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ABSTRACT

In this paper, a numerical solution of the 3-dimensional two-sided fractional
diffusion equation has been presented. The agorithm for the numerical solution for
this equation is based on explicit finite difference method. The consistency, conditional
stability, and convergence of the fractional order numerical method are described.

The numerical method has been applied to solve a practical numerical example and
the results have been compared with exact solution. The results were presented in
tables using the MathCAD 12 software package when it is needed. The explicit finite
difference method appeared to be effective and rdiable in solving the 3-dimensional
two-sided fractional Diffusion equation.

Keywords: Fractional derivative, explicit Euler method, fractional diffusion equation,
stability, convergence.
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INTRODUCTION
ractional calculus is becoming a useful and, in some cases, a key tool in the
analysis of scientific problems in abroad array of fidds such as physics,
engineering, biology, and economics. In particular, fractional partial differential
equations have turned out to be especially rdevant. For example, fractional diffusion
equations have been successfully used to describe diffusion processes where the
diffusion isanomalous [1, 2, 3, 4, 5, 6, 7, 11, 13], and fractional diffusion.

Difference methods and, in particular, explicit difference methods, are an important
class of numerical methods for solving fractional and normal differential equations.
The usefulness of the explicit methods and there as on why they are widely employed
is based on their particularly attractive features [14,15]: flexibility, simplicity, scanty
computational demand, and the possibility of easy generalization to spatial dimensions
higher thanl.

The method discussed in this paper is an explicit finite difference method designed
for solving the 3-dimensional two-sided fractional diffusion where the fractional
derivative is in the shifted Grunwald estimate form. The conditional stability and
convergence of the explicit finite difference approximation are analyzed and finally,
we will present example to show the efficiency of our numerical method.

EXPLICIT DIFFERENCE METHOD FOR SOLVING THE 3-DIMENSIONAL
TWO-SIDED FRACTIONAL DIFFUSION EQUATION

In this section, we use the explicit finite difference method for solving the 3-
dimensional two-sided fractional diffusion equation of the

form: U %2 _ 5y 8. ) TUX Y20,

Tt R 1.
g Fuxy,zt) Tu(x vzt Tuxyztu Fuxy,zt)
—‘ﬂ v +b(x,y,z)gl ) y e ‘ILy +c(x,y,z)§1 V) 7 +
ﬂU(XyaZt) uq(x yzt) (1)

1.2°

In this problem initial and boundary conditions are considered which are;
u(x,y,z,0)=] (x,y,2), for xe< X <xg, Yo<Y <Yr and zo< z< zg
U(Xo,y,z,t)=0, for yo<y<yr, zo< z< zz and OEt£T
U(x,Yoz,t) =0, for Xo <X<Xr, 20<z<zzr and OEt£T
u(X,y zo,t) = 0, for Xo< X < Xg, Yo<Y<yr and OEt£T
U(XR,Y,ZD)=Y 1(Y,Z.1), for yo< y<yr, z<z<zgand OEt£T
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U(X,Yr,Z,H)=Y 2(X,Z,1), for Xo< X< Xg, Zo<z<zrand OEtET
u(x,y,zr,t)=y a(X,y,t), for Xo< X < Xg, Yo<y<yr and OEt£T

where @, b, ¢ and | are known functionsof x, y and z, andthe weights
d,e,vl- dl- el- vl [0,1].y; isaknown function of y .,z and t, y.is a
known function of x,z and t, y 3 is a known function of xy andt. a, band g are
given fractional number. g is a knwon function of x, y ,z and t.
The left-handed TPu/T.¢, T°u/T.y°, T°U/1.Z2° and the right—handed
u/1., T°u/T,y°, 9°u/T,z° fractional derivatives by the shifted
Grunwald estimate formulae are[ 2, 7]:

a i+1

Tubey2h - L8 g, 0, +0D) )

ﬂ+Xa (Dx)a k=0 I
1°u(x,y, zt 1 i <
1(T ;:) ) = )" A 9ok s TODY)
. k=0
> 2
Tu(xy,zt 1 "7
1(1 X{ ) = (DX A % Uiy TODY)
- k=0
Puxyzt) 1 "d*
1Ty = D) kazagb,kuﬁ,j+k-1,f +O(Dy)
Pu(xy,zt) 1 Pa?* J
12 —(Dz)g ka=.ogb,kq,j,f+k-l+o(|l)
The finite difference method starts by dividing the x-interval [x,, Xg] into n
subintervals to get the grid points Xi = Xo + iDx, where D(:(XR- xo)/n andi =

0,1,...,n. andwedividethe y-interval [yo, yg] into m subintervals to get the grid points
¥i= yo+iDy, where Dy =(y - Y,)/m and j=0,1,...m. also we divide the z-interval [z,
Zy] into p subintervals to get the grid points z;= 7o + f Dz, where
Dz=(z- z,)/p and f=0,1,...p.

Also, the t-interval [0,T ] isdivided into M subintervalsto get the grid points ts =
sht, s=0,..., M, where Dt =T/M .

Now, we evaluate eg.(1) at (Xi,yj, ,z,t s and use the explicit Euler method
to get
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u(xiayj ’ Zf 1ts+1) - u(xi ! yj ’ Zf ’ts) -

Dt
'rr’t(nythS) Tf’u(xyzfts)u
a(wzf)@( e X g

TuUx.Y;z L) ﬁmyagu

bx,y;,% )é(le) 0y 0y

ﬂMMaw ﬁmxat)
1z 1.z g

+A(%, Y0 Z5t)
. (3

Use fractional derivative of the shifted  Grunwald estimate eg.(2), to reduce
eg.(3) to the following form:

o, yJ,Zf)é(l-

Lf Lf n|+1
o —b b7 =ax, Y, Zf)gl'd) agak'-45+k s ¥
1 '+l é mj j+1
DX a i- k+lj f d)ﬁ,yj,zf)gl' @ agbkqj+k T
Jc;‘l U 1 %
eﬁagb kulj k+LfU ax, )’J,Zf)él V)E ka:.ogokqjhkl
1 f+1
—ga gb kul if- k+1u q(x| ’ yJ ’ Zf !ts)
Dz°
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U - u | neie .
k=0 '
a i+1 < mg+1
d e i +(1'ebjf agokqswn
q pcf’+1 q f+1
(:I-_V)ijf a%kqu+k1 V[;gf agokqukﬂ
k=0
qiyjyf , i=4.,n-1,j=1..,m-1
f=1.,p-1,5=0,.,M .. (4)

Where Lf,j,f =U(x,Y;» Zty),
e =aX,Y;,2) .0, =004 Y,2),G ) =008, Y Z), O =A% Y200,
ga‘k:(_])ka(a'])L(Lf'HD,k:0,1,2,...,govk:(-])kb(b-:l)L(Mb-k{l), k=0,1.2,...

(9@-DL@-k+D 515

and gg,k = (- l) Kl

The resulting equation can be explicitly solved for uf}lf togive

s+1 D: n-é+1 S
=(1-da ;i — A% Wt
k=0
Dt !
dal j, f DXa a ga kul k+1,j,f
D m°J+1
@-eh;, ﬁ ka_()gb,kuis,j+k-1,f +
]°+l
d:)i,jf Dyb a gb kulj k+1, f +
k=0
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p-qf+l
S
- V)C.,j,f Ayt
k=0
u f°+1 < < s
VG i DF ka_o Oyl sk TU ¢ thi,j,f - (9)

Also fromtheinitial condition and boundary conditions one can get uijf =] i

i=0,...,n,j=0,....mand f=0,1,...,p.
u;jyf =0,j=0,...,m,f=0,1,....pand s=1,...,M

U =0,i=0,...,n,f=01,...,pands=1,...,.M
uijo =0,i=0,...,n,j=0,...,mand s=1,...,M
Usjt =Y ¢,i=0,...m f=0,1,... pand s=1,...,M
Urs =Y 1,i=0,...,n,f=0,1,....pand s=1,...,.M

u’jr =Y ,i=0,...,n,j=0,..., mand s=1,..., M.

Wherej ;¢ =] (X, Y;,2Z¢) Y =Y (,,2.t) andyis,j =y (%, Y;,t)

STABILITY OF EXPLICIT DIFFERENCE METHOD 3-DIMENSIONAL
TWO-SIDED FRACTIONAL DIFFUSION EQUATION
We define the following fractional partial difference operator:
n-i+1 Dt i+1

[} s + d o s
A %o U1 s At 2 A Ga kUi ker
Dx® =0

w, U = (- d)ai,j,fﬁ
k=0

a,xi,j,f

Where O(Dx) is the approximation of the a th fractional derivative. Similarly, the
following fractional partial difference operators are defined:-

mj+1

s — ] s
Wb,yui,j,f _(1' e)h,j,f b a gb,kui,j+k-l.f +

Q/ k=0
Dt J°+1

S
ebi,j,f Dy" A o kUi ket
k=0
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O Pg*
S —_— S
Wy U e = (V)G ¢ D Akt
k=0
Dt f°+1 .
VCi i D2 ka Og kUi, r-ke1
=0

Where O(Dy) andO(Dz) are the approximation of theb and g-order Grunwald

shifted fractional derivatives term, respectively.
With these definitions, the explicit difference scheme (5) may be written in the
following compact form:

s+l —_— S S
u’jy = (1+Dtw, , +Dtw, , +Dtw, Ju’; ¢ + q;¢ DX

. (6)

€g.(6) may be written in form
Lf].lf = (l+ I]\Na,x)(l-'- I]\Nb,y)(l-'- I]\Ng,z)l'f,j,f + [xqis,j,f mev (7)
Which introduces an additional perturbation error equal to

[(u)zwb,xwa,y+(u)2Wb,ng,z+(u)2Wb,xWa,z+ (Dt)SWb'XW w ]uis,j,f

a,y 'a,z
Then
U =ETOU®+R® ....(8)
where
E=(1+Dw,,),
T = (1+Dw, ),
O =(1+Dtw,,),
and

95 = [ufll’ uzll’ K’ Us_ 11 ule’ UZZP K’ uﬂs 121 K’

S S S
ul,m—l,l’ u2,m—1,1’ K ! un—l,m—l,l
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s s s

u112’u212’K un 112,U122,U222,K,
S

u -1,2,2’K ulm 1,21 2m 12’K’un 1m-12

L

s

ullp 11 21p liK un 11,p- 1’u1,2,p»1’

22p liK un 1,2,p- liK ulm 1,p-11

s

uz,m»l,p»l’K un 1,m-1,p- 1]

s+l _r s+l | s+l s+1 s+l | s+l

L_J _[u111'u211'K'un-lll'u121'u221'K'
s+1 s+1 s+1 s+1
1 1 1 1 u112'u212'K’un-1,1,2'u122'
S+ S+ S+ S+
K,u K,u

Un121 m-120 Uz mo11 n-1,m-1,1 s+1 s+l s+1
L U2, K, u i, K uln s,

s+1 s+1
LI2 m - 12'I< 'un-l,m-l,z
| .
s+l s+1 s+1
l"lllp 1'u21p 1'K'un-1,1,p-1'

s+l s+l s+1
l"112 p- 1'u22 p- 1'K l"ln-12 p-l'K'

s+l s+1 s+1 T
l"ll,m-l,p-l'l"lz,m-l,p-l'l‘< l"ln 1,m-1,p-1

and the vector R® is the forcing term Hence, we obtain the following fractional
explicit scheme at timet,:

u’ =(1+Dtw, X)uI 2, +Dtg’, .. (9
u’?, = (L+Dtw, )u?" ... (10)
and
u?3 = (1+Dtw, ,)u’, , .. (12)

Thus, we require three steps to solve the third-dimensional two-sided fractional
Diffusion equation in one time step.

Firstly: if (y;, z ) is fixed wewill obtain an intermediate solution uI Jf from (9).
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Second: if (x; z ) is fixed we will obtain an intermediate solution uZS's from (10).
Third: if (x;, y; ) is fixed we will obtain an intermediate solution from (11) using
information compiled during Second step.

Now, we must prove that each one-dimensional explicit system defined by the linear
difference egs. (9), (10) and (11) is conditionally stable for all 1

<a,b,g<2

Theorem: The explicit system defined by the linear difference egs.(9), (10) and (11)
with1<a ,b,g<2 isconditionaly stableif

Dt 1
£
Dx*® a[(l_ d)amax + da max ]
Dt 1
£
Dyb b[(l' e)bmax +ebmax]
and Dt c 1
Dz° ~ g[(L- V)Cp * Ve, |
Pr oof:

At each grid point yi, for k, =LK,m-1, and z,, for k, =LK, p-1, the
system of equations defined by (9). May be written as
k51+i2 = Cklrkzu ksl/?;(z + DtQkSlkz

where

s+l s+l s+l s+l T
ok, = Uik Uzgoio Ko Un i ]

3 _[y,53 3 53 T
U kiky [ul,kl,kz Uk, o K, u,. 1,k1,k2] 1

DQ;kz :[quh,kz ! Doékl,kz K qu-Lkl,kz]T

Therefore the resulting matrix entries Ci,j fori=1,2K,n-1and j =1, K,n-1 are
defined by
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"1+>9k1k29a1+hm,k29a,1 for j=i

|>9k1k29a0 NGz for j=i-1
G;=i sk %2 i Gho for j=i+l

: i,ki,kzga,,-ﬂ for j<i+l
i Xijko G- o for j>i+1

where the coefficients

Dt
X. =(1- d)a, —_—
i,ki.ky ( ) i,ky. ko DXa
and
Dt
hi,kl,k2 - da‘i,kl,k2 DXa

To illustrate this matrix pattern, we list the corresponding equations for the rows i =1,

2and n-1:
s+l — s/3
Uk, = Ru i, Gao Thoi k2 G 2ok, @+
/3 s/3
us +X g +
S/3 lk kzgao) bk, T Xk, Ga 3k k,
Xipek, %1 Fi o G DU, + Ko, G + s
L+ Xk, Ga kU, t uq],kl,kz
s+l — s/3
Uz k, =N 2k i, BasUokk, T Kok, Jao +
s/3 s/3
Mok, Ja 2 Uniok, T@+Xou  Gas t AP« By =i 0 ST« B lkl T
s/3
h 2,k Ky ga,l)uz,kl,kz + (Xz,kl,kz ..t OZkl,k2
Ss+1 — s/3
un-lkl,kz _hn-lkl,kzga nuO ky, ko +L+(Xn-lk1,k2 ga,0+
s/3
si3 hn-lkl,kz ga,l)un-lkl,kz +(Xn-lk1,k2 Gaot

N1k, Oa 2)Un 2k, FAHX o1k Gan +

s/3
hn- Lky,k, ga,O)un,kl,k2 + L+

s/3 s
X1k k, Ja k- ne2Uk ko, T Do 1k,

According to the Greshgorin theorem [9], the eigenvalues of the matrix C lie in the

n

union of the circles centered at ¢ ; withradiusr, = é G, -
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Here we have ¢, =1+ (Xi,kl,kz +hi,k1,k2)ga,1
=1- (Xi,kl,kz +h i kg kg )a
and

n-i+l i+1

_ On _ o o
n=ac, =X ik a %1 +hi,k1,k2 a %
0 1=0 1=0

:1:i Iti Iti
£ Xi,kl,kza +h i,kl,kza
+r, £1.Wealso have

C[,i - 31- ()ﬁ,kl,k2 +hi,k1,k2)a_ (Xi,kl,kz +hi,k1,k2)a
=1- 2(Xi,k1,k2 +h i kg Ky )a

_ S B BNy 4
-1 Zgl_ d)akarsz*-daikbkz E)?jf $1- 231- d)amax

and therefore c, |

Dt D
+d — )
D B D)

Therefore, for the spectral radius of the matrix C to be at most one, it suffices to have

é Dt Dt § é Dt Dt
1- 241- a)d +ad —m3-1® z1- a)d,, —+ad,, —@ £1
8( ) max a max Dx® ha 8( ) DXa DXa ha
[1- a)d_.a +ad . a]-2t g1 2L ¢ 1
Dx*® Dx* ~al|l- a)d,, +ad,, ]

And with the same method above; the results of equations system, defined by (10),
can be defined as:

s/3 2s/3
U ki ko Sklvkzu ki kp ?

where

s/3 s/3 s/3 s/3 T
Uk, =Iue T U o, KU Lo 1

2s/3 _ 2s/3 2s/3 2s/3 T
U =[Uicx, Uk ok, Ko Uicm 1k, 1 s
andS, , isthematrix of coefficients, and is the sum of a lower triangular matrix and

a super diagonal matrix at the grid point X, fork, =1,K,n-1 and zc.
fork, =LK, p- 1. Therefore the resulting matrix entries Sij for i=12Km-1 and

j =LK, m- 1 aredefined by
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114V 09011 ke G for —j=i

: Vil %0 Y ik O for j=i-1
S,j :| Vkl,j,kggb,z 1ty koik, Ib.0 for ] =i+1

: for j<i+l

t Vla.J,ngb,i-jﬂ for j>i+l

y ke, j ko gb,j+1

where the coefficients

Dt
Vkl'jvkz = (1_ e)bklvjvkz Dyb
and
Dt
y ki, joky = ebkl'j'kz Dyb

So, and by the same way, according to the Greshgorin theorem (cf. [9], pp. 135-136)
we get
Dt . 1
Dy® ~ bl@- b)e,. +be,, ]

Now, resulting the system of equations defined by (11) is then defined by:

2s/3 _— S
U kyky T Akl»kzu ki kp 1

where

2s/3 _ 1,,2s/3 2s/3 2s/3 T
U ik, [ukl,kz,l'ukl,kz,Z'K 'ukl,kz,m-l] )

U ksl,kz = [ulfl,kz,liulz,kz,Z’K , ulfl,kz,m»l]T )
sinceAklyk2 is xq for k, =LK,n-1 and ye fork, =LK, m- 1. Therefore the
resulting matrix entries A ; for i =1.2,K,m- land j =1K,m- 1 are defined by
_i.l+Jk1,k2,fgb,1 *S 1kt Gba for j=i

i L
i Yot I50 TS it O for j=i-1
A= Ikt Ob2 TSk (G fON J=1+1

: St k.t Oo,ju1 for j<i+l
o ki Goija for j>i+1
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where the coefficients
Dt

ikt = Q- V)Cy o 4 Dz°

and

B Dt
S kikp, f Ve ky ko, f Dz9

So, according to the Greshgorin theorem (cf. [9], pp. 135-136) we get

Dt 1
£
Dz? g[(l_ V)Cmax + Ve max ]

CONSISTENCY AND CONVERGENT OF EXPLICIT DIFFERENCE
METHOD 3-DIMENSIONAL TWO-SIDED FRACTIONAL DIFFUSION
EQUATION

To obtain the consistency of the 3-dimensional the two-sided fractional Diffusion
equation, note that the time difference operator in (8) has a local truncation error of
order O(Dt), and the three space difference operators in (8) have local truncation

errors of ordersO(Dx), O (Dy) and O(Dz) respectively. Similar to Lemma 2.1
in paper of Meerschaert et al., (2006), we can obtain the following results:
a b

1;; % F(6,2) =WeW]  (x,Y,2) + O(Dx+ D)
L f(xy,2) =wiw? f (x,y,2) +O(Dx+Dz)
™ 120
T v =wnef (xy, 2+ OOy + D)
T 2 e

then

™ 17 Ca
o 12 f(xy,2) =wiwyws f (x,y, 2) +

O(Dx+ Dy +Dz)
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Which leads to the 3-dimensional two-sided fractional Diffusion equation with
order O(Dt) + O(Dx) + O(Dy) + O(D2) .

We show above that explicit Euler method is consistent and conditionally stable, then
by Laxs equivalence theorem,[12], it converges at therateO(Dx + Dy + Dz + D) .

NUMERICAL SIMULATION AND COMPARISON

In this section, we implement the proposed method to solve 3-dimensional two-
sided fractional diffusion equation (1). Also, a comparison with numerical solution and
exact solution, which is based on the explicit finite difference approximation of
fractional derivative, is given.
Example: In this example, we consider (1) witha =1.6,b =1.8, g =1.5, and d=0.4,
1-d=0.6, e=0.7, 1-e=0.3, v =0.8, 1-v =0.2, of the form:

fux, v, zt) e fuxyzt)  Fuxyzbu
25T - alx y, 204 +06 i+
g N 1 4
€ _T8u(x,y,zt) ™8u(x,y,zt)u
b(x,y,2)a.7 +0.3 2+
(X, Yy )go ﬂ+y1'8 1 y1.8 H
é Tu(xy,zt) °u(x,y, zt)u
1 2)d0.8 +0.2 T+
o(x Y, )g) 1.2° 12° U
alx vy, zt)

With the coefficient function:
8 7
a(x,y,z) = G(1.4)x2(1- X) ,

b(x,y,z) = G(0.2)y*(1- y)’,

c(x,y,z)=G(2.5z'1- 2)7,

and the source function:
q(x,y,zt) =-04x3*(1- X)'yZ’e® - 0.6(1-
X)“yze? - 0.7x°y"*(1- y)'ze* -
0.3x°y?(1- y)** 2% - 08x°yZ°(1- 2)'e?
- 0.2¢yZ (1- 2% * - ByFe?
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subject to the initial condition
u (x,y,z,0) = xyZ%, 0< x<1, 0< y <1,
O<z<1
and the boundary conditions
u(0,y,z,t)=0, O<y<1, O<z<1, O£ t £ 0.025
u(x,0,z,t)=0, 0<x<1, 0<z<1, O£ t £ 0.025
u(x,,y,0,1)=0,0<x<1,0<y<1, O£ t £ 0.025
u(ly,zt)=yz’e¢* 0<y <1, 0<z<1, 0£t£0.025
u(x,1,zt)=x’2’¢*, 0<x <1, 0< z <1, 0£t£0.025
u(x,.y,LH=x?ye? 0< x <1, 0<y < 1, 0£t£0.025

Note that the exact solution to this problem is : u(x,y,zt) = xyz’e®.

Tables 1 and 2 show the numerical solution using the explicit finite difference
approximation. From tables 1 and 2, it can be seen that there is a good agreement
between the numerical solution and exact solution.

CONCLUSIONS
In this paper
1- Numerical method for solving the 3-dimensional two-sided fractional Diffusion
equation has been described and demonstrated.
2- The explicit difference method is proved to be conditionally stable and
convergent.
3- Numerical example is given indicating the convergence of the solution with
exact results.
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Table (1) The numerical solution of the example using the explicit
difference method (Dx = 0.2,Dy = 0.2,Dz = 0.2, Dt = 0.0125)

XxX=y=z t Numerical Solution Exact Solution [Uex ~Uapprox-|

0.2 0.0125 6.160E-5 0.61644E -4 4.44427 E -8
0.4 0.0125 3.943E-3 0.39452E -2 2.24433 E -6
0.6 0.0125 0.045 0.44939 E -1 6.12012 E -5
0.8 0.0125 0.252 0.25296 4,95637 E -4
0.2 0.0250 5.929 E-5 0.59376E-4 8.55831 E -8
0.4 0.0250 3.796 E-3 0.38000E -2 4.03732 E -6
0.6 0.0250 0.043 0.43285E -1 2.84800E -4
0.8 0.0250 0.243 0.24320 2.02388 E -4

Table (2) The numerical solution of the example using the explicit
difference method. (Dx = 0.25, Dy = 0.25, Dz = 0.25, Dt = 0.0125)

X=y=z t Numerical Solution Exact Solution [Uex ~Uapprox-|

0.25 0.0125 2350E-4 0.23515E -3 1.54887E -7
0.50 0.0125 0.015 0.15050 E -1 499128 E -5
0.75 0.0125 0.171 0.17143 427913 E -4
0.25 0.0250 2.262E-4 0.22650E -3 2.99875 E -7
0.50 0.0250 0.014 0.14496 E -1 495992 E -4
0.75 0.0250 0.165 0.16512 1.18409 E -4

Table (3) Maximum error for the numerical solution of the example
using the explicit difference method.

Dx=Dy=Dz Dt Maximum Error

0.20 0.0125 0.000202388

0.25 0.0125 0.000118409
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