p=3 L>4 407 —60+2—2e3(20— 1)
Le(@r + @) p£3 >4 > 80— 1)2 — 26p20 — 1) — (4 — 6)ep ()"
Lg(w1 + wg) p>0 =4 22— 2¢,02)
LcQw)) p=3 =4 > 84
[Qwy + w3) p£2 =4 > 96 — 226p(5) — 82p(3)
Lg(w1 + w3 + wg) p=2 =4 > 102
[cQuws) p£2 =5 > 46
[c(ws + ws) p>0 =5 > 80 — 165 (2)
Lg(w1 + ws) p>0 t=5 > 52 —4gp(5)7
Lg(wy + ws) p= = > 164
LcQwg) p£2 7= >172
L(ws + wp) p>0 = > 300 — 84, (2)
Lg(w1 + wg) p>0 =6 > 120 — 8, (3) — 86, (D™
Lg(ws) p>0 =6 > 184 — 40ep(2)7
Lg(ws) p= = > 340
[g(w1 + @7) p>0 =7 > 272 — 16ep(7)°
Lg(wa) p>0 =17 > 350 — 266p(2)7
Lg(wa) p>0 =38 > 596 — 56ep(2)"
Lg(w + wg) p>0 £=8 > 508 — 142¢p(2)°
Lc(wg) p=2 =9 > 542
Lg(we) p>=0 [ 5<¢<15 203

t equality holds when p # 2.

* equality holds when p # 2, 3.

° equality holds when p # 2,3, 5.

® equality holds when ep(2(¢ — i) +- 1) = 0forall0 < i< £ —3.

& equality holds when p # 2, 5.

¢ equality holds when p # 2,3,5,7.

¥ when p = 2 there exists an exceptional isogeny between groups of type C; and By, see [21, Theorem 28].
In this case, in view of Lemma 3.3, we made the choice to only treat groups of type C; when p = 2. Since
dim(LBl (w1 + wyp)) < 4¢3 for 3 < £ < 6, in order to have a complete result, we have to add the induced
modules Lck (2w1+wy), where3 < £ < 6,tothelist for groups of type Cy, see Remark 3.4. Furthermore, by the
same result, these are the only induced modules for the groups of type Cy, where the corresponding module
for the group of type B, has dimension < 4¢3, which are not isomorphic to (a twist of) a module already listed.
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The proof of Theorem 1.1 is given in Sections 4-7, where each section is dedicated to one of the types
of classical groups.

2. Notation

Throughout the text k is an algebraically closed field of characteristic p > 0. Note that when we write
P # po, for some prime pg, we allow p = 0. Let G be a simple simply connected classical linear algebraic
group of rank ¢ and let T be a maximal torus in G with rational character group X(T). Let Y(T') be the
group of rational cocharacters of T and let (—, —) be the perfect natural pairing on X(T) x Y(T). We
denote by & the root system of G corresponding to T and by A = {«aj,. .., e} a set of simple roots in
®, where we use the standard Bourbaki labeling, as given in [7, 11.4, p.58]. Let @7 be the set of positive
roots of G. Following [1, Section 2.1], we fix a total order < on ®: for o, 8 € ® we have @ < 8 if and

.
onlyifoz=ﬂ,orﬂ—a=2aiaiwith1 <r<4dta;€Z,1<i<ryanda, > 0.

i=1
Foreacha € ®,lethy € Y(T) beits corresponding coroot, let Uy, be its corresponding root subgroup
andletx, : k — U, be anisomorphism of algebraic groups with the property that tx, (c)t ' = x4 (ct(£)c)
forallt € T and all c € k. Let G; be the set of semisimple elements of G and let G,, be the set of unipotent
elements of G. Any s € T can be written s = l_[ hq,(cq;), Where ¢, € k*, respectively any u € G, can be
ai€A
written as u = l_[ xq(ca), where ¢, € k and the product respects <. Lastly, let B be the positive Borel

acdt

subgroup of G, WV be the Weyl group of G corresponding to T, and wy € W be the longest word.

The set of dominant weights of G with respect to A is denoted by X(T)™, and the set of p-restricted
dominant weights by X(T);. We adopt the usual convention that when p = 0, all weights are p-restricted.
For A € X(T)*, we denote by L;(A) the irreducible kG-module of highest weight A. Further, we denote
by wi, 1 < i < ¢, the fundamental dominant weight of G with respect to «;.

All representations and all modules of a linear algebraic group are assumed to be rational and nonzero.
For a kG-module V we will use the notation V.= W; | Wy | --- | W, to express that V has a
composition series V=V, D V, D -+ D Vi D Vipy1 = 0 with composition factors W; = V;/Viqq,
1 < i < m. Further, by V" we denote the direct sum V @ - -- @ V, in which V occurs m times. When
p > 0, we denote by V®") the kG-module obtained from V by twisting the action of G with the Frobenius
endomorphism i times, see [16, Section 16.2]. Lastly, we will denote the natural module of G by W.

For m € Z>g, we define ¢, : Z>9 — {0,1} by e (n) = 0if m{ nand ,,(n) = lifm | n.

3. Preliminary results

To begin, we prove the following result which gives us the strategy we will use for calculating vg (V).

Proposition 3.1. Let G be a simple linear algebraic group and let V' be an irreducible kG-module. Then:
(V) = dim(V) — max{ max dim(V(n)), max dim(V,(1))}.
seT\Z(G) ueGy\(1)

Proof. Let p : G — GL(V) be the associated representation and let g € G \ Z(G). We write the
Jordan decomposition of g = ggu = gugs> where g € G and g, € G,. By [16, Theorem 2.5],
p(9) = p(g)p(gu) = p(9)sp(g)y is the Jordan decomposition of p(g) in GL(V). We choose a basis of V
with the property that p(g) is written in its Jordan normal form. Then, with respect to this basis, p(g)s
is the diagonal matrix whose entries are just the diagonal entries of p(g), while p(g),, is the unipotent
matrix obtained from the Jordan normal form of p(g) by dividing all entries of each Jordan block by the
diagonal element. We distinguish the following two cases:
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Case 1: Assume g; € Z(G). First, we remark that g, # 1, as ¢ ¢ Z(G). Secondly, as g; € Z(G), it
follows that p(g)s = diag(c,¢, .. ., c) for some ¢ € k*. Thereby, c is the sole eigenvalue of p(g) on V and
we have dim(Vg(c)) = dirn(Vgu(l)) < rga\)?l} dim(V,(1)).

ueG,

Case 2: Assume g; ¢ Z(G). Then, since p(g); is a diagonal matrix with entries the diagonal entries of
p(g), we determine that p(g) and p(g)s have the same eigenvalues on V and, for any such eigenvalue ¢ €
k* we have dim(V,(c)) < dim(V(c)) < ép@)ﬁ@ dim(V(p)) = r?\az)ic) dim(Vy (")), where the last equality

se€Gs s'e

follows by [16, Corollary 4.5 and Theorem 4.4]. O

3.1. Group isogenies and irreducible modules

In this section, we will assume that the simple algebraic group G is not simply connected, and we let G
be its simply connected cover. Fix a central isogeny ¢ : G — G with ker(¢) € Z(G) and d¢ # 0. Let
T be a maximal torus in G with the property that ¢ (T) = T and, similarly, let B be the Borel subgroup
of G given by ¢ (B) = B.Let A € X(T)™. Since X(T) < X(T), we will denote by X the weight A when
viewing it as an element of X(T). By [8, I1.2.10], as A € X(T)™, it follows that & € X(T)™. Moreover, by
the same result, we have that Lg (1) is a simple kG-module and Lg(%) = Lg (%) as kG-modules.

Lemma 3.2. We have max dlm((LG(A)) (1)) = max dim((Lg(A))s(n)) and max dlm((LG(A)) (1)
3eT\Z(G seT\Z(G) #eG,\{1)

= max dim((Lg(1)),(1)). In partzcular we have vG(LG(A)) = vg(Lg(A)).

ueGy\{1}

Proof. Letg € G\ Z(G) and let ;i € k* be an eigenvalue of ¢ on Lé(i)' Let g = ¢(g) and note that
g € G\ Z(G). Denote by u € k* the eigenvalue of g on Lg () corresponding to i under Lg(A) = Lg, (A).
We have that:

dim((Lg())z () = dim((Le(W)g(w)) = dAm((Le(A)g @ (1) = dim((La(1)g (1))
< max dim((L(1)g (1)).
(g 1) E(G\Z(G)) xk*
Lastly, let (g%, u*) € G\ Z(G) x k* be such that dim((Lg(A))g+ (u*)) = max dim((LG(1))g (1))
. _ (g’,u’)e(G\Z(G)Zxk* ~
As the map ¢ : G — G is surjective, let ¢* be an arbitrary preimage of ¢* in G and u* € k* be the
eigenvalue of g* on L (1) corresponding to 1™ under Lg(A) = L (A). Then:

(L) (@) = max  dim((Le()g ().
(g1 E(G\Z(G)) x k*

O

The following result justifies why we only treat groups of type B, and their respective modules over
fields of characteristic different to 2.

Lemma 3.3. Let p = 2. Let B, respectively C, be a simple simply connected linear algebraic group of type
By, respectively of type Cy. Let P, 1 < i < ¢, respectively w®, 1 < i < ¢, be the fundamental dominant
¢
weights of B, respectively of C. Then, for any 2-restricted dominant weight Z diw? of B we have that:
i=1

VB (LB( i dw)f)) =c (Lc( Ei diwic)(Z) ® Lc(we))-
i=1 i=1

Proof. As p = 2, there exists an exceptional isogeny ¢ : C — B between the two groups, see [21,
Theorem 28]. Consequently, we can induce irreducible kC-modules from irreducible kB-modules by
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twisting with the isogeny ¢. Therefore, we have:

LB( Xe: d,u)?) =Lc <2 [X_i diwic + d@&)?) = Lc< ZX_E d,wic) @ ® Lc(dga)ec).
i=1 i=1 i=1

O

-1
Remark 3.4. In view of Lemma 3.3, for any 2-restricted dominant weight jn = Zdiw? of B, we have
i=1
1

v(Lp(w)) = ve(Lc(2h) = ve(Le(M)P) = ve(Le(R)), where A = Zdiwic. Similarly, for the weight

i=1
¢
a)?, we have vB(LB(a)E)) = vc(Lc(wE)). Lastly, in the case of weights of the form u = Z diw?, where

i=1
d¢ = 1 and there exists 1 < i < £ — 1 such that d; = 1, in order to determine vg(Lp(1)) it suffices to
-1

calculate vc (LC(Z diw9)? @ Lc(a)z)).
i=1

3.2. Restriction to Levi subgroups

We return to the situation where G is simply connected. For each 1 < i < ¢, let P; be the maximal
parabolic subgroup of G corresponding to A; := A\ {a;}, and let L; = (T, U+q;> - - - > Ute; > Uta; s
...>U4q,) be a Levi subgroup of P;. The root system of L; is &; = ® N (Zay + - + Zaj—1 +
Zativ1 + - - - + Zay), in which A; is a set of simple roots. Now, we have that L; = Z(L;)°[L;, L;], where

Z(L)° = ﬂ ker(ozj)) is a one-dimensional subtorus of G and [L;, L;] is a semisimple simply connected
j#i

linear algebraic group of rank £ — 1, see [16, Proposition 12.14]. Lastly, let T; = TN[L;, L;] be a maximal

torus in [L;, L;], contained in the Borel subgroup B; = B N [L;, L;]. We will abuse notation and denote

the fundamental dominant weights of L; corresponding to A; by w1, . . ., wi—1, Wit1, . . ., @¢.
¢

Let A e X(T)*, 2 = Z diw;, let V.= Lg()) be the associated irreducible kG-module, and let A (V)

i=1
be the set of weights of V. Fix some 1 < i < {. We say that a weight © € A(V) has «;-level j if
w=x—jai— Z cray, where ¢, € Zsg. The maximum o;-level of weights in V will be denoted by e;(A).

r#i
By [8, IL, Proposition 2.4(b)], we have that ¢;(1) is equal to the o;-level of wy(1). Now, consider the Levi
subgroup L; of P;. For each 0 < j < e;(1), define the subspace V/ := @ Vi—jo;—y of V and note that V7
yeNA;
is invariant under L;. Then, as a k[L;, L;]-module, V admits the following decomposition:

ei(h)
Viliw,L= @ V7,
j=0

where, by [20, Proposition], V° = @ Vi—y is the irreducible k[L;, L;]-module of highest weight A |7;.
yeNA;

Lemma 3.5. Assume V is a self-dual kG-module. Then, for all0 < j < \ﬁg—”J, we have V&M =i = (viy*,
as k[L;, L;]-modules.

Proof. We note that, as V is self-dual, we have wp(A) = —X and V is equipped with a nondegenerate
bilinear form (—, —). Let u, y,/ € A(V) be such that ,u, # —p. Letv € V, and Vo€ Vu" Then
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(v VY= (t-vt-v) = (n(@®v, () = (n +;L)(t)(v V), forallt € T. Therefore (v,v) = 0, as
W # —u, and so vV, C VJ- Moreover, as (—, —) is nondegenerate, it follows that — € A(V) for all
n e AV).

Secondly, let & € A(V) be a weight of «;-level j, where 0 < j < ¢;(A). We will show that
—u has aj-level e;(A) — j. On one hand, we know that e;(1) is equal to the o;-level of wy(R), thus
wo(A) = A — e;(M)atj — Zarar, where a, € Z=¢. On the other hand, as u =1 — jo; — ZC’“” for ¢, € Z>o,

r#i r#i
we have —pu = —\ + jo; + Zc,a, = — (ei(A) — pa; — Zb,a,, where b, € Zs for all r # i. Thus,
r#i r#£i
—u has a;-level equal to e;(A) — j. In particular, as V,, < (VM)J— for all u' # —u, it follows that
Vta @ v
r#ei(A)—j
(M) ei(})
Lastly,as V |i,,1= ED V/ is self-dual, it follows that V |z, 1,)= @(Vj )*. Furthermore, as V is equipped
Jj=0 Jj=0

with a nondegenerate bilinear form, we have that (V/)* % V/(VI)L, for all 0 < j < ei(X). As
(vt @ Vit follows that dim((V7)*) < dim(V* (%)=J), By the same argument, this time applied

r#ei(A)—j
to V4™~ we determine that dim((V¥®/)*) < dim(V7). Therefore, dim((V/)*) = dim(V&®M ),
thus (V/)* = @ V", and we conclude that (V/)* = vei) =i, O
rei(h)—j

¢
Remark 3.6. Applying Lemma 3.5, let V = Lg(A), where A = Z diw; € X(D)F. As V¥ = Lg(—wp(1L)), it

i=1
follows that V is self-dual if —wo(X) = M. Thus, for groups of type Ay, V is self-dual if d; = dgy1—; for all
1 < i < L. For groups of type By and Cy, as wo = —1, all irreducible kG-modules are self-dual. Lastly, for
groups of type Dy with £ even, all irreducible kG-modules are self-dual, while for groups of type Dy with ¢
odd, V is self-dual if dg_1 = dy.

In what follows, we give a formula for e; (1), the maximum o -level of weights in Lg(1), for the
classical linear algebraic groups. Further, for groups of type Cy, we also give a formula for e, (1).

¢ ¢
Lemma 3.7. Let G be of type Ay and let \ = Z diw; € X(T)t. Then e1(A) = Z dj.

i=1

Proof. In order to determine e; (A) we have to calculate the o) -level of wy(1). We have that

¢ ¢
wo(h) = &= (= wo(R) = & — D _dr(@r = wo(@p) = & = D di(@r + 0p—r41). (3.1)
r=1 r=1
Using [7, Table 1, p. 69], we write the w;’s, 1 < i < ¢, in terms of the simple roots @j, 1 < j < ¢, and we
seethatfor1 < r < L%J, we have o, + wy_41 = 21:]()!] + r[fla] + Z (€ +1—jaj; and if £ is odd, we
j=1 j=r j=t—r+2
have W = %[011 +20 4+ i o Z%l I Z%l e +~--+az:|. Substituting in (3.1), we
determine that e; (1) = i d;. O

¢ ¢ ¢
Lemma 3.8. Let G be of type Cy and let A = Z diw; € X(T)T. Then e; (V) =2 Z dj and e;(1) = Zjdj.
i=1 =1 =
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Proof. Note that we have wy = —1, hence wp(X) = —A. We write the w;’s, 1 < i < ¢, in terms of the
simple roots aj, 1 < j < ¢, see [7, Table 1, p. 69], and we get:

¢ ¢
wogA) = —A=A—=2A=A—2(d1 +---+dp)o —2<d1 +22dj>a2 — = (Z]d]>a[
=2 =1
We remark that the coefficient of each «; is a nonnegative integer and the result follows. O

¢ -1
Lemma 3.9. Let G be of type By and let 1 = Z diw; € X(T)t. Then e (V) = 2[ Z dj:| + dy.

i=1 j=i

Proof. We have that wg = —1, hence wo(A) = —A. Writing the fundamental dominant weights w; in
terms of the simple roots «;j, we see that:
e sl -1 ]
Wo(A) = —A = A — 2% = A — 22 [Zjdj—k i(Zd,»+ Ed@)]ﬂli;
i=1 = j=1 Jj=i
-1
therefore e; (1) = 2[ Z dj] + dy. O

j=i

¢ )
1
Lemma 3.10. Let G be of type Dy and let ). = Z diw; € X(T)*. Then e;(A) = 2[ Z di + Ei(dz_1 + de)].
i=1 =1

Proof. We first assume that £ is even. Then wy = —1, hence wy(X) = —A, and so

=2 =2 ~r-1 =2
1
wo(h) = A — 2 Z djwj — 2dp1wpy = 2dgwp =1 — Y 2[ Zjdj + erj + e+ d[)]ar
j=1 r=1 j=1 j=r
=2 -2
id L d d id L d d
- Z; j+ S (e + (€= 2)dy) o — Z; j+ S (€= Ddey + tdy) |
j=1 j=1
) .
Thus e; (1) = 2[ Z di + E(dg,l + d()]. We now assume that £ is odd. We note that wp(wj) = —wj, for
i=1

all1 <j <€ —2,wy(we—1) = —w¢ and wo(we) = —wy—1. It follows that:

=2 =2

wo(A) = — Z diwj — dg_1w¢ — dgwg1 =1 —2 Z diwj — (dg—1 + dg)(we—1 + @)
= =1

-2 r-1 -2 -2
1 1
=Ai- Z[Zjdj + rzdj + Er(dﬁ—l + dl)]ar - [Zjdj + 5(5 — D(dg—1 + de)}(oteq + o)
r=1 j=1 Jj=r j=1
-2 .
and so el(k)ZZ[Zdj—{—E(dlfl +d():|. O

j=1

3.3. The algorithm for calculating vg (V)

4 ei(A)
Let V = Lg()) for some A = Z diw; € X(T)*. Consider the restriction V |1, 1,)= @ Vi, wherel <i <
i=1 =0

fand V/ = QB Vi—jo;—y>forall 1 < j < e;(A). In view of Proposition 3.1, in order to determine vg(V),
yeNA;
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one has to calculate IRaZ)((G) dim(V,(w)) and rga\)?l) dim(V,(1)). In this section we will outline an algorithm
NS ueGy
for calculating max dim(Vi(n)) and max dim(V,(1)).
S€T\Z(G) ueG\ (1)
First,lets € T \ Z(G). Then, in particular, s € L; and so s = z - h, where z € Z(L;)° and h € [L;, L;].
Asz € Z(L;)° and Z(L;)° is a one-dimensional torus, there exists c € k* and k, € Z,1 < r < £, such that
¢

z= l_[ har(ck’). Moreover, we have aj(z) = 1 forall 1 <j < ¢,j # i. On the other hand, as h € [L;, L;],
r=1
we have h = 1_[ ha, (ay), where a, € k* for all r # i. Now, as z € Z(L;)°, z acts on each V7, 0 <j<eid),
r#i
as scalar multiplication by s, where:

l
5= O —joi = )@ = O — jo) ([ [ ey () = ]'[ ( ) ]'[c*fk ), (3.2)
r=1

r=1

Lastly, let ;le, ceo ,uJ;j, tj > 1, be the distinct eigenvalues of h on V/, 0 < j < €;(A), and let w. rrij
be their respective multiplicities. Then, as s = z - h, it follows that the eigenvalues of s on Vi are

siz//i - s]Z,u[ and they are distinct, as the Ws are, with respective multiplicities i - n’ This proves
the followmg

Lemma 3.11. Lets € T\ Z(G), s = z - hwithz € Z(L;)° and h € [L;, L;]. Let ,ujl, ... ,u];j, tj > 1, be the
distinct eigenvalues of h on V1,0 < j < e;(X), with respective multiplicities AT n’tj Then:

(a) z acts on VJ as scalar multiplication by slz, where s’ is given in (3.2);
(b) the distinct eigenvalues of s on VJ are s, . . s’zut, with multiplicities AN nij;

(c) the eigenvalues of s on V are siujl, e ,siutj, 0 < j < ei(A), with respective multiplicities at least
oot

An algorithm for calculating SE![I{%)((G) dim(Vg(p)). First, assume that s admits an eigenvalue @ on V

with the property that dim(Vg(M)) = dim(V/) for some 0 < j < ei(X). In this case s € Z(L;)° \ Z(G),
¢

s= l_[ h, ("), and so it acts on each V7 as scalar multiplication by slz Therefore, the eigenvalues of s on
r=1

V, not necessarily distinct, are sg, s %) We also remark that the s’ s are not all equal, as s ¢ Z(G).
We have that dim(V(u)) = Z dim(V/), where I, € {0,...,ej(A)} is such that for any j € I, we have
J€lu

w= s’z Therefore, max dim(Vy(x)) = max Z dim(V7), where the calculation of the latter
S €Z(L)°\Z(G) SELL)\LUG)
"
maximum is straightforward. Secondly, assume that dim(VI(n)) < dim(V/) for all eigenvalues u of
son Vandall 0 < j < e;(1). This case is solved inductively. We write s = z - h, where z € Z(L;)°
and h € [L;, L;]. Recall that [L;, L;] is a semisimple simply connected group of rank £ — 1. We have
ei(%) o o o '
that dim(V,(n)) < Z dim(V;l(th)), where u = sfz,u]h and dim(V{q(u]h)) < dim(V/) forall 0 <j < e;(%).
=0
ei(A)
Therefore, rr\lax dim(Vy (1)) < Z max dlm(Vh, (u3,)), and we use induction to determine this upper-
SeT /A
j=0
bound.
We now let u € G, \ {1}. We will denote by k[u] the group algebra of (u) over k.
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Lemma 3.12. Let u € G be a unipotent element and let V be a finite-dimensional kG-module. Let V =
MiDM;—12---2M; DMy =0, wheret > 1, be a filtration of k[u]-submodules of V. Then:

t
dim(Vy(1)) < Y dim((Mi/M;—1)u(1)).

i=1

12

Moreover, suppose that for each i, we have a u-invariant decomposition M; = M;_; & M,_, with M|_,

t
M;/M;_1 as k[u]-modules. Then dim(V, (1)) = _ dim((Mi/M;i—1)u(1)).

i=1

Proof. Foreach 1 < i < t, we fix a basis in M; with the property that the matrix (#)p,/um,_, associated
to the action of u on M;/M;_, is upper-triangular. Then, the matrix (1) of the action of u on V is the
block upper-triangular matrix:

/(M)Ml * *
0 (W) my/m, *

wy=| 0 0 (W) M3 /M,
0 0 0

Using (u)y, we calculate the matrix of the action of u — idy on V:

(u — idpr )y * o ;
0 =iy M)y * oo *
(u—idy)y = 0 0 ) ,
0 0 0 - (u—idmy/M_ )M /M

where (u — idpg;/am;_, ) M;/m;_, is the matrix of the action of u — idag;/p,_, on M;/M;_1, 1 < i < t, with
respect to the basis of M; we have previously fixed. It follows that:

t
rank(u — idy) > Z rank((u — idag /v ) Mi/Miy)
i=1

t
and, consequently, we have dim(ker(u — idy)) < Z dim(ker((u — idv) |m;/m;_,)). Now, as V,(1) = ker(u—
i=1
t

idy) we determine that dim(V,(1)) < Z dim((M;/M;_1),(1)).

i=1

Lastly, for all 1 < i < t, assume that there exists a k[u]-submodule M, ;| of M; such that M; =
M1 ®M,_,. Then V |jyy=My®--- @M, | =M; & My/M; & - -- ® M;/M;_1, and so there exists
a basis of V with the property that:

(u —idm) 0 o 0
0 (u— isz/Ml)Mz/Ml 0 - 0
(u—1idy)y = 0 0 : |
0 0 0 - (u—idmy/M_) MMy

t
thereby rank(u — idy) = Z rank((u — idpg/m;_, ) m;/m;_,)- Arguing as above, we establish that dim(V,(1))
i=1

t
= Zdim((Mi/Mi—l)u(l))' -

i=1
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An algorithm for calculating max dim(Vy(1)). LetP; = L;- Qi = (T,Ug | B € &;) - (Uy |

ueGy\{1}
a € ®F \ @;) be the Levi decomposition of the maximal parabolic subgroup P; of G. Let u € Gy,
u= 1_[ x4 (cq), Where the product respects the total order < on ® and ¢, € k. Now, as u € Band B €
acdt
P;, it follows that u admits a decomposition u = l_[ Xo(c)) - l_[ x4(c,), where each of the products
acd; aedt\d;
respects <and ¢, € k, foralla € ®1. We set u;, = l_[ xq(c,) and ug, = H x4 (c,), and we note
aed; acdT\d;
ei(d)
that ur, € L; and ug, € Q;. Recall that V = Lg()) for some A € X(T)" and that V |;1,1,)= @ V. Let
j=0
w € A(V), with corresponding weight space V,,,and leta € ®. As U, V,, € @ Vitra> see [16, Lemma
TGZZO
15.4], we have uy, - VV. € V, uqg, - V/ C @ V'and (ug, — 1) -V C @ V7, forall 0 <j < ¢;(1). Therefore,
r=0 r=0
V admits a filtration V. = Mg,y 2 Meoy—1 2 -+ 2 My 2 My 2 0 of k[u]-submodules, where
j
M;= @ V' forall 0 < j < e;(1). We see that u acts on each M//M/I=1, 1 < j < e;(A), as uy, and so, by

r=0
ei(A) )
Lemma 3.12, we determine that dim(V,(1)) < Z dim(VﬁLi (1) = dim(Vy, (1)). Therefore, if we identify
j=0

the kL;-composition factors of each V7,0 < j < ei(1), then using already proven results and Lemma 3.12
, we can establish an upper-bound for each dim(V7, (1)). Now, assuming that uz, # 1, the upper-bound
we obtain for dim(V,, 1 (D)s hence for dim(V,,(1)), will be strictly smaller than dim (V). Lastly, we remark
thatif u = uy,ie ug, = 1,thenu- V/ C VJ, forall 0 < j < ¢;(%), and thus, by Lemma 3.12, it follows
that dim(V, (1)) = dim(Vy, (1)).

We end this section with two lemmas concerning the behavior of unipotent elements. The first one is
due to Guralnick and Lawther, [5], and tells us which unipotent conjugacy classes in G afford the largest
dimensional eigenspaces.

Lemma 3.13. [5, p.19 and Lemmas 1.4.1 and 1.4.4] We have dim(V,,(1)) < dim(V,, (1)), ifu; € G,
belongs to a unipotent conjugacy class of root elements and u, € G, belongs to any nontrivial unipotent
class, unless e(P) > 1 and one of the following holds:

(a) G = Cy, p = 2, uy belongs to the unipotent conjugacy class of xq, (1) and uy belongs to the unipotent
conjugacy class of xq, (1).

(b) G = Cy, uy belongs to the unipotent conjugacy class of xo, (1) and uy belongs to the unipotent conjugacy
class of xq, (1).

(c) G = By, u; belongs to the unipotent conjugacy class of xo, (1) and uy belongs to the unipotent conjugacy
class of x4, (1).

The second lemma gives us dim(A%(V),(1)), when char(k) = 2, V is a finite-dimensional k-vector
space and the unipotent element u acts as a single Jordan block on GL(V). For each i > 0, let V; be
the indecomposable k[u]-module with dim(V;) = i and on which u acts as the full Jordan block J; of
size i. Note that {V; | i > 0} is a set of representatives of the isomorphisms classes of indecomposable
k[u]-modules.

Lemma 3.14. Let k be a field of characteristic p = 2 and let V be a vector space of dimension i

1 over
k. Let u be a unipotent element acting as a single Jordan block in GL(V). Then dim((A2(V)),(1)) J

Ei

v
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Proof. We will prove the result by induction on i > 1. First, we note that both casesi = 1 and i = 2
follow directly from the structure of AZ(V). Hence, we assume that i > 3 and that the result holds for all
1 < r < i. Let m be the unique nonnegative integer for which 2”~! < i < 2" and set g = 2™. Now, up
to isomorphism, there exist exactly g indecomposable k[u]-modules: V1, V2, .. ., V4, where dim(V)) = j
and u acts on V;j as Jj. Therefore, as k[u]-modules, we have V' = V;. Now, by [3, Theorem 2], we have
A(V) =N (Vg-i) @ (i— T =1V @ V3q_;, and so

dim((A(V))(1) = dim((A2(Vg-i))u(D) + (= 3 = ) dim((Vg)u(1) +dim((Vag_)u(1)- (3.3)

As 31 — i < gand as u acts as a single Jordan block on V, and V3%_i, respectively, it follows that

dim((Vy),(1)) = 1 and dim((V34_,)4(1)) = 1. Furthermore, we note that, as % <i,wehaveq—i<i

and, by applying induction, it follows that dim((/\z(Vq_,'))u(l)) = L?J . Substituting in (3.3) we obtain
dim((A2 V() = [ 5| +i= 4 —1+1= 4], =

3.4. The list of modules

Lemma 3.15. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected classical linear algebraic group. Let A € X(T);', A #O0.

(a) Let G be of type Ay with £ > 1 and assume that dim(Lg(X)) < g If € > 15, then, up to duality of the
corresponding kG-module, we have A € Ay, := {w1, w2, 2w1, w1 + ¢, w3, 301, w1 + wy}. If £ < 14,
the additional \’s are given in Table 2.

Table 2. The nonzero weights A € X(T); \ Ag, withdim(Lg(2)) < g.

Rank A p dim(Lg (X))
7<e<14 wg all “
9<¢<10 ws all (1

(b) Let G be of type Cy with £ > 2 and assume that dim(Lg(A)) < 4€3. If £ > 14, we have that A €
Ag, = {w1, w2, 201, w3, 301, w1 + wy}. If £ < 13, the additional \’s are given in Table 3.

Table 3. The nonzero weights & € X(T)J \ Ac, withdim(Lg(1)) < 4¢3.

Rank A p dim(Lg(2))
=2 207 p£2 14— ¢p(5)
w1 + 2w p=17 24
3wy p#23 30 — 5ep(7)
201 + wy p=3 25
7=3 o + w3 all 70— 1365 (3) — 226p(2)
201 + o} p=2 48
w) + w3 p=>5 62
203 p#2 84 — 21y (5)
20y p#£2 90 — £5(7)
=4 wa p£2 2503
w1 + ws p=2 128
201 + o} p=2 128
w1 + ws p=17 240
w1 + w3 p=2 246
=5 g all 165 — £, (2) — 44, (3)
ws p#2 132 — 1085 (3)
w1 + ws p=2 320
201 + o} p=2 320

(Continued)
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Table 3. (Continued)

Rank A p dim(Lg (%))
=6 wa all 429 — £p(5) — 656p(2)
we p#2 429 — 6465 (3)
ws all 572 — 128p(2) — 208ep(3)
w1 + we p=2 768
201 +of | p=2 768
(=7 wa all 910 — £,(3) — 90ep(5)
we p=3 1093
w7 p=3 1094
ws p=2 1288
(=8 wa all 1700 — ep(7) — 11965(3) — 11865 (2)
=9 wa all 2907 — 15265 (7) — £5(2)
4<¢<13 wp p=2 2t

* Since we have made the choice to only treat groups of type C; when p = 2, see
Lemma 3.3, and since dim(LB/Z (w1 + wp)) < 4¢3 for3 < £ < 6, in order to have
a complete result, we have to add the weights 2w + wy, where 3 < ¢ < 6, see
Remark 3.4.

(c) Let p # 2 and let G be of type By with £ > 3. Assume that dim(Lg(X)) < 4€3. If ¢ > 14, we have
A € Ap, = {w1,w2,201, w3, 3w1, w1 + wy}. If € < 13, the additional 1’s are given in Table 4.

Table 4. The nonzero weights & € X(T); \ Ag, withdim(Lg(1)) < 4¢3.

Rank A ) dim(Lg(A))
(=3 203 p#2 35
w) + w3 p=35 104 — 40¢p(5)
303 p=>5 104
(=4 2wa p#2 126
= 2ws p#2 462
3<€<6 1 + g p#2 ¢ 2T ol 20+ 1)
5<¢<7 wa p#2 B
4<¢<13 wg p#£2 2f

(d) Let G be of type Dy with £ > 4 and assume that diim(Lg())) < 4€>. If€ > 16, we have A € Ap, :=
{w1, w2, 2w1, w3, 3w1, w1 + w2 }. If € < 15, the additional A’s are given in Table 5 (up to duality or outer
automorphisms of the corresponding kG-module).

Table 5. The nonzero weights A € X(T); \ Ap, with dim(Lg(X)) < 403

Rank A p dim(Lg(2))
=4 w1 + wa all 56 — 865(2)
2wy p=3 195
201 + w3 all 224 — 56¢p(5)
w1 +w3t+wg | p=2 246
7=5 2ws p£2 126
1+ ws all 144 — 166p(5)
w4 + ws all 210 — 46¢p(2)
w)y + wsg p=2 416
=6 w1 + we all 352 — 32¢p(2) — 32¢p(3)
w4 all 495 — 131¢p(2)
2wg p#£2 462
ws + wg all 792 — 2326(2)
=7 o1 + @y all 832 — 64ep(7)
o all 1001 —91ep(2)
ws p=2 1288
(=8 w4 all 1820 — 238¢p(2)
w1 + wg all 1920 — 128, (2)
=9 wa p=2 2906
5<¢<15 wg all 20T

Proof. The result follows by [17, Theorem 1.2] and [14]. O
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4. Proof of Theorem 1.1 for groups of type A,

Let G be a simple simply connected linear algebraic group of type A, with £ > 1. In view of

Proposition 3.1, it is sufficient to know max dim(Vi(x)) and max dim(V,(1)) in order to determine
seT\Z(G) ueGy\(1}

vG(V), where V is any irreducible kG-module. In this section we prove Theorems 4.1 and 4.2 which
provide the values of max dim(V,(1)) and rR%%G) dim(V(n)) for all kG-modules V = Lg(\) with
se

ueG,\{1}

A€ X(T);, A # 0, and dim(Lg(A)) < g As a corollary, the part of Theorem 1.1 concerning simple
simply connected linear algebraic groups of type A, will follow.

Theorem 4.1. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected linear algebraic group of type Ag with £ > 1. Let V.= Lg()), where A € X(T);,r and A # 0, be

such that dim(V) < £ The value of max dim(V,(1)) is as given in Table 6.
2 ueG\ 1)

Table 6. The value of max dim(Vy(1)) for groups of type Ay.
ueGy\{1}

Ref. v Char. Rank max dim(Vy(1))
ueGy\{1}
4.1.1 Lg(wr) p>0 £>1 ¢
412 L(w)) p>0 >3 £2-t42
£+1
413 LgQw1) p#2 £>1 3
414 Lg(wn + wp) p=0 £>2 2 —ep(+1)
415 Lg(w3) p=>0 (>5 G +e—1
416 LgBwr) p#23 >1 (33
042
=3 >3 —L+1
417 Lo(@1 + w2) P = (3 23 22+
p#3 >3 $
418 Lg(wa) p>0 7<0<14 “h+EGH+ G
419 Lg(ws) p=>0 9<£<10 Eh+ Y+

Proof. To begin, recall that we have denoted by W the natural module of G, see end of Section 2.
Let (V,p,£) be a triplet featured in Table 6. In view of Lemma 3.13, for any 1 < i < ¢, we have
ma)? : dim(V,(1)) = dim(Vy,, 1)(1)). Thus, in what follows, we will focus on calculating dim(ani(l) (1),

ueGyu\{1
1 < i < £.To ease notation, we reference each triplet (V, p, £) featured in Table 6 by its corresponding

number in column ‘Ref’.

4.1.1: Follows because V = W as kG-modules, and x,, (1) acts on W as J, @ ]f_l.

4.1.2: Note that V = A%(W) by [18, Proposition 4.2.2]. We write W = W; & W,, where dim(W;) =
2 and x4, (1) acts on Wj as Jp; and dim(W;) = £ — 1 and x4, (1) acts trivially on W,. Since
AN (WL @ W) Z A2 (W) & [W) @ Wal @ A% (Wa), we get dim((A* (W), 1y (1) = dim((A2(W1))x,, 1) (D)+
dim((W1 @ Wa)y,, (1) + dim((/\Z(Wz))xal(l)(l)). As xq, (1) acts as a single Jordan block on AZ(WY),
using [15, Lemma 3.4], respectively Lemma 3.14 when p = 2, we get dim((/\z(Wl))th1 om@D) =1.

Further, as x4, (1) acts trivially on W7, we have dim((A*(W3))x, 1y(1)) = ‘32’3# Lastly, as x4, (1) acts

onWi @ Wras, ® ]f_l, we have dim((W; ® W), p(D) = £ —1, by [15, Lemma 3.4]. It follows that
dim((A2(W)), 1y (1) = E=E2,

4.1.3: Note that V = S?(W) by [18, Proposition 4.2.2]. We write W = W1 @ W,, where dim(W;) = 2
and x4, (1) acts on W as J»; and dim(W;) = £ — 1 and x,, (1) acts trivially on W,. Then, since
SH(W1 @ Wy) = S3(W)1) @ [W1 @ W] @ S*(W)), we argue as above to show dim((S*(W))s,, 1)(1) = (%1).
4.1.4: Follows from [18, Proposition 4.6.10] and [11, Theorem 6.1], arguing as in 4.1.2 and 4.1.3.
4.1.5,4.1.6,4.1.8, and 4.1.9: Follow from [18, Proposition 4.2.2], arguing as in 4.1.2 and 4.1.3.
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4.1.7: First, assume p # 3. By [18, Proposition 4.6.10], we have that Lg(w1) ® Lg(wz) = V @
Lg(3), and so dim(Vy,, ,, (1)) = dim((Lg(@1) ® L6(@2))x,, 1)(1) — dim((LG(@3))x,, 1)(1)). As xg, (1) acts

23044
on Lg(wy) as , & ]f_l and on Lg(w,) as ]f_l ®J, * ,see4.1.2, one shows that dim((Lg(w1) ®

Lg (wz))xw(l)(l)) = M+4H. The result now follows by 4.1.1, 4.1.2, and 4.1.5.

Now, let p = 3. Set A = w; + w; and L = L;. By Lemma 3.7, we have e; (1) = 2, therefore V |1, 11=
V0@ V! @ V2. First, by [20, Proposition], we have V? = L; (w,). Secondly, the weight (A —a1) |1,= 2w,
admits a maximal vector in V!, thus V! has a composition factor isomorphic to Ly (2w;). Lastly, the
weight (A — 201 — a2) |1,= w2 + w3 admits a maximal vector in V2, thus V2 has a composition factor
isomorphic to L1 (w3 + w3). By dimensional considerations, we determine that

VL= Li(w2) ® LLCwz) @ Ly (w2 + ws).
By 4.1.1 and 4.1.3, we have dim(an((l)(l)) ={—-1+ (g) + dim((Ly (w; + w3))xa((1)(l)). Recursively

-1 -1
and using 4.1.5, for the base case of ¢ = 3, we get dim(Vy,, (1)(1)) =3 + Z (le)—i— Zj = (z-gz) -+ 1.
=2 =

O

Theorem 4.2. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected linear algebraic group of type Ay with £ > 1. Let V = Lg(A), where A € X(T);,r and A # 0, be

such that dim(V) < %. The value of SEI’I{{%)((G) dim(Vs(w)) is as given in Table 7.

Table 7. The value of max dim(Vs(u)) for groups of type Ay.
seT\Z(G)

Ref. v Char. Rank max  dim(Vs(u))
seT\Z(G)
42.1 Lg(w?) p>0 £>1 ¢
422 Lg(w2) p>0 £>3 LD 4 63)
2
423 LgQw1) p#2 £=1 E4b+2
424 L1 + wyp) p=0 0>2 02— ep(L+1) +£p(3)er(2)
425 L(@3) p=>0 £>5 < (g) +2
426 LBawr) p#23 e>1 (‘Jg )+e
p=3 ¢ (Z+2)
427 Lg(w1 + wy) ey 3
p#3 £>3 E52  t5p(2)
428 Lg(wa) p=>0 7<t<14 <) +2e-5
429 Lg(ws) p=>0 9<2<10 <)+ —60+9

In order to prove Theorem 4.2, in addition to the algorithm for calculating qu\%)(((;) dim(Vy(p)) outlined
se

in Section 3.3, we will sometimes use the following algorithm from [5, Section 2.2], which gives lower
bounds for vG(V). We give a brief description of it in what follows. Let W be a standard subsystem

¢
of ® and let W(W) be its Weyl group. We define ry = sz(qu%. For A = Zaia)i e X(DT,
i=1
set \IJ()\/) = (a; | ai = 0), and for A € X(T);', define s; = Z r,. By [5, Prop. 2.2.1], we have
0=<1' <A
vG(Lg(L)) > sp. Now, as s, = Z ru» it will prove extremely useful to give a formula forr,,,, 1 < i < £.
0=<pu=r
To this end, we first note that W (w;), 1 < i < £,is of type A;_1A¢—;, thus | W (w;)| = €2 —20i+2i>+£—2i
and |® \ V¥ (w;)| = 2i(¢ — i+ 1). Moreover, as W(W (w;))| = i!(£ —i+ 1)!, we have W : W(¥ ()| =
(Hl), therefore

i

o= () Bt — () @
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Lets € T \ Z(G). To improve readability, we will use the expression “s is as in (*H;)” to mean that
s satisfies the following: s = diag(u1 - In;, 2 - Lnys ooy i - In,,), where m > 2, u; # p;j foralli < j,

L>np > >ny > Iandnuf" = 1. Note thatany s € T'\ Z(G) is as in ("Hy).

i=1
Proposition 4.3. Let V = Lg(w1). Then IR%)((G) dim(Vs(n)) = £, where the maximum is attained if and
NS

only if s is conjugate to diag(d, d, . .., d,d™%) with d*T' # 1 and n = d.

Proof. As V.= W as kG-modules, for all (s, u) € (T \ Z(G)) x k* we have dim(V(u)) < €. Now,
equality holds if and only if s and p are as in the statement of the result. O

Proposition 4.4. Let £ > 3 and let V = Lg(w,). Then rTr{%)((G) dim(Vy(n)) = @ + £¢(3), where the
se

maximum is attained if and only if

(1) € = 3 and s is conjugate to diag(d, d, =d ', £d~ 1) with d* # £1, and u = £1.
(2) £ = 4 and s is conjugate to diag(d, d, d, e, e) with d # e and B =e? and p = de.
(3) £ > 4 and s is conjugate to diag(d, . . ., d, d~%) with dT! £ 1, and u = d>.

Proof. Lets € T\ Z(G) be asin ("Hy). As V = A2(W), see [18, Proposition 4.2.2], we deduce that the
eigenvalues of s on V, not necessarily distinct, have one of the following forms:

p,iz, 1 < i < m, with multiplicity at least w,

(4.2)

mipj, 1 < i < j < m, with multiplicity at least n;n;.

In order for s to have an eigenvalue of the form ,ujz, there has to exist some 1 < i < m with n; > 2.

Suppose there exists such i, and consider the eigenvalue 117 of s on V. Now, since the u,’s are distinct, it
follows that /L? # wipj for all i # j, hence:

dim(Vy(u?)) < Y50 — (¢ + 1 — npn;.

Let £ = 3 and assume dim(Vs(,uf)) > 4. Then 2 — (4 — nj)n; = (n; — 2)% — 2 > 0, which does not hold
as n; < 3. Thus, we let £ > 4 and assume that dim(Vs(M,z)) > 15(22_—1)_ Then (£ — n;)(1 — n;) > 0and,
since £ > n; > 2, the inequality holds if and only if n; = €. Hence, m =2, n = £, ny = 1, up = ul_e
and uf“ # 1,as 1 # up and Mfﬂz = 1. This gives dim(Vs(,uf)) =< w—;” foralls € T\ Z(G), where
equality holds if and only if i = 1 and s is conjugate to diag(u1,. . ., i1, ) with ! = 1, as in (3).
This completes the case of eigenvalues of the form u? of son V.

Fix i < jand consider the eigenvalue p;u; of s on V. Since the u,’s are distinct, we remark that:

Hitj 7 pf and pip # 105
Wity # Wity fori < v <mandr # j, and wipj # urpi, for 1 < r < is
il # e, for 1 < r < jand r # i, and wipj # iy, forj < r < m.

By (4.2), these account for at least M + M + (n; +n))(£ + 1 — n; — n;) eigenvalues of son V
different to w;pu;. It follows that:

H i(ni— j(nj—1
dim(Vy(uipe)) < QG0 — om0 (041 — g — my).

As in the previous case, we begin with £ = 3. Then, since n; + n; < 4, we have (n;,n)) €
{(3,1),(2,2), (2, 1), (1, 1)}. Assume that dim(V;(ptifs})) > 4. Then 2 — 8=l _ W=D _ )y 4

ni—n;) > 0, whichholdsifand onlyifn; = nj = 2,ie.m=2,n =np =2, up = :|:/,L1_1, as ,u%u% =1,
and ,u% # +1,as uy # . Thus dim(Vs(uipnj)) < 4foralls € T\ Z(G) and all i < j, where equality



COMMUNICATIONS IN ALGEBRA® 17

holds if and only if s is conjugate to diag(ul,ul,:tul_l,:lz,ul_l) with /,L% # =41, as in (1). We now let
£ > 4 and assume dim(V(uipj)) > 5(62_*1). Then:

(Z —ni — ?’lj)(l —ni — nj) - 7”"("571) - L(Tgil) > 0. (43)

Since n; > n; > 1, we have M + M >0and 1 —n —n <0, therefore, by inequality
(4.3), it follows that £ — n; — n; < 0.If n; + n; = £, then, for inequality (4.3) to hold, we must have

@ + m = 0, hence n; = n; = 1, contradicting £ > 4. On the other hand, if n; + n; = £ + 1,
then m = 2 and, by (4.3), we determine that n;(3 — n;) — (n2 — 1)(n2 — 2) > 0. Now, the inequality
holds if and only if n; = 3 and ny = 2, as £ > 4. In this case, £ = 4 and s = diag(u1, 1, 1, L2, U2)
with 1 # u, and /L% = MZ_Z. Therefore, dim(Vi(uiunj)) < 15((2—1) foralls € T\ Z(G) and all i < j,
where equality holds if and only if £ = 4 and s is conjugate to diag(pt1, i1, (1, 2, K2) With @1 # w2

and ,u';‘ = u;z, asin (2). O

Proposition 4.5. Assume p # 2 and let V = LG(2w;). Then rTn\'?(cG) dim(Vy(pn)) = 22*#, where the
se

maximum is attained if and only if s is conjugate to diag(d, . .., d,d=%) with d**' = —1, and p = d>.

Proof. Lets € T\ Z(G) beas in (THy). Since, V = S>(W), see [18, Proposition 4.2.2], the eigenvalues of
son V, not necessarily distinct, have one of the following forms:

2 ; . T, ni(nit1) |
ui, 1 < i < m, with multiplicity at least “25=;

(4.4)

mipj, 1 < i < j < m, with multiplicity at least n;n;.
Fix some i and consider the eigenvalue uf of s on V. Since the u,’s are distinct, we deduce that :

dim(Vy(pd)) < EED — i+ 1 — my).

Assume dim(Vi(u?)) > 224—#' Then (¢ — n;)(1 — n;) > 0, which holds if and only if n; € {1,¢€}. In

both cases, we get dim(Vi(1?)) < Z%#, where equality holds if and only if u? = sz forallj # i, ie.

m = 2 and s = diag(u1,. .. ,/1,1,/1,1_[) with uf“ =—1.

Fix i < jand consider the eigenvalue p;u; of s on V. Since the p,’s are distinct, we have

Hipy # w7 and pipy # 105
Wity # Wity fori < r <mandr # j,and wip; # uepi, forl < r < is
wipj # g, for 1 < r < jand r # i, and wip; # iy, forj < r < m.

By (4.4), these account for at least M + w

+ i +n)(l+1—n;—n) eigenvalues of son V
(£+1)2(5+2) _ n,-(né--s—l) _ ﬂj('l;rl) — (i +

which are different to u;u;. Hence, we have dim(Vy(uipj)) <
n)) (£ + 1 — n; — n;). Assume dim(Vs(uipnj)) > M# Then:

(€ — i — n)(1 — n — nj) — HOHDIBOHD o (4.5)

Asn; > nj > 1, we have w > 2, therefore (£ —n; —nj)(1 —n;—nj) —2 > 0.1f n; +n; < ¢,
then (£ — n; — nj)(1 — n; — n;) < 0and inequality (4.5) does not hold. If n; + nj = £ + 1, then m = 2,
ny = £ + 1 — n; and inequality (4.5) does not hold, as (¢ — n; — nj)(1 — n; — n;) — w =
- [(e_”1)2+(”21_1)2+e+1] < 0. Therefore, dim(V;(uiu;)) < % foralls € T\ Z(G) and all i < j. We
2442 O
5=

conclude that max dim(Vy(n)) =
seT\Z(G)

Proposition4.6. Let£ > 2and V = Lg(w1+wy). Then I’P\%)((G) dim(V(n)) = 02 — gp(€+ 1) + &p(3)ee(2),
NS

where the maximum is attained if and only if
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(1) p # 2, =2, u=—1ands is conjugate to diag(d, d,d~2) with d> = —1.
(2) p# 3, =2, u = 1ands is conjugate to diag(d, d, d=2) with d> # 1.
(3) £ > 3, u = 1 and s is conjugate to diag(d, . .., d,d %) with dttl £ 1.

Proof. First, we note that if &,(¢ + 1) = 0, then W ® W* = V @ Lg(0), while, if e,(¢ + 1) = 1,
then W ® W* = L(0) | V | Lg(0), see [18, Proposition 4.6.10]. Let s € T \ Z(G) be as in ("H,). We
determine that the eigenvalues of s on V, not necessarily distinct, have one of the following forms:

m
1 with multiplicity » " n? — 1 — g5(€ + 1);
i=1

/Lill,;l and ufluj, where 1 < i < j < m, each with multiplicity at least n;n;.

We first consider the eigenvalue 1 of s on V. Since the u;’s are distinct, it follows that:

m
dim(Vi()) =Y mf —1—ep(+1) = +20 -2 nmj — ey(£ +1).

i=1 i<j

Assume dim(V;(1)) > £2 — ep(L + 1) + £p(3)&¢(2). Since £ = Z n; — 1, we have that:
i=1
m i—1
20— m)(m — 1) +2) m(1 =Y n) —£(3er(2) = 0, (4.6)
i=3 j=1
which holds if and only if either £ = 2,p # 3, m = 2,ny = landn = 2;0or € > 3, m = 2,
ny = 1and n; = £. In both cases, as w1 # up and Mfﬂz =1, weget uy = u,fe and ,uf“ # 1. Thus,
dim(V,(1)) < ¢ — gp(£ + 1) + £p(3)e¢(2) for all s € T'\ Z(G) and equality holds if and only if p, £, s
and p are as in (2), or (3).
We now fix i < j and consider the eigenvalue ,ui,uj_l of s on V. In the case when uiuj_l * /Li_lpLj,
one shows that dim(Vs(Mi/Ljil)) < @ < 2 — gp(L + 1) 4 £5(3)£¢(2). We thus assume that p # 2

and uiufl = —1. Since the u,’s are distinct, we remark that:

/J,,-;Lr_l # —land p{lu,, # —1,wherei <r < m,r # j;and ;L,‘lu,,- # —land [L,JJ,;I # —1,wherel <r < i
;,LYM;I # —land }L;luj # —1,wherel <r <j,r#i;and M;lﬂr # —land p,]-,u:l # —1,wherej < r <m.

By (4.6), it follows that dim(V(—1)) < dim(V) — dim(V(1)) — 2(n; + nj)(€ + 1 — n; — n;). Assume
dim(Vs(—1)) > £2 — gp(€ + 1) + 5(3)e¢(2). Then:

200 — n; — (1 — n; — ny) — Z n2 4+ 1+ eyl +1) — gp(3)er(2) = 0 (4.7)

r=1
and, for it to hold, we must have (¢ — n; — nj))(1 — n; —nj) > 0,ie.m = 2andn; +ny = £+ L.
Substituting in (4.7) gives —(np — D2 4+nmQ2—mn)+ gp(£ + 1) —€p(3)ee(2) > 0, and we get n; = 2
and n, € {1,2}. One checks that the inequality holds only for n, = 1. Thus, we have dim(V;(—1)) <
02— ep(€ + 1) + £5(3)&¢(2), where equality holds if and only if p, £, s and y are as in (1). O

Proposition 4.7. Let £ > 5and V = Lg(w3). Then max dim(Vi(n)) < (g) + 2.
se€T\Z(G)

Proof. SetA = ws and L = L;. By Lemma 3.7, we have e; () = 1, therefore V |, j= V° & V. By [20,
Proposition], we have V? = L; (w3) and, since the weight (A — o} — otz — @3) |T,= w4 admits a maximal
vector in V!, by dimensional considerations, it follows that:

ViLn= Li(ws) @ Li(ws). (4.8)
Lets € T\ Z(G). If dim(Vsi(y,)) = dim(V") for some eigenvalue i of s on V, where i = 0,1,

then s € Z(L)° \ Z(G) and acts on V' as scalar multiplication by ¢*=27"¢+D Ag c*+1 £ 1, we have
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dim(Vi(n)) < (g) for all eigenvalues i of s on V. We thus assume that dim(Vsi (w) < dim(V?) for
all eigenvalues p of s on V and for both i = 0,1. We writes = z - h, wherez € Z(L)° and h €
[L,L]. First, let £ = 5. Using (4.8) and Proposition 4.4, we determine that dim(Vs(r)) < 12 for all u.
Therefore, ErTr{?((G) dim(Vs(n)) < 12. We now assume that £ > 6. By (4.8) and Proposition 4.4, we have

S

dim(Vs(n)) < &2“_2) + dim((Lg,(w4))n(1tn)). Recursively and using the result for £ = 5, we get

-1
dim(Vi(w)) < ZN% +12= (g) + 2 for all eigenvalues 1 of s on V. O
=5

Proposition 4.8. Assume p # 2,3 and let V = Lg(3w:). Then g{%)((c) dim(Vy(n)) = (%2) + L.
NS

Proof. We will apply the algorithm from [5, Section 2.2] (described earlier in this section) to determine a
lower bound for v (V). Afterwards, we will show that this bound is attained. By [14], the sub-dominant

weights in V are 3w, w1 + w; and ws. Therefore, s3,, = 30, + Tw+wy + Tw;- As V(w1 + @2) is of
type A¢—2, we have |® \ W(w; + wy)s| = 2(2¢ — 1) and |W : W(¥ (w1 + w2))| = £(£ + 1), hence
Twy+w, = 20 — 1. Lastly, using (4.1), we get 53, = ez+2’5+2, therefore vg(V) > m#

By Lemma 3.7, we have e (1) = 3, therefore V |i1,1,j= V' @ V! @ V? @ V°. Now, we argue as we
did in the proof of Proposition 4.7 to determine the composition factors of each V. It will follow that
dim(V%) = 1, dim(V!) = ¢, dim(V?) = (“}') and dim(V?) = (‘$?). Let s € Z(L1)° \ Z(G). We note

that s acts on each V' as scalar multiplication by ¢>~"“*1)_ For 1 = —1, we have dim(V,(c %)) =

(Z-;-z) + ¢, therefore codim(V(c™3)) = —ZZJFZHZ. Since vg(V) > _e2+2£+2) it follows that max dim(Vi(w))
NS

=" +e O

Proof of Theorem 4.2. 'To ease notation, we will reference each triplet (V, p, £) featured in Table 7 by its
corresponding number in column “Ref”. Note that 4.2.1-4.2.6 have been solved in Propositions 4.3-4.8.
The remaining cases are more straightforward: one has to first determine the structure of V' |{z,,1,] and
then apply the algorithm of Section 3.3. In what follows, we will only indicate the results that are used
in the inductive step of the algorithm and mention if there are small special cases to consider.

42.7:1f p = 3, the proof is analogous to that of Proposition 4.8. Thus, we assume p # 3. The result
follows recursively. The base case of £ = 3 follows by Propositions 4.3, 4.5, and 4.6. Note that one has
to treat the case when s = z - h, where z € Z(L;)° and h € [L;,L;] is conjugate to hg, (d)hq, (d?)
with d® # 1, separately. For £ > 4, by Propositions 4.3, 4.4, and 4.5, we have dim(V,(n)) < £ — 1+

[t Lo EDi2 e )] 4 (14 £p(2)(5") + dim((Lr, (@2 + @3))(in)- Recursively, it
-1 -1

follows that dim(V(w)) < 11— 36,(2) + Y [ +j+ 11— > &y(2) = ‘f“g” — Lep(2).
=3 =3
4.2.8: Follows by Proposition 4.7.
4.2.9: Follows by 4.2.8. O

4.1. Supplementary results

At this point, we have completed the proofs of Theorems 4.1 and 4.2. However, we will require additional
result for the groups of type A; in the proofs of Theorems 5.1, 5.2, and 7.1, 7.2, respectively. We collect
these in Theorems 4.9 and 4.10.

Theorem 4.9. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected linear algebraic group of type Ag with £ > 1. Let V. = Lg(A), where A € X(T);,r and A # 0. We
have that
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Table 8. The supplementary max dim(Vs(w)) for groups of type Ay.
seT\Z(G)

Ref. v Char. Rank max _ dim(Vs(w))
seT\Z(G)

43 Lg(mewr) withm > 4 p=0orp>m =1 1+ |7

432 L1 + @) p>0 =2 8 —4gp(2)

433 LgQw1 + 2wy) p#2 £=2 15 — 4ep(5)

434 Lg(w1 + w3 + w3) p>0 £=3 <36 —4gp(5) — 126p(3)

435 Le(2w)) p#£2 = 12

436 L6(3wy) p#23 0=3 <28

437 Lo(w1 + 2w7) p=>0 £=3 33— 21gp(2)

438 L Qw1 + 2w3) p#£2 £=3 48 — g5 (5) — 92p(3)

Proof. Let (V,p,£) be a triplet listed in Table 8. Let s € T \ Z(G) and let . be an eigenvalue of s on V.
To calculate upper-bounds for dim(V(u)) in cases 4.3.2-4.3.8, one will first determine the structure of
V liL,L,1> and then apply the algorithm of Section 3.3. Because the proofs are this straightforward, we
only indicate the results that are used in the inductive step of the algorithm and mention if there are small
special cases to consider. To ease notation, we will reference each triplet (V, p, £) by its corresponding
number in column “Ref”.
4.3.1: The eigenvalues of s on V, not necessarily distinct, are uf", ,u{”fz, ces ,uferz, wuy", where uy #
+1 and, consequently, u} # pi 2 forall —m +2 < i < m.
Assumemiseven.If u # +1,thendim(Vy(u)) < w < %, as Visself-dual. Let © = 1.
If u’i = 1 for some 2 < i < m, then, as u% # 1and /L’i + uli_z, at most LmT_ZJ + ¢ of the eigenvalues

ui",,u’lﬂfz, .. .,,u‘l1 canequal 1, where e = 1—g4(m—2). We deduce that dim(V,(1)) < 8—}—%.11:“ = —1,
then at most L%J + & of the eigenvalues uf", MT_Z, ey u% can equal —1, where & = 1 — g4(m). We

deduce that dim(Vi(—1)) < & + % The case of m odd is analogous.

To show that equality holds, consider s = diag(u1, /Ll_l) € T\ Z(G), where ,u% = —1. Then, since
u% = —1, we have dim(Vs(u]")) =1+ L%J
4.3.2: When p = 2and s = z - h, where z € Z(L1)° and h € [L;, L], one shows that the eigenvalues
of s on V have the form: ¢>d*!, ¢, ¢~ 1d*3, c1d*! and ¢=*d*?, where d # 1 and ¢ € k*. Therefore

rTr{%)((G) dim(Vy(n)) = 4. When p # 2, the result follows by Propositions 4.3, 4.5, and 4.8.
se

4.3.3: Whens = z- hwithz € Z(L;)° and h € [L, L], one has to show that dim(Vz(ui)) < 5—2¢,(5)
for all ,ufl. The result then follows by Propositions 4.3, 4.5, and 4.8 and 4.3.1.

4.3.4:Whenp =2ands =z-hwithz € Z(L;)° and h € [L;, L], one has to show that dim((Ly, Qw, +
w3))n(ip)) < 4for all uy, of h. The result then follows by Propositions 4.3, 4.5, 4.6, and 4.3.2.

4.3.5: Follows by Propositions 4.5 and 4.6.

4.3.6: Follows by Proposition 4.8 and 4.3.2.

4.3.7: Whens = z - hwith z € Z(L1)° and h € [L1, L], one has to show that the result holds in two
special cases. First case happens when p # 2 and h conjugate to hy, (d)hq, (d?) with &® = —1. This is
solved by showing that the eigenvalues of /1 on V!, respectively on V2, are &1 with dim(V}} (1)) = 8 and
dim(V!(—1)) = 10, respectively &-d with dim(Vﬁ (d)) = 10 and dim(V,f(—d)) = 11. The second case
occurs when p = 2 and, by Proposition 4.3, 4.3.2 and the structure of V!, we have dim(Vy(u)) < 13.
One has to show that equality does not hold. If it did, then, by Proposition 4.3, h would be conjugate to
ha, (d)ha3(d2) with d® # 1,and we would have ¢ d?> = 3d® = ¢~'d =2, where ¢ € k*. However, sincep =
2, we get d> = 1, a contradiction. Outside the two special cases, the result follows by Propositions 4.3,
4.5,4.8,4.6,and 4.3.2.

4.3.8: Follows by Propositions 4.3, 4.5, 4.6, 4.3.2, and 4.3.3. O

Theorem 4.10. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected linear algebraic group of type Ag with £ > 1. Let V. = Lg(A), where A € X(T);,r and A # 0. We
have that
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Table 9. The supplementary max dim(V,(1)) for groups of type Ay.
ueGu\{1}

Ref. v Char. Rank max dim(V,(1))
ueGy\{1}

441 Lg(mw1) withm > 4 p=0orp>m =1 1

442 LQRw1 + w)) p>0 =2 <6+eB3) —epQ)Y

443 Le Qw1 + 2w)) p+#2 = <9+4gp(3) —36p(5) "

444 Lg(w1 + w3 + w3) p>0 l= <30 —4ep(5) — 10ep(3) + 85p(2)

445 LeQwy) p#2 0= 10

446 Le(Bwn) p#23 £=3 20

447 Lo(w1 + 2w3) p>0 £=3 <26+36p(3) — 126p(2) Y

448 LcQw1 + 2w3) p+#2 (=3 <36 —36p(3)

Y equality holds when p # 3.

Proof. Let (V,p,£) be a triple listed in Table 9. To begin, note that, by Lemma 3.13, we have

rga\)?”dim(vu(l)) = dim(quZ(l)(l)). Now, to calculate dim(an[(l)(l)) we use the structure of
ueGy,

V liz,,1,> Lemma 3.12 and the algorithm of Section 3.3. Since the proofs are very similar to the ones
of Theorem 4.1, we will only mention the results used in the inductive step of the algorithm.

4.4.1: Follows from [22, Theorem 1.9].

44.2:1f p = 2, we have V = Lg(w1)® ® Lg(w,), and Xa, (1) acts as J, @ J; on both Lg(w1)® and
Lg(wy). If p # 2, Theorem 4.1[4.1.1, 4.1.3, 4.1.6] gives the result.

4.4.3: Follows by Theorem 4.1[4.1.1, 4.1.3, 4.1.6] and the fact that dim((Lr, (4a)2))xu2(1)) =1+ ¢£(3).
4.4.4: Follows by Theorem 4.1[4.1.1,4.1.3, 4.1.7] and 4.4.2.

4.4.5: Follows by Theorem 4.1[4.1.3, 4.1.4].

4.4.6: Follows by Theorem 4.1[4.1.6] and 4.4.2.

4.4.7: When p # 2, it follows by Theorem 4.1[4.1.1,4.1.3,4.1.4,4.1.6] and 4.4.2. When p = 2, one shows
that xo, (1) acts on Ly (3w,) as ]3 @ J1, and the result follows by Theorem 4.1[4.1.1] and 4.4.2.

4.4.8: Follows by Theorem 4.1[4.1.1, 4.1.3,4.1.4], 4.4.2 and 4.4.3. O

5. Proof of Theorem 1.1 for groups of type C,

Let Gbe a simple simply connected linear algebraic group of type C, with £ > 2. This section is dedicated
to Theorems 5.1 and 5.2, which give the values of réla)?l} dim(V,(1)) and 1;1\?@ dim(Vi(w)) for all kG-
se

ueGy\

modules V = Lg(A) with A € X(T);, A # 0, and dim(Lg(A)) < 4€. As a corollary, the part of
Theorem 1.1 concerning simple simply connected linear algebraic groups of type C; will follow.

Theorem 5.1. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply

connected linear algebraic group of type Cy with £ > 2. Let V.= Lg()), where A € X(T)l{,|r and A # 0, be
such that dim(V) < 4£3. The value of ncla\)il)dim(Vu(l)) is as given in Table 10.

Table 10. The value of ?a\ﬁ”dim(vu(h) for groups of type Cy.
uety

Ref. v Char. Rank max dim(Vy(1))
ueGy\{1)
5.1.1 Lg(wr) p>0 £>2 201
5.1.2 Le(w) p>0 £>2 202 =30 41— £p(0) + £0(Dep(2)
513 LeQawr) p#2 £>2 202 — ¢
£=3 9—36p(2)
5.1.4 Le(w3) p>0 (=4 34— 7¢p(3)
£>5 G5 —1-@e— e -1

(Continued)
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Table 10. (Continued)

Ref. v Char. Rank max dim(Vy(1))
ueGy\{1}

515 LgBwr) p#23 £>2 5T

p>0 £=2 8 — 3ep(5)
5.1.6 L(w1 + w)) p= > 403 —37l+6

p#3 (>3 <2(%) = @t = ep2t +1) + 2tep 21
51.7 L Qw) p#2 =2 <6—¢p(5 +26p(3)"
5.1.8 L(w1 + 2w)) p=7 L= 7
519 Le(Bw)) p=7 = 7
5.1.10 LeQw1 + w)) p= L= <1
5.1.11 Lg(w1 + w3) p>0 (= <40 —9gp(3) — 12ep()*
5.1.12 Lo(wy + w3) p= L= 25
5.1.13 Le(w3) p=5 (=3 25
5.1.14 LeQw)) p=>5 £=3 <50
5.1.15 Le(wa) p#£2 0= 28— £p(3)
5.1.16 Lg(w1 + wp) p= 4<0<6 (3¢ —12).2¢1
5.1.17 Lg(w1 + wg) p=7 =4 142
5.1.18 Lo(w1 + w3) p= L= <144
5.1.19 Le(wa) p>0 0= <117 — 366p(3) + 36 (D)1
5.1.20 Le(ws) p#£2 = 90 — 9¢p(3)
5.1.21 Le(wa) p>0 £=6 <319 — g(5) — 51ep(D)*
5.1.22 Le(ws) p>0 (=6 < 407 — 164ep(3) + 5ep()t
5.1.23 Le(wg) p#£2 0= 297 — 54¢5(3)
5.1.24 Le(wa) p>0 0= < 702 — 78ep(5) — p(3) + 26p()*
5.1.25 Le(we) p= 0= 729
5.1.26 Le(w7) p=3 =7 729
5.1.27 Le(ws) p= (= <948
5.1.28 Le(wa) p>0 L= <1350 — £p(7) — 105¢p(3) — 102¢p(2)°
5.1.29 Le(wa) p>0 £=9 < 2363 — 1368p(7) + £p(2)°
5.1.30 Le(wy) p= 4<e<13 3.2672
5.1.31 L6 Qw7 + wp) p= 3<0<6 (3¢ —12)-201

t equality holds when p # 2.

Y equality holds when p # 3.

A equality holds when p # 5.

* equality holds when p # 2, 3.

° equality holds when p # 2,3, 5.

Proof. Recall that we have denoted by W the natural module of G. To begin, let (V, p, £) be a triplet listed
in Table 10. Remark that, by Lemma 3.13, we have max dim(V,(1)) = max dim(Vy,.1)(1)), where j # £.
ueGy i=j, !

For 5.1.7 - 5.1.31, to calculate max dim(Vy,.1)(1)), j # £, we use: the structure of either one, or both of
=J, !

V lir,,0,1 and V |iz,,1,1; Lemma 3.12 and the algorithm of Section 3.3. When the proofs are very similar
to ones of Theorem 4.1, we will only mention the results used in the inductive step.
5.1.1: Note that x4, (1), respectively x4, (1), acts on W as ]% @ ]fe_‘l, respectively as ], @ ]%2—2_

5.1.2: Note that A2(W) = Lg(0) @ V, if £,(€) = 0, while if £,(¢) = 1, we have A*(W) = Lg(0) | V |
L(0), see [18, Lemma 4.8.2]. By the proof of Theorem 4.1[4.1.2] we get dim((/\z(W))xae (1) =202 —
3¢ + 2. To calculate dim((/\Z(W))xal(l)(l)), we write W = Wy @ W5, where dim(W;) = 4 and x,, (1)
acts as ]% on Wy; and dim(W;) = 2¢ — 4 and x4, (1) acts trivially on W5. Using [15, Lemma 3.4] and
Lemma 3.14, we determine that dim((/\z(W))th1 (D) = 2¢% —50+6. Lastly, by [18, Lemma 4.8.2] and
[11, Corollary 6.2], or [12, Theorem B] if p = 2, we determine that dim(anl m@) = 202 —30+1 —&p(0)
and dim(Vy, (1)(1)) = 262 — 50 + 5 — £,(€) + £,(2)¢(2).

5.1.3: Follows by [18, Proposition 4.2.2] and Theorem 4.1[4.1.3].

5.1.4: Theresult for £ = 3 follows by 5.1.1 and 5.1.2. Assume £ > 4. We note thatif ¢, (£ —1) = 0, we have
A3(W) 2 V@ Lg(w), while, ifep(£—1) = 1,then A3(W) = Lg(w1) | V | Lg(w1), as kG-modules, see
[18, Lemma 4.8.2]. For x4, (1), we argue as in 5.1.2 to calculate dim((/\3(W))xa1 1y (1)), and we deduce
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dim(Vi,, 1)(1) = (%) —2£2+9£— 11— (20 —2)&, (£ — 1). For X, (1), using Theorem 4.1[4.1.5], one

shows that dim(wa(l)(l)) > (2133_1) —1— (2€ — 1)gp(£ — 1), where equality holds for ,(¢ — 1) = 0.
To show that equality also holds for &, (¢ — 1) = 1, we determine the structure of V' |, 1,1 and use 5.1.2.
5.1.5: Follows by [18, Proposition 4.2.2], arguing as in 5.1.2.

5.1.6: Let £ = 2. When p # 2, the result follows by Theorem 4.1[4.1.1, 4.1.3]. When p = 2, we have
V = Lg(w1) ® Lg(ws), as kG-modules, see [19, (1.6)]. Using the Jordan form of x,,(1), i = 1,2, on

Lg(wy) and [12, Theorem B], one shows that rga}ill dim(V,(1)) = 8.

ueGy\

Let ¢ > 3.If p = 3, the result follows by 5.1.1, 5.1.3 and the result for £ = 2. Assume
p # 3. First, we argue recursively, using 5.1.1, 5.1.2, 5.1.3 and the result for £ = 2, to show that

dim(Vy,, (1y(D) < 2(?) — (2 — Dep(2€ + 1) + 2£¢p(2), i = £ — 1, L. Lastly, assume that p # 2. By [18,

Lemmas 4.9.1 and 4.9.2], we know that V is a composition factor of the kG-module W ® A%(W),
where ch(W ® A2(W)) = x(w1 + w2) + x(w3) + 2x(w1). Note that by X()\/) we understand the
character of the Weyl kG-module of highest weight A" € X(T). Therefore, in view of [18, Lemmas 4.8.2
and 4.9.2], we have dim(V,(1)) > dim((W ® A2(W)),(1)) — dim((Lg(w3)),(1)) — (2 + ep(l —
1) + £(2¢ + 1)) dim((Lg(w1))u(1)) for all u € Gy. For x4,(1), it follows that dim(anZ(l)(l)) >
2() — € — Deyp(2€ + D).

5.1.7: Follows by Theorem 4.1[4.1.1, 4.1.3, 4.1.6].

5.1.8: Follows by Theorems 4.1[4.1.1, 4.1.3, 4.1.6] and 4.10[4.4.1].

5.1.9: Because we will need to know rga\}ill dim((Lg(3w2))4(1)) also when p # 7, we will not limit
ueGy,

ourselves to the case p = 7 and, instead, we will only assume that p # 2,3. In this case, by
Theorems 4.1[4.1.3, 4.1.6] and 4.10[4.4.1], we get %a\)il}dim((L(;(S»wz))u(l)) < 10 + 25,5(5) — 385(7),
ueGy

where equality holds for p # 5.
5.1.10: As above, we will only assume that p # 2. Then, by Theorems 4.1[4.1.1, 4.1.3, 4.1.6] and
4.10[4.4.1], we deduce that max” dim(V, (1)) < 15 — 4&,(3).

ueGy\{

5.1.11: Follows by 5.1.1, 5.1.2, 5.1.3, and 5.1.6.
5.1.12: Follows by 5.2.6 and 5.2.7.
5.1.13: As in 5.1.9, we only assume p # 2. Then, by 5.1.3, 5.1.6, and 5.1.7, we determine that

ncm\)%u dim((Lg(2w3))4(1)) < 40 — 158,(5) + 46, (3), where equality holds for p # 3.
ueGy,

5.1.14: Again, we only assume p # 2. Then, by 5.1.1, 5.1.2, 5.1.3, 5.1.6, and 5.1.7, we determine that
Iga\)%l}dim(Vu(l)) <50 — &,(7).

ueGy,

5.1.15: Follows by 5.1.2 and 5.1.4.

5.1.16: Follows recursively, using 5.1.11 and 5.1.30.

5.1.17: Follows by 5.1.4, 5.1.6 and 5.1.11.

5.1.18: Follows by 5.1.1, 5.1.2, 5.1.6, and 5.1.11.

5.1.19: Follows by 5.1.2, 5.1.4, 5.1.15, and 5.1.30.

5.1.20: Follows by 5.1.4 and 5.1.15.

5.1.21: Follows by 5.1.2, 5.1.4 and 5.1.19.

5.1.22: Follows by 5.1.4, 5.1.19, 5.1.20, and 5.1.30.

5.1.23: Follows by 5.1.19 and 5.1.20.

5.1.24: Follows by 5.1.2, 5.1.4 and 5.1.21.

5.1.25 and 5.1.26: Follow by 5.1.22 and 5.1.23.

5.1.27: Follows by 5.1.21 and 5.1.22.

5.1.28: Follows by 5.1.2, 5.1.4, and 5.1.24.

5.1.29: Follows by 5.1.2, 5.1.4, and 5.1.28.

5.1.30: Follows recursively, using 5.1.4.

5.1.31: Note that V = Lg(w1)? ® Lg(wy) and Lg(w; + @) = Lg(w1) ® Le(wy), by [19, (1.6)]. The
result follows by 5.1.11 and 5.1.16. O
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Theorem 5.2. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected linear algebraic group of type Cy with £ > 2. Let V.= Lg(X), where A € X(T);,r and A # 0, be
such that dim(V) < 4¢3. The value of max dim(Vi(n)) is as given in Table 11.

Table 11. The value of max dim(Vs(x)) for groups of type C;.
seT\Z(G)

Ref. % Char. Rank max _ dim(Vs(w))
seT\Z(G)
5.2.1 Lg(wr) p>0 £>2 202
202 5043 —gp(0) + 3 — £p(2))er D+
522 to(w2) pz0 tz2 @+ ep(3)ec(3) + (1 — £p(2))ee (4)
523 LeQw) p+£2 £>2 202 -30+4
£=3 10 — 62p(2)
524 Lo(w3) p>0 L=4 28— 26p(3) — 82p(2)
£>5 < (5 10— 20 — 2)gp(L — 1) + 485 (3) — 106p(2)
525 Lc(Bw1) p#23 £>2 %) +30¢-2)
p>0 £=2 8 — 2ep(5) — 2¢p(2)
5.2.6 Lg(w1 + @) p= >3 < 4{537612;141712
p£3 03 < 16(5) + 80+ 4 — 2(£ — Vep(2 + 1) — (4 — 2)p(2)
—(6 —6ep(2))e¢(3) — (2 — 2¢p(2))e¢(4)
527 LeQw)) p#2 L= 10 — &p(5)
528 Lg(w1 + 2wy) p=7 =2 12
529 L(Bwy) p=7 £=2 16
5.2.10 L6 Qw1 + wy) p=3 £=2 16
5.2.11 Lg(w1 + @3) p=0 £=3 40 — 82p(3) — 2085 (2)
5.2.12 Lg(wy + @3) p= L= 36
5.2.13 L6Qw3) p=>5 £=3 39
5.2.14 LeQw)) p=>5 £=3 50
5.2.15 Lg(wa) p#2 L= 28
5.2.16 L(wn + wp) p=2 4<t<6 ¢ —1)-2¢1
5217 Lg(w1 + wg) p=7 =4 <144
5.2.18 Lg(w1 + @3) p= L= <130
5.2.19 Lg(ws) p=>0 L= < 100 — 208p(3) — 24ep(2)
5.2.20 Le(ws) p#2 L=5 84 — 2¢p(3)
5.2.21 L(ws) p>0 L=6 < 260 — £p(5) + 16¢p(3) — 88¢p(2)
5222 Lg(ws) p>0 L=6 <350 — 108¢p(3) — 86¢p(2)
52.23 Le(we) p+£2 =6 < 268 — 24ep(3)™
5.2.24 L(wg) p>0 =7 < 565 — 66ep(5) + 238p(3) — 656p(2)
5225 Le(ws) p=3 =7 728
5.2.26 Lg(w7) p= L= 730
5227 Lg(ws) p=2 =7 < 608
5228 Le(ws) p>0 0= <1091 — £p(7) — 59p(3) — 175p(2)
5.2.29 L(wa) p>0 L= <1930 — 119¢p(7) + 40ep(3) — 106ep(2)
5.2.30 Lg(wp) p= 4<¢<13 201
5.2.31 LeQw1 + wp) p=2 3<0<6 ¢—1)-2¢1

™ equality holds when p = 3.
Lets € T\ Z(G). As in Section 4, to improve readability, we will say “s is as in ("H;)” to express the
fact that s satisfies the following: s = diag(u1-1n,, - . . m I, u,;l ) PN ul_l -I,), where p; # ,ujil

for all i <j’2”i =¢andn; >--->mn, > l;andif m = 1, then u; # £1. Note thatanys € T\ Z(G)
i=1
isasin (TH;).

Proposition 5.3. Let V = Lg(w)). Then rTr{%)((G) dim(V(w)) = 2¢ — 2, where the maximum is attained if
se
and only if u = £1 and s is conjugate to diag(£1,..., £1,d,d~ 1, £1,..., 1) withd # +1.

Proof. The proof is analogous to that of Proposition 4.3. O
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Proposition 5.4. Let V = Lg(w;). Then

(1) £ =2 and rTr{ai)((G) dim(Vs(w)) = 4 — 2¢,(2), where the maximum is attained if and only if
se

(1.1) p # 2, u = —1 and s is conjugate to diag(1, —1,—1,1).
(1.2) p =2, u = 1 and s is conjugate to diag(d, d,d~',d™') withd # 1.
(1.3) p =2, u = d*' and s is conjugate to diag(d, 1,1,d ") with d # 1.

(2) £ =3 and rTr{ai)((G) dim(Vs(n)) = 8, where the maximum is attained if and only if
NS

(2.1) p # 3, u = 1 and s is conjugate to diag(d, d, d, dLda=l,d=Y withd? # 1.
(2.2) p # 2, u = —1 and s is conjugate to + diag(1,1, —1,—1,1,1).

3) £ =4and IRai)((G) dim(Vi(1)) = 16 — 2&,(2), where the maximum is attained if and only if
NS

(3.1) p # 2, u = —1 and s is conjugate to diag(1,1,—1,—1,—1,—1,1,1).
(3.2) p =2, u = 1 and s is conjugate to diag(d, d,d,d,d~',d~1,d1,d™1) with d # 1.
(3.3) p =2, u = 1 and s is conjugate to diag(1,1,1,d,d~1, 1,1, 1) withd # 1.

(4) £ > 5 and rTr{%)gc) dim(Vy(w)) = 262 — 5043 — &p(), where the maximum is attained if and only if
se
w = 1 and s is conjugate to &+ diag(1,...,1,d,d" 1, 1,...,1) withd # 1.

Proof. To ease notation, define By, £ > 2, in the following way: By = 4 — 2¢,(2); B3 = 8 By =
16 — 26,(2); and By = 2% — 5¢ 4+ 3 — g,(¢) forall £ > 5. Lets € T \ Z(G) be as in ('H;). Using the
structure of A2(W) as a kG-module, see [18, Lemma 4.8.2], we deduce that the eigenvalues of s on V,

not necessarily distinct, have one of the following forms:

l/«,-z and ,ui_z, 1 < i < m, each with multiplicity at least W;

wipj and Mflu;I, 1 <i < j < m, each with multiplicity at least n;n;;

uiuj_l and ,bLi_I/Lj, 1 < i < j < m, each with multiplicity at least n;n;; (5.1)
m

1 with multiplicity at least Z n? —1—ey(0).
i=1

Let 4 € k* be an eigenvalue of s on V. If u # ™!, then, as V is self-dual, we have dim(V,(u)) <
dim(V)— d1m(V(1)) < dim(V)—(£—1—¢p(¢))

5 < By, where equality holds if and only if ¢, p, s and w are as in
(1.3). Thus, for the remainder of the proof, we assume that u = £1.

Letm = 1,i.e. ny = £ and ,ul # 1. Using (5.1), we show that dim(Vs(£1)) < By, where equality
holds if and only if ¢, p, s and p are as in (1.2), (2.1), and (3.2). Thus, for the remainder of the proof, we
assume that m > 2.

If ¢ = 2,then m = 2,ie.n; = ny = 1. Using (5.1), we determine that dim(Vs(£1)) < B,, where
equality holds if and only if p, s and p are as in (1.1). If £ = 3,thenm < 3.If m = 2,ie. n; = 2 and
ny = 1, then dim(V(£1)) < B3 where equality holds if and only if p, s and p are asin (2.2). If m = 3,
by (5.1), we get dim(V(1)) = 2 — &,(¢); and dim(Vs(—1)) < 12. Further, as —1 can equal at most one
eigenvalue of the form w;u; and at most one of the form Mi,uﬁ, we deduce that dim(Vs(—1)) < 4. For
the remainder of the proof, we assume that £ > 4.

For the eigenvalue u = 1, as u; # pL]:»H for all i < j, we have Miﬂ,ujil # 1foralli < j, thus:

dim(Vi(1)) <202 —€—1—gy(€) =4 min;. (5.2)

i<j
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m
Let £ = 4 and assume that dim(V(1)) > By. It follows that, 11 + &,(£) — 4 Z nin; > 0 and, as Z ny =4,

i<j r=1
m > 2and n, > ng forall r < g, we get Z ninj > 3. Thus, 11 + &,(0) — 42 ninj > 0 holds if and only if
i<j i<j

p=2,m=2,n = 3andny = 1. Substituting in (5.2), gives dim(V;(1)) < 14, where equality holds if
and only if s is as in (3.3). We now let £ > 5 and assume that dim(V,(1)) > By. By (5.2), we get:

L—1— Z ninj > 0. (5.3)
i<j
m m—2 m—2
As €= Zn,-, it follows that Z ni(1 — an) + (M1 — D1 — n,y) > 0. But Z ni(1 — Z nj) <0 and
i=1 i=1 i<j i=1 i<j

(np—1 — DA —ny) < 0,asn; > 1foralll < i < m, therefore inequality (5.3) holds if and only
ifm=2,n, = 1and n; = £ — 1. Substituting in (5.2), gives dim(V(1)) < By, where equality holds if
and only if all eigenvalues of s on V different to 1 15! are equal to 1, i.e. if and only if s is as in (4).

Lastly, let u = —1. We remark that dim(V(—1)) < dim(V) — dim(V,(1)) < 2¢% — ¢ — Z n?, see (5.1).

r=1
m

If pipj # —1foralli < j, we have dim(Vy(—1)) < 26* — € — an -2 Z ninj = ¢* — £ < By. We thus
r=1 i<j
assume that there exist i < j such that y;u; = —1. Then u;lufl = —1 and, since the u;’s are distinct,

we have that:
/,Liz # —land ;,L]? # —1, hence /,Li_z # —land ;Lj_z #* —1;
Wity # —1and u;lur’l # —1,wherei <r <m,r # j;and pu,u; # —1 and ,u:lufl # —1,wherel <r < i (5.4)
Mrij # —1and ,u;luj_l # —1,where 1 <r < j,r# i;and ujiu, # —1and ;Lj_lu;l # —1, wherej < r < m.

By (5.1), all of the above account for at least n;(n; — 1) + nj(nj — 1) + 2(n; + n;) (£ — n; — n;) additional
eigenvalues of s on V different to —1. This gives:
dim(Vy(—1)) < 26> — ¢ — Z n? — ni(n; — 1) — nj(nj — 1) — 2(n; + n)) (€ — n; — n)). (5.5)
r=1
Let £ = 4 and assume dim(Vs(—1)) > By. Then (n;,n)) € {(3,1),(2,2),(2,1),(1,1)} and we
have 12 — Z n? —7(n; + nj) + 4mn; > 0. For (n;, nj) € {(3,1),(2,1)} the inequality does not hold. For
r#iyj
(ni,nj) = (2,2) we getdim(V(—1)) < 16, see (5.5), where equality holds if and only if sisas in (3.1). For
(ni, nj) = (1, 1) we have dim(Vy(-1)) < 18 — Z n?, see (5.5). Since we are assuming dim(Vs(—1)) > By,
r#i,j
we must have n, = 1 for all ¥ # i, j, therefore m = 4 and n; = 1 forall 1 < i < 4. Substituting in (5.5)
gives dim(Vs(—1)) < 16, where equality holds if and only if all eigenvalues of s on V different to 1 and
the ones listed in (5.4) are equal to —1. However, as at most one eigenvalue of the form p;u, 1, r # i,j
can equal —1, we see that the condition for equality cannot be satisfied. This completes the case of £ = 4.
Thus, let £ > 5 and assume dim(V3(—1)) > By. It follows that:

€A —ni—n) —3+e,(0) = Y nf— (n; — n)* = (n+ m)(€ — nj — nj — 1) = 0. (5.6)
rij

If¢ —n; — nj—1<0, then, as Z n, = £, we have m = 2 and so £ = n; + n,. Substituting in (5.6) gives
r=1
5 =0 —3+e(0) — Z n? — (2n; — £)* > 0, which does not hold as £ > 5.If £ — n; —nj — 1 > 0, then,
r#iyj
for (5.6) to hold, we must have £(4 — n; — nj) > 0, hence (n;,n)) € {(2,1), (1, D)}. If (n;,nj) = (2,1),
inequality (5.6) does not hold. If (n;, nj) = (1, 1), substituting in (5.6) gives 3 + ,(£) — Z n2 > 0. One
r#i,j
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checks that this inequality holds if and only if £ € {5,6}, n, = 1forall 1 < r < ¢, and &,(6) = 1 when
£ = 6. In both cases, we can assume without loss of generality that p; 12 = —1. As the u,’s are distinct,
at most one eigenvalue of each of the forms w1, !, le_l,ur, pop; ! and uz_lm, 3 < r < ¢, can equal
—1. This gives an additional 4(¢£ — 3) eigenvalues of s on V that are different to —1. Consequently, we
have dim(Vy(—1)) < 2¢% — 10¢ + 20 < By. This completes the proof. O

Proposition 5.5. Assume p # 2 and let V = Lg(2w1). Then 1%1\%1(@ dim(Vi(w)) = 20> — 3¢ + 4, where
se

the maximum is attained if and only if

(1) £ =2, p = —1 and s is conjugate to diag(d, d, d1d Y withd? = —1.
(2) £ = 2, u = 1and s is conjugate to = diag(1,...,1,—-1,—-1,1,...,1).

Proof. Lets € T\ Z(G) be as in (TH,). We note that V' = S?(W), see [18, Proposition 4.2.2], therefore
the eigenvalues of s on V, not necessarily distinct, have one of the following forms:

;Lf and ,u;z, 1 < i < m, each with multiplicity at least W,
wipj and ,ui_l,uj_l, 1 <i < j < m, each with multiplicity at least n;n;;
;/,ip,j’l and ,u;luj, 1 < i < j < m, each with multiplicity at least n;n;; (5.7)
1 with multiplicity at least ) " .
i=1
The cases of & # p~ Y s € T\ Z(G) withm = l;ands € T\ Z(G) with m > 2and u = 1 are
handled as in the proof of Proposition 5.4. The only case we have left to consider is s € T \ Z(G) with
m
m > 2 and . = —1. We note that dim(V,(—1)) < 2¢% 4+ ¢ — Z n If mipj # —1 for all i < j, then, by
i=1
(5.7), there are at least 2 Z n;n; additional eigenvalues of s on V' different to —1. This gives:

i<j

m m
dim(Vy(=1)) <202 +¢— Z nt—2 Z nin; = 20% + € — (Z n)? =62+ ¢ (5.8)

i=1 i<j i=1

Therefore dim(V(—1)) < 202 — 3 + 4, where equality holds if and only if £ = 2 and all eigenvalues of
son V different to 1, 41 42 and Ml_l,uz_l are equal to —1. But then, by (5.7), we must have M% = Mlﬂz_l,
a contradiction. We thus assume that there exist i < j such that u;u; = —1. Then ui_l n j_l = —1,and:

up# =1t # —land pu? # —1, w2 # —L
Wity #= —1 anduflu,,_l # —1, wherei <r <m, r # j; and p,pu; # —1 andu;lufl # —1,wherel <r < i

wjpy # —1and ;LII}L:I # —1, wherej < r < m; and u,;uj # —1and u:lujfl # —1, wherel <r <j, r #1i.

By (5.7), these amount to at least n;(n; + 1) + n;(n; + 1) +2(n; + n;) (€ — n; — n;) additional eigenvalues
of s on V different to —1. This gives:

dim(Vy(—1)) < 26> + ¢ — Z nZ — ni(n; + 1) — nj(nj + 1) — 2(n; + nj) (€ — n; — n)). (5.9)
r=1

If dim(Vs(—1)) > 2¢2 — 3¢ + 4, it follows that

CA—ni—n) =Y nl—(mi—m)® = (mi+n)+1—n—n)—4>0,
r#i,j

which does not hold. This completes the proof of the proposition. O

Proposition 5.6. Let £ = 4 and V = Lg(ws3). Then rTr{%)((G) dim(Vi(1)) = 28 — 265(3) — 82,(2).
se
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Proof. First, one determines the structure of V' |[1, 1,1 and then applies the algorithm from Section 3.3,
using Theorem 5.2[5.2.4 for £ = 3] and Propositions 5.4 and 5.5. For p = 3, it follows that

max _dim(Vi(u)) = 26, while, for p # 3, we get max dim(Vi(n)) < 30 — 2¢5(2) and that there exist
seT\Z(G) seT\Z(G)

(s, ) € (Z(D)°\ Z(G)) x k* with dim(V()) = 28 — 8¢,(2). In what follows we will show that

max dim(Vs(u)) = 28 — 8&5(2).
s€T\Z(G)

Assume there exist (s, 1) € (T\Z(G)) x k* with dim(V(1)) > 28 —8¢,(2). Thens ¢ Z(L1)°, and we
writes = z- hwithz € Z(L1)°and h € [L, L;]. If p # 2, by Proposition 5.4, i must be conjugate to one
of {diag(1,1,1,—1,—1, 1,1, 1), diag(1, -1, —1,1,1, —1, —1,1), diag(1,d, d, d,d~',d~1,d~!) with d? #
1}. In all cases, one shows that dim(V,(u)) < 28 for all i1. Let p = 2. In view of Proposition 5.4, assume
h is conjugate to one of {diag(1,1,1,d,d !, 1,1,1) with d # 1,diag(1,d,d,d,d~',d~!,d~1,1) with d #
1,diag(1,d,d,e,e”',d~1,d~1, 1) with d # 1,e*!}. Using the weight structure of V' |, 1,], one shows
that dim(V,(u)) < 20 for all . On the other hand, if i belongs to a different conjugacy class, then by
Propositions 5.4, 5.5 and the weight structure of V', it follows that dim(V,(1)) < 18 for all u. O

Proposition 5.7. Let ¢ = 5 and V = Lg(@s). Then max_ dim(Vi() = (*72)+10 —2(6 — Dy — 1)
se

+4e,(3) — 108,(2).

Proof. To prove the result, we determine the structure of V' |{1, 1,7 and apply the algorithm of Section 3.3.

Note that the case when s ¢ Z(L;)° is handled recursively. We write s = z - h, where z € Z(L1)° and

h € [Ly,L;]. For £ = 5, we use Propositions 5.3, 5.4, and 5.6, to show that rTr{%:((G) dim(Vs(n)) <
se

66 + 4&,(3) — 18¢,(2). For £ > 6, using the result for £ = 5, one shows that:

dim(V(i)) < 4(€—1)> —=8(£ — 1) +4 — 2(£ — Deyp(€ — 1) + (2(£ — 1) — 2)&5(€ — 2) + dim((Lr(w4))n(1n))
-1 -1 -1

-1 -1
<4y P8 Y 4= 24e() + Y 2(— Depli— 1) + 66 + 4ey(3) — 186,(2)

j=5 = = =5

20 —2
- ( 3 ) +10 = 2(¢ — Dep(L — 1) + 46,(3) — 106,(2).

O

Proof of Theorem 5.2. The proofs of 5.2.1, 5.2.2, and 5.2.3 are covered in Propositions 5.3, 5.4, and 5.5.
We have made this choice as they require more in-depth analysis. The proofs of the remaining results are
much more straightforward: for each triplet (V, p, £) we first determine the structure of V' |fz, 1., i = 1
or i = 2, and then apply the algorithm of Section 3.3.

5.2.4: Propositions 5.3 and 5.4 give the result for £ = 3, while Proposition 5.6, respectively 5.7, gives the
result for £ = 4, respectively £ > 5.

5.2.5: The proof is analogous to that of Proposition 5.7, using Propositions 5.3 and 5.5.

52.6: Let £ = 2.If p = 5, the result follows from Propositions 4.3, 4.5, and 4.8. If p = 2, one

identifies the eigenvalues of s on V and determines that rTr{aZ)(cG) dim(Vs(n)) = 6. If p # 2,5, one uses
NS

the weight structure of V! and Proposition 4.3 to prove the result. Assume £ > 3.If p = 3, the result
follows recursively, using Propositions 5.3, 5.5, and 5.2.6. If p # 3, the proof is analogous to that of
Proposition 5.7 and uses 5.2.4 and 5.2.30.

5.2.7: Follows by Propositions 4.3, 4.5, and 4.8.

5.2.8: Follows by Propositions 4.5 and 4.8. Note that when s ¢ Z(L;)®, one has to show that there do not
exist u with dim(Vs(w)) > 12. If this were the case, then, as V is self-dual, we would have © = +1 and
dim(Vsi(:tl)) =2forall0 <i<6,i# 3. Wewrites = z- hwithz € Z(L1)° and h € [L,L;]. Then
dim(V;l (/,L;l)) = 2 for all i # 3, where “}1 = p - ¢73. In particular, by Propositions 4.5 and 4.8, we have
/Li = —1, thereby ¢ = 1, and /L}l = d*! with d? = —1, thereby u = a+t, contradicting pu = +1.
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5.2.9: Because we will need to know IR%)((G) dim((Lg(3w2))s(n)) also when p # 7, we will not limit
se

ourselves to the case p = 7 and, instead, only assume that p # 2, 3. Using Propositions 4.5, 4.8, and
Theorem 4.9[4.3.1], we deduce that l%{%)((c;) dim(Vy()) = 20 — £,(7).

se
5.2.10: As above, we only assume p # 2. Using Proposition 4.5 we deduce that max dim(Vi(u)) =

S€T\Z(G)
20 — 4£,(3). Note that when s ¢ Z(L,)° (s = 2’ - W', where 2’ € Z(Ly)° and i’ € [L, L1]), one has
to show that dim(V}, (u;l/)) < 5—¢p(3) and dim(Vﬁ, (,ui/)) < 6 — 2¢,(3) for all u;l,, i = 1,2. Lastly,
equality is shown to hold for s = diag(1,—1,—1,1) € T\ Z(G) and up = —1.
5.2.11: Follows by Propositions 5.3, 5.4, 5.5, and 5.2.6. Note that when s ¢ Z(L;)°, one has to show that
dim(V}(u7)) < 12 — 4ep(3) — 8¢,(2) for all uj, where s = z - hwith z € Z(L1)° and h € [L1,Ly].
5.2.12: Follows by 5.2.6 and 5.2.7.
5.2.13: As in 5.2.9, we only assume p # 2. Using Proposition 5.5, 5.2.6, and 5.2.7, we deduce that

max dlm((LG(2w3))s(u)) = 52 — 13¢,(5).
seT\Z(G

5.2.14 14 We only assume p # 2. Using Propositions 5.3, 5.4, 5.5, 5.2.6, and 5.2.7, we deduce that

rTr{ax dim(Vs(n)) = 50—¢,(7). Note that one has to show that there do not exist (s, u) € (T\Z(G)) xk*
NS

with dim(Vs(w)) > 50 — &,(7). If this were the case, then s ¢ Z(L;)° (s = z - h with z € Z(L;)° and
h € [L1,L1]) and h would be conjugate to one of {diag(1,1,—1,—1,1,1), diag(1,4d, d, d=1,d=1,1) with
d*> = —1}. In both cases, one shows that dim(V,(x)) < 50 — &p(7).

5.2.15: Follows by Proposition 5.4 and 5.2.4.

5.2.16: Follows recursively, using 5.2.11 and 5.2.30.

5.2.17: Follows by 5.2.4, 5.2.6, and 5.2.11.

5.2.18: Follows by Propositions 5.3, 5.4, 5.2.6, and 5.2.11.

5.2.19: Follows by Propositions 5.4, 5.6, 5.2.30, and 5.2.15.

5.2.20: Follows by Proposition 5.6 and 5.2.15.

5.2.21: Follows by Propositions 5.4, 5.7 and 5.2.19.

5.2.22: Follows by Proposition 5.7, 5.2.19, 5.2.20, and 5.2.30.

5.2.23: Follows by 5.2.19 and 5.2.20.

5.2.24: Follows by Propositions 5.4, 5.7, and 5.2.21.

5.2.25 and 5.2.26: Follow by 5.2.22 and 5.2.23.

5.2.27: Follows by 5.2.21 and 5.2.22.

5.2.28: Follows by Propositions 5.4, 5.7, and 5.2.24.

5.2.29: Follows by Propositions 5.4, 5.7, and 5.2.28.

5.2.30: Follows by 5.2.4.

5.2.31: Proof is analogous to that of Proposition 5.7, and uses 5.2.4 and 5.2.30 . O

6. Proof of Theorem 1.1 for groups of type B,

Let k be an algebraically closed field of characteristic p # 2 and let G, respectively G, be a simple adjoint,

respectively simply connected, linear algebraic group of type By with £ > 3. We fix a central isogeny
¢ : G — Gwith ker(d)) C Z(G) and d¢ # 0, and let T, respectlvelyB be a maximal torus, respectlvely
a Borel subgroup, in G with the property that ¢(T) = T, respectively #(B) = B. We denote by X(1),

2(G), Gy, A = {ay,...,a;}and @y, . . ., a)g the character group of T, the center of G, the set of unipotent
elements in G, the set of [ simple roots in G  corresponding to B, and the fundamental dominant weights
of G corresponding to A. We denote by L; a Levi subgroup of the maximal parabolic subgroup P; of
G corresponding to Ai = A\{&},1 <i <t andwelet T; = T N [L;,L;]. Now, for & € X(T) ap-

E,(A)
restricted dominant weight, welet V= L (1) and we have v L= EB V/, where V/ = @ Vi
j=0 ]7€N20A,'

0<j<elh).
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This section is dedicated to Theorems 6.1 and 6.2 which give the values of max dim(V;(1)) and
ueG,\{1}

max  dim(V;(2)) for all kG-modules V = LG(X) with 4 € X(T) a nonzero p-restricted dominant
5eT\Z(G)

weight, and dim(LG(A)) < 4£3. As a corollary, the part of Theorem 1.1 concerning simple simply
connected linear algebraic groups of type B, will follow.

Theorem 6.1. Let k be an algebraically closed field of characteristic p # 2 and let G be a simple simply
connected linear algebraic group of type By with € > 3. Let V = LG(A) where & € X(T) is a nonzero

p-restricted dominant weight, be such that dim(V) < 4€3. The value of max dim(V;(1)) is as given in

ueGy\{1}
Table 12.
Table 12. Thevalueof max dim(;(1)) for groups of type B,.
G\ {1}
Ref. v Char. Rank max dim(V5(1))
eGu\(1)
6.1.1 Lg(@1) p#2 £>3 201
6.1.2 Le(@) p#£2 £>3 202 —30+4
6.1.3 Lz Qan) p#2 £>3 202 N ‘ fzap(ze +1)
6.14 Le(@3) p#2 £>3 T2 2927
6.1.5 L&) p#23 > (”“) (€ — N)ep(2e +3)
- - 2A%) + 3¢+ 51— 20 = Dep(0)—
6.1.6 Lz (@1 + ) p#2 =3 (AP=12024290-30, )
3 p
6.1.7 Lz a3) p#2 0=3 21
6.1.8 Lg(@y + @3) p=3 L= <54
6.1.9 Lg(@y + @3) p=>5 £=3 30
6.1.10 Le3a3) p=>5 £=3 50
6.1.11 L (2@4) p#2 L=4 76
6.1.12 L (a) p#2 0= 202
6.1.13 L) p#2 0= 279
6.1.14 Lz(a) p#£2 L=6 453
6.1.15 Lg(ca) p#£2 L= 897
6.1.16 Lz(@1 + @p) p#2 3<€<6 <@e—2)-2071 3.2 2,20+ 1)°
6.1.17 Le(dg) p#£2 4<e<13 3.262

® equality holds when gy (2(£ — i) + 1) = 0forall0 <i < £ — 3.

Proof. For 6.1.1-6.1.5 we will deduce the result for V= LG()N\) by calculating %a\:?” dim((Lg(A))4(1))
ueG,
= T‘i"édim((LG()‘))xui(l)(l))’ see Section 3.1 and Lemmas 3.2 and 3.13. The proofs for 6.1.6 - 6.1.17

are much more straightforward: first one determines the structure of V |7, i,> and then applies the

algorithm of Section 3.3. Once more, by Lemma 3.13, we have max dim(V;(1)) = nelax d1m(an @ D).
1eGy\{1}

6.1.1: Note that V = Lg(w;) as kG-modules and Lg(w;) = W as kG-modules. We have that Xe, (1),
respectively x,, (1), acts on W as J3 & ]%e—z’ respectively as ]f &) ]f£_3 .

6.1.2: Note that V 2 Lg(w,) as kG-modules and Lg(w,) = A2(W) as kG-modules, see [18, Proposition
4.2.2]. For x4,(1), we write W = W; @ W;, where dim(W;) = 3 and x4, (1) acts as J3 on Wy;
and dim(W;) = 2¢ — 2 and x, (1) acts trivially on W,. Using [15, Lemma 3.4], we show that
dim((LG(@2))x,, (1)(1) = 202 — 3¢ + 2. Similarly, for x4, (1), we writt W = W} & W), where
dim(W7) = 4 and x4, (1) acts as J5 on W}; and dim(W}) = 2¢ — 3 and x,, (1) acts trivially on W5.
One shows that dim((Lg(®2))x,, (1)(1)) = 202 — 30 44,

6.1.3: Note that V = L(2w;) as kG-modules. Moreover, by [18, Proposition 4.7.3], we have (W) =
LcQRw1) @ Ls(0) if 6p(2€ +1) = 0, and S2(W) = Lg(0) | Lg(Rw1) | Lg(0) ifep(2€ +1) = 1. We argue
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asin 6.1.2 to show that dim((Sz(W))xai(l)(l)) =202 —¢+1,i=1,£ Then, dim((Lg2w1))x,, 1) (1) =
20* — £ —p(2¢ +1),i = 1,4, by [11, Corollary 6.3].

6.1.4: For £ = 3, we use Theorem 5.1[5.1.1]. Assume £ > 4. Note that V = Lg(w3) as kG-modules and
that A>(W) = Lg(w3) as kG-modules, see [18, Proposition 4.2.2]. We now argue as in 6.1.2 to obtain
the result.

6.1.5: Note that V = Lg(3w;) as kG-modules and that S*(W) = L;Bwy) & W if gp(2¢ +3) = 0,
respectively S(W) = W | LgBwr) | Wif £p(2€ + 3) = 1, see [18, Propositions 4.7.4]. We argue in

6.1.2 to show that 1*1G1a\>({1}dim((LG(3w1))u(l)) > MT*K — (2€ — 1)gp(2£ + 3). Now, one has to establish
ueGy,

the structure of Lg(3w:) |[1,,1,7 and apply the algorithm of Section 3.3. Equality will follow recursively,
using 6.1.1 and 6.1.3.

6.1.6: For £ = 3, it follows by Theorem 5.1[5.1.2, 5.1.3, 5.1.7, 5.1.10]. For £ > 4, it follows recursively by
6.1.1, 6.1.2, 6.1.3 and the result for £ = 3.

6.1.7: Follows by Theorem 5.1(5.1.2, 5.1.3].

6.1.8,6.1.9, and 6.1.10: Follow by Theorem 5.1(5.1.5, 5.1.10].

6.1.11: Follows by 6.1.2,6.1.4, and 6.1.7.

6.1.12 and 6.1.13: Follow by 6.1.2, 6.1.4, and 6.1.11.

6.1.14: Follows by 6.1.2, 6.1.4, and 6.1.12.

6.1.15: Follows by 6.1.2, 6.1.4, and 6.1.14.

6.1.16: Follows recursively, by 6.1.17 and Theorem 5.1[5.1.1, 5.1.6] for the base case.

6.1.17: Follows recursively, using 6.1.4 to prove the base case. O

Theorem 6.2. Let k be an algebraically closed field of characteristic p # 2 and let G be a simple simply
connected linear algebraic group of type By with £ > 3. Let V. = Lg(A), where . € X(T) is a nonzero

p-restricted dominant weight, be such that dim(V) < 4¢3. The value of max dim(Vi(1)) is as given in

5eT\Z(G)
Table 13.
Table 13. Thevalue of max_ dim(V;(i1)) for groups of type By.
3eT\Z(G)
Ref. v Char. Rank max_ dim(¥; (1))
3eT\Z(G)
6.2.1 Lg(@n) p#£2 £>3 20
6.2.2 Le(@) p#2 £>3 202 — ¢
6.2.3 Lg(2d7) p#£2 £>3 202 +K3—sg(2£+ 1
6.2.4 Le(@3) p#2 £>3 4642t
6.2.5 Le(3a1) p#23 >3 (2“;;;) 1+ 202 40— 213@,2,5215 +3)
6.2.6 Lz (@1 + @) p#2 £>3 2(°5) = 2tep(0) - (5)ep(3)
6.2.7 L (2a3) p#2 £=3 20
6.2.8 Lg(@y + @3) p=3 0=3 52
6.2.9 Le(@y + @3) p=>5 L= 32
6.2.10 Le(3@3) p=5 =3 52
6.2.11 Lg(2ig) p#£2 (=4 <74
6.2.12 Lz(ddg) p#2 £=5 <214
6.2.13 L (2as) p#2 L= <278
6.2.14 Le(@4) p#2 =6 <499
6.2.15 Le(@4) p#2 =7 < 1005
6.2.16 Lz(@1 +@p) p#2 3<0<6 €28 -2 Tgp20 + 1)
6.2.17 Le(@¢) p£2 4<0<13 201

Before we begin, we recall that G is a simple adjoint linear algebraic group of type By, and that we have
denoted by W the natural module of G. Lets € T'\ Z(G). As in Section 4, we will say“s is as in (*Hj)”
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to mean that s satisfies the following: s = diag(u; - Inps. .5 b - In,n 1 - I,,,ual T PR ,ul_l Iy
m

with u; # /L;H, i<jpmi #1,1<i< mandn-ﬁ-zZni:ZZ-i-l,wherel <n<2¢{—1and
i=1
£>n;>--->ny, > 1. Note that every s € T \ Z(G) is as in (*Hs).

Proposition 6.3. Let V= LG(a)l) Then max dim(Vi(i1)) = 2¢.
5eT\Z(G)

Proof. Set V = Lg(w;). We note that V = V as kG-modules and that V = W as kG-modules. The proof
now follows that of Proposition 4.3. O

Proposition 6.4. Let V = Le(@2). Then  max_ dim(Vi(f1)) = 20 — £
5e\Z(G)

Proof. SetV = Lg(w,) and note that V = V as kG-modules. Further, by [18, Proposition 4.2.2], we have
A2(W) as kG-modules. Let s € T'\ Z(G) be as in (THy). The eigenvalues of s on V, not necessarily
distinct, have one of the following forms:

uf and p,fz, where 1 < i < m, each with multiplicity at least "’("‘ .

wipj and p.;l,u,;l, where 1 < i < j < m, each with multiplicity at least nin;
Miﬂfl and M;luj’ where 1 < i < j < m, each with multiplicity at least n;n;; (6.1)
i and [Li_l, where 1 < i < m, each with multiplicity at least nn;;
1 with multiplicity at least @ +> n
r=1
2
Let i € k* be an eigenvalue of son V. If 4 # ™!, one shows that dim(V,(u)) < % < 20%—¢.
We thus assume for the remainder of the proof that u = +1.
Assume m = 1. Then u; # 1,ass ¢ Z(G). By (6.1), the eigenvalues of s on V, not necessarily

distinct, are M;—Lz each with multiplicity at least M /,Ll ! each with multiplicity at least n7;; and

1 with multiplicity at least @ + n%. Let u = 1. Smce n = 20 + 1 — 2n;, we have dim(V,(1)) <
202 — € —2( —ny)(2ny — 1) < 2¢% — £, where equality holds if and only if n; = £ and j4; = —1. Now,
letyu = —1.If u; = —1,thendim(Vs(—1)) = 2nny, while, ifu% = —1,thendim(Vy(—1)) = n1(n1—1),
therefore dim(Vs(—1)) < 2¢2 — ¢ for all s with m = 1. We thus assume that m > 2.

Let © = 1. Since u; # ,ujﬂ forall i < j, by (6.1), we determine that dim(V,(1)) < 20040 —4 Z nin;

1<j
—2ny  n;. Assume dim(V(1)) > 2¢% — £. Then, as 2 " n; = 2€ + 1 — n, it follows that
i=1 i=1

20 —n)(1—n)—4 Z nin; > 0, (6.2)

i<j

which does not hold. Therefore dim(V;(1)) < 2> — £ foralls € T \ Z(G) with m > 2.

Lastly, let w = —1.If u; # —1 for all i, then dim(Vy(—1)) < 2¢* 4 £ — n(nz_ D_ ; n — ZnZ 7y

Suppose that dim(Vs(—1)) > 2¢2 — ¢. Then 2¢ — n(nz_ D _ an - 2"2”’ > 0. Since ZZn, =
=1 = =

-1 m
20 + 1 — n, we must have (2¢ — n)(1 — n) — n(n2 ) _ Z n? > 0, which does not hold. We thus assume
r=1
there exist i such that u; = —1. Then, since the ;L,’s are distinct and different to 1, by (6.1), we
determine that dim(Vi(—1)) < 20>+ ¢ — n(n - Z 2 _on Z ny — 4n; Z n, — ni(n; — 1). Suppose

r#i r#i
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dim(Vy(—1)) > 2¢% — £. Then:

nn—1 e
20 — (2 )—Zn%—Znan—Ml,-Zn,—ni(n,——1)20. (6.3)

r=1 r#i r#i

We have that an > an, as n, > 1, and that 2¢ = Zan + n — 1. Substituting in (6.3) gives
r=1

Z n(1 — 2n)+ n; (2 —n; — 42 ny) — (n— 1)(” 2) > 0, which does not hold. Therefore dim(Vs(—1)) <

r#i r#i

202 — ¢ foralls € T\ Z(G) with m > 2. O

Proposition 6.5. Let V=L (2w1) Then max dim(Vi(i)) =202 + ¢ — gp(2¢ +1).
€T\Z(©G)

Proof. SetV = Lg(2w;). Note that V & V as kG-modules and that S2(W) = V@®L(0) ife,(2¢+1) = 0;
while (W) = Lg(0) | V | Lg(0) ifep(2¢ + 1) = 1, see [18, Proposition 4.7.3]. Lets € T \ Z(G) be as
in ("H,). The eigenvalues of s on V, not necessarily distinct, have one of the following forms:

;Lf and ,u,,fz, 1 < i < m, each with multiplicity at least w,

pipj and u;lufl, 1 < i < j < m, each with multiplicity at least n;n;;

Mu;i and ,ulflﬂj, 1 <i < j < m, each with multiplicity at least n;n;; (6 4)

wiand ;1 <i<m, each with multiplicity at least nn;; .

1 with multiplicity at least Z n+ "("H) —1—¢(20+1).

r=1
The cases 4 = pu~'ands € T\ Z(G) with m = 1 are handled as in the proof of Proposition 6.4.

The only case we have left is that of s € T \ Z(G) with m > 2. For u = 1, as l,Ll ,u] L' 1 for all

i < j, by (6.4), we determine that dim(Vy(1)) < 2¢* + 3¢ — &,(2¢ + 1) — 2n Z ni — 42 mn; < 20% +
i=1 i<j

£ — £p(2€ + 1), see (6.2). Thus, let u = —1. Suppose that ; # —1 for all i. Then, by (6.4), we have

m m
dim(Vy(=1)) <202 +3¢+1 — Z n? —@ —2n Z n,. One shows, as in the corresponding case in the
r=1 r=1

proof of Proposition 6.4, that dim(Vy(—1)) < 2% +£ — £p(2€+1). Lastly assume that there exists i such

m
that 4; = —1. Then ,uril # —1 for all r # iand, by (6.4), we get dim(Vy(—1)) <2¢* +30 41— Z n’
r=1
- w —2n Z nr — ni(n; + 1). Once more, as in the proof of Proposition 6.4, we show that dim(V;(—1))
r#i
<20% 410 —gp(20 + D). O

Proof of Theorem 6.2. The results 6.2.1, 6.2.2, and 6.2.3 are covered in Propositions 6.3, 6.4, and 6.5,
respectively. The proofs for 6.2.4-6.1.17 are much more straightforward: first one determines the
structure of V |, 7,1 and then applies the algorithm of Section 3.3.

6.2.4: The case £ = 3 follows by Proposition 5.3, while the case ¢ = 4 follows by Propositions 6.3, 6.4
and 6.2.7. Note that in the latter one has to show that for 5 = hg, (—1)hg,(—1)hg,(d) with 2 =1,
we have dim(Vz(—1)) = 56. The case £ > 5 follows recursively, by Propositions 6 3, 6.4 and the
result for £ = 4. Moreover, one shows that for £ even and 5 = hg, (—1hg,(=1) - - - hg, ,(=Dhg,(c)
with ¢ = 1, respectively £ odd and 5 = hg, (=Dhg,(=1) - -+ hg, ,(=Dhg,(c) with ¢ = —1, we have
dim(Vz(=1)) = 423—63E2+22

6.2.5: For £ = 3, it follows by Proposition 5.4 and Theorem 5.2[5.2.7, 5.2.9]. Also, one shows that
equality holds for 5 = hg, (—1)hg,(c) with ¢ = —1land i = —1. For £ > 4, the result is obtained
recursively, using Propositions 6.3, 6.5 and the result for £ = 3. Moreover, one shows that equality holds
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for i = —1,£evenands = hg, (—1)hg, (—=1)---hg,  (=Dhg,(c) with ¢? = 1, respectively £ odd and
§=hg (—Dhg(=1)--- hg, ,(=Dhg,(c) w1thc =—1.
6.2.6: For £ = 3, it follows by Propositions 5.4, 5.5 and Theorem 5.2[5.2.7, 5.2.10]. For £ > 4, it follows

recursively from 6.3, 6.4, 6.5 and the result for £ = 3.

6.2.7: Follows by Propositions 5.4 and 5.5. Note that whens = Z - h, where z € Z(L1)° and h € [L1, L1],
one has to first show that dim(f/;l (/1;’)) < 8forall ,11}1,.

6.2.8: Follows by Proposition 5.3 and Theorem 5.2[ 5.2.10].

6.2.9 and 6.2.10: Follow by Theorem 5.2[5.2.5, 5.2.10].

6.2.11: Follows by Proposition 6.4 and 6.2.7. Moreover, one shows that there do not exist (5, 1) €
(T'\ Z(G)) x k* with dim(Vz(1)) = 75.

6.2.12 and 6.2.13: Follow by Proposition 6.4, 6.2.4, and 6.2.11.

6.2.14: Follows by Proposition 6.4, 6.2.4, and 6.2.12.

6.2.15: Follows by Proposition 6.4, 6.2.4, and 6.2.14.

6.2.16: Follows recursively, by 6.2.17, Proposition 5.3 and Theorem 5.2[5.2.6] for the base case.

6.2.17: Follows recursively, using 6.2.4 to prove the base case. O

7. Proof of Theorem 1.1 for groups of type D,

Let k be an algebraically closed field of characteristic p > 0, let W be a 2¢-dimensional k-vector space
equipped with a nondegenerate quadratic form Q and let G = SO(W, Q). Note that G is a simple
algebraic group of type D;. We let G be a simply connected cover of G, and we fix a central i isogeny
¢ : G — G withker(¢) C Z(G) and dp # 0. As in Section 6, we will denote by X the ob]ect in G
corresponding to the object X in G under ¢. For example, T is a maximal torus in G with ¢ (T) =

Let a be a nondegenerate alternating bilinear form on W and let H = Sp(W, a). Note that H isa
simple simply connected linear algebraic group of type Cy. Let Ty be a maximal torus in H. Note that
we can choose a symplectic basis and an orthogonal basis in W such that T = Tpy. Lastly, we denote by
ofl,..., o} the fundamental dominant weights of H.

This section is dedicated to Theorems 7.1 and 7.2 which give the values of max dim(V;(1)) and
ueG,\{1}

max  dim(V;(2)) for all kG-modules V = LG(X) with & € X(T) a nonzero p-restricted dominant
5eT\Z(6)

weight, and dim(LG(A)) < 4¢3, As a corollary, the part of Theorem 1.1 concerning simple simply
connected linear algebraic groups of type D, will follow.

Theorem 7.1. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected linear algebraic group of type Dy with £ > 4. Let V. = Lx(A), where » € X(T) is a nonzero

p-restricted dominant weight, be such that dim(V) < 403, The value of max dim(V;(1)) is as given in
€6\ (1}
Table 14

Table 14. Thevalue of max dim(¥;(1)) for groups of type D;.

GeGu\ (1)
Ref. v Char. Rank max  dim(¥;(1))
GeGu\{1)
7.1.1 Le(@1) p>0 (>4 20-2
7.1.2 Le(@) p>0 >4 202 - 5046 — (1+2(£)ep(2)
7.1.3 Lg2d5) p#£2 (>4 202 -3¢0+ 1—gp(0)
7.14 Le(@3) p>0 £>5 (5 +60—10—[2— 24 2€ — 2)e2(¢ — Dep(2)
715 LzB3d1) p#23 >4 ( ) (20 —ep(L+1)

(Continued)
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Table 14. (Continued)

Ref. % Char. Rank max dim(V5(1))
ieGu\{1)
_ 20\ _ _ _ _
716 Le(@1 + @) p=3 >4 < (5) —2¢+6— (20— e3¢ — 1)
p#3 L=>4 <2%(5) +8L—10— (2L — D(ep(20 — 1) — 28p(2))
7.1.7 Lg(@n + dg) p>0 =4 34— 68p(2)
7.1.8 Lg25) p= (=4 <93
7.1.9 LeQan + @3) p#2 (=4 < 114 = 34g5(5) + 665 (3)
7.1.10 Lz (@1 + @3 + @) p=2 L= <144
7.1.11 Le(20s) p#2 0= 76
7.1.12 Lz(@4 + @s) p>0 =5 <128 — 286p(2)
7.1.13 Le(@ + @s) p>0 £=5 <92 - 12¢p(5)1
7.1.14 LG((I)Z + @5) p=2 =5 < 252
7.1.15 L& (2d56) p#2 £=6 280
7.1.16 Lg(@s + i) p>0 L=6 < 484 — 140¢p(2)
7.1.17 Lg(@n + ) p>0 =6 < 232 — 24,(6)®
7.1.18 Le(@4) p>0 =6 <311 - 915,21
7.1.19 Lz(@s) p=2 =7 <948
7.1.20 Lg(@n + @7) p>0 =7 < 560 — 48ep(7)°
7.1.21 Lz(@4) p>0 =7 <651 —65¢p(2)t
7.1.22 Le(@4) p>0 (=38 <1224 — 182¢p(2)"
7.1.23 Lg(an + dg) p>0 (=8 < 1312 — 966p(2)}
7.1.24 Lg(@g) p= £=9 < 2364
7.1.25 Le(@) p>0 5<0<15 3.20-3

f equality holds when p # 2.

X equality holds when p # 2,5.

° equality holds when p # 2,3, 5.

¢ equality holds when p # 2,3,5,7.

Proof. For 7.1.1-7.1.5, 7.1.7, 7.1.10, 7.1.19, and 7.1.24 we will deduce the result for V. = Lz (%) by
calculating %aﬁl}dim((L(;()\))u(l)) = dim((LG()\))xw(l)(l)), see Section 3.1 and Lemmas 3.2 and 3.13.
uely

The proofs for the remaining results are more straightforward: first one determines the structure of
V' 1ii,.i,» @nd then applies the algorithm of Section 3.3. Once more, we will use Lemma 3.13, by which

we have max dim(V;(1)) = dim(V,, (D).

1eGy\{1)
7.1.1: Note that V = Lg(w;) as kG-modules and Lg(w;) = W as kG-modules. Moreover, Xa, (1) acts on
W as ]2 o ]2£ 4

7.1.2: Note that V = Lg(w;) as kG-modules. The result follows by [18, Proposition 4.2.2], respectively

by Lemma 7.3 if p = 2, the proof of Theorem 5.1[5.1.2] and, when &,(£) = 1, by [12, Theorem B].

7.1.3: Note that V = Lg(2w;) as kG-modules. The result follows by [18, Propositions 4.7.3], the proof

of Theorem 5. 1[5.1.3] and [11, Corollary 6.2].

7.1.4: Note that V = Lg(ws) as kG-modules. If p # 2, the result follows by [18, Proposition 4.2.2]

and Theorem 5.1[5.1.4]. Assume p = 2. Then LH(a)?) = Lg(ws) as kG-modules, see [19, Table 1].

Moreover, A3 (W) = Ly(0f) @ Ly(0f!) if e2(€ — 1) = 0and A3 (W) = Ly(of!) | Ly(o) | Ly(o) if

£2(6—1) = 1,see[18, Lemma4.8.2]. Then max dim(V;(1)) > 4E=18CH-02 _ (14 g) (0 1)) (20—2).
71€G,\{1)

Equality is shown recursively, using the structure of Lg(w3) |[z,,1,], 7.1.1 and 7.1.2.

7.1.5: Note that V = Lg(3w;) as kG-modules. Ife,(£+1) = 0, then S3(W) Lg(3w1) ® Lg(w1), while,

ifep(€ + 1) = 1, then S} (W) = Lg(w1) | Lg(Bwy) | Lg(w1) as kG-modules, see [18, Proposition 4.7.4].

Then max dim(V;(1)) > ( ) (2€ — 2)&p(£ + 1). Equality is shown recursively, using the structure

ueGy,\{1}
of Le(Bw1) |[1,,0,7> 7-1.1, 7.1.3 and Theorem 5.1[5.1.2, 5.1.9, 5.1.14].
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7.1.6: The result follows recursively, using 7.1.1 and 7.1.3 (and 7.1.2 when p # 3). To prove the base case
of £ = 4, we need Theorems 4.1[4.1.2] (and [4.1.4] when p # 3) and 4.10[4.3.4, 4.3.5].

7.1.7: Note that V & Lo(ws + ws) as kG-modules. If p = 2, then A3(W) = Lo(ws + wg) ® W as
kG-modules, see [19, Table 1] and [18, Lemma 4.8.2]. The result now follows by Theorem 5.1[5.1.4]. If
p # 2, it follows by the structure of V |7, i) and Theorem 4.1[4.1.2, 4.1.3, 4.1.4].

7.1.8: Follows by Theorem 4.10[4.4.4, 4.4.5, 4.4.8].

7.1.9: Follows by Theorems 4.1[4.1.1, 4.1.7] and 4.10[4.4.7].

7.1.10: Follows by [19, Table 1] and Theorem 5.1[5.1.18].

7.1.11: Follows by 7.1.3 and 7.1.7.

7.1.12: Follows by 7.1.2,7.1.3, and 7.1.7.

7.1.13: Follows by 7.1.1 and 7.1.7.

7.1.14: Follows by 7.1.7.

7.1.15: Follows by 7.1.11 and 7.1.12.

7.1.16: Follows by 7.1.4,7.1.11,7.1.12, and 7.1.25.

7.1.17: Follows by 7.1.13 and 7.1.25.

7.1.18: Follows by 7.1.2,7.1.4, and 7.1.12.

7.1.19: Follows by [19, Table 1] and Theorem 5.1[5.1.19].

7.1.20: Follows by 7.1.17 and 7.1.25.

7.1.21: Follows by 7.1.2,7.1.4, and 7.1.18.

7.1.22: Follows by 7.1.2,7.1.4,and 7.1.21.

7.1.23: Follows by 7.1.20 and 7.1.25.

7.1.24: Follows by [19, Table 1] and Theorem 5.1[5.1.29].

7.1.25: Follows recursively, using 7.1.1. O

Theorem 7.2. Let k be an algebraically closed field of characteristic p > 0 and let G be a simple simply
connected linear algebraic group of type Dy with £ > 4. Let V. = Lx(A), where o € X(T) is a nonzero

p-restricted dominant weight, be such that dim(V) < 4€3. The value of max_ dim(Vi(f)) is as given in

5eT\Z(G)
Table 15.
Table 15. The value of max_ dim(¥;(i1)) for groups of type Dy.
3eT\Z(G)
Ref. v Char. Rank max _ dim(f/;(;l))
5eT\Z(G)
7.2.1 Le(@1) p>0 L>4 202
722 Le(@52) p>0 > 202 —504+4—(1+e2(0)ep(2)
7.23 L Q2an) p#2 L>4 202 —30+3 —gp(0)
724 Le(@3) p>0 £>5 < (5D +2046— QC+6+ (26 —2)er(C — 1)ep(2)
7.25 Lz (3an) p#23 (>4 (H) +46—4— Q0 —ep(t + 1)
_ 20 _ _ _
726 L1 + @) p=3 £>4 ) (3)+@—2)(1 — 32— 1))
p#3 L>4 24(5) + (20— 2)(4 — ep(20 — 1) — 26p(2))
7.2.7 Lz (@1 + @4) p>0 (=4 < 34— 14gp(2)
7.28 Lz(2a7) p=3 (=4 <1
7.29 Lz an + @3) p#2 =4 <128 — 34ep(5) + 8p(3)
7.2.10 Le(@1 + @3 + @4) p=2 L=4 <130
7.2.11 L (as) p#2 L=5 <80
7.2.12 Le(@4 + @s) p>0 0= <130 — 50ep(2)
7.213 Lg(@1 + @s) p>0 L=5 < 92— 12¢p(5) — 16p(2)
7.2.14 Lg (@ + @s) p=2 L= <192
7.2.15 L (2ae) p#2 =6 <290

(Continued)
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Table 15. (Continued)

Ref. % Char. Rank max_ dim(¥; (i)
3eT\Z(G)

7.2.16 Le(@s + @) p=0 £=6 < 492 — 216ep(2)

7217 Lz (@1 + @) p>0 (=6 < 224 — 4ep(5) — 20ep(3) — 52¢p(2)

7218 Le(@4) p>0 £=6 <303 — 1276p(2)

7.2.19 Le(@s) p=2 (= <608

7.2.20 Lz(@1 + @7) p>0 (=7 < 528 — 40ep(7) — 8ep(5) — 64p(2)

7.2.21 Le(@4) p>0 =7 <625 — 119¢p(2)

72.22 Le(@4) p=>0 £=8 < 1172 — 250¢p(2)

7.2.23 Lz (@1 + @g) p>0 (=8 < 1216 — 16gp(5) — 2082p(2)

7224 Le(@4) p=2 =9 <1824

7.2.25 Le(@) p>0 5<0<15 5.2t—4

Before we begin, recall that H = Sp(W, a) is a simple simply connected linear algebraic group of type
C¢ with maximal torus Ty with the property that T = Tp. Thus, any s € T is conjugate in H to an
element sy € Ty of the form sy = diag(uey - Iy 2 - Ings - - o5 n - Iy pL,;I T eeos pLz_l Tnys ,ul_l In)

m
with,ui;é,ujilforalli<j,2n,-=2and£znl > >, > 1
i=1

Lemma 7.3. Letp = 2. Ife2(¢) = 0, then A2 (W) = Lg(w2) @ L(0), as kG-modules. If e2(£) = 1, then
the kG-module A*(W) has three composition factors one isomorphic to Lg(w;) and two to Lg(0).

Proof. By [19, 1.15], the kG-module A%(W) admits a unique nontrivial composition factor of highest
weight ;. Since dim(Lg(w)) = 2% — £ — gcd(2, £), see [13, Table 2], we determine that, if £,(£) = 0,
then A2(W) has two composition factors: one isomorphic to Lg(w;) and one to Lg(0), hence A2(W) =
Lg(w2) ®Lg(0), by [8,11.2.14]. If £5(€) = 1, then A>(W) has three composition factors: one isomorphic
to Lg(w>) and two to L;(0). O

Proposition 7.4. Let V= L& (). Then  max_ dim(Vz (1)) =262 =50 +4— (1 + £2(€))ep(2).
RAVALe)

Proof. Lets € T\ Z(G) and note that, in particular, we have s € Ty \ Z(H). Let u be an eigenvalue
of s on V. Now, when p # 2,as V = A%(W), we have dim(V(1)) = dim((A*(W))s(n)). Further,
by [18, Lemma 4.8.2] which gives the structure of A2(W) as a kH-module, we have dim(V;(u)) =
dim((LH(a)g))s(,u)) for w # 1, and dim(Vs(1)) = dim((LH(a)?))s(l)) + 1 + &5(£). We now use
Proposition 5.4 to get the result. Similarly, when p = 2, by the structure of A2(W) as a kG-module, we
determine that dim(Vi(w)) = dim((AZ(W))s(w)) for u # 1, and dim(V;(1)) = dim((A2(W))s(1)) —
1 — &>(£). Arguing as in the previous case, we determine that dim(Vs(r)) = dim((Ly (a)? ))s(w)) for all
i, and the result follows by Proposition 5.4. O

Proposition 7.5. Let p # 2 and V= Ly (2d1). Then max_ dim(V(i) = 202 — 30+ 3 — gp(£).
5eT\Z(G)

Proof. Set V.= Lg(2w;) and note that V = V as kG-modules. Further, if gp(£) = 0, then S2(W) =
V @ Lg(0), while, if &, (¢) = 1, then S2(W) = Lg(0) | V | Lg(0), see [18, Propositions 4.7.3].

Lets € T\ Z(G) and note that, in particular, s € Ty \ Z(H). Let i be an eigenvalue of s on V. Arguing
as in the proof of Proposition 7.4, we show that dim(Vs(n)) = dim((LH(Za)fI ))s(m)) for u # 1; and
dim(V(1)) = dim((LH(Za){'I))s(l)) — 1 — &,(£). The result for = 1 is given by Proposition 5.5. For
w such that 1 # =1 we have dim(Vi(n)) < w <202 —-30+3— gp(£), as V is self-dual. Thus,
for the remainder of the proof, we let © = —1.
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Ass € Ty \ Z(H), we write s = diag(i1 - Tnys- oo fbm - Ly i, - Inm,...,,ul_l - I,,), where

m

Wi # ,u,]il foralli < j, Zn,-:ﬂ andn; > -+ > ny > LIfuip; # —1foralli < j, then
i=1

dim(Vy(=1)) < 2 +¢ < 202 —30 +3 — &p(£), see inequality (5.8). If there exists i < j such

that yejptj = —1, then dim(Vo(=1)) < 26% + € — Y n? — ni(n; + 1) — nj(nj + 1)— 2(n; + n) (£ — n; — n)), see
r=1

inequality (5.9). Assume that dim(V,(—1)) > 202 — 3¢+ 3 — &p(€). Then:

€A —ni—m) =34 £,(0) = Y nZ = (n; — m)* = (n + n)(€ + 1 — n; — nj) > 0.
r#ij

As € + 1 > n; + nj, we must have (n;,n)) € {(1,1), (2, D}. For (n;,n;) = (1,1), we get —1 + ¢,(¢)—
Z nf > 0, which does not hold. Similarly, if (n;, n) = (2,1), then —2¢ 42+ &,(0) — Z nf > 0, which
r#i,j r#i,j

does not hold. Thus, dim(Vs(—=1)) < 262 — 3¢ +3 — gp(f) foralls € T\ Z(G). O

Proposition 7.6. Let £ > 4 and let V= L@y + @2). Ifp = 3, then  max_ dim(Vz(R)) = (23[) + (2 —
HYAV/(C)

2)(1 —3(2¢ — 1)); while if p # 3, then max_ dim(Vz(f1)) = 24(‘35) + (20 —2)(4 — gy (2L — 1) — 26,(2)).
5eT\Z(G)

S

Proof. The result follows recursively, using the algorithm of Section 3.3, the structure of V AL
Proposition 7.5, Theorem 7.2[7.2.1] and, additionally, Proposition 7.4 when p # 3. In what follows
we prove that the base case holds.

Let £ = 4. If p = 3, we use Propositions 4.4 and Theorem 4.9[4.3.4, 4.3.5] to prove the result. Note
that when s = Z - h with z € Z(L;)° and h € [L;, L], one has to treat the case when £ is conjugate
to hg,(£1)hg, (clfl)hgl4 (d) with d@®> # =1 separately. Thus, assume p # 3. The composition factors of
1% |7, 1,1 are as follows: one isomorphic to Lj (@2 + @3 + @4), 4 — €(7) + £p(5) to L; (@2), two to
Ly, Qws), 2 + 26},(2) to Lj (&3 -|— @4) and 2 - 2e,(7) T 28p~(2)~t0 L; (0).

Whens ¢ Z(L1)°,i.e.s = z- hwithz € Z(L1)° and h € [L1, L1], one has to eliminate the cases when
there exists /ij, with dim((Lil (@2));,(f7)) = 4 and dim((Li1 (@2));,(f17)) = 3. If p # 2, the result then
follows from Proposition 4.6 and Theorem 4.9[4.3.4, 4.3.5]. Thus, assume p = 2 and let L! be a Levi
subgroup of the maximal parabolic subgroup 15% of L; corresponding to A% = A\ {@3). We once again
abuse notation and denote by @, and @, the fundamental dominant weights of L} corresponding to the
simple roots &, and &4. One shows thatif h € Z(I:{)c \Z(L1), then dim((Li1 (02 +@3+04));(117) < 24
for all fij,. On the other hand, ifh ¢ Z(Izi)", then dim((Lil (02 + @3 + @4))7, (7)) <2 dim((Li% (w2 +
@a)j () +2 dim((Lgy (202 +@0))j () +10 dim(L (@2))j (), where b = 21 - b with 2} €
Z(I:{)O and fl% e [L}, ii]. One treats the case when there exists (17 such that dim((Lii (@2))1 (71)) = 2

1 1 1
separately, and afterwards concludes that dim(Vz(ix)) < 70. O

Proof of Theorem 7.2. The proofs of 7.2.2,7.2.3, and 7.2.6 are given in Propositions 7.4-7.6, respectively.
7.2.1: We argue as in the proofs of Theorem 7.1[7.1.1] and Proposition 4.3.

7.2.4: If p = 2, we argue as we did in the proof of Theorem 7.1[7.1.4] and use Theorem 5.2[5.2.4]. If
p # 2, the result follows recursively, using [18, Proposition 4.2.2], Theorem 5.2[5.2.4], Proposition 7.4,
7.2.1, and 7.2.7 for the base case of £ = 5.

7.2.5: It follows recursively, using Proposition 7.5, 7.2.1, and, for the base case of £ = 4, Proposition 4.4
and Theorem 4.9[4.3.5, 4.3.6].
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7.2.7:1f p = 2, we argue as in the proof of Theorem 7.1[7.1.7] and use Theorem 5.2[5.2.4]. When p # 2,
we use Propositions 4.4-4.6, to prove the result. Note that when's = z-hwithz € Z(Ly)° and h € [L1, L1],
one has to treat the case when 7 is conjugate to hg, (d)hg, (dz)h(;,4 (d®) with d* # 1 separately.

7.2.8: Follows by Theorem 4.9[4.3.4, 4.3.5, 4.3.8].

7.2.9: Follows by Proposition 4.3 and Theorems 4.2[4.2.7] and 4.9[4.3.7].

7.2.10: Follows by [19, Table 1] and Theorem 5.2[5.2.18].

7.2.11: Follows by Proposition 7.5 and 7.2.7.

7.2.12: Follows by Propositions 7.4, 7.5, and 7.2.7.

7.2.13: Follows by 7.2.1 and 7.2.7.

7.2.14: Follows by 7.2.7.

7.2.15: Follows by 7.2.11 and 7.2.12.

7.2.16: Follows by 7.2.4,7.2.11,7.2.12, and 7.2.25.

7.2.17: Follows by 7.2.13 and 7.2.25.

7.2.18: Follows by Proposition 7.4, 7.2.4, and 7.2.12.

7.2.19: Follows by [19, Table 1] and Theorem 5.2[5.2.19].

7.2.20: Follows by 7.2.17 and 7.2.25.

7.2.21: Follows by Proposition 7.4, 7.2.4, and 7.2.18.

7.2.22: Follows by Proposition 7.4, 7.2.4, and 7.2.21.

7.2.23: Follows by 7.2.20 and 7.2.25.

7.2.24: Follows by [19, Table 1] and Theorem 5.2[5.2.29].

7.2.25: Follows recursively, using 7.2.1. Note that when £ = 5and s ¢ Z(L,)°, one has to prove that:
there do not exist i such that dim(V;(ft)) > 10; and that for § = hg, (d)hg, (d) with d # 1 we have
dim(Vx(1)) = 10. O
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