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The concept of space evolution (or space-time duality) has emerged as a promising approach for
studying quantum dynamics. The basic idea involves exchanging the roles of space and time, evolving the
system using a space transfer matrix rather than the time evolution operator. The infinite-volume limit is
then described by the fixed points of the latter transfer matrix, also known as influence matrices. To
establish the potential of this method as a bona fide computational scheme, it is important to understand
whether the influence matrices can be efficiently encoded in a classical computer. Here we begin this quest
by presenting a systematic characterization of their entanglement—dubbed temporal entanglement—in
chaotic quantum systems. We consider the most general form of space evolution, i.e., evolution in a generic
spacelike direction, and present two fundamental results. First, we show that temporal entanglement always
follows a volume law in time. Second, we identify two marginal cases—(i) pure space evolution in generic
chaotic systems and (ii) any spacelike evolution in dual-unitary circuits—where Rényi entropies with index
larger than one are sublinear in time while the von Neumann entanglement entropy grows linearly. We
attribute this behavior to the existence of a product state with large overlap with the influence matrices. This
unexpected structure in the temporal entanglement spectrum might be the key to an efficient computational

implementation of the space evolution.

DOI: 10.1103/PhysRevX.13.041008

I. INTRODUCTION

The first two decades of the new millennium witnessed
extraordinary experimental progress in measuring dynamical
properties of quantum many-body systems. Experiments are
now able to probe, for instance, local relaxation of isolated
systems [1-3] and out-of-equilibrium transport [4-8] over
surprisingly long timescales. Theoreticians, however, can
very rarely provide independent predictions to compare with
these experiments, especially concerning dynamics beyond
intermediate timescale. Indeed, characterizing a quantum
many-body system out of equilibrium, or even simulating its
state on a classical computer, remains to date a formi-
dable task.

The situation is slightly more favorable in one dimen-
sion, where one can use an extension of the celebrated
DMRG algorithm [9,10] to provide a faithful representation
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of the time-evolving quantum state [11]. The initial state is
represented as a matrix product state (MPS), and a suitable
evolution algorithm (e.g., (time-dependent)Density Matrix
Renormalization Group [12,13] or Time-Evolution Block-
Decimation [14,15]) finds an MPS approximation of the
state at time ¢ for a given level of accuracy. The problem,
however, is that the amount of resources required for such
an approximation grows exponentially with the entangle-
ment of the state and, in the absence of localization or other
ergodicity-breaking mechanisms, the latter builds up very
quickly as time elapses. In practice this means that one
needs an exponentially growing amount of resources for an
accurate representation of the state. This “entanglement
barrier” is physical and cannot be avoided whenever one
tries to characterize the whole quantum state. The key
question, however, is whether or not it is necessary to
simulate the evolution of the whole quantum state to
compute its experimentally accessible properties, e.g., its
correlation functions.

In the course of the past decade several algorithms have
been proposed to circumvent the fast entanglement growth
of nonequilibrium states [16-26]. The common theme is to
sidestep the problem by exploiting the fact that one is

Published by the American Physical Society
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typically only interested in the correlation functions of
special observables, for instance, those that are local in
space. A promising one, which motivates our work, is the
so-called “folding algorithm” or “transverse folding algo-
rithm” proposed in Ref. [26] (see also Refs. [27-31]),
whose main idea is to evolve the system in space, rather
than in time. Taking the one-point function in Fig. 1 as an
example, this means that one has to contract its tensor-
network representation horizontally, by means of an appro-
priate space transfer matrix rather than vertically using the
time evolution operator. The name of the algorithm derives
from the fact that this operation becomes much more
efficient when considering the “folded representation” of
the correlator, i.e., when folding the tensor network around
the center as shown in Fig. 1(b), which doubles the local
degrees of freedom but keeps the correlations short-ranged.
Physically, the vertical column of tensors beneath the
observable implements the unitary evolution of the sub-
system of interest—the one where the observable acts—
while the sections on its two sides encode the nonunitary
action exerted on the subsystem by the rest of the system,
i.e., the environment. For instance, in the example of Fig. 1
the system is a single spin (or qudit). Inspired by the
Feynman-Vernon influence functional approach [32],
Ref. [33] proposed to dub “influence matrices” the portions
of the tensor network describing the action of the envi-
ronment. Note that when the environment becomes very

(a)

Time

(b)

FIG. 1. (a) One-point function of the local operator a after a
quantum quench and its tensor-network representation. Forward
and backward time sheets are, respectively, depicted in red and
blue. (b) The same one-point function of (a) after folding: in the
folded tensor network the number of local degrees of freedom is
doubled and the white circles at the top of the tensor network
denote a loop. The gray shaded box highlights the space transfer
matrix 7, (acting from left to right on a lattice of ¢ sites).

large, the influence matrices become equal to the left and
right fixed points of the space transfer matrix 7 ; see Fig. 1.

The idea of exchanging space and time to describe
infinite systems at finite times proved to be very successful
and over the past few years has found interesting applica-
tions to the study of spectral statistics and quantum chaos
[34-39], entanglement dynamics [40-43], impurity prob-
lems [44], and even full-counting statistics of many-body
observables [45] and Loschmidt echo [46-48]. When
considered as a computational tool for computing correla-
tion functions, however, the folding algorithm has an
important limitation: it can only deal with cases where
the operator insertions break the translation symmetry in a
single spatial point, i.e., one-point functions and, more
generally, autocorrelations. In this way one cannot access,
for instance, generic two-point functions—such as those
needed to compute transport coefficients [49—51]—as they
feature two operators separated in both time and space.

Another outstanding question concerns the computa-
tional complexity of the folding algorithm. Namely, how
hard it is to implement this algorithm on a classical
computer for increasingly large times. To answer this
question one needs to understand what features of the
influence matrices have to be retained to correctly describe
expectation values of local operators and what is the
amount of resources required to do so. An intuitive estimate
can be obtained by studying their entanglement, dubbed
“temporal entanglement” [28,52]. Indeed, roughly speak-
ing, if the latter does not grow too fast one can efficiently
approximate the influence matrices with matrix product
states for arbitrarily high fidelity [55,56]. Following
Refs. [28,33], one can argue that temporal entanglement
should be small for generic systems. Indeed, the dephasing
caused by the environment tends to align corresponding
spins in the forward and backward copies (cf. Fig. 1)
producing configurations that are diagonal and hence
classical. Although plausible, this picture can be proven
only in a few special cases. These include certain special
chaotic quantum systems—dual-unitary circuits [57]—
prepared in a special family of initial states [40,58] and
in certain special classes of integrable models [30,59-62].
In generic cases the temporal entanglement is observed to
grow in time, even though its growth appears slower than
that of spatial entanglement [26,33].

In this work we fill both the aforementioned gaps: (1) We
extend the folding algorithm to compute generic two-point
functions and (2) we characterize the scaling of temporal
entanglement in generic quantum many-body systems.

The main idea for extending the folding algorithm is to
embed the two operators in the same system defined on a
timelike surface, or path, y, see the illustration in Fig. 2, and
evolve it in the orthogonal spacelike direction. In a
relativistic field theory one can imagine to implement
our construction by boosting to a reference frame where
the operators are measured at the same position and then
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FIG. 2. Generalized influence matrices on a temporal slice y.
The (anti)slope of the path y is v, = Ax/t. When v, = 0, they
correspond to the regular influence matrices. A one-point or two-
point function can be evaluated by contracting the left state (L, |,
some relevant operators inserted along the path, and the right state
[R,). The temporal entanglement is the larger among the
entanglement of (L,| and that of |R,) for a partition A, A on a
temporal slice.

use the usual folding algorithm. This setup allows us to
treat generic two-point functions, and also gives the option
to optimize the evaluation of one-point functions by
varying the path on which the influence matrices are
evaluated. Note that the extreme case of a timelike surface
corresponding with the light cone edge has been considered
in Ref. [63] and, for this case, Ref. [62] characterized the
complexity of the corresponding influence matrices for
integrable dual-unitary circuits.

To characterize the scaling of temporal entanglement, we
compute the entanglement entropies of the generalized
influence matrices (L, | and |R,) across contiguous bipar-
titions of y. We, respectively, denote them by

S () and S (). (1)

for subregion A and Rényi index a. Our findings are
summarized in Table 1.

Overall we find that the temporal von Neumann entropy
(a = 1) always grows linearly in time after a quench from a
generic initial state. Nevertheless, we find cases in which
Rényi entropies with index a > 1 (higher Rényi entropies
from now on) grow sublinearly. In particular, the higher
Rényi entropies of vertical influence matrices (the regular
ones) in any chaotic system are logarithmic in time, while
those of any influence matrix in a dual-unitary circuit are

TABLE 1.

bounded by a constant. In these cases the slope of growth of
von Neumann entropy is strictly smaller than that of regular
state entanglement. These statements are proven analyti-
cally for dual-unitary circuits, while in the case of generic
circuits they result from the combination of entanglement
membrane theory [64,65] and numerical observations.

The observed linear growth of von Neumann entangle-
ment entropy rules out an efficient high-fidelity approxi-
mation of the influence matrices via matrix product states
[56]. Our findings, however, suggest that there are physi-
cally relevant cases where the temporal entanglement
spectrum displays a strong separation of scales: There
are a few large (at most linearly decaying) Schmidt values
and many exponentially small ones. This remarkable
structure might be the key for an efficient implementation
of the folding algorithm.

In the following subsection, we sketch the key steps to
obtain the scalings in Table I and discuss their conse-
quences. A complete description of our setup begins in
Sec. 1L

A. Summary of approaches and results

We consider generic quantum many-body systems with
local interactions modeled by local brickwork quantum
circuits [66]. This is a class of locally interacting systems in
discrete time that has recently played a key role in under-
standing many-body quantum dynamics. The enormous
complexity of the latter implies that the theoretical descrip-
tion, or even the mere numerical simulation, of quantum
matter out of equilibrium is practically possible only in the
short-time regime. Brickwork quantum circuits simplify the
picture by imposing strictly local interactions over a finite
time step and give rare examples where local observables
and information theoretical quantities can be determined at
all times. The results obtained in these systems, for
instance, through random averaging [64,67-70] and/or
space-time duality [40,58,63,71-77], have significantly
advanced our understanding of universal properties of
the dynamics. Applications include, for instance, operator
dynamics and information spreading [64,67-70,78-80],
statistical properties of the spectrum [34-39,81-84], and,
more broadly, thermalization [58-60,83,85-87]. We also
note that quantum circuits are vital tools for experimental

Scaling of the temporal entanglement. We take the second Rényi entropy as a representative of higher

Rényi entropies. The maximum is taken over L, R states and the possible contiguous regions A on y for a given slope
v,. All the circuits have a brickwork architecture (see Sec. II). Only vertical cuts or dual-unitary circuits give
sublinear growth in higher Rényi entropy. Italic font denotes analytical results (obtained by membrane picture or
exact calculation), bold font denotes numerical evidence.

1 1 2 2
max([S{ (1) Sa ()] max[SE) (1) Sia (7))
Generic circuit (v, # 0) ~t ~t
Generic circuit (v, = 0) ~t <logt
Generic dual-unitary circuit ~t ~1
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simulation of quantum systems and quantum computation.
For instance, they can be used to demonstrate quantum
advantage [88-91], to perform randomized benchmarking
[92-95], randomized measurements [96—101], shadow
tomography [102-104], and, more generally, to study
nonequilibrium dynamics of Floquet systems [105,106].
The structure of these circuits look like a Suzuki-Trotter
[107,108] approximation of (local) Hamiltonian evolution,
but the unitary gates are not necessarily infinitesimal in
time or close to the identity: They can be arbitrary unitaries

(see the detailed illustration of our setup in Sec. II).

To understand the behavior of S(L /)R A(y) in generic

circuits, we take the gates forming the brickwork structure
to be independent Haar random matrices. By averaging
over the random gates the calculation of entanglement
related quantities is mapped into that of the free energy of a
statistical mechanical model of emergent spins [64,65]. In
particular, we find that the averaged temporal purity,

2
exp(—Sé/)R‘A(y)), (2)
is the difference of free energies of the same statistical
model subjected to different boundary conditions. By
minimizing the free energies we find domain-wall con-
figurations that give (cf. Sec. IV)

O

(2)

where the linear coefficient vy > 0 is determined by the
line tension £y (v) of the membrane separating the different
domains. The line tension is an intrinsic function of the
membrane, which, in translational invariant systems (at
least after disorder average), only depends on the space-
time slope v. Although the explicit expression is compli-
cated, we have a useful condition,
v =0 & Eu(v,) = En(0) (4)
v ,
where v, is the antislope [109] of the path y; see Fig. 2.
Equation (3) results in a lower bound of the typical
growth rates of the temporal entanglement entropies. In
particular, we have

wmma%me
a 1
L/;A( )= _UTE log(d) (5)

In fact, following Ref. [69], we argue that this conclusion
can be applied to generic Floquet circuits even in the
absence of randomness. In this case the entanglement
dynamics is still described by an emergent statistical
mechanical model and the tension of the associated
membrane can be determined perturbatively, dressing the

membrane tension of the Haar random circuit [69]. In
practice this means that one can apply Eq. (5) without the
average by replacing £y (v) by £(v). Therefore, for generic
Floquet circuits and generic paths y, the temporal entan-
glement entropies with Rényi index @ > 1 grow linearly in
time [110].

Equation (4), however, also suggests that there are two
interesting marginal cases where temporal entanglement
entropies can be sublinear.

(I) Constant line tension, i.e.,

E(v) = const. (6)
(II) Vertical path, i.e.,
=0. (7)

Condition (I) provides a very stringent constraint. Indeed,
invoking general properties of the line-tension function
[111], one can conclude that a constant line tension has
to be equal to one. This in turn implies a maximal growth rate
of the regular spatial entanglement after a quantum quench
in the circuit. As shown in Refs. [69,112], circuits with this
property have to be dual unitary.

On the contrary, condition (II) does not involve the line-
tension function; it only requires the temporal surface to be
vertical (i.e., it holds for regular influence matrices). This
means that, intriguingly, the vanishing of the linear coef-
ficient at v, = 0 should occur for generic circuits.

The two marginal cases (I) and (IT) are studied in detail in
Secs. V and VI. There we show that in both cases higher
Rényi entropies (@ > 1) display a sublinear growth in time.
Nevertheless, their von Neumann entropy (@ = 1) grows
linearly (second and third rows of Table I). Namely, one
cannot evaluate the scaling of von Neumann entropy via a
replica trick as the replica limit does not commute with the
large-time limit. Interestingly, a similar discrepancy in the
scaling of Rényi entropies was also observed in
Refs. [113,114] for the behavior of the “regular” spatial
entanglement in circuits with conservation laws.

At the level of entanglement spectrum the mechanism
driving the observed sublinear scaling is the same in both
cases (I) and (II): the influence matrices have large overlap
with a product state of the form [¥) ® [¥%) on A and A.
Then, an immediate application of Eckart-Young’s theorem
[115] implies that the reduced density matrices,

_wL)iL,) _mR)(R,)
O T ST

have at least one slowly decaying eigenvalue. This eigen-
value determines the slow growth of higher Rényi entro-
pies. Meanwhile, we find exponentially many other
eigenvalues of p; ., 4 that decay exponentially fast with
time . This produces a linearly growing entanglement
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FIG. 3. Schmidt values 4; for the bipartition of (L,| in two

subsystems of equal size for # = 5. The y axis reports the number
of Schmidt values within a small bin centered on /;. The top panel
corresponds to the marginal case (I) [cf. Eq. (6)] while the bottom
panel corresponds to the marginal case (I) [cf. Eq. (7)].

entropy Sg/)R. 4 (7). Figure 3 shows the separation of scales

in the entanglement spectrum of the temporal state in two
representative examples.

In this situation one might be inclined to conclude that the
singular states corresponding to the large Schmidt values
represent the dominant part of the state. The linear growth of
the von Neumann entropy, however, excludes the possibility
of constructing a high-fidelity approximation of the state by
keeping a polynomial number of Schmidt eigenvectors.
Nevertheless, if the objective is to only approximate special
observables, for instance, the one-point function tr[pya,(7)],
the answer might be different. More generally, it is interest-
ing to ask how much physically relevant information can be
extracted faithfully from the first few Schmidt eigenstates in
cases with such a strong separation of scales. We leave these
questions to future research.

The rest of this paper is laid out as follows. In Sec. I we
introduce the precise setting considered in this work. In
Sec. III we discuss the folding algorithm and explain its
extension to nonvertical cuts. In Sec. IV we determine the
scaling of temporal entanglement in generic quantum
circuits using the entanglement-membrane approach of
Refs. [64,65,69]. The two marginal cases with sublinear
growth of higher Rényi entropies are analyzed in Secs. V
and VL. In particular, in Sec. V we discuss the scaling of
temporal entanglement in dual-unitary circuits evolving
from generic initial states, while in Sec. VI we study the
scaling of regular temporal entanglement, i.e., of the

influence matrix on the vertical cut, in generic circuits.
In Sec. VII we compare the growth of temporal entangle-
ment and that of regular state entanglement. Our conclu-
sions and final remarks are reported in Sec. VIII.

II. SETTING

We consider the quantum dynamics generated by local
quantum circuits acting on a chain of 2L qudits (d internal
states) placed at half integer positions. These circuits
have nearest-neighbor interactions, and are often dubbed
“brickwork” quantum circuits. The operator performing
one step of evolution alternatively evolves the even and odd
sublattices:

[U - [Ul[Uz. (9)
Here we introduced

U=Q Usxi1/2: L= Q&

x€Z, XEZ,+1/2

Ux,x+1/27 (10)

with U, .1/, acting nontrivially, as the d? x d* unitary
matrix U, only on the qudits at positions x and x + 1/2.
The matrix U is known as “local gate” and specifies the
local interactions. Local gates can in principle be different
at each space-time point, i.e.

U Ut x), (11)

representing a disordered system undergoing aperiodic
quantum dynamics. In contrast, in the special case where
all local gates coincide, the quantum circuit constitutes a
clean (two-site shift invariant), periodically driven system.

A useful property of the local gate, which we use later to
identify quantum circuits with similar dynamical features,
is its entangling power. Roughly speaking, the latter is a
measure of the ability of the gate to entangle two qubits
[116]. Normalizing it to be in [0, 1], the entangling power
can be expressed as [116]

_d*+ > —u(URUR)? — e[ (US)R(US)RT]?
rlU)= (2 -1) '

(12)

Here UR indicates the gate obtained by rotating the original

gate U by a right angle

(Li|UR|ki) = (k1|U|ij), i,j,k,1=0,....d—1, (13)
and S denotes the SWAP gate,

(i]IS|lk) = 6;x5;,- (14)

Here we are interested in the evolution of the system

for t > 0. At t =0 the system is prepared in a generic
“pair-product” state,
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L

) = a® (L i eln). 09

—1

where {|i)}¢Z! is a basis of the configuration space of a
single qudit—the “local” Hilbert space. The matrix m, with
elements m;;, fulfills

trfmm’] = d, (16)

which ensures that |¥() is normalized to one. We consider
general pair-product states, rather than simple product
states, to keep the staggered structure of the brickwork
quantum circuit. Note that a product state is recovered by
the choice

m;; &« 8 6, io, jo€{0,....d =1}, (17)
while generically one can think of Eq. (15) as a product
state which has been subject to half a step of evolution.

The evolution in a quantum circuit can be conveniently
illustrated using a tensor-network-inspired graphical rep-
resentation [117]. In particular, depicting the components
of the local gate and the initial state matrix as

k ! .
] J
Uhe,1y;,) = x ;o My = \./ , o (18)
i J

we can represent the state of the system at time ¢ as follows:

where we considered r = 3. As illustrated in the above
diagram, we depicted the periodic boundary conditions by
connecting left and right boundaries, and used the con-
vention that when legs of different tensors are joined
together the index of the corresponding local space is
summed over. Moreover, we drop the indices to represent
the full vector rather than its components. We will use this
convention whenever it does not lead to confusion.

Let us consider the evolution of the reduced density
matrix of a finite region A. Representing it diagrammati-
cally, we have

(20)

where we took A = {1,3/2,2,5/2} and introduced a
diagrammatic representation for the Hermitian conjugate

of the local gate,
v = @)

and the complex conjugate of the initial state matrix,

m* = /.\ (22)

Using this representation we can depict the unitarity of the
local gate with the following diagrammatic relations

To simplify the diagrams it is convenient to fold them in
two. In particular, folding the blue part of the circuit
underneath the red one, we can represent the reduced
density matrix in Eq. (20) as follows,

where we introduced the double gate,

041008-6
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W -w-ver (23)

the double initial-state matrix,

\./:m®r m*, (26)

the loop state,
1
= — = O 5 27

and, finally, the shorthand notation,
|A| = (no of sites in A). (28)

In the above equations &, denotes the tensor product
between different copies or replicas of the time sheet
(different from ® which is the one between different spatial
sites in the same copy).

In this folded representation, the unitarity relations (23)
are depicted as

GRS

Moreover, since the double gate is itself unitary, we also have

where we introduced

;— wi=U'w, UT. (31)

ITII. GENERALIZED FOLDING ALGORITHM AND
GENERALIZED TEMPORAL ENTANGLEMENT

A standard class of observables in quantum circuits are
correlation functions of local operators. In particular, let us
focus on nonequilibrium dynamical two-point functions of
the form

Cup(x1, X2, 11, 1) = tr[poay, (t,)by, (1)), (32)

where we took 7, > #; > 0, a, == a,(0) and b, == b,(0) are
local operators, and py = |¥y)(¥y| is the initial state
[cf. Eq. (15)]. Note that Eq. (32) contains nonequilibrium
one-point functions as a special case that is obtained by
setting a, = 1.

In fact, the upcoming discussion will also be applicable
to the case where pj is the infinite-temperature state, which,
in generic situations, is the only stationary state of the
system. In this case the correlation takes the following
equilibrium form:

Cap (X122, 1) = trfay, by, (1)]. (33)

Because of the strict light cone structure of the quantum
circuit, the correlation function (32) is nontrivial (i.e.,
causally connected) only if [see Fig. 5(b)]

I 1=l <t + 1. (34)

while Eq. (33) only if

X1 =[xl <t (35)

For the sake of definiteness from now on we assume
X, < x; and x1,x, € Z;, while to lighten the notation we
drop the dependence of the correlation on x|, x,, t;, t,.

Considering this case we can represent Eq. (32)
diagrammatically as

where, for simplicity, we assumed that a, and b, act
nontrivially only on one site, we depicted them as

ag=a®,1, be=b®, 1, (37)

and set
ad=8. (38)

Let us now illustrate how the diagram (36) can be evaluated
using the folding algorithm of Ref. [26]. The starting point
is to represent it in terms of transfer matrices “in space.”
Namely, one introduces three different transfer matrices

041008-7
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b
T, = ’ 7;(«1) — 7 7;(17) , (39)
a
X X X
so that the diagram (36) can be written as
Cop =t[T )T TOT, .y
Tt T T iy T4, (40)

where we consider the generic case of nontranslational
invariant circuits. We remark that the space transfer
matrices in Eq. (39) are matrix product operators
(MPOs) with finite bond dimension y = d”.

The next step is to note that unitarity can simplify
products of transfer matrices. To illustrate this point, let us
write down the product of 2t#, transfer matrices [7, in
Eq. (39)]. In diagrams it takes the following form:

RS
00005000208

.0.0 @0

Unitarity [cf. Eq. (30)] allows us to cancel all the gates
above the red dashed lines and propagate the bullets to the
legs crossing the dashed lines. We therefore have the
following rank-1 decomposition,

Tyl a .TYZrz - |R}’1><LY2x2 ’ Vyj’ (42)

where we introduced the following vectors on the folded
time lattice,

R$>% (43)
O\
(Lal = v& : (44)

This means that, for L > x, — x; + 2t,, Eq. (51) can be
written as

Cop = Ly | TOT - T TR ). (45)

,—1
This representation sheds light on the physical interpreta-
tion of the two vectors (L, | and |R,). These objects encode
the effect of the rest of the system on the subsystem of
size x, —x; where a, and b, act. Since their role is
analogous to that of the influence functional of Feynman
and Vernon [32], they have been dubbed “influence
matrices” [33]. Note that in the translational invariant case
one can use Eq. (42) to show that (L,| and |R,) are the
unique fixed points, i.e., eigenvectors corresponding to
eigenvalue one, of the space transfer matrix 7 (which is x
independent in translational invariant circuits).

The representation (45) is the main instrument of the fold-
ing algorithm. Assuming that one can find an efficient MPS
representation for the influence matrices (see Sec. III B),
Eq. (45) gives a way to compute two-point functions as
matrix elements of an MPO—the product of x, —x; + 1
space transfer matrices—between two MPSs. Since the bond
dimension of the MPO is bounded by @>*2=%1+1) this
operation can be performed efficiently for small distances
X, — x1. On the other hand, the computation becomes rapidly
unfeasible when the distance increases. This represents a
serious limitation as, for instance, two-point functions for
arbitrary distances fulfilling Eq. (34) are needed to compute
transport coefficients in linear response [49-51]. To circum-
vent this problem we propose an alternative method for
contracting the diagram in Eq. (36): Instead of contracting it
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FIG. 4. Folded tensor-network representation of a dynamical
two-point function of two operators a and b after a quantum
quench. The tensor network can be contracted using nonvertical
transfer matrices that follow the timelike path y and propagate in
the spacelike direction orthogonal to y. The two different transfer
matrices used are highlighted in the boxes.

in the space direction, we contract it in a more general
spacelike direction such that the two points lie on the same
timelike surface; see the macroscopic-scale illustration in
Fig. 2; an example in terms of the associated tensor network
is depicted instead in Fig. 4. The only relevant macroscopic
feature of the timelike surface is its the space-time slope v,.
A more precise lattice definition is given in Sec. III A, while
in Sec. Il B we discuss the computational complexity of
encoding the influence matrices in an MPS.

A. Generalized folding algorithm

For a precise definition of the generalized folding algo-
rithm it is useful to distinguish between two different regimes:

D O0<xy—x <t -1,

) th—t; <xp—x; <ty + 1.
Note that regime (II) only arises out of equilibrium: the
equilibrium correlation in Eq. (33) exists only in the regime
(D). Moreover, regime (I) is also the only regime arising for
nonequilibrium one-point functions.

1. Regime (I)

In this regime there exists a path ¥ connecting a and b
that is entirely contained in the causal light cone emanating

from a; i.e., it goes from a to b without ever “turning back.”
We call this kind of paths timelike paths, because all the
space-time points they reach are causally connected.

To specify 7 we start from the gate below b and move
down in discrete jumps; see Fig. 5(a). At each jump we
reach one neighboring gate: either the one at southeast or
the one at southwest. Using the variable 7, = 4 to keep
track of whether on the ith step we jump on the left or on
the right, we can represent the path by means of the
following sequence,

. }7N}’ (46)

where N =2(t, — ;) — 1 is the length of the path. For
instance,

7: {}715

7={-++++} (47)

is the path depicted in red in Fig. 5(a). The path 7 can be
extended to a path y that reaches the initial state by
concatenating it with another timelike path 7 from
(x1,1;) to (y,0) for some y€& [x; —t,x; + t]. The total
length of the path y, i.e., the total number of jumps, is
then 2t,. For instance, in the example of Fig. 5 one can
consider

r={-++++o{+—+}h (48)

where o denotes the composition operator. The average
slope of a given path y is given by

1 |7|
—Z Vis (49)
vl =

v, =
where |y| is the length of the path. As mentioned before, v,
is the only bit of information required for a coarse grained
description of the path.

Since the path y does not turn back, we can use it to
“slice” the diagram of the correlation function. Namely, we

FIG. 5.

Diagrammatic representation of the path to contract correlation functions. Panels (a) and (b) depict examples of paths used in

the contraction of the correlation functions in the regimes I and II, respectively. Dashed lines help to identify the transfer matrix and time

slices to cut open the diagram.
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subdivide it in a number of timelike slices by cutting the
bonds in a direction parallel to y (see the black dashed lines
in Fig. 5) and connect them with suitably defined transfer
matrices. In particular, for the configuration in Fig. 5(a) the
transfer matrices are given by

In this way we can write Eq. (36) as

Cop =T, Ty TVOT 1T, ).

(51)

This expression can again be simplified using the unitarity
of the gates. In particular, we again have

Ty 'Ty.yzzz = |R7,y1><L

. Yy, (52)

VY2

where we introduced the generalized or “boosted” influ-
ence matrices:

<L’Y,iE| = ’

|R%w> =

Therefore, for L > 2t,, we find

ab
Cab = <L —1|T§’,x1)|R7,x1+1>' (55)

VX1

As opposed to Eq. (45), this expression can always be
efficiently contracted if (L, .| and |R, ) admit an efficient
MPS representation.

2. Regime (II)

In this regime there is no timelike path connecting a and b.
This means that we cannot embed both a and b in the same
“thin” transfer matrix as done in Eq. (55). The best strategy
in this case is to slice the diagram (36) using transfer matrices
corresponding to the path 7 = y,. o 7, where

Ve = {+-, +}

is the fastest path allowed by causality (i.e., on the edge of
the light cone) and 7 is an arbitrary timelike path between the
initial state and a [cf. Fig. 5(b)]. Repeating the above
analysis we find that for L > x, — x; + t, + t; the correla-
tions can be expressed as

(56)

C,o = (L _]|7E“> Toniin

72X 7.x1

(57)

(b)
T;‘/,xz—t2+tl—lT;‘/,x2—12+t1 |R;7,x2—t2+t1+l>v

where we introduced

X

(58)

We see that the expression (57) involves the product of

n=x,—x —thb+1t +1 (59)
transfer matrices, which means 0 < n < 2¢,. This has two
immediate implications. First, the representation (57) gives
an advantage over Eq. (45) because it involves fewer transfer
matrices. Second, when both x, — x| and ¢, are large the
contraction of Eq. (57) becomes inefficient.

B. Generalized temporal entanglement

In extreme summary, the upshot of the previous sub-
section is that an efficient representation of the generalized
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influence matrices does indeed lead to an efficient compu-
tational scheme for the calculation of correlation functions
in many physically relevant cases [118]. This motivates us
to investigate whether an efficient representation of the
generalized influence matrices is possible. In particular,
here we assess whether these objects admit an efficient
MPS representation by computing their entanglement. This
is the fundamental question to which the rest of this paper is
devoted.
The entanglement of the influence matrices is computed
in three steps.
(i) We define reduced density matrices corresponding
to an arbitrary nondisjoint bipartition AA of the
lattice along the path y:

\H, ) (H,.]
=t
PHrA = TAT 1 H, P

(il) We compute their Rényi entropies,

S (1) =SD(py,4), H=L.R, a€R, (61)

where we introduced the function

: logaly’]. (62)

S (p) =1

(iii) We maximize them over all possible bipartitions AA
where A is a contiguous region.
Before proceeding we note that

PLy.A (W) = PRy A (W/)7 (63)

where we highlighted the dependence on the double gate

(25), introduced
w’ =, (64)

and denoted by 7 = {—7,,...., =y, } the mirror image of
the path y with respect to the vertical line passing through b.
In the following we will use this relation to focus only on
the entanglement properties of one of (L, .| and |R, ,): the
remaining case can be easily inferred from Eq. (63) upon
replacing W with W’. Therefore, from now on we will only
look at the entanglement of (L,,[, and, to lighten the
notation, we set
PLoat> pras SIS0 (69)
Moreover, we also drop the dependence of (L, .| on the
point x at which it is computed, i.e.,

(Lyal = (L. (66)

IV. TEMPORAL ENTANGLEMENT
IN GENERIC UNITARY CIRCUITS

In this section we specify the unitary gates in Eq. (18) to
be (independent) Haar random matrices. We consider the
temporal entanglement of the state in Eq. (53) for a typical
realization of the disorder and in the long time limit. In our
analysis we focus on initial states in product form; i.e., we
take m as in Eq. (17). Indeed, we expect that the choice of
the initial state, as long as it is short-range entangled, does
not affect the general scaling of entanglement in a random
circuit.

The use of the Haar random unitaries follows from the
philosophy of random matrix theory. By dispensing with all
system-specific details, these strongly chaotic gates allow
for analytic calculations while retaining the universal
properties of entanglement in strongly interacting systems.
Recently, there have been various applications of random
unitary circuits to explain aspects of quantum chaos and
other nonequilibrium features of generic quantum systems;
see, for instance, Refs. [64,67,82,119-125] and the review
[66] for a more comprehensive list of references.

The (Rényi) entanglement in a random unitary circuit is
described by a statistical mechanical model written in terms
of permutation degrees of freedom [65,111,126]. The
von Neumman entropy is at the replica limit of the model.
The permutations originate from pairings of the unitary
evolution with its time reversal. To be more specific, let us
consider the example of the nth Rényi entropy, with
N> n>2, of py(r): the regular density matrix reduced
to a subregion A [cf. Eq. (20)]. In each copy of the time-
evolved reduced density matrix p,(z), there is one forward
and one backward time sheet [cf. Eq. (24)]. Therefore, in
total, there are n forward and n backward time sheets.
When performing random averaging over the gates, each
copy of a given gate and its Hermitian conjugate are paired
in a fashion similar to the Wick theorem of the free fields.
The boundary conditions for the Rényi entropies are
domain walls between different types of pairings. If we
view the pairings as spin degrees of freedom, the effective
statistical mechanical model describing the entanglement is
in the ordered phase, and the domain wall continues to
exist in the bulk, possibly splitting in a cascade of more
elementary domain walls. The (Rényi) entanglement
entropy is given by the free energy of these generically
interacting domain walls. All these microscopic details can
be encoded in a coarse grained line tension of the domain
wall, which gives rise to the growth rate of entanglement in
the long time limit.

In the upcoming subsections we obtain the general
scaling of temporal entanglement in three steps

(1) We show that the boundary conditions to evaluate

the purity of (L,| correspond to domain walls in the
statistical problem (Sec. IVA).

(2) Averaging over the random unitary gates, we show

that the minimal-energy configurations are those
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where the domains penetrate in the bulk. Minimizing
the free energies by means of the line-tension
formalism we find a linear growth of temporal
entanglement (Sec. IV B).

(3) Recalling the arguments of Ref. [69] we infer that
the domain-wall picture can be applied also to a
single realization of random circuit (without averag-
ing) or, equivalently, to systems without randomness
(Sec. IV C).

A technical note: in the upcoming calculations we consider
the state (Ly , with the (anti)slope v > 0; see Fig. 7. Indeed,
the » > 0 condition gives rise to nontrivial domain-wall
configurations. In the case » < 0 our analysis can be
applied to |R,).

A. Boundary conditions for temporal entanglement

The expression of the nth Rényi entropy contains n
copies of the forward and backward evolution by the
circuit. The pairings emerge naturally on the boundary
when contracting copies of these circuits to evaluate Rényi
entropies, with or without random averaging.

Let us illustrate this idea in the example of the purity
tr[p3 (1)] of the quantum state p,(1); see Fig. 6(a). To form
the reduced density matrix p4(f), we take partial trace in
each copy of p(t). The partial trace operation is denoted as a
contraction of the corresponding indices from the forward
and backward copies of the circuit. Multiplying two copies
of p,(t) and taking the trace, we obtain the SWAP con-
traction in region A. In this quantity, there are two copies of
the unitary gate U and two copies of U*. There are two
ways to contract them, which we denote as 1 and
(12) permutations:

1
1: VU @UeU", (67)

(12): UU"UeU".

The top boundary thus has a domain-wall boundary
condition between 1 and (12) permutations.

Temporal entanglement is defined for an “operator state,”
namely a state in the folded space. Therefore, the ket itself
involves a forward and a backward evolution: see, e.g.,
Eq. (53). The permutation boundary conditions are the
same if we were to consider an operator state on a spatial
slice, which have been computed explicitly in Ref. [80]. For
completeness, we repeat the derivation for the second
Rényi entropy for the operator state (L,|. The boundary
conditions involve permutations in the symmetric group Sy.
The purity of a subregion on the temporal slice is

try (tra (IZ,) (L, )?)
(L,|L,)?

: (68)

Here we choose the initial product state in the diagrams to
be normalized to 1, which is different from the m state in
Eq. (18). To be consistent with the random circuit literature,

FIG. 6. Permutation boundary conditions for (a) the state purity
trp3 (7)) and (b) the operator purity trs[trz (|L,)(L,|)?]. The dots
at the bottom represent a generic product initial state. Red gates
are forward evolution u; blue gates are backward evolution u*.
(a) The top boundary conditions implement the partial trace, the
matrix multiplication of p, with itself and the trace in A. Right:
region A has boundary condition 1, region A has boundary
condition (12). (b) The top boundary conditions are permutation
elements in S,. They are, respectively, given by 1, (12)(34), and
(14)(23). We consider a general contiguous partition. The ratio of
size |A| and the total size |A| + |A] is set to be r€ [0, 1].

we choose to normalize the boundary condition as shown in
Fig. 6 for upward pointing legs. For downward pointing
legs, we use permutations normalized as the loop state as in
Eq. (27). The temporal Rényi-2 entropy thus has two terms,

S (r) = —log(traltrz(IL,)(L,)?]) +2log((L,)),  (69)

where the second term is twice the Rényi-2 entropy of AA.
The boundary conditions for the first term is shown in
Fig. 6(b).

B. Entanglement in terms of domain-wall line
tension: Disorder average

In Fig. 6, we see that pairings (permutations) emerge
naturally as boundary conditions when evaluating entan-
glement-related quantities. In fact, in quantum chaotic
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systems these pairings are also the dominant degrees of
freedom in the interior of the multilayer unitary evolution.
One simple way to introduce pairings in the bulk is through
random averaging of the gate over Haar ensemble. Indeed,
the latter are the only degrees of freedom surviving the
average.

Taking the purity diagram in Fig. 6(a) as an example,
each four-layer gate after random averaging can only give a
tensor of 1 or (12) as the output at its bottom legs. Hence we
can label the gate with “spin” variables taking values in T or
(12). The T and (12) can form contiguous domains
connecting to the 1 and (12) on the boundary. We label
a general domain wall between a pairing ¢ on the left and a
pairing y on the right as 6~ .. The domain wall between 1
and (12) is thus 17!(12) = (12). Because of constraints
from unitarity and locality of the interactions, this (12)
domain wall can only wander within the light cone and
cannot branch. The entanglement is the free energy, or
tension, of the domain wall. Since disorder fluctuations are
negligible over large enough scales, the system is asymp-
totically translationally invariant and the domain wall
macroscopically should be a straight line. Using v to
denote the inverse of the domain wall’s slope, we can
write the Rényi entropy at leading order as

- log tr[pi(t)] = seqrnbjmgH(v)t’ (70)

where == denotes the average over Haar random gates,
Eu(v) is the line tension of a domain wall in the Haar
random circuit [127],

log 7 + B log 12 + L5t log 132

En(v) = logd

. (71

and s, is the infinite temperature equilibrium entropy log d
(we recall that d is the local Hilbert space dimension). For a
generic product initial state, the domain-wall end point at
the bottom is not fixed and the Rényi entropy is obtained by
minimizing over different slopes.

Since the random circuit is left-right symmetric after
disorder averaging, the minimum in Eq. (70) is taken at
v =0, i.e., a vertical line; see Fig. 7(a). This gives a linear
growth where the line tension is the entanglement growth
rate, which is called entanglement velocity [128].

Let us now consider the entanglement of the operator
state (L,|. In particular, we consider the following averaged
version of it:

$7(r) = —tognafira (1L,){L, %] + log (L, L) (72)

As noted above, this quantity involves permutations in Sy.
In this case the leading contribution is again given by
suitable domain walls; however, differently from before

(a) (b)

12)(34)

(14)(23)

(12)(34)

FIG. 7. Domain-wall configurations for puritylike diagrams.
(a) Domain wall for purity tr(pi). The single domain wall [a
transposition (12)] undergoes a random walk down to the bottom
boundary. The size fluctuation is v/7, which is subleading to ¢ and
ignored in other panels. (b) Domain walls for (trp3)?. The two
transpositions are independent. (c) Configurations when the two
sets of domain wall dot no interact. (d) The two sets of domain
wall meet in a middle time slice. The three segments have time
duration 7y, t,, and ¢, and antislopes v, v,, and O respectively.
The antislope of the right edge of the triangle is ». The green
vertex represents the fusion. It can have a nontrivial weight, but
only affects the free energy by an O(1) amount.

these domain walls will involve multiple elementary
transpositions.

For instance, let us consider the second term on the right-
hand side of Eq. (72):

Fy(1) = —log ((L,|L,)). (73)

The boundary condition is 1 on subsystem B and (12)(34)
on subsystem AA [cf. boundary conditions of the first term
in Fig. 6(b)]. Hence it has two commutative domain walls at
the intersection of B and AA. These two domain walls are
independent; each of them go vertically down to the bottom
[Fig. 7(b)] and give a contribution of £y(0)z. And thus the
second term corresponds to twice the state Rényi entropy:

Fo(t) ~25.4ER(0)1. (74)

The boundary conditions of the first term in Eq. (69)
contain four domain walls. There are two commutative
transpositions (14)(23) at the tip of the diagram (cut
between B and AA), and other two transpositions (13)
(24) at the entanglement cut between A and A. The two
transpositions (14)(23) alone are independent, so are (13)
(24). If the two sets do not meet at an intermediate time
slice before reaching the bottom boundary, we can sepa-
rately minimize their free energies. The equilibrium con-
figuration is that all the domain walls go down vertically
[Fig. 7(c)], giving total free energy,
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Fen(t) = —log {traftra (L, )(L,|)’]}
~ 2504En(0)1 + 25,Eu(0)(1 = r)t,  (75)

where r€(0,1] is the ratio of size |A| and total size
|A| 4 |A|. The difference with F,(¢) in Eq. (74) is then
Eu(0)t: This gives us the following upper bound,

5P() <21 - e, (76)

If the two sets meet in the middle, the domain walls can
fuse to different permutations according to the group
multiplication rules. For example, if (13)(24) and (14)
(23) completely fuse together, the domain wall becomes
(13)(24) x (14)(23) = (12)(34). We see that the number
of domain walls reduces to two, thus reducing the energy
cost. For this reason a configuration like the one displayed
in Fig. 7(d) can compete for the minimal free energy.

We now set up the minimization problem assuming the
two sets to have (anti)slope v; and v, before they meet in
the middle. After the fusion, the resulting domain wall (12)
(34) is composed by two independent components. They
cost free energy 2y (0)¢, for the remaining duration of 7.
The vertex can have a nontrivial weight, but, as long as it is
not zero, it only brings in a O(1) correction and can be
neglected when considering the leading order free energy in
the long time limit. The geometry is depicted in Fig. 7(d).
Therefore, we can write the free energy as

Fiy(t.tg) = 25¢q[Eu(v))ty + En(v2)t, + En(0)t0].  (77)

where 7y, t;, and ¢, are the duration of the two sets of
domain walls and satisfy the geometric relations. The
subscript Y denotes the merging configuration.

x—rv},t
Uy =

X
(1 :E, (78)

153

To parametrize time, we set

tozrot, tl—t2:rt, t1+t0:t, (79)
where re€|[0,1] is the ratio of size |A| with respect to
|A| + |Al, and r,€[0,1 — r] is the portion of the merged
domain wall. ry = 0 corresponds to merge at the bottom;
ro =1—r corresponds to taking v; =wv,, ie., merge
immediately when available. To minimize F(t,t,), we
first fix 7, and vary x. The implicit x derivative gives

&, <1> a (x - ”;—”> — &1 (0)) + E(vs) = 0. (80)

11 2

For a reflection symmetric system the physical solution is

V1 = —Uy; (81)

namely, the two sets of domain walls in Fig. 7(d) meet
symmetrically from left and right toward each other.

The minimization with respect to 7, depends on the
explicit form of the line-tension function. In particular, an
explicit calculation for the case of the random circuit line
tension &y is carried out in Appendix A. The resulting
expression of min, F y(t,1,) is piecewise continuous in v
and depends on d. Nevertheless, it is still linear in ¢
[cf. Eq. (A6)]. Combining with the linear bound in
Eq. (76), we conclude that in a Haar random circuit,

o2 2
S,(Q ) (7) = seqv'(FFz,Ht' (82)

where the temporal Rényi entanglement velocity U<T2]§,H > 0.

The explicit expressions of U(TZFE_H for Haar random circuit

can be found in Eq. (A12).

C. Typical circuit without averaging

In this subsection, we argue that the line-tension for-
malism discussed above can be applied to the calculation of
temporal entanglement in generic chaotic circuits without
introducing disorder averaging. The recipe is to replace
Ex(v) with a “dressed” line-tension function £(v) charac-
terized by the following general properties [111],

EW) 2ol ()20, Ev)=E(-v). (83)
where the last one follows from the parity symmetry of the
system.

The basic arguments follow Ref. [69], where the concept
of line-tension function is generalized to nonrandom
circuits and we will briefly recall them here. The key
observation is that the pairings between a unitary gate and
its Hermitian conjugate continue to dominate the configu-
ration sum, or “path integral,” that determines the Rényi
entropies. Indeed, these are real positive quantities that do
not suffer from phase cancellation. A single domain wall,
such as (12), will be dressed by nonpairing degrees of
freedom, but only perturbatively to have an O(1) width.

Our problem is slightly more complicated than the one
discussed in Ref. [69] because the contributions generating
temporal entanglement involve composite domain walls [for
instance, a domain wall (123) can appear]. Nevertheless,
the two sets of domain walls (14)(23) and (13)(24) have the
same dressed line-tension function £(v) when they do not
interact. Indeed, (14)(23) can be mapped to (12)(34) by
relabelling the third and fourth copies of the unitary and its
complex conjugate—it is a symmetry of the multireplica
dynamics if we look at the patch of (14)(23) alone. The
symmetry no longer holds when the two sets of domain
walls meet each other and interact. This process, however,
only dresses the interaction vertex in Fig. 7(d), which
introduces an order O(1) correction to the free energy.
Below the interaction vertex, the two sets of domain walls
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fuse to (12)(34), which again has the same line-tension
function £(v). This justifies the use of a single line-tension
function £(v) to characterize the scaling of the temporal
Rényi-2 in Eq. (69).

Specifically, following the steps discussed in the pre-
vious section, we obtain

2 2
SO (y) = seqviit, (84)

where the temporal Rényi entanglement velocity is deter-
mined by

o) = min[ min F(ro),2(1=r)E0)].  (85)

ro€[0.7]
The parameters ry and r are defined in Eq. (79) and
F(ro) = 2[E[v1(ro)] = E(0)](1 = ro) (86)
+2E[wy (ro)|(1 = ro = r). (87)

In this case, the remaining minimization over r( cannot be
performed explicitly as the minimum depends on the
precise form of the line tension. However, we can show
that for £(0) > 0,

min F(ry) =0 & &(v,) = £(0), (88)

ro €10,r]

which implies generic linear growth of the temporal
Rényi-2 entropy apart from marginal cases.

We begin to prove this property by noting that the two
terms in Eqgs. (86) and (87) are both non-negative,

[E1(ro)] = E(0)](1 = ro) 2

07
Ei(ro)l(1=rg—r) 20, (89)
in the relevant range r, € [0, r|, because of the convexity
and parity of line-tension function. Indeed, these two
properties imply that the function is either constant or

has a unique local minimum in » = 0, i.e.,
E(w)=£0) >0, Vo (90)

In fact, the above inequality indicates that Eq. (89) can both
be zero for generic r only if ry = r and

E(v,) = £(0). (1)

Noting that the reversed implication is obvious, we con-
clude the proof.

In fact, due to the general properties (83) of the line-
tension function, Eq. (91) admits solution only in two
cases: either constant line-tension function [Eq. (6)] or

v, =0 [Eq. (7)]. These are the two marginal cases
mentioned in Sec. T A.

V. TEMPORAL ENTANGLEMENT IN CHAOTIC
DUAL-UNITARY CIRCUITS

In this section we consider the first of the two marginal
cases identified in Eq. (91): the one in which the line-
tension function is constant. As discussed in Sec. A
[cf. the discussion around Eq. (6)], this situation can only
be realized when the local gates forming the time evolution
operator in Eq. (10) are dual unitary [57]. In terms of our
diagrammatic representation, the dual-unitarity condition
means that the gates fulfill

in addition to the standard unitarity conditions (23).
Without additional fine-tuning, the gates fulfilling
Egs. (23) and (92) are quantum chaotic [35,57,71].

Imposing the condition (92) enables one to make
a number of exact statements concerning dynamics
and spectral properties of the quantum circuit
[34,35,38,40,58,62,63,71-73,75,76,78,79,85,86]. In par-
ticular, dual-unitary circuits have been shown to admit a
class of “solvable” initial states for which one can compute
exactly the full time evolution of any local subsystem [58].
For solvable initial states the generalized influence matrices
(L,| and |R,) [cf. Egs. (54) and (53)] take the following
product form:

(L,| = (OI®, |R,) =]O)®W, (93)
where |O) is the loop state of Eq. (27). This form immedi-
ately implies a strictly vanishing temporal entanglement.

Here, however, we are interested in the behavior of
temporal entanglement for generic, nonsolvable, initial
states. Specifically—recalling that for the family of initial
states Eq. (15) considered here the solvable instances
correspond to the cases where the matrix m is unitary
[77]—we consider the case where m is not unitary.

Since the time evolution in a chaotic system should not
depend on the initial configuration, one might expect that
the behavior of solvable states is somewhat representative
of the generic situation. Namely, that the temporal entan-
glement is always small for dual-unitary circuits. In fact, as
we now discuss, this intuition turns out to be incorrect:
Even though higher temporal Rényi entropies are bounded
by a sublinear function of time (in agreement with our
entanglement-membrane analysis of the previous section),
the von Neumann temporal entanglement entropy is
always linear for non-fine-tuned dual-unitary circuits.
In the upcoming subsections we show these facts by
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analyzing separately the cases of higher Rényi entropies
and von Neumann entropy.

For simplicity, in the main text we consider paths y = AA
with constant slope v,,. This means that the slope is the same
in both A and A. This assumption is lifted in Appendixes B
and C where we present the most general form of our results.

A. Bound on temporal higher Rényi entropies

In this subsection we show that higher temporal Rényi
entropies are sublinear in time, in agreement with the
entanglement membrane analysis of the previous section.
More precisely, we prove the following bound,

a>1
SV () <

a [dw@/z)’ (04)

P(r3/2)

a—1

where A, A correspond to a contiguous bipartition of the 2¢
legs of the influence matrix,

7,4 (73) is the number of up-pointing legs in A (A) fulfilling
tat+ti=1+v)t=1, (96)

while

P(1) = trlpjo.c0) (1)7] (97)

is the purity of the “regular” reduced density matrix
Po.wo)(t) [cf. Eq. (24)] corresponding to a half-infinite
subsystem [0, c0) with open boundary conditions.

To prove Eq. (94) we proceed in two steps, which are
detailed in Appendix B.

Step 1. General bound on higher Rényi entropies.—We
take advantage of the unitarity of the gates and of the
Eckart-Young theorem [115] to bound the temporal Rényi
entropies in terms of the norm of the state (L,|:

st

Step 2. Dual-unitary case.—Specializing the treatment to
the dual-unitary case we can relate (L,|L,) to the spatial
purity [cf. Eq. (97)]. In particular, we find

(Ly|L,) = d"P(z/2). (99)

Plugging it into Eq. (98) we obtain Eq. (94).

The physical interpretation of Eq. (94) is immediate: in
dual-unitary circuits the growth of higher temporal Rényi
entropies is controlled by that of spatial purity. If the initial
state is solvable, then the purity is minimized to d=? and
the temporal entanglement is zero. For more general,
nonsolvable states the purity is no longer strictly d=%,
but—since dual-unitary circuits maintain a maximal entan-
glement velocity [77]—it can only acquire subexponential
corrections. This implies that all higher temporal Rényis are
sublinear in time.

To make further progress we introduce the following
assumption.

Assumption [.—For any generic dual-unitary circuit
evolving from a non solvable state, we have

(100)

where ~ denotes the leading order in the asymptotic
expansion for large times and C > 0 a time independent
constant.

The scaling in Eq. (100) can be proven by averaging each
dual-unitary gate of the circuit over random single qubit
rotations of its legs (see Ref. [77] and Appendix D). Thus,
we expect it to hold for typical dual-unitary circuits: This is
in agreement with our numerical investigations, as shown
in Fig. 8 for some representative examples.
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— p=0.67 s
| 7’
e
e
— /'
| 2
2\4] // —9-o-
=3 » e--"°
| ‘,/ ‘—’.’,V
S 1L JLISEE N P G S
& JOC i PO SR bl G
Y YR RE X4 e -0 -9 - -9-9-3-3-3
X ‘\::rzz"::—o——o——o——o—o—-—o—-o—-o
‘\::A-::——v——o-—o-—&—u—o—.—o—-c—-.
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|
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t

FIG.8. Evolution of d*P(t) — d®""VP(t — 1) as a function of ¢
for homogeneous dual-unitary circuits with different entangling
power p [cf. Eq. (12)]. If the scaling (100) holds, this quantity
should saturate to the constant C/2. We considered d = 2 and
parametrized the gates as described in Appendix E. Note that C
grows upon decreasing p: this is consistent with the fact that at
the noninteracting point p =0 the purity decays with an
exponent 4 < 2logd.

041008-16



TEMPORAL ENTANGLEMENT IN CHAOTIC QUANTUM CIRCUITS

PHYS. REV. X 13, 041008 (2023)

As discussed in Appendix D we expect the case C = 0 to
hold only for solvable initial states, for which P(z) = d=%
and the temporal entanglement is identically O for any
bipartition [58]. The discussion in Appendix D, however,
also shows that these states are “unstable” from the point of
view of purity scaling: for any arbitrary small perturbation
of a solvable state one has Eq. (100) with C > 0 and the
behavior of temporal entanglement is the one we dis-
cuss here.

Using Assumption 1 and considering an appropriate
scaling of the bipartition,

(101)

it is immediate to show that the higher Rényi entropies
saturate to a constant [129],

o a
S (y) ~ ———log(1 - 7).

(102)

A direct numerical test of Eq. (102) is not straightfor-
ward as we have only access to short times. Therefore, we
can only consider gates for which the asymptotic form
Eq. (100) is attained early. With this restriction the bound
appears convincingly obeyed. For instance, in Fig. 9 we
consider a comparison between Eq. (102) and the four gates
of Fig. 8 with higher entangling power.

B. Linear growth of temporal entanglement entropy

In Sec. VA, we showed that the higher Rényi entropies
are bounded by a constant for any partition with ratio » < 1.
However, since Rényi entropies are nonincreasing func-
tions of the Rényi index, this result only provides a lower
bound for the temporal entanglement entropy, i.e.,

T T T T T
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FIG. 9. Growth of $(* for the state L,, taken with v, = 1, for
gates of various entangling power p, compared with the asymp-
totic bound given by Eq. (102), for a fixed value of r = 1/3.

Sa(y) = 1imS'® ().

a—1

(103)

In this subsection, we show that S,(y) in a typical dual-
unitary circuit grows linearly in time for nonsolvable initial
states.

Denoting again by r the ratio between the number of legs
in region A and the total [cf. Eq. (101)], we can bound
S4(y) from above and below,

s(r)tlogd < Su(y) < s(r)tlogd + O(logt),  (104)
with the same function:
0 {(1+vy)r2 re[O,UV%] 0s)
SUT =9 a0=n1@+v,)r—1 105
( )[l(Jyy) ] c (#, 1

The log(z) margin in Eq. (104) is subleading with respect to
the linear scaling of s(r)tlogd and therefore the latter
determines the long timescaling of S, (7).

In the derivation of the upper bound, we only use
Assumption 1. For the lower bound, we additionally
employ Assumption 2.

Assumption 2.—The membrane picture of entanglement
holds for the second Rényi entropy of the state in Eq. (119).

This assumption is in line with general expectations from
the membrane theory [69] and can be verified numerically.
A representative example is reported in Fig. 10. We see that,
even though there are strong deviations for short times,
the numerical results seem to approach the membrane theory
predictions as time increases (see Appendix C 3 for a more
thorough discussion of the validity of this assumption).
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FIG. 10. Slope of the entanglement entropy of the matrices py
as a function of k, for various values of Z = A + k accessible
numerically. The dashed line represents the asymptotic profile of
the curve according to Eq. (123) as per Assumption 2. The path
chosen is the one at the edge of the lightcone.
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We sketch the proof in three steps.

Step 1. Reduction.—First we observe that the entangle-
ment of a state, for a given bipartition, is unaffected by the
action of unitary matrices acting locally on the two separate
bipartitions. Thanks to this observation and the dual
unitarity of the gates, we can consider a simplified version
of our state (L,| = (L, | where the new path y’ corresponds
to the edges of the light cones of the two bipartitions (see
the detailed derivation in Appendix C 1). This is easily
understood graphically by looking at the diagram below
and noting that the area in red corresponds to matrices that,
when viewed horizontally, are unitary. Therefore, removing
them will not affect its entanglement.

After this operation we end up with some bullet states on
the top of region A, which do not entangle with any other
part of the system: They can also be removed without
affecting the result.

To sum up, as far as the entanglement is concerned, we
can reduce (L,| to the following state,

(107)

in which region A has 7, = (1 + v,)|A|/2 sites and region
A has |A] sites.

Step 2. Lower and upper bounds.—We define 7, + 1
orthogonal projectors in region A:

Py =[O)(O]® [0)(O] & -+ [O)(O] ® 1
Py =10} (Ol ® [0} (O] ® --- (12 = [O){O]) ® 13,
P =|0)(01®~* @ (1, —[O}(ON1Z" @ 14,

PTA:(ﬂd2—|o><0|)®]]d2®~~ﬂd2®T]A. (108)

In words, the projector has three different actions, which we
highlight by different colors in the following graphical
equation:

(109)

The kth projector P; keeps the bottom k — 1 sites (blue)
intact, projects each of the top 7, — k sites (red) to a bullet
state and the kth site (green) to the orthogonal complement
of the bullet state.

One can easily verify that the projectors are orthogonal
and form a complete basis, i.e.,

PPy =6;P;, Y Pr=1,®1; (110)
k=0

These projectors decompose |L,/) into 74 + 1 states, which
are orthogonal in A. Namely,

tra(P;|L,){Ly|P;) =0, i#j. (111)

The reduced density matrix,

), (112)

is then written as a classical mixture of 74 + 1 reduced
density matrices,

PA= Y PP (113)
k=0

where the classical probability is

_ w(PelLy)(Ly])

CCTLIL) (114)

and the reduced density matrices are

- trA(Pk|L;"><LJ/|)

= (P L]) (115)

Pk

The concavity lower bound and mixing upper bound of
S(pj) confine the von Neumann entropy to the following
interval:

Ty A 7A
> S <Sa(r) <> piS(pi) =Y pilogpy.  (116)
k=0 k=0 k=0

The Shannon entropy of the classical probability p; is at
most log(z4 + 1) ~ O(log r). Therefore, we conclude that

S 0800 <54 < 3 S (o) + Oflog ),

k=1 k=1

(117)

where we also removed k=0 from the summation
since S(pg) = 0.

Step 3. Evaluation of Y ;* | piS(pr).—We evaluate p; in
Appendix C 2 using Assumption 1. The asymptotic expres-
sion reads as
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FIG. 11.

pr computed for various gates corresponding to
different entangling powers p, for a state (L,| with v, =1, t =
7 and a bipartition corresponding to r = 1/2. We show the
asymptotic behavior in black, according to Eq. (102) derived
from Assumption 1.

o (1+v,)t
2t

In Fig. 11 we compare this expression with the exact
numerical evaluation of p; for short times. We see that for
the cases where Eq. (100) holds at short times the agree-
ment is excellent.

According to Eq. (115), p; can be viewed as the reduced
density matrix of the pure state,

k#0
(118)
k=0.

g

:,(/ \\k

(Li| = (Ly/| P = (119)

N

where the first 7, — k sites are (projected by P}, to be) bullet
states, and we inserted on the kth site (counted from the
bottom of A) a projector indicated by a black square:

B =1, [O)O]. (120)

By using the bound of Hilbert space dimension, we can
write

S(px) < min[2(k — 1) logd + log(d* — 1), 2|A|log(d)]
~2 min(k, |A]) log(d), (121)

where we considered a scaling limit where k, |A|, 7 are taken
to infinity and the relative ratios kept constant. Plugging
back into Eq. (117) we find the following upper bound:

“A 2log(d) . .
peS(px) S ————- ) min(k, |A|)

8tlog(d) [r(1+wv,)/2
:og()/ dxmin(x, 1 —r)
1+ v, Jo

= s(r)tlog(d). (122)

Using Assumption 2, we can evaluate S(p;) using the
membrane picture, as detailed in Appendix C 3, to find

S(py) ~ min(k,

A])2logd. (123)

This means that S(p,) saturates the trivial bound in
Eq. (121), leading to Eq. (104).

As for the bound in the previous subsection, an inde-
pendent numerical test of Eq. (105) is hampered by the fact
that our numerical investigations are restricted to short
times. At the accessible times S(py) are typically far from
their asymptotic form and the Shannon entropy of p, is
non-negligible. This is demonstrated in Fig. 12 where we
plot the exact numerical evaluations of S4(y) and the lower
and upper bound in Eq. (116): the two bounds should
collapse for large times but are still rather far at the maximal
accessible times. To circumvent this complication, we plot
the difference of S,(y) at two subsequent time steps from
finite-time numerics and extrapolate to t — co. We find a
fair agreement with Eq. (105); see Fig. 13. Interestingly, the
finite-time effects seem not to affect the maximal slope of
the temporal entanglement entropy, which is in good
agreement with Eq. (105) even at short times; see Fig. 14.
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FIG. 12. Slope of the entanglement entropy as a function of the
ratio r, for various values of ¢ accessible numerically, in the case
v, = 1. The lower and upper bounds are found evaluating
numerically Eq. (116).
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FIG. 13. Slope of the entanglement entropy for the state (L,
obtained by taking finite differences of S, (y) for two subsequent
time steps. Given the discrete nature of the states, only some
rational values of r are allowed at each time, so we interpolated
between those in order to take the difference. In blue, we show an
extrapolation of these data in the limit # — co, which we
ultimately compare with the asymptotic prediction, in black
[obtained from Eq. (105)]. The extrapolation is attained by
observing that, due to the logarithmic form of the corrections
to S, (y), for large enough ¢ we have A,S,(y) ~ A + B/t, where A
is the desired asymptotic value. Then, we performed a linear fit of
the data in 1/ to estimate A.
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FIG. 14. Maximal entanglement of the influence matrix on the
diagonal path y,. [cf. Eq. (56)] versus the length of the path |y|
for different values of the entangling power p. The entanglement
reported is the maximum attained among all the possible non-
disjoint bipartitions. The gates are parametrized as explained in
Appendix E. The asymptotic growth seems to be independent of
the entangling power. The initial p-dependent transient is larger
for smaller values of p. This is consistent with the fact that for
p = 0 the gates are SwaPs and (L,, | is a product state for all
initial states Eq. (15). The black dashed line corresponds to the
theoretical prediction of the growth, as in Eq. (105), plus an
arbitrary constant chosen for convenience.

VI. TEMPORAL ENTANGLEMENT OF THE
VERTICAL STATE

In this section, we consider the second marginal case of
Eq. (91) in which the timelike surface is vertical (v, = 0)
and the chaotic quantum circuit is arbitrary. Namely, we
look at the scaling in |y| = 21 of the temporal entanglement
of the original influence matrix for generic circuits.

We find that higher Rényi entropies grow logarithmically
in time:

a>1. (124)

S (y) ~Tog(1),

We begin by showing the sublinear growth via a direct
application of the Eckart-Young strategy employed in
Appendix B 1. Specifically, we use the upper bound,

o (L, [(1%4) ® [¥4))?
(Ly|Ly) (PalWa) (W3 |¥5)

=1 log r,, (125)

by means of the overlap of the state (L,| and a factorized
state (¥4 ® (V;l-

To find a product state with large overlap we employ the
membrane theory. Specifically, we consider the state

(Pal ® (Wil = (Ly2| ® (L, 2], (126)

which is depicted in Fig. 15(b). Assuming the circuit to be
Haar random, the norm of these states are determined by
the line tension at v = 0 as follows,

()
(P
N\

\/\./
N \
N\

(J
N\

()
N\

)
7N\
s N\

(J

FIG. 15. (a) The vertical state. (b) A tensor product state on A
and A. The state is written as a tensor product of two vertical
states defined on a time lattice with half of the sites.
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where we recall [cf. Eq. (71)]

_ log(d® +1) —log2d

€(0) o d (128)
The average of the overlap is
(L |(1Wa) ® [W3)) ~ exp[-En(0) log(d)e].  (129)

The estimation in Eq. (129) relies upon evaluating the
random averaging in Fig. 16(c), where the region in which
the two states differ is only populated by the permutation 1.
Thus, the minimal free-energy configuration continues to
have a domain wall going vertically down. Combining
Egs. (127) and (129) we find

0¥ 8 )|
\/<L7|Ly> <lPA|\PA> <IPA|\PA>

—0(%),  (130)

The exponent a can be found by studying the subleading
contributions from the random walk of the domain wall. All
the domain walls in Fig. 16 are subject to the noncrossing
condition at the right boundary. If we view from bottom to
top, this is the random walk that first hit x =0 (the

(a) (b)
I (12)
I (12)
I (12)
©) (d)
I (12)
1./ __ a2 ]
’ 2 I (12)

FIG. 16. The domain-wall analysis that produces Eqs. (127)
and (129). (a) (L,|L,): the dominant configuration is one
domain wall going down vertically at equilibrium.
(0) (Y4 ® (W4)(|¥4) ® |W4)): the two parts of the product
state factorize so there are two independent vertical domain walls
with half the size of (a). (c) (L,|(|¥4) ® |¥;)): the green region
is where (L,| and (W;| ® (¥,| differ. It has only one copy of
u x u*, which, upon averaging, generates a patch of 1. The
domain wall will avoid the green region and goes down vertically.
(d) The green region after average provides the 1 boundary
conditions for the two dashed lines in (¢) (see main text for the
bottom rim of the upper triangle; also see Appendix F). The top
triangle has a pinned domain wall ending at the rightmost point,
the bottom triangle still host a free random walk.

coordinate of the right boundary) for t = 0 (the final time
when viewing from bottom to top). The probability dis-
tribution for this process is known as the Lévy-Smirnov
distribution and reads as

x
p(x) :ﬁe_xz/’. (131)

The three independent averages inside the square root in the
numerator of Eq. (130) [one in Fig. 16(a), the other two in
Fig. 16(b)] correspond to a free boundary condition at the
bottom, each of which contributes a polynomial factor ~1/2
(integrate the Lévy-Smirnov distribution in x). For the
average of the overlap, the green region in Fig. 16(c)
represents the missing part in (y,|(y;| compared with
(L,|. It can only produce 1, which becomes the boundary
condition of the lower triangle and bottom rim of the top
triangle in Fig. 16(d) (the boundary condition for the
bottom rim after random averaging is |O) tensor product
with the vectorized density matrix of the initial state in the
folded space. Once we project this state in the space
spanned by T and (12), as prescribed by the Haar average
of the gates, it becomes |OO), i.e., a T boundary). The
lower triangle contributes a 1~/ factor as we argued above.
Instead, because of the 1 boundary condition at the bottom
rim, the domain wall in the top triangle is penalized by a
factor of 1/d when it further moves to the left. Thus the
domain wall is pinned to a slope of » = 0. We end up with a
t73/2 factor in the Lévy-Smirnov distribution for the pinned
domain wall. Putting it all together, we have

—-3/24~1/2
1327V _ s

o —
VS VE PPV

These random wall arguments can be made more precise by
solving a set of recursive relations of the averaged terms in
Eq. (130); see Appendix F. The prediction (132) is
compared with exact solution of the recursive relations
in Fig. 17. The power-law decay of 7, suggests that also r,
in Eq. (125) should decay as a power law, leading
to Eq. (124).

On the other hand, a direct numerical evaluation is still
compatible with a linear growth in time of S,(y); see
Fig. 18. Interestingly, we see that for certain choices of
gates the growth of temporal entanglement entropy is
slower than the lower bound for dual-unitary circuits
(see Sec. VB). This indicates that dual-unitary circuits
do not produce an extremal temporal entanglement growth.

(132)

VII. TEMPORAL VERSUS SPATIAL
ENTANGLEMENT

Having argued that temporal entanglement grows lin-
early after a quench in generic quantum circuits, the natural
question is whether its growth is faster or slower than that
of “spatial entanglement,” i.e., regular state entanglement.
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FIG. 17. Polynomial decay of 7,. According to Eq. (F29) we
show the asymptotic expected behavior o« =/ as a dotted line. In
the calculation we considered sites of local dimension d and an
initial product state.

This question can be addressed precisely in the case of
dual-unitary circuits. Indeed, for these circuits we have that
state entanglement grows at the maximal possible speed for
generic initial states [77], i.e.,

Ssp(t) = 2tlog d. (133)
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FIG. 18. Growth of the entanglement entropy for the vertical

cut state (L, |, given random choices of the dual-unitary gate (kept
constant in space and time) with entangling power p. We
considered the contiguous bipartition AA of y yielding the
maximum entanglement. The entangling power is computed
according to Eq. (5) in Ref. [130], which has been normalized
by a factor (d + 1)/(d — 1) in order to have p € [0, 1]. The black

line represents the growth of S§>(y) in dual-unitary circuits
[Eq. (105)].
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FIG. 19. Comparison between the growth of spatial and
temporal entanglement along the vertical path for generic unitary
gates. The continuous lines report temporal entanglement of
unitary gates with different entangling power (normalized such
that p €[0, 1]) while the dashed lines report the corresponding
state entanglement. The plot suggests a faster asymptotic growth
for the spatial entanglement.

On the other hand, we can use our asymptotic result of
Sec. VB to see that

Saly) S max S(r)r = ((1217%

where in the first step we computed the maximum of
Eq. (105) and in the second we used that it is monotonic
in v,.

Comparing Eqgs. (133) and (134) we see that the temporal
entanglement is lower than the spatial entanglement for
every path y. Our numerical investigations suggest that, for
small enough v,, temporal entanglement grows slower than
spatial entanglement also in generic quantum circuits. For
instance, in Fig. 19 we report a comparison between the
entanglement of the vertical state (v, = 0) and that of the
regular time-evolving state for different times: We see that
the former has a consistently smaller growth rate for all the
gates considered. When the slope of the path is increased,
however, the growth of temporal entanglement appears to
match that of state entanglement. See, for instance, the
comparison between spatial entanglement and temporal
entanglement of the diagonal path (v, =1) reported
in Fig. 20.

2t
logd < glog d, (134)

VIII. DISCUSSION

In this work we studied spacelike propagation
approaches to quantum nonequilibrium dynamics. The
main idea is to compute the time evolution of relevant
observables by exchanging the roles of space and time. For
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FIG. 20. Comparison between the growth of spatial and
temporal entanglement along the diagonal path for generic
unitary gates. The continuous lines report temporal entanglement
of unitary gates with different entangling power (normalized such
that p €0, 1]) while the dashed lines report the corresponding
state entanglement.

large enough volumes, the “dual system” living in the time
direction—also known as space-time swapped system
[43,45]—reaches (left and right) stationary states dubbed
“influence matrices” [33]. Since in many-body systems
characterizing a stationary state is often easier and more
efficient than characterizing a time-evolving state at inter-
mediate times, spacelike propagation approaches are par-
ticularly promising and are attracting an increasing amount
of attention [26-30,34,40-45,57-62,87,131,132].

Here we studied whether these ideas can be used to
devise an efficient computational scheme to access corre-
lation functions of local operators in generic systems. Our
starting point has been the “folding algorithm” of Ref. [26],
which uses the above idea to compute autocorrelation
functions of local operators in one-dimensional quantum
systems. The algorithm represents the time-evolving
expectation value as a two-dimensional tensor network
and proceeds by embedding the local operator in a system
on the vertical time lattice which is then evolved in the
space direction. To also access two-point functions between
causally connected operators, we generalized the folding
algorithm by considering propagation in a generic space-
like direction, i.e., in any direction in the two-dimensional
space-time forming an angle a smaller than /4 with the
space direction. The idea is to consider the system on the
lattice along a timelike slice, or path, connecting the two
points and evolve it in the orthogonal spacelike direction.

We then investigated the efficiency of the generalized
folding algorithm by computing the scaling in time of
the temporal entanglement, i.e., the entanglement of
the influence matrices [28]. Performing a comprehensive
investigation in chaotic quantum circuits, we showed that for

generic spacelike evolutions (or states on timelike slice) the
entanglement of the influence matrices grows linearly in
time, preventing an efficient classical storing. However, we
also showed that the volume-law scaling of temporal
entanglement is much more subtle than one might expect
due to the nontrivial structure of the temporal entanglement
spectrum. Indeed, we found physically relevant cases where
it separates into a few large Schmidt values (decaying at most
polynomially in time) and many small ones (decaying
exponentially). This means that the growth of temporal
entanglement cannot be characterized via a replica trick.

More specifically, we identified two cases where all
temporal Rényi entropies with index larger than one grow
sublinearly in time: (i) standard space evolution (the one of
the original folding algorithm of Ref. [26], where the
timelike surface is vertical) in generic quantum circuits and
(ii) any spacelike evolution in dual-unitary circuits. This
phenomenon is very similar in nature to the sub-ballistic
scaling of spatial Rényi entropies observed in circuits with
diffusive conservation laws [113,114]. As in the latter case,
the time-evolving state has large overlap with a product
state over a spatial bipartition of the system; in our case, the
influence matrices have large overlap with a product state
(which we identified) over a temporal bipartition of the
system. This means that the reduced density matrix has a
small number of slowly decaying eigenvalues controlling
the scaling of higher Rényi entropies.

On the other hand, we showed that the von Neumann
temporal entanglement entropy grows linearly in time in
both the cases (i) and (ii), but it has a strictly smaller rate
of growth compared to regular state entanglement.
Specifically, while for generic circuits we argued for a
linear growth based on the absence of physical constraints
and we characterized it numerically, for dual-unitary
circuits we were able to provide a closed form expression
for the slope of growth. This expression is always nonzero
and smaller than the slope of growth of state entanglement.
We stress that a strictly positive growth rate of temporal
entanglement in dual-unitary circuits is particularly sur-
prising because—due to their maximally fast dephasing
[58,83]—these systems are expected to be the chaotic
system generating the lowest temporal entanglement [33].
We also emphasize that, to the best of our knowledge, this
is the first analytical account of the noncommutativity of
replica and large-time limit generating different scalings of
Rényi entropies.

Combined with the results of Ref. [62], our findings
suggest that the behavior of temporal entanglement after a
quantum quench is a dynamical chaos indicator; i.e., it
discriminates between integrable and chaotic dynamics.
Indeed, while Ref. [62] provided evidence for a generic
sublinear scaling of temporal entanglement in integrable
models, here we showed that it grows linearly in chaotic
systems (modulo some generiticity assumption on the
initial state). This scenario is in agreement with the
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characterization put forward in Ref. [133], which proposed
volume-law spatiotemporal entanglement as the defining
feature of quantum chaotic systems. From this point of
view, temporal entanglement seems to behave similarly to
the operator space entanglement of local operators
[16,134—136]—another conjectured dynamical chaos indi-
cator [71,72,137,138].

Our work opens several directions for future research.
An obvious one is to understand whether it is possible to
exploit our findings on the structure of the temporal
entanglement spectrum to devise efficient computational
schemes. In particular, the fact that influence matrices have
a large product-state component might be used to extract
information on the large-time dynamics of certain special
observables.

Another compelling question is to confirm our numerical
observation that the von Neumann entropy of the standard
influence matrix grows linearly in time for generic circuits,
but its growth is slower than that of regular state entangle-
ment. Because of the noncommutativity of large-time and
replica limits this cannot be achieved by a direct application
of the entanglement membrane approach. Indeed, in this
case the membrane approach can only describe higher
Rényi entropies and not von Neumann: one cannot perform
the analytic continuation. One possible strategy is to use the
approach developed here for dual-unitary circuits: decom-
pose the reduced density matrix as a convex combination
and use data processing inequality and convexity of the von
Neumann entropy to bound it.

Finally, a further avenue for future research is to assess
the performance of our generalized folding algorithm in
nonergodic systems, like nearly integrable ones, where the
temporal entanglement grows slowly. This could provide a
very efficient way to extract numerically linear transport
coefficients and, more generally, characterize nonlinear
transport in such systems. For instance, it could be applied
to the characterization of anomalous transport in integrable
systems with non-Abelian charges [139].
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APPENDIX A: MINIMIZATION OF THE
FREE-ENERGY TERM FOR HAAR
RANDOM CIRCUIT

Here we explicitly carry out the minimization of
F, y(t. 1) with respect to 7, using the random circuit line
tension in Eq. (71). We recall that, setting v; = —v, in
Eq. (77), we have

Fyy(t. 1)
r 7
= dsegt[En(ni(r0)) [1 = o= 3] + &) Z]. (A1)
where
o, r
UI(FO)_2—r—2rO6{2—7”—27”0”””}']’ (42)

and we use rq = 1/t €0, r]. The expression of the free
energy in this case is

Fyy(t,rg) = Fa(t) = 254t [{Ex (v (o)) — Eu(0) (1 = 1)

+E&u(vi(r)) (1 =r—rg)l.  (A3)

We now solve this final minimization using the explicit
random circuit line tension £y. We set the r( derivative of
the above expression to zero,

Eu(0) = 2&y4(vy) +20,E(v) =0, (A4)

and find that the equation is solved for v; = v,;, where

d—1

VLT (43)

Vg =
The derivative 0, F y(t, ry) is negative for v, € [0, v,) and
positive for v; € (vy, 1]. So vy = v, is the minimal for
vy € [0, 1]. However, since v, € [(r/2 — r)v,, v,], depend-
ing on the choice of r, the free energy falls into three cases:

min Fy(t, ry) — F,(1)

ro €0,r]
rl€n(v,) = En(0)]
2 25414 7[En(va) 7~ En(0) ]

2uy

(2- r)gﬂ(ﬁ Uy) - &Eu(0)

U}, (S [0, ”d)

v, € [vg. vy
v, € (Efvg, 1].

(A6)

To obtain 5'1(42) (7), we further compare this minimum with
the free energy of decoupled configurations in Fig. 7, i.e.,
25¢qt(1 = 1r)E(0) from Eq. (76).
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We first note that

2= nEu(50) = Eu0) > (1 =), (A7)

due to £(v) > £(0). So for the case of v, € ((2 = r/r)vy, 1]
the Y-shaped configuration can never dominate. Physically,
the minimal for the Y shape here corresponds to taking
ro = 0, which represents two tilted sets of domain walls
meeting at the very bottom. Its free energy can always be
lowered if all the domain walls go down vertically.

Then we compare the expression for vye[vd, (2-
r)vg/7) and 2s.t(1 — r)E(0). Setting

v Vg+ v
F|En(va) - = Eq(0) =5 —| < (1= 1)Ex(0), (A8)
Vg 2Ud
gives v, < (2 —r)v};/r, where
1 logd +1
= oo 2d A9
Va 2 arctanh(v,) (A9)

We have v/, <wv, and lim,_ (v, —v,) =0. For v, <
(2 —r)v!,/r to hold, we require r < 2v/,/(vy + v})).

Finally, the case of v,€0,v,). For the Y-shaped
configuration to dominate, we should have

rléu(v,) = Eu(0)] < (1 = r)€u(0).

This requires r < Ey(0)/Ex(v,).
In summary, we conclude that Haar random circuits have

(A10)

e 2
S3(r) = seqv'ilut. (A1)
where
2
”(TE),H
2r(En(v,)—Ex(0)] r<ud ))v <vy
2(1-r)&x(0) r>£H(( ))v <wy
- . " (A12)
2r [SH(Ud)__gH( ) ZUdy:| rsu +)) >
2(1-r)&x(0) r> i v, 20,

APPENDIX B: RENYI ENTROPIES
IN DUAL-UNITARY CIRCUITS

In this appendix we present the detailed calculations
leading to the bounds on temporal higher Rényi entropies
discussed in Sec. VA.

1. Upper bound on temporal Rényi entropies
for generic quantum circuits

In this subsection we bound Sﬁf) (y) in terms of the norm
of the state (L,|. We begin by writing the Schmidt
decomposition of the state (L,| between the region A
and the rest A. Namely,

<L | min(d‘A‘.d‘A‘)
L ] AAL ®
VILIL,) Z !

where {|A,),} and {|B,);} are orthogonal states, while the
Schmidt values {A,} fulfill

Br A» (Bl)

min(d4l,d4)

<A, > oA=L
r=1

0<A, <+ (B2)

The integer

n=min{r|A, =0} (B3)
is referred to as the Schmidt rank of the state.

Next, we invoke the Eckart-Young theorem [115] to
bound from below the largest Schmidt value. To this end we
first recall the statement of the theorem

Theorem 1 (Eckart-Young).—The scalar product of an
unnormalized state |®,) of Schmidt rank n over the
bipartition BB and a normalized state |®;) with rank
k < n fulfills the following lower bound,

(P | D] < (B4)

where {A,} are the Schmidt values of |®,). The state
saturating the bound is unique up to a global phase and
reads as

@) = (BS)

\/72/\ Jla)s ®|b,)p
Jj=1

where {|a,)p} and {|b,)5} are sets of orthogonal states.
This formulation of the Eckart-Young theorem can be
directly proven using the von Neumann trace inequal-
ity [140].
Using Theorem 1 we have that the largest Schmidt value
Ay of any state |®,,) fulfills
A1 > |<(I)n’q)1>’ (B6)
for any normalized product state |®;). Specializing the
theorem to our case, we consider a bipartition of the 27 sites
in 7, on the top and r; = 2¢ — 74 on the bottom halves.
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In particular, we fix

r, (B7)

R

and consider the following product state in this bipartition,

(L] = (O]F% @ (L,,|, (B8)
where y; is the second part of the path y, which comprises
7; steps. Using only the unitarity of the gates, it is
immediate to see that the scalar product of the state with
74 |O) states leads to a cancellation of the first 7, diagonal

rows. Namely,

(L] (J0)7) = -

(B9)
= = <L’YA‘
So that we find
L,|L L,|L,
NP 1 Y (P .
wie iy VLl
This gives
s (LyilLy)
mjleg J(y) = —log A2 < logﬁ. (B11)
Next, we use the known inequality [141],
SO(p) < —=5=)p). a>1. (B2
a —

fulfilled by the function in Eq. (62), to obtain Eq. (98).

2. Norm of (L,|L,) for dual-unitary circuits

Here we compute (L,|L,) in the special case of dual-
unitary circuits. Using the dual-unitarity relations for
double gates,

OO

(B13)

one can easily show that

<L’Y|L’Y> =

(B14)

where we introduced the diagonal path [cf. Eq. (56)],

e ={+. 4+, +} (B15)

with length 7 = (1 + v,)¢ and denoted by N, the norm
of (L, |.

We now observe that the latter quantity is directly related
to spatial entanglement. Indeed, computing the purity of the
regular density matrix p4(¢) [cf. Eq. (24)] and choosing
A = [t —x, 0|, we find

1
—

Combining this equation with Egs. (B14), (B11), and (B12)
we recover the bound in Eq. (94).

P(1) No,. (B16)

APPENDIX C: LINEAR GROWTH OF
TEMPORAL ENTANGLEMENT ENTROPY
IN DUAL-UNITARY CIRCUITS

In this appendix we present the detailed calculations
leading to the bound on temporal entanglement entropy
discussed in Sec. V B.

1. Reduction

Consider a generic bipartition of a state L,, y = y4 o 74:

<L"r| =

BN
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Now we observe that, since the entanglement is invariant

under local unitary transformations, the entanglement

between A and and A is not changed by the transformation,
il il

(Ll = (L, |(Uy ® Uy), (€2)

for any unitary matrices U, and Uj acting, respectively,

only in A and A. We consider the transformations U, and

U; removing the largest number of gates; in the example
shown in Eq. (C1), this corresponds to

7

[UA]i,j = ZQX J.2

3 J3

i1

iy Ja

where i,/j, correspond to the ath digit of i/j in base d>.
The corresponding (L,| state has the following form,

where we highlighted the new paths y), and y’; forming the
edge of (L,|. This new state has now effectively 7, =
|A|(1 + vy)/2 sites in the bipartition |A|, since the remain-
ing product bullet states are disentangled with the rest.

2. Evaluation of p,

Let us evaluate (L,|P|L,) in order to compute
Eq. (114). We are considering states (L,/| as the one shown

in Eq. (C4), corresponding to a path (we ignore the bullet
states disentangled from the rest),

},/:{+a+7"',+}O{_7_7"'7_}O{+a+1"',+}7

A|(1+25)/2

(C5)

Ta |A|(1=v3)/2

of total length 7, + |A|.

Graphically, it is easy to see that, using the unitarity of
the gates, any scalar product of the type (L,|(|O)®~), where
the x bullet states are applied from the top, deletes the first x
main diagonal of the state (L,|:

>

(Lol (100%7) = = (Co)

(C7)

= <Lv\z

)

where with y\x we indicate the path y, where the first x
jumps have been deleted. Using the definition of the
projectors P, in Eq. (108), we then find

<Ly’|Pk|Ly'>
= (Lyrg,—klLyg,—t) = (L eyt LA\ —ir1)) s (C8)
for k > 0, and

<LJ/’|PO|Ly'> = <Ly’\rA|Ly’\TA>' (C9)

Finally, using Eq. (B14) and the shape of ¥’ in Eq. (C5),
we find

(Ly|PULy) = N i (1405)20k = N (14024415

(Ly|PolLy) = N zj(150y)2- (C10)
Using again Eq. (B14), we also have
<Ly’|Ly'> = N(lJrv,)tv (Cl 1)
where we used the fact that
1 -1 =1
PR (Rl S D VR ToT 0

2 2

Finally, using Assumption 1, we find the asymptotic scaling,

(Ly|Pi|L,) ~C >0, (C13)
1 =
L|Po|L,) ~ ClA|—-"2 5 . Cl4
Y 4 2
<L},/|L},/> ~ C(l + ’U)t, (CIS)
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which, putting back in the definition of p; in Eq. (114),
gives

1
(14, )t k#0
Pr = Jal(t+s,) ; (C16)
2(T+o,)t k=0

in the main text we considered a coarse grained constant
slope for the path y, which corresponds to the substitution,

in Eq. (Cl6), v,, = v,. = v,, that leads to Eq. (113).

3. Entropy of the state |L;)
via membrane approach

In this appendix we use the entanglement membrane
approach to compute the second Rényi entropy of the state
in Eq. (119) which we call (L;| and repeat the expression
here:

(C17)

The projector (black box) is 1, —|O)(O|. By using
the dual-unitary property, the action of the |O)(O] is
equivalent to replacing the left boundary state via a solvable
EPR state:

Therefore this is the part to be projected out. We decom-
pose the initial state on the bottom left of the diagram into a
component of the solvable state (EPR state) and a remain-
der term (box state):

1
\o/ = EU + \I/ (C19)
From Eq. (C18), (L;| can be simplified to
(/z/
(C20)

We then closely follow the discussion of Sec. IV B. The
evaluation follows exactly as in Eq. (69) when the state (L, |
is replaced by (L|; namely,

SA(ILy)) = F1(x) = Fy(x), (C21)

with
Fi(x) = —log(tralora (ILe) (L)), (C22)

and
Fy(x) = —2logtr(|Ly) (L)) (C23)

Here A is the subsystem formed by the top 7, sites (of
which the top 74 — k sites are decoupled product states
though, so it is as if A contained only k sites for what
concerns entanglement calculations).

The calculation follows the same lines as the one
outlined in Sec. IVB with one main difference: since
the square state

‘w/

in the bottom left corner of |L;) is orthogonal to the loop
state |O), its fourfold copy is orthogonal to the identity
permutation in S,. This means that the optimal domain-wall
configurations are not those reported in Fig. 7 but, instead,
look like those reported in Fig. 22. This gives

(C24)

F(x) = F(x) +2 min(k, |A|) logd,

(C25)

where we used that for dual-unitary circuits the line tension
is equal to one. Plugging in Eq. (C21) and using the
monotonicity in « of the Rényi entropies we arrive
at Eq. (123).

In Fig. 21, we checked the validity of Eq. (123), by
comparing the maximum value of S(V)(p,) as a function of
£ =k+ |A| (ie., the number of sites defining the corre-
sponding Hilbert space) for v, = 1. From the membrane
theory [cf. Eq. (123)] we expect an asymptotic growth of
the peak to be equal to

A]) log(d?) =

A
£t A og(ar)

sup min(k,
k

s
k-+|A|=const

= ¢log(d). (C26)
This prediction agrees with the data for the higher values of
the entanglement power p. For lower values of the
entangling power we expect the asymptotic form to arise
at larger system sizes. The growth rate of the sup in
Eq. (C26) is actually a necessary and sufficient condition
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FIG. 21. Entanglement entropy for the matrix p;, obtained by

maximizing the value over all possible choices of k, keeping 7 =
|A] + k fixed, for generic dual-unitary gates of different entan-
gling power, local Hilbert space dimension d =2, and v, = 1.

(2) (b)
(14)(23) (14)(23)
I I
(12)(34) (12)(34)
(oom)? (odm)?

FIG. 22. Domain-wall configuration giving the leading con-
tribution to Eq. (C22). (a) When k < |A], the two domain walls
(14)(23) split into four domain walls (12)(34) x (13)(24). Two
of them go to the left to contract with the orthogonal states. The
other two (12)(34) go to the right and cancel with the two domain
walls at the interactions of A and A. (b) The domain walls at the
tip do not split. They go to the left to contract with the orthogonal
states.

for the validity of Eq. (123). This is because, using the
positivity of mutual information one has:
¢ ¢

1S(p”) = S(pi))| < Tog(e?), (c27)
where we stressed for clarity that here we consider a density
matrix with £ sites and a bipartition (on which entangle-
ment is defined) with k, £ — k sites. Combining Eq. (C27)
with Eq. (C26), one must have

S(p%) = min(k, ¢ — k) log(d?) + o(k) + o(¢), (C28)

which is indeed Eq. (123).
APPENDIX D: ASYMPTOTIC BEHAVIOR OF P(t)
UNDER RANDOM DUAL-UNITARY GATES

In this appendix we characterize the asymptotic behavior
of the purity in dual-unitary circuits with random local

gates. In particular, following Ref. [77] we consider local
gates of the form

u (t,x) @u_(z,x)-U-v, (r,x) @ v_(r,x), (DI)
where U is a fixed two-site dual-unitary gate and u., v, are
random single-site matrices € U(d) distributed independ-

ently in the space-time. In this setting, Ref. [77] proved
that if

d> -1 1
[cf. Eq. (12)], then
d*E,[P(x/2)] < A+ Bx, A,B>0, (D3)

where E,[-] is the average over u drawn from the full
U®4L!(d) group (Haar average).

Here we want to show that for nonsolvable states
d*E,[P(x/2)] is bounded by a linearly growing function
also from below. Namely,

d*E,[P(x/2)] = Cx. (D4)
Defining the convenient auxiliary quantity,
M, = d"P(x/2) —d*'"P(x/2 - 1/2), (D5)
our goal is to show
limE,[M,] = E,[M] > 0. (D6)

X—00

This proves Assumption 1 in the random dual-unitary
setting.

First, we note that E, [M,] can be related to the function
Q,—introduced in Eq. (85) of Ref. [77]—as follows:

c—1
E.[M,| =d"———=09,. D7
M) =& (D7)
Here the parameter c is defined in terms of the initial state
matrix m [cf. Eq. (15)]:

! 2
c= Ztr[(mm‘) le(l,d].

(D8)
In particular, the value ¢ = 1 corresponds to a unitary initial
state matrix m, i.e., a solvable initial state. In this case,
noting that Q, is finite for ¢ = 1, Eq. (D7) gives M, = 0.
This is the expected result for solvable states: the norm of
(L,| is equal to one and its increment M, is zero. From
now on we consider ¢ > 1 and argue that in this case
E,[M,] is always strictly larger than zero.
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We begin by noting that a direct application of Eq. (86)
of Ref. [77] gives

Eu[M,] = E, M, + > S (D9)
i=xp+1
Here we introduced
c—1
S, =d* R,, (D10)
d> -1

where R, is the function defined in Eq. (87) of Ref. [77].
Next, using Eq. (103) of Ref. [77] we conclude
|S,| < Aa®, (D11)

where p is the entangling power of U [cf. Eq. (12)] and we
introduced

P (gl D12
d
:d:[id/l, (D13)
(c—12d+1 [d*-1
A= . D14
dtcld-1\ &2 (D14)

For high enough values of the entangling power,

d* -1 1
P>“@:—E—O‘Uﬁi3

it is immediate to verify that @ < 1 for any value of ¢ in the
range [1, d], which allows us to find an upper bound for
E,[M,]. Namely,

). @

IEu [Mx] < [Eu [Mxo] + letl

ax0+l

< E M| + (D16)

1—a

This bound was first presented in Ref. [77]. Our goal here is
to bound E, [M,] also from below, showing that it is always
strictly larger than 0. To this end we combine Egs. (D9),
(D11), and the triangle inequality to write

[Eu[Mx] > [Eu [Mxo} - Z|81|

xo+1 _ x+1

a

Z [Eu [MX()} _A -

D17
l—a ( )
For p fulfilling the bound (D15) one has a < 1. This
implies that, if we find an x; such that

ax0+1
[Eu[/\/le] >A1 — (D18)
then
limE,[M,] = E,[M] > 0. (D19)

X—>00

In order to get some intuition it is useful to consider two
limiting cases. First, we fix the values of x, p, d, and restrict
ourselves to a neighborhood of the solvable case, which
corresponds to ¢ = 1. We choose the neighborhood to be
small compared to the other parameters, so that we can treat
everything perturbatively around the lowest nontrivial order
of the solvable case:

1
cell,1+¢], €< —, l—a. (D20)
X
In this situation, it is easy to see that
E,M,]=0(c-1). A=0[c-1)?. (D21)

which immediately imply the validity of condition (D18) if
¢ # 1. This shows that some properties of the solvable case
are not stable under perturbations.

The other useful limit is d > 1, which makes the
expressions (D14) and (D13) much easier to handle. We
consider E, [M,] at leading order in d, expanded at the first
relevant order for 1 — p. We consider gates with entangling
power close to the one of the Hadamard gate, or larger,
meaning that

1-pSo(d™). (D22)

The asymptotic expression at the lowest relevant order is

Eu[My] = (c=D[1 +c(1=p)] > (¢ = 1)

= 0(d). (D23)
Expanding Eqs. (D14) and (D13), we find
_ (1) & B
A= (d+c)*[(1 = p)2d®> + 12 % o(d’), (D24)
— )22
o= UZPPER L o, (pos)

d d

Putting together everything in condition (D18), we see
the left-hand side is O(d’) and the right-hand side is
0(d2), so the condition is respected. Finally, to address
the general case, we compute E,[M, ] numerically for a
high value of x;, showing that the bound (D18) holds for a
nontrivial interval of entangling powers.
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T T T T

FIG. 23. E,[M,,] and A(a*""/1 —a) versus ¢ for xy = 20,
p =7, and d = 2. Note the linear and quadratic growth around
¢ = 1 according to Eq. (D21).

In particular, we consider the case d = 2. In this case, the
values of the entangling power p fulfilling the bound (D15)
are given by

2
3> P> DP(2) =~ 0.4438, (D26)
where we used that for d = 2 the maximal attainable value
of pis2/3 [77].

Computing E,[M,] for x = 20, we verify the inequality
(D18) holds for any c if we pick p in the interval

[SSIIN\S)

> p > 7 7 0.47660548. (D27)

Note that, to verify the equality for p close to p(d) one
would need to consider arbitrarily large values of x. Indeed
the denominator (1 —a)~! diverges at p = p(d). As an
example, we show in Fig. 23 the value of Aa®"!/(1 — a)
versus [E,[M, ], for x, = 20 as a function of c.

APPENDIX E: PARAMETRIZATION
OF DUAL-UNITARY GATES FOR
NUMERICAL EXPERIMENTS

To produce the data presented in plots involving dual
unitary gates (i.e., Figs. 8—14), we parametrized the gates as
in Eq. (D1), with fixed one-site unitaries u., v.:

0.204 — 0.971i
L=

~0.108 — 0.068i

. (E1)
0.125 + 0.0254i

=

—0.524 + 0.842i

—0.279 — 0.921i

0.238 + 0.132i
. (E2)
-0.272 + 0.017i

—0.649 + 0.710i

—0.025 - 0.367i

—-0.921 - 0.127i
U+ - . . ’ (E3)
0.908 — 0.202

0.005 + 0.368i

B (0.380 - 0.321i

0.436 + 0.750i
. (E4)
0.807 +0.318i

0.260 — 0.424i

and two-site dual-unitary given by

e~ Y(p) 0 0 0
0 0 —iet(p) 0
U(p) = . (E5
(p) 0?0 . (ES)
0 0 0 e (P)

where

J(p) = arcsin < - 3;’) , (E6)

and p €0, 1]. Using the definition of entangling power in
Eq. (12) one can immediately verify that

plU(P)] = p. (E7)

APPENDIX F: RECURRENCE RELATION
FOR (L, |L,)

In this appendix we consider the Haar averages in
Eq. (130). A doubly folded averaged unitary is projected
on two-dimensional local vector space, spanned by the
normalized vectors

|1

on =11, (12))

e

where [(12)),|1) refer to the permutation vectors repre-
sented in Fig. 6(a).

Moreover, a Haar averaged unitary gate fulfills the
following relations:

% ) ¢
dm(? T+7 1) )

) G2 &G

Here, we choose a specific normalization for the initial state
such that
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0 g

We can define the quantity

artv,  (F4)

with y < x + 1. It is immediate to see that

<L Ly,+1> = At,t+l' (FS)

Y+l |

Using Egs. (F2) and (F3), one finds the following recur-
rence relations:

df—j-l (Ax—l,y—l + Ax,y—l) y=x +1
Ay =S (AL, +A,)  0<y<x (F6)
(dQszl)x y= 0.

The treatment for the average (L,|[L,) ® |L,;) is
similar: the average corresponds to the diagram

s

_dtdt 1

e

The top diagram can be expressed again with recursive
relation, defining the quantity B, ,:

d2t—1

which fulfills

2

df—-&-l (Bx—ly—l + Bx.y—l) y=x
Bx,y = df—jrl (Bx—l,y + Bx.y—l) y<x (Fg)
1 y=0.

Equation (130) can then be expressed in terms of these
quantities as (assuming a generic bipartition of the temporal
state at time ¢ in t = t; + t,)

7 — Btl.zl \V Azz.zzﬂ
[EE——
\ -At,t+1v4t, i+l

Interestingly, we can map the recurrence relation (F6) in
a different problem. First, we slightly change normalization

by defining
- 42\t
Ay =Asy (dz——l—l> ;

then the quantity Ax,y can be thought of as the number of
paths connecting the two black dots in the following grid,
without crossing the dashed line y =x 42 and in the
minimum number of steps:

(F10)

(F11)

(z,y)

; Y (F12)

(0,0) ~
x

Each path gains a weight 1 + 1/d? every time it touches the
top boundary and a factor 2 for every crossed red link of the
bottom boundary. To compute the asymptotic scaling of
this quantity we can ignore the 1+ 1/d?> weight, which
does not change the scaling for d large enough, since the
number of paths touching the top boundary exactly p times
is exponentially suppressed in p with respect to the total
number of paths, which balances the

d*+1\7

d2
weight (this holds for d > 1). This statement can be made
more precise using Theorem 2 of Ref. [142]. It is possible

to show then that the number of paths touching the
boundary p times is the following (the convention is to

(F13)
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set a binomial coefficient to O if the top argument is lower
than the bottom one, or the latter is < 0):

Xty=—p\ _(xty-p
X x+2 )
so that, considering the appropriate weight for these paths,
and setting x =y — 1 =t (we ignore the weights for the

red links on the bottom for the sake of this argument), the
total is

) d) e

p=0

(F14)

Studying the asymptotic scaling of this sum (using the
Stirling formula and approximating the sum with an
integral, expanded around the maximum), we can see
the scaling at leading order in ¢ is unaffected as long as
d > 1. We can call a,, the number of paths connecting (x, y)
to (n,0), then we can write

X

Ay~ (@, = a,4)2", (F16)
n=0
with
(L - (05" 0<n<xn<y-3
a, = (’”f;“”) 0<nn>y-2 (F17)
0 n<0,n>x.
In particular, we can rewrite Eq. (F10) as
Z(an - an+l)2” =ap+ Z anzn—l ’ (Flg)

n=0 n=1

and find an asymptotic expression for a, using Stirling’s
formula [we take (x,y) = (t,t+ 1)]:

1 /n
2n—1N_ -,
w37 (%)

7t _ \2-2)1
f(Z)=\/2E8_3U_Z)t E+2z—z2+0<§)]. (F19)

Finally, we can estimate the sum in Eq. (F18) with an
integral, computed with the saddle point approximation:

t n—1 _ e
;anZ = 0<t£ f(z)dz).

We expand log[f(z)] around its minimum z, at the leading
orders in :

(F20)

dlog(f) — L
dz =2 ¢ <\/Z> ’
dzz)zgz(f) =29 - _t+0(t),
logl(z0)] = log(4) ~log(1) +3 {“’g G) i l] o

Using the saddle point approximation, for large ¢ we find

o 4 2 o
dz~v———— /2y, F22
|7 s S [T e )

which gives

2d2 2t
oo ()

We can compute B, , with a similar approach: in this case
we need to consider the paths connecting a point (x,y) to
the origin without crossing the line x = y 4 1. As before,
we approximate this quantity by ignoring the weights
obtained touching the top boundary 14 1/d>. We can
then write

&2 x+y X d2+] n
=0 (-— F24
B 0<(d2+1> 2?( & )) =2y

where b,, is the number of paths connecting (x, y) to (n, 1):

(F23)

(x+;':7—l)_(x+i:rrlz—l) OSnSx,n Sy—2

O<n<xn>y-1 (F25)

0 n<0,n>x.

As before, we estimate the sum (F24) with an integral, in
the case (x,y) = (¢, 1):

B, = O(tAoo g(z)dz>,

(F26)

d2 2t 1 2 (2—2)1
49~ (757) =g+ 0

The difference with the previous case is that ¢/ (z) # 0 in the
domain we are interested in, as long as d > 1. The
maximum value attained is g(z = 0); thus we can estimate
the integral expanding log(g) around z = 0 at first order,
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2
© g°(0) .
z)dz ~ = 04172, F27
|7 @z~ = owrs. )
finding the scaling
2d2 2r_
BL,::C)<<d2*_1) t W2>. (F28)

Plugging Eqgs. (F23)-(F28) into Eq. (F10), we find

7= 0(t™%). (F29)
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