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ABSTRACT 
   In this paper, a numerical solution of the 3-dimensional two-sided fractional 
diffusion equation has been presented. The algorithm for the numerical solution for 
this equation is based on explicit finite difference method. The consistency, conditional 
stability, and convergence of the fractional order numerical method are described. 
   The numerical method has been applied to solve a practical numerical example and 
the results have been compared with exact solution. The results were presented in 
tables using the MathCAD 12 software package when it is needed. The explicit finite 
difference method appeared to be effective and reliable in solving the 3-dimensional 
two-sided fractional Diffusion equation. 

Keywords: Fractional derivative, explicit Euler method, fractional diffusion equation, 
stability, convergence. 
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 INTRODUCTION 
ractional calculus is becoming a useful and, in some cases, a key tool in the
analysis of scientific problems in abroad array of fields such as physics,
engineering, biology, and economics. In particular, fractional partial differential 

equations have turned out to be especially relevant. For example, fractional diffusion 
equations have been successfully used to describe diffusion processes where the 
diffusion is anomalous [1, 2, 3, 4, 5, 6, 7, 11, 13], and fractional diffusion.  
   Difference methods and, in particular, explicit difference methods, are an important 
class of numerical methods for solving fractional and normal differential equations. 
The usefulness of the explicit methods and there as on why they are widely employed 
is based on their particularly attractive features [14,15]: flexibility, simplicity, scanty 
computational demand, and the possibility of easy generalization to spatial dimensions 
higher than1. 
   The method discussed in this paper is an explicit finite difference method designed 
for solving the 3-dimensional two-sided fractional diffusion where the fractional 
derivative is in the shifted Grunwald estimate form. The conditional stability and 
convergence of the explicit finite difference approximation are analyzed and finally, 
we will present   example to show the efficiency of our numerical method. 

EXPLICIT DIFFERENCE METHOD FOR SOLVING THE 3-DIMENSIONAL 
TWO-SIDED FRACTIONAL DIFFUSION EQUATION  

In this section, we use the explicit finite difference method for solving the 3-
dimensional two-sided fractional diffusion equation of the 
form: 
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   In this problem initial and boundary conditions are considered which are: 
u(x,y,z,0)=ϕ (x,y,z), for x0< x < xR ,   y0< y < yR  and z0< z< zR 

u(x0,y,z,t)=0,  for y0< y< yR, z0<  z <  zR  and  0≤ t ≤ Τ 
u(x,y0,z,t) = 0, for x0 < x< xR ,  z0< z< zR   and  0≤ t ≤ Τ 
u(x,y,z0,t) = 0, for x0< x < xR, y0 < y< yR  and  0≤ t ≤ Τ 

u(xR,y,z,t)=ψ1(y,z,t), for y0< y< yR,    z0<z < zR and  0≤ t ≤ Τ 

F 
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u(x,yR,z,t)=ψ2(x,z,t), for x0< x< xR ,  z0<z< zR and  0≤ t ≤ Τ 
u(x,y,zR,t)=ψ3(x,y,t), for x0< x < xR ,        y0 < y< yR  and  0≤ t ≤ Τ 

 
  where a , b , c  and ϕ  are  known functions of  x, y and z, and the weights 

]1,0[1,1,1,,, ∈−−− vedved . ψ1 is a known function of  y ,z and t, ψ2 is a 
known function of x,z and t, ψ3 is a known function of x,y and t. α , β and γ  are 
given fractional number. q is a knwon function of x, y ,z and t.    

The left–handed αα xu −∂∂ , ββ yu −∂∂ , γγ zu −∂∂  and the right–handed 
αα xu +∂∂ ,  ββ yu +∂∂ , γγ zu +∂∂  fractional derivatives by the shifted 

Grunwald estimate formulae are [ 2, 7]:  
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    The finite difference method starts by dividing the x-interval [x0, xR] into n 
subintervals to get the grid points          xi =  x0 + i∆x, where  ( ) nxxx R 0−=∆  and i =  
0,1,…,n.  and we divide the   y-interval [y0, yR] into m subintervals to get the grid points 
yj = y0+j∆y, where ( ) myyy R 0−=∆  and j=0,1,…,m. also we divide the z-interval [z0, 
zR] into p subintervals to get the grid points          zg = z0 +  f ∆z, where 

( ) pzzz R 0−=∆   and  f =  0,1,…,p. 
     Also, the t-interval [0,T ] is divided   into M subintervals to  get the grid points  ts =  
s∆t, s =  0,…, M, where MTt =∆ . 
     Now, we evaluate eq.(1) at                (x i, y j, ,zf ,t s) and use the explicit Euler method 
to get 
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Use fractional derivative of the shifted     Grunwald estimate eq.(2), to reduce  
eq.(3) to the following form: 
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STABILITY OF EXPLICIT DIFFERENCE METHOD 3-DIMENSIONAL 
TWO-SIDED FRACTIONAL DIFFUSION EQUATION  
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Where )( yO ∆ and )( zO ∆ are the approximation of the β  and γ -order Grunwald 

shifted fractional derivatives term, respectively. 
    With these definitions, the explicit difference scheme (5) may be written in the 
following compact form:   
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and the vector sR  is the forcing term Hence, we obtain the following fractional 
explicit scheme at time st : 
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Thus, we require three steps to solve the third-dimensional two-sided fractional 
Diffusion equation in one time step. 
 
 Firstly: if (yj, zf ) is  fixed  we will  obtain an intermediate solution 3
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s

fjiu  from (9). 
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Second: if (xi, zf ) is  fixed we will obtain an intermediate solution 32
,,

s
fjiu  from (10). 

 
Third: if (xi, yj ) is  fixed  we will obtain an intermediate solution  from (11) using 
information compiled during Second step. 
Now, we must prove that each one-dimensional explicit system defined by the linear 
difference eqs. (9), (10) and (11) is conditionally stable for all                     1 
<α , β ,γ < 2. 

 
Theorem: The explicit system defined by the linear difference eqs.(9), (10) and (11) 
with 1 <α , β ,γ < 2  is conditionally stable if 
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1
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1
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t

+−
≤

∆
∆
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and                                               
[ ]maxmax)1(

1
vccvz

t
+−

≤
∆
∆

γγ
                   

 
Proof: 
   At each grid point yk1, for 1,,11 −= mk K , and zk2 , for  1,,12 −= pk K , the 
system of equations defined by (9). May be written as 
    s

kk
s

kkkk
s

kk QtUCU
21212121 ,

3
,,

1
, ∆+=+   

 where 
,],,,[ 1

,,1
1

,,2
1
,,1

1
, 21212121
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s
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s
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s
kk uuuU +

−
+++ = K  

,],,,[ 3
,,1

3
,,2

3
,,1

3
, 21212121

Ts
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s
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s
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s
kk uuuU −= K  

Ts
kkn

s
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s
kk

s
kk tqtqtqQt ],,,[

21212121 ,,1,,2,,1, −∆∆∆=∆ K  

 
Therefore the resulting matrix entries    jiC , for 1,,2,1 −= ni K and 1,,1 −= nj K   are 

defined by 
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where the coefficients   

α
ξ

x
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 and    
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∆
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To illustrate this matrix pattern, we list the corresponding equations for the rows i =1, 
2 and   n-1:  
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According to the Greshgorin theorem [9], the eigenvalues of the matrix C lie in the 

union of the circles centered at iic , with radius ∑
≠
=

=
n

il
l

lii cr
0

, . 
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Here we have 
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Therefore, for the spectral radius of the matrix C to be at most one, it suffices to have   
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   And with the same method above; the results of equations system, defined by (10), 
can be defined as: 
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and
21 ,kkS  is the matrix of coefficients, and is the sum of a lower triangular matrix and 

a super             diagonal matrix at the grid point xk1 for 1,,11 −= nk K  and zk2 
for 1,,12 −= pk K . Therefore the resulting matrix entries jiS ,  for 1,,2,1 −= mi K  and 

1,,1 −= mj K  are defined by 
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   So, and by the same way, according to the Greshgorin theorem (cf. [9], pp. 135-136) 
we get  

[ ]maxmax)1(
1

beeby
t

+−
≤

∆
∆

ββ
 

                                                            
   Now, resulting the system of equations defined by (11) is then defined by: 
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since
21 ,kkA  is xk1 for 1,,11 −= nk K   and  yk2 for 1,,12 −= mk K . Therefore the 

resulting matrix entries  jiA,  for 1,,2,1 −= mi K and 1,,1 −= mj K  are defined by 
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where the coefficients     
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    So, according to the Greshgorin theorem (cf. [9], pp. 135-136) we get  
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CONSISTENCY AND CONVERGENT OF EXPLICIT DIFFERENCE 
METHOD 3-DIMENSIONAL TWO-SIDED FRACTIONAL DIFFUSION 
EQUATION 
   To obtain the consistency of the 3-dimensional the two-sided fractional Diffusion 
equation, note that the time difference operator in (8) has a local truncation error of 
order ),( tO ∆  and the three space difference operators in (8) have local truncation 
errors of orders ),( xO ∆ )( yO ∆ and )( zO ∆  respectively. Similar to Lemma 2.1 
in paper of  Meerschaert et al., (2006), we can obtain the following results: 
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Which leads to the 3-dimensional two-sided fractional Diffusion equation with 
order )()()()( zOyOxOtO ∆+∆+∆+∆ . 
We show above that explicit Euler method is consistent and conditionally stable, then 
by Laxs equivalence theorem,[12], it converges at the rate )( tzyxO ∆+∆+∆+∆ . 
     
NUMERICAL SIMULATION AND COMPARISON 
      In this section, we implement the proposed method to solve 3-dimensional two-
sided fractional diffusion equation (1). Also, a comparison with numerical solution and 
exact solution, which is based on the explicit finite difference approximation of 
fractional derivative, is given.  
Example: In this example, we consider (1) with 6.1=α , 8.1=β , 5.1=γ , and d=0.4, 
1-d=0.6, e=0.7, 1-e=0.3, v =0.8, 1-v =0.2, of the form:  
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With the coefficient function:  

2
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=  , 
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and the source function: 
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subject to the initial condition   

u (x,y,z,0) = x2yz3, 0< x<1, 0< y <1, 
                0< z <1 
and the boundary conditions 

u(0,y,z,t)=0, 0<y<1, 0<z<1, 0≤ t ≤ 0.025 
u(x,0,z,t)=0, 0<x<1, 0<z<1, 0≤ t ≤ 0.025 
u(x,,y,0,t)=0,0<x<1,0<y<1, 0≤ t ≤ 0.025 

u(1,y,z,t)=yz3e-3t, 0< y < 1, 0 < z < 1, 0≤t≤0.025 
u(x,1,z,t)=x2z3e-3t, 0 < x < 1 , 0 < z <1, 0≤t≤0.025 
u(x,,y,1,t)=x2ye-3t, 0< x <1, 0< y < 1, 0≤t≤0.025 

 
Note that the exact solution to this problem is : u(x,y,z,t) = x2yz3e-3t.  
   Tables 1 and 2 show the numerical solution using the explicit finite difference 
approximation. From tables 1 and 2, it can be seen that there is a good agreement 
between the numerical solution and exact solution.    
 

            CONCLUSIONS  
  In this paper 
       1- Numerical method for solving the 3-dimensional two-sided fractional Diffusion 

equation has been described and demonstrated.  
       2- The explicit difference method is proved to be conditionally stable and 

convergent. 
       3- Numerical example is given indicating the convergence of the solution with 

exact    results.  
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            Table (1) The numerical solution of the example using the explicit   
difference method )0125.0,2.0,2.0,2.0( =∆=∆=∆=∆ tzyx  

x = y =z    t   Numerical Solution Exact Solution     |uex -uapprox.| 
0.2 0.0125 6.160E-5 0.61644E -4 4.44427 E -8 
0.4 0.0125 3.943 E-3 0.39452E -2 2.24433 E -6 
0.6 0.0125 0.045 0.44939 E -1 6.12012 E -5 
0.8 0.0125 0.252 0.25296 4.95637 E -4 
0.2 0.0250 5.929 E-5 0.59376E-4 8.55831 E -8 
0.4 0.0250 3.796 E-3 0.38000E -2 4.03732 E -6 
0.6 0.0250 0.043 0.43285 E -1 2.84800 E -4 
0.8 0.0250 0.243 0.24320 2.02388 E -4 

 
             Table (2) The numerical solution of the example using the explicit 

difference  method. )0125.0,25.0,25.0,25.0( =∆=∆=∆=∆ tzyx  
x =y =z t Numerical Solution Exact Solution |uex -uapprox.| 
0.25 0.0125 2.350 E – 4 0.23515 E -3 1.54887E -7 
0.50 0.0125 0.015 0.15050 E -1 4.99128 E -5 
0.75 0.0125 0.171 0.17143 4.27913 E -4 
0.25 0.0250 2.262 E – 4 0.22650E -3 2.99875 E -7 
0.50 0.0250 0.014 0.14496 E -1 4.95992 E -4 
0.75 0.0250 0.165 0.16512 1.18409 E -4 

 
 

Table (3) Maximum error for the numerical solution of the example  
using the explicit difference method. 

x∆ = y∆ = z∆                    t∆                              Maximum Error 
0.20                   0.0125                             0.000202388 
0.25                   0.0125                             0.000118409 
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