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Abstract- In this work, we inform a new class of meromorphic univalent function.
We derive basic properties such ascoefficient estimates, convex set, extreme
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1. Introduction

Analytical functions could be studied using certain
or complex analysis nominated or Geometric
functions. Geometric function is characterized by
compromising between geometry and analysis.
During recent decades, algebraic geometrical
methods and theatrical function on compact
Rieamann surface have been used in finite- gap,
solution concerning non-linear integral system and
constructing, [8]. The method is also connected
through growing specialized area of mathematics
to mathematical physics. Early string theory
models is utilized for computation Veneziano
amplitudes [12]. The new progress in approach of
constructing to problems of linear and non-linear
value and initial value lead to a role for geometric
function by using spectral analysis [10] Geometric
function could be considered as a classical subject.

Assume M institute the class of all functions of
the form:

h(n):l+2kxn“'
n s=1

Who is analytic and meromorphic univalent in
punctured unit disk

E¥={ne C:0< |n| <1} =£\{0}
Consider subclass 7' of functions of the form:
N={1,2,...})
A function % € T is meromorphic univalent
starlike function of order 5(0<65<1) if
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—Re{n:(':;)} > 38,5005 <1yn e l¥)

A function h € T is meromorphic univalent
convex function of order 5(0<s6<1) if

—Re{1+nZ("(’;)}>5,5(0S6<l;n ) (4

n

The convolution of two functions, / is shown in (2)
and

c(n):%+iwxns,(ws >0,s eN=1{12,...}) ...(5)

s=1

Is defined by

(h*c)(n)= l+ikstns .
n s=1

Definition (1):I.et # € T be shown in (2). The
class MK(n,0,¢,9) is defined by

)+ () -2

MK(n,0,6,8)=1h T <4r;

s=n)-v —vnh'(n)
n

(0<v<1,0<¢<1,0<9<L0<p<l)

Different authors executed other class, like, Aouf
[2, 3], Aouf and Shammarky [4], Atshan [5],
Atshan and Joudah [6], Atshan and Kulkarni [7]
and Cho, Owa, Lee and O. Altintas [8].
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2- Coefficient inequality
The first theorem, we get coefficient estimates for
h to be in MK(n,0,¢,9).

Theorem (1): Let 42 € T. Then MK(7,v,¢,9) if
and only if

is [c(s =m)+08]k, <c(l+H(1-n),

0O<v<1,0<6<1,0<9<1,0<7<]0)
For the following function the result is acute

1 ¢d+9Hd-n)
h(n)=—+-—2>"20 "1 >1
() n s[g(s—n)+w9]n (s =1)
Proof: Presume that the inequality (7) satisfy and
postulate |n| = 1. Then from (6), we get

[cn*h ")+ 5 (1=n)n*h (n) 26| = 3|g(1=n) —v—0n’h ()|

Dosels =k’ =gl —77)‘ - S‘g(l—n) - svkn*"
s=1 s=1

< is [c(s —m)+v8lk, —c(1+H(1-1)<0

s=1
by presumption.
Thus, using the principle of maximum modulus,
we obtain &2 € MK(7,0,¢,9)
Conversely, assume that 4 which is defined by
(2) content in the class MK(n,v,5,9).

Hence

en*h"(n)+ g(1- )k '(n)—zni

<4

§(1_77)_U —onh v(n)
n

0

D scls —mk,n —g(1-7)
s=1

<9

‘ g(l—n)—Zsukxn“]
s=1
Since Re(n) < |n| for all n, we have

D scls —mk,n**' —g(1-n)
Red 22!

s(l—-m) = svk n*"
s=1

Upon clearing divisor in (8) and letting n ——> 17,
for real values, so we can rewrite (8) as follows

S slets —m)+ oIk, < c(+md-n)

s=1
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Finally sharpness follows if we take

_1, cd+9Hd-nm .
h(n)_n+s[g(s—77)+z)19]n , (s=1).

Corollary (1):Let 7 € MK(7,0,¢,9) . Then
< s+ -1)
' s[gs —m)+0I]

where (0<v<1,0<¢<1,0<8<1,0<y<]).

3- Convex set
Next Orem, we get the convex set of the class
MK(n,0,¢,9).
Theorem (2):Let the functions
h(n)=l+2kxns, (k, >0)
n s=1

1 o0
c(n)y=—+Ywn*, w, >0)
n s=1

be in the class MK(#,0,5,9). Then for 0 <t <1
the function

d(n):(l—t)h(n)+tc(n):l+2usns ........ 9)
n s=1
where u, =(1-t)k, +tw 20
is also in the class MK(n,v,¢,9).
Proof: presume that the functions % and d

content in the class MK(#,0,¢,9).

Therefore, making use of Theorem (1). We see
that

S sle(s )+ 08,

s=l1

= (=03 sle(s ~m)+ 03Ik, +1sls(s ~m)+ v,
<(A-D)s+HA-m) +tsA+mA—-n) =gd+m)1-1n)

which complete the proof of Theorem (2).

4- Extreme points
In this section we present and prove new
Theorem.

Theorem(3):
PR B (R0 () W

n o s[g(s —m+vd]
For s = 1,2,3,... . Then h € MK(#,v,5,9) if and
only if it can be expressed in the form

h(n):idshs(n) where d; >0 and ids =1.
s=0

s=0

Let hy = 1 and
n
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Proof: suppose that h(n)=) d h (n) where d,>
5=0

0 and ids =1. Then

s=0

) - LI P B G U
h(n)—dﬂho(n)-kgdxhs(n)—don+ZdS[n+S[g(s—q)+U|9]n j

I - o+9HA-n) 1 3,
M= L mod”
_sd+9)A-m)d,

sle(s —m+vd]
By Theorem (1), we have & € MK(n,0,¢,9) if
and only if

s=1

Where u

K

& s[els —m)+0d]
2 sy 5!

or
1 o0
h(n)= —+Zusn‘v
n s=1
Hence

is[g(s —77)+Uu9]ds s+ -n) =ids 1—d, <1
o sU+HA-n) " slgts—m+od] T

the proof is complete.

Conversely, assume /4 € MK(n,0,¢,9). Then we

show that 4 can be written in the form:
h(n)y=Yd h (n)
s=1

New & € MK(#,v,¢,9), implies form Theorem (1)
< s(I+HA-7n)
©os[e(s =) +od]
Setting
d - s[e(s —m) +vd] .
s1+PH(A-n)

and

dy=1-3d,

then .

h(n)= +§:uxn‘v =l+ y sU+ A=) n'd,
P n Tslels —m)+vd]

0

:l(l—st)+idshs :ldo +idshs :idshs (n).
n s=1 s=1 n s=1 s=0

5- Radius of starlikeness and convexity
In the dependent theorems, we illustrate the radius
Starlikeness and Convexity.

Theorem (4): If & € MK(n,0,¢,9), Then & is
univalent meromorphic Starlike of order & (0<9

<1)inthe disk |n| <r,
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1
;= inf {sa—&)[g(s —m+ u9]}v+l
gis +)A+H(1-n)
The outcome is severe for the function /2 shown in

).
Proof: It is appropriate to show that

nh (n)+1£l—5 for |nl < 1

h(n)
...... (10)
But MRy s

h(n)

s +Dk, |nf " <1-5+> 1=k, ||
s=l1 s=1

Z(S +0)k, |n o

- <1

1-6

1

|n| < {S(l -0)g(s—n)+ 0.9]}m
s +0)(1+R(1-n)

Theorem (5): If /7 € MK(n,v,¢,9), then A is

univalent —meromorphic convex of order
8(0 <8< 1) inthe disk |n| <r,, where
1

 —inf { (L-O)s(s —m) +vI] }
sl —o0+2)1+H(1-n)

The score is intense for the function 4 shown in

).
Proof: It is suitable to display that
M+2 <1-6 for Inl<nn, ... (11)
h(n)
Zs(s +Dk n’*!
KIS )
I—Z:skxn“'+l
s=1
Sis(s =5 +2)k, |n[™
s=1 Sl
1-6
Theorem (6):Let 7, ¢ MK(n,0,5,9). Then
h*c e MK(n3,0,¢,¢ for
h(n):l—i-stnS , c(n):l—i-ZWSnS
n s=1 n s=1
and
(h *c)(n)=l+2kswxns
n s=1
Where
~1+.9)* (s —H(A=9) —s[g(s —1) +v I’
slg(s =) +0I9) —go(1+9)>*(1-9)
Proof: 4, ¢c € MK(7,0,¢,.9) and so
yiles—mrodl, L (12)

T s+ HA-p) 7
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is[g(s —n)+vd] w. <1
= s(1+H-n)

Now to calculate the smallest number € as
iMK w1 (14)
s=1 g(l + E : :

By Cauchy-Schwarz inequality

zs[g(s—n)w&]\/—

o c(+9)(1-

In|< (1=8)g(s —m)+v9] |**
B c(s—0+2)1+H(1-n)
which follows the result.

6- Hadamard product

In the subsidiary Theorem, We get the hadamard
product of the functions h and ce
MK(7,0,¢,9).

Therefore it is enough to show that

s[g(s —n)+vl ‘w Zs[g(s 77)+UL9]\/—

c(l+7¢ T H 1+ 90—
that is
[c(s =) +0I](1+2£
\ jkxw . < eomiol (16)
from (15)

o < 04900
s[g(s =) +0d]
Thus it is enough to show that

c+HA-mn) e —m+ VI (1+£
slg(s —m)+08]  [¢(s —m)+0v¢

~A+9)* (s —H(1-F) —s[g(s —17) +LIT’
slg(s —n)+0IT —cv(1+8)°(1-9)

Theorem (7): Let 4, ¢ € MK(n7,0,¢,9) . Then
h(n) =l+2(kj +wn’

n s=1
belongs to MK(7,v0,¢,¢ , where

2-20 4+’ (1=n)(s —n)—sl[s(s —n) + LI’
slg(s —m)+ 031 —2vs(1+F° (1-1)

Proof: Since #, ¢ € MK(7,0,¢5,9). So Theorem (1)
i{sw —1)+09] and
' 2
w:} <1
sd+9A-n)

yields
2
skt —m o], } <1
L sd+H(A-n)
i{s[g(s 1) +v9]
From the two present inequalities we obtain
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—n+od] ]’

il{s[g“ } (k2+w2)<1

=2 c(1+H(A-n)
But 4 € MK(#,0,¢6,¢ if and only if
‘Z"’: slg(s —m)+vd]
o c(1+HA-n)
where 0 <{ <1, however, (17) implies  ..... (18)
if
sle-m+vt " s —n)+u9]T

c(l+¢ 21 c+H1-n)
simplifying, we get

27204 9) (1=n)(s —n) =s[s(s =) +vIT’
slg(s =) +vI]* =205(1+9)* (1-17)

(k2 +w?)<1.(18)

7- Integral Operators with some properties
Next, we consider some properties have been
found on the another class in [13].

Theorem (8): If & € MK(#,v,5,9), then
H(n)= %J-ofh(o)do, >-1
n 0

Content in the class MK(7,v,¢,3+1), the score is

Sharp for the Function % shown in
L si+dd-nm

= (k21 e, 19
Flmy= s S (k2 (19)
Proof: By deﬁnition of M(n), we get
M (n) =~ [o"h(o)do SE

o n Srt+s+1
In view of Theorem(1), it's enough to display that
zs[g(s —n)+ (3 +1] <1
Sr+s+)s+HA-n) °
Since & MK(n,v,¢,9+1), then (20) satisfies if
wsfg(s —m+o(G+D] _slels —n)+vd]
(t+s+Dc2+HA-n)  c(1+H(1-1)

or equivalently, when
1+ Drlg(s —n)+ov(+1)] <1
(r+5s +DR+Plg(s —n)+vI]

since w(s,7,¢,1,3,0) is decreasing of s(s > 1).

o(s,t,6,1m,%0) =

Then the proof is complete.
Theorem (9): Let the function % be shown in (2)
in the class MK(n,0,¢,9). Then, the integral

operator
i

L(n):yjp”h(pn)dp,(0<p <L0<pu<o0) ... 21
0

is in the class MK(n,v,¢,$) where
Hvdg
" (s +Dle(s —m)+ 01— (s 1)

The consequence is acute for the function
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1, cd+90a=m)

hin) = n  s[gls —n)+09]

Proof: Let h(n)=n"'+)> kn* in the class

s=1

MK(7,0,¢,9) . Then

1 1 u-1 0
L(n)= u| p*h(pn)dp = u| (p +2.p" ko’ Jdp
0 0 s=1

n
=l+i £ ko
n Su+s+1’

It is enough to show that

0

3 usfo(s —n)+vd] <
T (uts+hol+9)(1-n) °
Since & € MK(7,v,5,9). Then by Theorem (1).
We have

is[d(s —77)+US]k <1

= s+ 91-n)

Note that (22) is satisfied if

pslo(s —m+vdl  _slgls —m)+vd]
(u+s+Dho(+HA-n)  ¢(1+H(1-1n)

or equivalently
o= HoIg
(u+s +Dlg(s —m)+0I] = g (s —17)

8- p- neighborhoods

The above concept of p-neighborhoods was
extended and applied recently to families of certain
analytic functions with negative coefficients by
Altinta,s et al. [1] and to families of
meromorphically multivalent functions by Liu and
Song [13]. The main object of the present paper is
to investigate the p-neighborhoods of several
subclasses of the class T of normalized analytic
functions in U with negative and missing
coefficients, which are introduced below by
making use of the Ruscheweyh derivatives.

Definition(2):Let
(0<v<,0<¢<1,0<9<1,0<np<l) andg=>0

We define the p-neighborhoods of a function % €
T and denote N(/4) such that
< g}

N, (h)=qg €T :g(”)Z%*in”S and iw
...(23)

k? _WF

T s+ 9)1-n)

Goodman [11] , Ruscheweyh [14] , Altintas and
Owa [1] have inspected neighborhoods for analytic
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univalent functions. We consider this notion for the
class MK(#,0,¢,9).

Theorem (10):Let the function 4(n) defined by (2)
be in the class MK(#,v,s,9), for every complex

number ¢ with [0 < g, g >0, let h(”1)+j c
+
MK(7,v,6,9). Then Ng(h) c

MK(n,0,6,9),g 2 0.

Proof: Since 7 € MK(n,0,¢,9), h satisfies (7) and
we can write for je C, |j| = 1, that

6’ h'(n)+ ¢(1— )k () — 25
noL (4)

g(l_ﬂ)_u_unh ‘(l’l)
n

Equivalently, we must have
(h*3)(n)
 e— * O, ne é/ *

such that
_ Jsles—m)+vd]
T s+ 9U-m)
satisfying

|u |< js[g(s_n)"—U'g] and s > 1
T s+ (-1 -

Since % € MK(n,v,¢,9) by
+
(26)
%[Mmm} £0.(26)
n 1+¢
Now assume that ‘M < g . Then, by (26),
n
we have
L(h*—s.)(nhiuzpqa 12 f”:>ié' -2
1+¢ e 0

This is a contradiction as | ¢| < g Therefore

(h*3)(n)
0!

g

Letting

g(n):l—i-iwsns eN,(h).
n

s=1

Then

AR
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|| |th-)#30m)| |5
AR
s xS[e(s =) +vd] <
"2 vy [ <
Therefore (C*‘—P_il)(n);to, and we get c(n) €

n
MK(7,0,¢,9) so Ng(h) = MK(n,0,5,9).

9- Distortion and Growth Theorem
Next, we get the distortion and growth theorems
for a function /% to be belongs in the class

MK(7,0,¢6,9)
Theorem (11):-Let the Function i(n) defined by
(2) be in the class MK(7,v,¢,9). Then for n

€ &*, we have

i_§(1+19)(1_77)| | | (n )| sd+9Ha- 77)| |
|n| [c-n)+0d] |n| [c(1-n)+vI]
......... 27)
The score is squeaky for the function /A(n)
speciﬁed by
sd+9H(1A-n)
h(n )_n [g(l_ﬂ)+03]n ...... (28)

Proof: It is easy to see from Theorem (1) that

(=) +03IY K, < 3 slels —m+vdlk, <1 +8)(1-
Then

i <csEHl=m (29)
s=1 * [g(l_n)+Ul9]

Making use of (29), we have

Ih(n)|>ﬂ—|n|2k
1 ¢(1+Hd
h(n)| 2 —
N> L fsar- >+u9]||
and
|h(n)|z|71|+|n|;ks
1 c(1+91
hn)| < —+ DD
NS e ool

Theorem (12): presume the function A(n)
acquaint by (2) be in the class MK(7,v,¢,$).Then

forn € £*, we have

1 c+9)0- n)<| pofe Ly S0
nf ls=m+o8] [ Te=m+vd)
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with equality for
pony = L, S0 D=
n [g(l—n)+09]
Proof: From (29) and Theorem (1) that
Sk, < S0EO=)
o [sd=-m+od]

Consequently, we have

)2~ Sk, > L s0x =)
nl g ¢ |}’l|2 [c(1-n)+vY]

and

' , §0+9)1-n)

lh(n)l ZS _n2 [cd-m+vd]

References:

[1] O. Altintas, S. Owa. Neighborhoods of certain
analytic functions with negative coefficients. [IMMS,.
19(1996), 797-800.

[2] M. K. Aouf, A certain subclass of
mermorphicallystarlike ~ functions  with  positive
coefficients, Rendiconti di Mathematica, serie VII, Vol.
9, Roma (1989), 225-235.

[3] M. K. Aouf, On a certain class of meromorphic
univalent functions with positive coefficients,
Rendiconti di Mathematica, serie VII, Vol. 11 Roma
(1991), 209-219.

[4] M. K. Aouf and A. E. Shammarky, A certain
subclass of meromorphically convex functions with
negative coefficients, J. Approx. Theory and Appl. ,

1(2) (2005), 123-143.

[5] W. G. Atshan, Subclass of meromorphic functions
with positive coefficients defined by Ruscheweyh
derivative II, Surveys in Mathematics and its
Applications, 3 (2008), 67-77.

[6] W. G. Atshan and A. S. Joudah, Subclass of
meromorphic univalent functions defined by Hadamard
product with multiplier transformation, Int. Math.
Forum, 6(46) (2011), 2279-2292.

[71 W. G. Atshan and S. R. Kulkarni, Subclass of
meromorphic functions with positive coefficients
defined by Ruscheweuh derivative I, J. Rajasthan Acad.
Phys. Sci. , 6(2) (2007), 129-140.

[8] E. D. Belokolos, A. 1. Bobenko, V. Z. Enolskii and
its AR, Algebra-Geometric Approach to Non — Linear
Integrable Equations (New York: Springer)(1994).

[9] N. E. Cho, S. Owa, S. H. Lee and O. Altintas,
Generalization class of certain meromorphic univalent
functions with positive coefficients, Kyungpook Math.
J.,29(1989), 133-139.

[10] A. S. Focas and L. Y. Sung, Generalized Fourier
Transforms, Their nonlinearization and the imaging of
the brain, Not. Am. Math. Soc. ,52(2005), 1178-1192.
[11] A. W. Goodman, Univalent functions and non-
analytic curves, Proc. Amer. Math. Soc., 8(1957), 598-
601.

YY.



Engineering & Technology Journal

[12] A. Kaku, Introduction to Supersting and M —
Theory (Graduat Text in Contemporary physics)(New
York :Springer), (1999).

[13] M. S. Liu and N. S. Song, Two new subclasses of
meromorphically multivalent functions associated with
generalized hypergeometric function, J. Southeast
Asian Bul. Math., 34(2010), 705-727.

[14] S. Ruscheweyh, Neighborhoods of univalent
functions, Proc. Amer. Math. Soc., 81(1981), 521-527.

Vol. 35, Part B. No. 2, 2017

ARR



