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1)Institut für Theoretische Physik II: Weiche Materie, Heinrich-Heine-Universität Düsseldorf, Universitätsstraße 1,
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We study theoretically and numerically the coupling and rotational hydrodynamic interactions between spherical
particles near a planar elastic membrane that exhibits resistance towards shear and bending. Using a combination
of the multipole expansion and Faxén’s theorems, we express the frequency-dependent hydrodynamic mobility
functions as a power series of the ratio of the particle radius to the distance from the membrane for the self
mobilities, and as a power series of the ratio of the radius to the interparticle distance for the pair mobilities. In
the quasi-steady limit of zero frequency, we find that the shear- and bending-related contributions to the particle
mobilities may have additive or suppressive effects depending on the membrane properties in addition to the
geometric configuration of the interacting particles relative to the confining membrane. To elucidate the effect
and role of the change of sign observed in the particle self and pair mobilities, we consider an example involving
a torque-free doublet of counterrotating particles near an elastic membrane. We find that the induced rotation
rate of the doublet around its center of mass may differ in magnitude and direction depending on the membrane
shear and bending properties. Near a membrane of only energetic resistance toward shear deformation, such
as that of a certain type of elastic capsules, the doublet undergoes rotation of the same sense as observed near
a no-slip wall. Near a membrane of only energetic resistance toward bending, such as that of a fluid vesicle,
we find a reversed sense of rotation. Our analytical predictions are supplemented and compared with fully
resolved boundary integral simulations where a very good agreement is obtained over the whole range of applied
frequencies.

I. INTRODUCTION

The coupling between fluid flows and elastic membranes
plays an important role in many physiological phenomena
and is essential for understanding the biological functions
and transport properties in living cells1. The assessment
of hydrodynamic interactions between membranes and sus-
pended tracer particles can be used as a monitor for deter-
mining the membrane mechanical properties via interfacial
microrheology2–5. Such a technique has been widely em-
ployed for the measurement of the membrane viscous and
elastic moduli6–9, and the characterization of the fluctuat-
ing forces in complex and active fluids10–12.

At small length and time scales of motion, an accurate
description of the fluid flow surrounding microscopic par-
ticles is well achieved by the linear Stokes equations13. In
these conditions, a complete description of particle motion
is possible via the hydrodynamic mobility tensor, which
bridges between the translational and rotational velocities
of the suspended particles and the forces and torques ap-
plied on their surfaces. In an unbounded medium, hydro-
dynamic interactions are instantaneous but long-ranged,
where the flow field due to a point force (Stokeslet) de-
cays with inverse distance from the singularity position.
However, motion in real situations often occurs in geomet-
ric confinements, where the hydrodynamic mobility is no-
tably changed relative to the bulk value with an additional
anisotropy of interactions close to boundaries14,15. The
need to understand and characterize these interactions has
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led to the development of a number of experimental tech-
niques which allow for an accurate and reliable measure-
ment of the particle mobility near interfaces. Among the
most popular and efficient techniques that have been uti-
lized are optical tweezers16–19, fluorescence20,21 and digital
video microscopy22–26, evanescent wave dynamic light scat-
tering27–29, and three-dimensional total internal reflection
velocimetry techniques30.

The linearity of the Stokes equations enables the use of
Green’s functions to describe the flow created by an iso-
lated point force in confined geometries, such as near a
planar no-slip wall31–37, a free interface or an interface
between two immiscible fluids38–41, and also for a range
of non-Cartesian geometries42,43. Analytical calculations
have been carried out to include particles near interfaces
with partial slip44–46 or inside a liquid film between two
fluids47. Many of the results are laid out in the monograph
by Happel and Brenner14. Additional works have exam-
ined particle dynamics near viscous interfaces48,49 or an
interface covered with surfactant50–52.

More recently, motion of colloidal particles close to mem-
branes with surface elasticity has attracted some attention,
due to their relevance as realistic models for cell mem-
branes53–58. Unlike fluid-solid or fluid-fluid interfaces, elas-
tic membranes stand apart as they endow the system with
memory. The motion of the particles thus depends strongly
on their prior history. This implies the emergence of an in-
duced long-lived subdiffusive behavior resulting from the
presence of the elastic membrane in the vicinity of parti-
cles59–61. Particle motion near elastic cell membranes has
been experimentally investigated using optical traps62–65,
magnetic particle actuation66, and quasi-elastic light scat-
tering67,68, where a significant decrease in the mobility nor-
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mal to the cell membrane has been observed in line with
theoretical predictions.

In our earlier work69, we have studied analytically and
numerically the hydrodynamic interactions between spher-
ical particles undergoing translational motion near a planar
elastic membrane. We have found that the steady approach
of two particles towards an idealized membrane with pure
shear resistance may lead to attractive interactions, in con-
trast to the behavior known near a rigid wall where the
interactions are repulsive70.

In this paper, we complete and supplement our anal-
ysis by computing the hydrodynamic coupling and rota-
tional mobilities of a pair of particles moving near an
elastic membrane. This is relevant to systems in which
translations are restricted and the dynamics are dominated
by rotational motion, such as in the case of birefringent
spheres trapped in a harmonic potential interacting via
their rotation-induced flow fields71. We thus provide the
full mobility matrix for pair interactions of spheres in the
presence of the elastic membrane. The membrane is mod-
eled using the Skalak model72 for shear and area dilatation,
and the Helfrich model73 for bending. We find that the con-
tributions due to shear and bending of the particle self- and
pair-mobility functions may have additive or suppressive
effects depending on the membrane properties and the rel-
ative separation between the interacting particles and the
membrane. Finally, we illustrate the physical importance
of the rotational components of the self- and pair-mobility
functions near a planar membrane, as these are relevant to
self-propulsion of certain types of bacterial microswimmers.
In typical models of microscale swimming74,75, the thrust
force generated by, e.g., a rotating flagellum is balanced by
the overall drag force on the combined cell body and the
flagellum to yield the swimming speed. The forced rotation
of the flagellum leads to a counterrotation of the cell body,
together with a balancing rotational drag on the latter.
Thus a microswimmer is force- and torque-free. However,
to evaluate the forces and torques acting on sub-elements of
the swimmer, it is essential to know its mobility tensor that
relates its motion to applied forces and torques. For exam-
ple, rotating helicoidal flagella bundles of the bacterium
E. coli lead to a counterrotation of its cell body76–80 to
guarantee an overall torque-free nature of this suspended
microswimmer in flow. It is thus particularly important to
understand the coupling between the applied torque (e.g.,
generated by the flagellar motor) to the resulting transla-
tional velocity, which is partly motivating this work. To
illustrate these ideas in practice, we study the behavior of
a torque-free doublet of two spherical particles counterro-
tating around their center of mass.

The remainder of the paper is organized as follows. In
Sec. II we present the theoretical framework we use to an-
alytically compute the particle mobility functions by com-
bining the multipole expansion and Faxén’s theorems for
Stokes flows. Sec. III provides explicit analytical expres-
sions of the frequency-dependent coupling and rotational
self and pair mobilities together with a close comparison
with numerical simulations where a very good agreement
is obtained. Concluding remarks summarizing our find-
ings and results are contained in Sec. IV. We have added
Appendix A containing the details of the mathematical
formulation of the Green’s function in the presence of a
planar elastic membrane. In Appendix B we present the

z0

a a

γ λ
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h

Figure 1. Illustration of the system setup. A sample configura-
tion of a pair of particles of radius a, labeled as γ and λ, located
a distance h apart from each other and a distance z0 above an
elastic cell membrane. Here xγ = (0, 0, z0) and xλ = (h, 0, z0).
We define the dimensionless parameters ε := a/z0 and σ := a/h
characterizing the system.

completed double layer boundary integral method and the
approach we have employed to numerically compute the
hydrodynamic mobility functions.

II. MATHEMATICAL MODEL

In the following, we consider two identical spherical par-
ticles of radius a immersed in a quiescent Newtonian fluid
above a planar elastic membrane infinitely extended in the
xy plane; the z direction is perpendicular to the unde-
formed plane. The fluid on both sides of the membrane
has the same dynamic viscosity η, and the flow is consid-
ered incompressible. Both spheres feature no-slip surface
conditions. The low-Reynolds-number hydrodynamics of a
suspending incompressible fluid is governed by the forced
Stokes equations14

η∇2v −∇p+ f1 + f2 = 0 , (1a)

∇ · v = 0 , (1b)

where v and p are the velocity and pressure fields, respec-
tively. Here fλ is an arbitrary time dependent force density
acting on the fluid due to the presence of particle λ. The
total force and torque exerted by the spherical particle λ
are determined by integration over its surface. Specifically,

Fλ =

∮
Sλ

fλ dS , Lλ =

∮
Sλ

r × fλ dS . (2)

If we combine the forces and torques exerted on the fluid
by the particles into F = (F1,F2) and L = (L1,L2), and
group the velocities into V = (V1,V2) and Ω = (Ω1,Ω2),
the 12× 12 mobility tensor µ is defined by the relation13(

V
Ω

)
=

(
µtt µtr

µrt µrr

)(
F
L

)
. (3)

The off-diagonal components are the hydrodynamic cou-
pling mobilities between torque and translation (tr) and
between force and rotation (rt) and they are the transpose
of each other, as required by the overall symmetry of the
mobility matrix. The mobility matrix and each of its en-
tries can be separated into the self part that stems from
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the interactions of the particle with the membrane, and the
pair contribution accounting in addition to the influence of
the other particle. In order to determine the mobility, that
is the response of the fluid to a given distribution of forces
on the spheres to leading order, we now introduce the mul-
tipole expansion.

We consider a representative configuration of a pair of
finite-sized particles denoted as γ and λ located a distance
h apart from each other, and a distance z0 above an elas-
tic membrane, as schematically sketched in Fig. 1. In the
present article, we restrict our analysis to the far-field limit,
for which a� z0. The disturbance velocity field caused at
any observation point r by a particle labeled as λ located
at rλ can be written as

v(r, rλ, ω) = v(0)(r, rλ) + v∗(r, rλ, ω) , (4)

where v(0) denotes the fluid flow in an unbounded (infi-
nite) fluid and v∗ is the flow field required to satisfy the
boundary conditions at the membrane.

Since the elasticity of the membrane introduces mem-
ory to the system, the response to forcing will depend
on its history. As any forcing can be represented by its
Fourier decomposition, we consider an oscillating force
fλ(r, ω) = f̃λ(r)eiωt with a characteristic frequency ω. In
the following, we thus work in the frequency space. The
disturbance field can be written as an integral over the
surface of the sphere λ as

v(r, rλ, ω) =

∮
Sλ

G(r, r′, ω) · fλ(r′, ω) d2r′ , (5)

where G denotes the velocity Green’s function, i.e. the flow
velocity field resulting from a point force acting at posi-
tion rλ. Similarly, the Green’s function can be split up
into two distinct contributions

G(r, r′, ω) = G(0)(r, r′) + G∗(r, r′, ω) , (6)

where G(0) is the infinite-space Green’s function (Oseen’s
tensor)

G(0)αβ (r, r′) =
1

8πη

(
δαβ
s

+
sαsβ
s3

)
, (7)

with s := r − r′, s := |s|, and δαβ the Kronecker tensor.
The second term G∗ represents the frequency-dependent
correction to the Green’s function due to the presence of
the elastic membrane.

Far away from the particle λ, the integration vector vari-
able r′ in Eq. (5) can be expanded around the particle cen-
ter rλ following a multipole expansion approach. Expand-
ing in surface moments of the force density, and truncat-
ing at the leading Stokeslet level, the disturbance velocity
reads35

v(r, rλ, ω) ≈
(

1 + a2

6 ∇2
rλ

)
G(r, rλ, ω) · F (ω)

+
1

2
∇rλ × G(r, rλ, ω) ·L(ω) ,

(8)

wherein ∇rλ stands for the gradient operator taken with
respect to the singularity position rλ, and the curl of a
given tensor T is calculated as81

(∇× T )αβ = εαµν∂µTνβ , (9)

with εαµν being the Levi-Civita tensor. Note that for a
single sphere in bulk, the flow field given by Eq. (8) satis-
fies exactly the no-slip boundary conditions at the surface
of the sphere82. Using Faxén’s theorems83, the transla-
tional and rotational velocities of the particle γ in this flow
reads35,36

Vγ(ω) = µtt0 Fγ(ω) +
(

1 + a2

6 ∇2
rγ

)
v(rγ , rλ, ω) , (10a)

Ωγ(ω) = µrr0 Lγ(ω) +
1

2
∇rγ × v(rγ , rλ, ω) , (10b)

where µtt0 := 1/(6πηa) and µrr0 := 1/(8πηa3) denote the
translational and rotational bulk mobilities, respectively.
We further emphasize that the disturbance flow v incorpo-
rates both the disturbance from the particle λ in addition
to that caused by the presence of the membrane. By in-
serting Eq. (8) into Faxén’s formulas stated by Eqs. (10),
the frequency-dependent translational, coupling, and rota-
tional pair-mobility tensors can be calculated as

µtt,γλ(ω) =
(

1 + a2

6 ∇2
rγ

)(
1 + a2

6 ∇2
rλ

)
G(rγ , rλ, ω) ,

(11a)

µtr,γλ(ω) = 1
2

(
1 + a2

6 ∇2
rγ

)
∇rλ × G(rγ , rλ, ω) , (11b)

µrr,γλ(ω) = 1
4 ∇rγ ×∇rλ × G(rγ , rλ, ω) . (11c)

For the self mobilities, the correction in the flow field v∗ due
to the presence of the second particle should be discarded
as only the correction due to the presence of the membrane
should be considered in Faxén’s formulas. Accordingly, the
frequency-dependent self-mobility tensors read

µtt,γγ(ω) = µtt0 1 + lim
r→rγ

(
1 + a2

6 ∇2
r

)
×
(

1 + a2

6 ∇2
rγ

)
G∗(r, rγ , ω) , (12a)

µtr,γγ(ω) = 1
2 lim

r→rγ

(
1 + a2

6 ∇2
rγ

)
∇r × G∗(r, rγ , ω) ,

(12b)

µrr,γγ(ω) = µrr0 1 + 1
4 lim

r→rγ
∇rγ ×∇r × G∗(r, rγ , ω) ,

(12c)

where 1 denotes the unit tensor. Having constructed the
self- and pair-mobility tensors, the Green’s functions asso-
ciated with the elastic membrane need to be introduced at
this point.

The exact Green’s functions for a point-force acting near
a planar elastic membrane has been determined in our ear-
lier works, see e.g. Refs. 60 and 84. For completeness, we
have repeated the key expressions in the Appendix A. The
membrane is modeled as a two dimensional sheet made
of a hyperelastic material that exhibits resistance towards
shear and bending. Membrane shear elasticity is described
by the Skalak model72 which is often used as a practical
model for red-blood-cell membranes85–89. The model is
characterized by the shear modulus κS and the area dilata-
tion modulus κA, which are related to each other by the
coefficient C := κA/κS. The strain energy for the Skalak
model is given by90,91

ES =
κS
12

∫
S

(
I21 + 2I1 − 2I2 + CI22

)
dS , (13)



4

where I1 and I2 are the invariants of the right Cauchy-
Green deformation tensor, employed in finite strain theory
by Green and Adkins,92–94

I1 = Gαβgαβ − 2 , I2 = detGαβ det gαβ − 1 , (14)

for α, β ∈ {1, 2}. These are related to the principal in-
plane stretch ratios via the relations I1 = λ21 + λ22 − 2 and
I2 = λ21λ

2
2 − 1. Here gαβ are the covariant components

of the metric tensor in the deformed state, and Gαβ are
the corresponding contravariant components in the unde-
formed state. Using the more familiar Lamé coefficients for
a homogeneous and isotropic material in the small-strain
regime, it follows that κS = 3

2hµ and κA = hλ, where h

denotes the membrane thickness72.
The resistance towards bending is modeled by the Hel-

frich model73,95, with the corresponding bending modu-
lus κB. Accordingly, the bending energy is described by a
quadratic curvature-elastic continuum model of the form96

EB =

∫
S

2κB (H −H0)
2

dS , (15)

wherein H denotes the mean curvature, and H0 is the spon-
taneous curvature which is taken consistently as a planar
undeformed membrane.

In this approach, the linearized traction jumps across the
membrane are related at z = 0 to its displacement field u
and the dilatation e := ∂xux + ∂yuy via60

[σzα] = −κS
3

(
∆‖uα + (1 + 2C)∂αe

)
, α ∈ {x, y} , (16)

[σzz] = κB∆2
‖uz , (17)

where [f ] denotes the jump of a given function f across
the membrane. Here ∆‖ := ∂2x + ∂2y is the two-dimensional
Laplace operator along the membrane. The components of
the stress tensor of the fluid are σzα = −pδzα + η(∂αvz +
∂zvα) for α ∈ {x, y, z}13.

The membrane displacement field u and the fluid veloc-
ity v at the membrane are coupled by the no-slip boundary
condition prescribed to leading order in deformation at the
undisplaced membrane, given in the frequency space by

vα = iωuα|z=0 , α ∈ {x, y, z} , (18)

where i is the imaginary unit such that i2 = −1.

III. RESULTS

In our previous work69, we have provided analytical ex-
pressions for the translational mobility functions for the
motion near an elastic membrane. We have shown that
the frequency-dependent corrections to the particle self-
and pair-mobility functions can be written as a linear su-
perposition of the contributions stemming from shear and
bending resistances. We now complete this result by com-
puting the leading-order translation–rotation coupling and
rotational elements of the mobility matrix, both for the self
and pair mobilities.

A. Self mobilities

For an isolated particle, there is no coupling between
translation and rotation. In the two-particle system, how-

ever, this coupling occurs only when considering higher-
order reflections, and it is not captured in the Rotne-Prager
approximation97–99.

Mathematical expressions for the hydrodynamic cou-
pling and rotational self-mobility corrections are expressed
in terms of power series of the ratio of particle radius to
the particle-membrane distance ε := a/z0. We have shown
that for the translational mobility corrections, the leading-
order term scales as ε. We will now show that the coupling
and rotational self-mobility corrections scale to leading or-
der as ε2 and ε3, respectively.

The translation-rotation coupling mobility is readily ob-
tained after inserting the Green’s functions stated in the
Appendix A into Eq. (12b). In the following, we scale the
coupling mobilities by µtr0 ≡ µrt0 = 1/(6πηa2).

After computation, we find that the self-related
contributions to the mobility tensor due to mem-
brane shear and bending can explicitly be expressed as

µtr,Sxy,S

µtr0
=

3ε2

64

(
β2(2 + iβ)Γ1 + iβ − β2 − 2 +

4iβ

B
+

3β2

B2
Γ2

)
+

(
− 3

64
+

β

128

(
2i+ β − iβ2 − β3Γ1

))
ε4 , (19a)

µtr,Sxy,B

µtr0
=

(
3

32
− iβ3

B

64
(ψ + φ+)

)
ε2

+

(
− 3

64
+
β3
B

384
(3i− βBψ − ψ′)

)
ε4 , (19b)

where the subscripts S and B respectively stand for shear
and bending, and S appearing as a superscript stands
for self. The total coupling mobility is obtained by
linear superposition. It follows from the symmetry of the
mobility tensor that µtryx = −µtrxy and that µtryx = µrtxy.
Here β := 6Bz0ηω/κS is a dimensionless frequency
associated with shear resistance, where B = 2/(1 + C),
and βB := 2z0(4ηω/κB)1/3 is a dimensionless number
associated with bending60. Furthermore, we define the
auxiliary functions

φ± := e−izB E1 (−izB)± e−izB E1 (−izB) ,

ψ := e−iβB E1(−iβB) ,

where zB := jβB and j := e2iπ/3 is the principal cubic-root
of unity (such that j3 = 1). The function En denotes the
generalized exponential integral defined as100

En(x) :=

∫ ∞
1

t−ne−xtdt . (20)

The bar designates a complex conjugate. We further define

Γ1 = eiβ E1(iβ) , Γ2 = e
2iβ
B E1

(
2iβ

B

)
, (21)

and

ψ′ = zBe
−izB E1(−izB) + zBe

−izB E1(−izB) . (22)

By taking the vanishing-frequency limit in Eqs. (19), the
shear- and bending-related corrections for the xy compo-
nent of the coupling mobility read

lim
β→0

∆µtr,Sxy,S

µtr0
= − 3

32
ε2 − 3

64
ε4 , (23a)
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Figure 2. (Color online) The scaled frequency-dependent cou-
pling self mobility versus the scaled frequency. The solid particle
is set a distance z0 = 2a above a planar elastic membrane, the
reduced bending modulus of which is EB := κB/(κSz

2
0) = 2/3.

Here we take C = 1 in the Skalak model. The theoretical predic-
tions are shown as dashed lines for the real (reactive) part, and
as solid lines for the imaginary (dissipative) part. Symbols refer
to boundary integral simulations results, where squares and cir-
cles denote the real and imaginary parts, respectively. Overall
theoretical results are shown by the black lines. The shear/area
dilatation and bending-related parts as stated by Eqs. (19a) and
(19b) are shown in green (light gray in a black-and-white print-
out) and red (dark gray in a black-and-white printout), respec-
tively. The thin horizontal dashed line stands for the coupling
self mobility near a no-slip wall given by Eq. (24). Blue sym-
bols refer to the rt component of the total mobility as obtained
numerically.

lim
βB→0

∆µtr,Sxy,B

µtr0
=

3

32
ε2 − 3

64
ε4 , (23b)

leading to the hard-wall limit obtained upon summing up
both contributions term by term, namely35

lim
β,βB→0

µtr,Sxy

µtr0
= − 3

32
ε4 , (24)

as first computed by Goldman101. Interestingly, the
leading-order terms with ε2 drop out in the steady limit
where the resulting correction to the coupling pair mobility
scales rather as ε4. Notably, the shear and bending related
parts have opposite contributions to the total mobility to
leading order. This feature will play a prime role in the
rotational dynamics of a torque-free doublet of particles
above an elastic membrane.

In Fig. 2, we show the scaled coupling self mobility ver-
sus the scaled frequency β of a particle located a distance
z0 = 2a above a planar elastic membrane. Here we consider
a reduced bending modulus EB := κB/(κSz

2
0) = 2/3 for

which the characteristic time scale for shear TS := 6z0η/κS
and for bending TB := 4ηz30/κB are equal69. We ob-
serve that the real and imaginary parts are nonmonotonic
functions of frequency that vanish for larger frequencies,
thus recovering the behavior in a bulk fluid. In the low-
frequency regime, the coupling mobility approaches that

predicted near a hard wall as given by Eq. (24). Moreover,
we remark that shear manifests itself in a more pronounced
way than bending. The coupling mobilities tr and rt as ob-
tained numerically clearly satisfy the symmetry property
required for particles in Stokes flows. A good agreement is
obtained between theoretical predictions and boundary in-
tegral simulations over the whole range of applied frequen-
cies. Technical details regarding the numerical method and
the procedure we have employed for the computation of the
particle hydrodynamic mobilities are provided in the Ap-
pendix B.

It is worth mentioning that the oscillation frequency ω
of the particle should be chosen small enough for the linear
response theory to be valid. Therefore, it is essential to
ensure that the Strouhal number St = aω/V satisfies St�
1, where V := |V | is the velocity amplitude. In typical
physiological situations, κS ∼ 10−6 N/m, B ∼ 1, and η ∼
10−3 Pa·s. By considering a particle of radius a = z0/2
with a linear velocity of V ∼ 10−6 m/s, it follows that
St ∼ 10−4β. In the present work, we consider a maximum
scaled frequency β = 102 such that the condition St � 1
remains always satisfied.

1. Rotational mobilities

The correction to the rotational mobility for the rotation
around an axis parallel to the membrane is again readily
obtained by inserting the Green’s functions contained in
the Appendix A into Eq. (12c) to obtain

∆µrr,Sxx,S

µrr0
= − 1

16

(
iβ3

(
Γ1 +

4Γ2

B3

)
− β2

(
1 +

2

B2

)
− iβ

(
1 +

1

B

)
+ 3

)
ε3 , (25a)

∆µrr,Sxx,B

µrr0
=

1

48

(
iβ3

B (ψ + φ+)− 6
)
ε3 (25b)

for the shear and bending related parts, respectively. Simi-
larly, the total mobility is obtained by superposition of the
contributions due to shear and bending. The component
yy has an analogous expression due to the system symme-
try along the horizontal plane. In addition, for the rotation
around an axis perpendicular to the membrane, the shear
and bending related corrections read

∆µrr,Szz,S

µrr0
= −3iB

16β

(
4e

2iβ
B E5

(
2iβ

B

)
− 1

)
ε3 , (26a)

∆µrr,Szz,B

µrr0
= 0 . (26b)

Thus the rotational self mobilities have a leading-order
term scaling as ε3. Furthermore, the zz component de-
pends only on the membrane shear properties and does
not depend on bending. Not surprisingly, the torque ex-
erted on the particle along an axis normal to the planar
membrane induces only an in-plane displacement of the
membrane. Therefore the resulting stresses do not cause
any out-of-plane deformation or bending. By taking the
vanishing-frequency limit in the xx component of the ro-
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Figure 3. (Color online) The scaled frequency-dependent rota-
tional self mobility versus the scaled frequency. The analytical
predictions are given to leading order by Eqs. (25) and (26).
Here we use the same color code as in Fig. 2. Thin horizontal
dashed lines are the hard-wall predictions given by Eqs. (28)
and (29) for the components xx and zz, respectively.

tational mobilities in Eqs. (25) we obtain

lim
β→0

∆µrr,Sxx,S

µrr0
= − 3

16
ε3 , (27a)

lim
βB→0

∆µrr,Sxx,B

µrr0
= −1

8
ε3 , (27b)

leading after summing up both contributions term by term
to the result near a hard wall35

lim
β,βB→0

∆µrr,Sxx

µrr0
= − 5

16
ε3 . (28)

For the zz component we obtain

lim
β,βB→0

∆µrr,Szz

µrr0
= lim
β→0

∆µrr,Szz,S

µrr0
= −1

8
ε3 . (29)

In the steady limit, the correction to the xx component of
the rotational self mobility is found to be 2.5 times larger
than that of the zz component. Therefore, it is easier to

rotate the particle along an axis perpendicular than parallel
to a membrane endowed with a finite shear rigidity.

In Fig. 3, we show the scaled rotational self mobilities
versus the scaled frequency β for the rotation about an
axis parallel (a) and perpendicular (b) to the planar elastic
membrane. We observe that the real part is a monotoni-
cally increasing function of frequency while the imaginary
part exhibits the typical peak structure which occurs at
β ∼ 1, which has already been seen in previous studies
involving a planar membrane, particularly for the transla-
tional motion69.

Considering the xx component, we see that shear and
bending both have negative contributions to the total mo-
bility, in contrast to the behavior observed for the coupling
mobilities. The zz component is solely determined by the
shear resistance of the membrane while bending does not
play a role for this component. Again, the simulation re-
sults agree well with the theoretical predictions.

B. Pair mobilities

Having calculated the coupling and rotational self mo-
bilities, we now consider the fluid-mediated hydrodynamic
interactions between two particles.

We express the pair mobility corrections in terms of a
power series in σ = a/h. The latter takes only physi-
cal values strictly between 0 and 1/2 to avoid overlap be-
tween the two particles. For the translational mobility, we
have shown that the leading-order corrections scale linearly
with σ. Similarly to self contributions, the leading-order
correction terms for the coupling and rotational pair mo-
bilities scale as σ2 and σ3, respectively.

We first consider the translation–rotation coupling com-
ponents of the pair-mobility tensor near an elastic mem-
brane. By inserting the expressions for the Green’s func-
tions as stated in the Appendix A into Eq. (11b), the cou-
pling pair mobilities can be expressed in terms of conver-
gent infinite integrals as

µtr,Pxy

µtr0
=

∫ ∞
0

iσ2u

ξ1/2

(
1

ξ3/2

(
ξ1/2χ1Γ+ − 2u (3ξ + uΛ)χ0

2iu− β

+
4u3Λϕ

8iu3 − β3
B

)
+

3iB

2

χ1

Bu+ iβ

)
e−2u du , (30a)

µtr,Pyx

µtr0
=

∫ ∞
0

σ2u

ξ

(
− 3B

2

ϕ

Bu+ iβ

+
i

ξ1/2

(
χ1Γ+

2iu− β
+

4u3χ1Λ

8iu3 − β3
B

))
e−2u du , (30b)

µtr,Pyz

µtr0
=

∫ ∞
0

3Bσ2u2χ1

ξ

e−2u

Bu+ iβ
du , (30c)

µtr,Pzy

µtr0
=

∫ ∞
0

2iσ2u3χ1

ξ2

(
Λ

2iu− β
+

4uΓ−
8iu3 − β3

B

)
e−2udu ,

(30d)

where P appearing as a superscript stands for pair, and is
a shorthand for the component γλ. Furthermore, we define
the geometric parameter ξ := 4z20/h

2 = 4σ2/ε2 and

Λ := 4σ2u− 3ξ ,

Γ± := 4σ2u2 − 3uξ ± 3ξ ,
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Figure 4. (Color online) The scaled frequency-dependent coupling pair mobilities versus the scaled frequency as predicted theo-
retically by Eqs. (30). The color code is the same as in Fig. 2. Here the pair is located at z0 = 2a above the membrane with an
interparticle distance h = 4a. Thin horizontal dashed lines are the hard-wall predictions given by Eqs. (31).

χn := Jn

(
2u

ξ1/2

)
,

ϕ := ξ1/2χ1 − 2uχ0 .

The terms involving β and βB in Eqs. (30) are the contri-
butions stemming from shear/area dilatation and bending,
respectively. The component yz (and thus zy of the rt
coupling mobility) does not depend on membrane bending
properties. In the vanishing frequency limit, or equiva-
lently for infinite membrane shear and bending moduli, we
recover the coupling pair-mobility functions near a hard
wall, with no-slip boundary conditions. Specifically,

lim
β,βB→0

µtr,Pxy

µtr0
= −9

4

ξ1/2

(1 + ξ)5/2
σ2 − 3

2

ξ1/2(ξ − 4)

(1 + ξ)7/2
σ4 ,

(31a)

lim
β,βB→0

µtr,Pyx

µtr0
=

3

2

ξ1/2

(1 + ξ)5/2
σ4 , (31b)

lim
β,βB→0

µtr,Pyz

µtr0
=

3

4

σ2

(1 + ξ)3/2
, (31c)

lim
β,βB→0

µtr,Pzy

µtr0
= −3

4

1 + 4ξ

(1 + ξ)5/2
σ2 +

3

2

4ξ − 1

(1 + ξ)7/2
σ4 , (31d)

in agreement with the results by Swan and Brady35. Note
that the components xy and zy keep a negative sign and
that xy and yz keep a positive sign in the physical range
of parameters in which ε ∈ [0, 1] and σ ∈ [0, 12 ].

By considering independently the shear and bend-
ing contributions to the pair-mobility corrections from

Eqs. (30) and taking the limit of vanishing frequency, we
obtain for the xy component

lim
β→0

µtr,Pxy,S

µtr0
= −3

8

ξ1/2(ξ + 4)

(1 + ξ)5/2
σ2 − 3

4

ξ1/2(ξ − 4)

(1 + ξ)7/2
σ4 ,

(32a)

lim
βB→0

µtr,Pxy,B

µtr0
=

3

8

ξ1/2(ξ − 2)

(1 + ξ)5/2
σ2 − 3

4

ξ1/2(ξ − 4)

(1 + ξ)7/2
σ4 , (32b)

leading to Eq. (31a) after summing up both contributions.
It can be shown that the shear-related part is negative
whereas the bending related part undergoes a change of
sign. By equating Eq. (32b) to zero and solving perturba-
tively for ε, the threshold line where the bending contribu-
tion changes sign is given in a power series of σ by

εth =
√

2σ

(
1 +

σ2

3
+

29

54
σ4

)
+O(σ7) . (33)

Hence, for ε > εth, the bending-related part in the coupling
mobility is negative whereas it is positive for ε < εth.

Next, considering the shear and bending contributions
to the component yx, we obtain

lim
β→0

µtr,Pyx,S

µtr0
=

3

8

ξ1/2

(1 + ξ)3/2
σ2 +

3

4

ξ1/2

(1 + ξ)5/2
σ4 , (34a)

lim
βB→0

µtr,Pyx,B

µtr0
= −3

8

ξ1/2

(1 + ξ)3/2
σ2 +

3

4

ξ1/2

(1 + ξ)5/2
σ4 , (34b)
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Figure 5. (Color online) The scaled frequency-dependent rotational pair mobilities versus the scaled frequency as predicted theo-
retically by Eqs. (37). Thin horizontal dashed lines are the corrections predicted near a hard wall given by Eqs. (38). The color
code is the same as in Fig. 2.

which keep positive and negative signs, respectively, lead-
ing to Eq. (31b) by adding both contributions. Finally, for
the yz component we get

lim
β→0

µtr,Pzy,S

µtr0
= −9

8

ξ

(1 + ξ)5/2
σ2 +

3

4

4ξ − 1

(1 + ξ)7/2
σ4 (35a)

lim
βB→0

µtr,Pzy,B

µtr0
= −3

8

2 + 5ξ

(1 + ξ)5/2
σ2 +

3

4

4ξ − 1

(1 + ξ)7/2
σ4 , (35b)

both of which are negative valued, leading together to
Eq. (31d).

Fig. 4 shows the tr and rt coupling pair mobilities versus
the scaled frequency for a pair of particles located above
the elastic membrane at z0 = 2a, far apart from each other
at a distance h = 4a. Membrane shear manifests itself in
a more pronounced way for the components xy, yx, and
yz, whereas the effect of bending is more significant for
the zy component. The simulation results are consistent
with the fact that the tr and rt coupling mobility tensors
are the transpose of each other, as required by the overall
symmetry of the mobility matrix. A very good agreement
is obtained between theoretical predictions and boundary
integral (BIM) simulations.

We now turn to the rotational pair mobility near an elas-
tic membrane. In a bulk fluid, the particle rotational mo-
bilities are obtained by inserting the infinite-space Green’s
function (Oseen tensor) given by Eq. (7) into Eq. (11c) as

µrr,Pxx

µrr0
= σ3 ,

µrr,Pyy

µrr0
=
µrr,Pzz

µrr0
= −1

2
σ3 , (36)

where µrr0 = 1/(8πηa3) is the rotational bulk mobility.
Clearly, the two particles undergo a rotation in the same di-
rection along their line of centers but in opposite direction
for the rotation about a line perpendicular to the line of
centers, if a torque is exerted on only one of them. More-
over, the rotational pair mobility along the line of cen-
ters connecting the two particles is twice larger in magni-
tude than the rotational pair mobility for the perpendicular
case.

The components of the correction to the rotational mo-
bility are obtained from Eq. (11c) as

∆µrr,Pxx

µrr,P0

=

∫ ∞
0

2σ3u2

ξ

(
B

ξ1/2
ϕ

Bu+ iβ

− 4iχ1

(
1

2iu− β
+

4u2

8iu3 − β3
B

))
e−2u du , (37a)

∆µrr,Pxz

µrr0
=

∫ ∞
0

4Bσ3u3χ1

ξ3/2
e−2u

Bu+ iβ
du , (37b)

∆µrr,Pyy

µrr0
=

∫ ∞
0

2σ3u2

ξ

(
4iϕ

ξ1/2

(
1

2iu− β
+

4u2

8iu3 − β3
B

)
− Bχ1

Bu+ iβ

)
e−2u du , (37c)

∆µrr,Pzz

µrr0
=

∫ ∞
0

−4Bσ3u3χ0

ξ3/2
e−2u

Bu+ iβ
du . (37d)

Similarly, the terms involving β and βB are related to
shear/area dilatation and bending respectively. It can re-
markably be seen that the components xz and zz depend
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on membrane shear only. In particular, the correction near
a no-slip hard wall is recovered in the zero frequency limit
to obtain

∆µrr,Pxx

µrr0
= −1

2

2 + 5ξ

(1 + ξ)5/2
σ3 , (38a)

∆µrr,Pxz

µrr0
=

3

2

ξ1/2

(1 + ξ)5/2
σ3 , (38b)

∆µrr,Pyy

µrr0
= −1

2

5ξ − 7

(1 + ξ)5/2
σ3 , (38c)

∆µrr,Pzz

µrr0
= −1

2

2ξ − 1

(1 + ξ)5/2
σ3 , (38d)

in agreement with the results by Swan and Brady35. In-
terestingly, the components yy and zz undergo a change of
sign for ξ = 7/5 and ξ = 1/2, respectively. By considering
the shear and bending contributions to the pair-mobility
corrections independently, from Eqs. (37), and taking the
vanishing frequency limit, we obtain for the xx component

lim
β→0

µrr,Pxx,S

µtr0
= −3

2

ξ

(1 + ξ)5/2
σ3 , (39a)

lim
βB→0

µrr,Pxx,B

µtr0
= − σ3

(1 + ξ)3/2
, (39b)

leading to Eq. (38a) after summing up both contributions.
For the component yy we obtain

lim
β→0

µrr,Pyy,S

µtr0
= −3

2

ξ − 1

(1 + ξ)5/2
σ3 , (40a)

lim
βB→0

µrr,Pyy,B

µtr0
= − ξ − 2

(1 + ξ)5/2
σ3 , (40b)

leading to Eq. (38c). Accordingly, the shear and bending
related parts in the steady limit vanish for ξ = 1 and ξ = 2,
respectively.

In Fig. 5, we show the particle scaled rotational pair
mobility functions versus the scaled frequency using the
same parameters as in Fig. 4, i.e. for a distance from the
membranes z0 = 2a and an interparticle distance h = 4a.
As already mentioned, the components xz and zz depend
solely on membrane shear resistance whereas both shear
and bending manifest themselves for xx and yy compo-
nents. As ξ = 1, the shear-related part in the yy mobil-
ity vanishes in the zero frequency limit, and the behavior
in the low frequency regime is mainly bending-dominated.
Since the rotational pair mobilities exhibit a scaling as σ3,
we observe that the corrections are significantly small as
compared to the coupling pair mobilities.

C. Doublet of two counterrotating spheres

To elucidate the effect and role of the change of sign ob-
served in the particle self and pair mobilities, we consider
an example involving the co-rotation within a doublet of
particles close to an elastic membrane (see Fig. 6). We im-
pose external torques, equal in magnitude but oppositely
oriented on the pair of particles along the line of centers,
causing the particles to rotate in opposite directions. This

Figure 6. Illustration of the two spheres forming a torque-free
dimer. Torques ±L of the same magnitude and opposite direc-
tions along the center-to-center line are applied to the spheres.
As a result, the membrane-induced rotation–translation cou-
pling leads to a collective rotation about the axis normal to the
membrane with an angular velocity Ω. As the zx components
of the coupling mobilities vanish, the doublet remains parallel
at the same height above the undistorted membrane.

set-up may serve as a simple model system to study in
an isolated way the rotational effects arising, e.g., during
the self-propelled motion of certain types of bacterial mi-
croswimmers near an elastic membrane. For example, the
bacterium E. coli propels by rotating a bundle of helicoidal
flagella anchored to the cell body. This rotational motion
leads to a counterrotation of its actual cell body in the sus-
pending fluid, guaranteeing an overall torque-free motion
of the whole microswimmer. Near fluid-solid or fluid-fluid
substrates, such rotational properties can qualitatively af-
fect the overall bacterial motion, leading, e.g., to circular
trajectories79,102,103. In corresponding theoretical studies
of bacterial motion, the involved counterrotations have pre-
viously been included by an overall torque-free doublet of
two antiparallel torques of equal magnitude104, similarly to
the discretization by our two counterrotating particles in
Fig. 6.

Due to the hydrodynamic coupling between the two
counterrotating particles and the membrane, the two par-
ticles undergo circular motion along the direction perpen-
dicular to the line of centers. Accordingly, an induced ro-
tational motion occurs about the center of mass of the dou-
blet with an angular velocity Ω along the z direction and
a rotation rate

Ω = −2L

h

(
µtr,Syx − µtr,Pyx

)
, (41)

where for the calculation the external torques are applied
on both particles along the x axis such that Lλx = −Lγx =
L(t). In fact, Eq. (41) holds in the small deformation
regime in which the membrane remains almost planar.
Since the steady state of the membrane deformation is
reached quickly, i.e., the memory of the membrane decays
significantly quicker than the doublet rotates, we may for
our calculation consider the doublet as oriented along the x
axis during the whole time scale relevant for our analytical
description.

In the frequency domain, the rotation rate can conve-
niently be cast in the following generic form

Ω(ω) = L(ω)

∫ ∞
0

ϕ1(u)

ϕ2(u) + iωT
du , (42)
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where the integral represents either the shear- or bending-
related parts. Here ϕ2(u) ∈ {u, 2u/B} for the shear contri-
bution and ϕ2(u) = u3 for bending. Moreover, ϕ1(u) is a
real function that does not depend on frequency. We con-
sider now a Heaviside-type function for the torque for which
L(t) = L0 θ(t), the temporal Fourier transform of which to
the frequency domain reads L(ω) = (πδ(ω)− i/ω)L0, with
δ(ω) the Dirac delta function. Then the time-dependent
rotation rate reads

Ω(t)

L0
= θ(t)

∫ ∞
0

ϕ1(u)

ϕ2(u)

(
1− e−ϕ2(u)τ

)
du , (43)

wherein τ := t/T is a scaled time. In the steady limit, for
which τ →∞, the rotation rate can be written in a scaled
form as

lim
τ→∞

Ω

µrr0 L0
= σε4

(
8σ5

ρ5
− 1

4

)
, (44)

where ρ2 = ε2 + 4σ2. Now, by considering an idealized
membrane with pure shear or pure bending rigidities, we
obtain

lim
τ→∞

ΩS

µrr0 L0
= σε2

(
−1

4
− ε2

8
+

2σ3

ρ3

(
1 +

2σ2ε2

ρ2

))
,

(45a)

lim
τ→∞

ΩB

µrr0 L0
= σε2

(
1

4
− ε2

8
− 2σ3

ρ3

(
1− 2σ2ε2

ρ2

))
,

(45b)

leading to Eq. (44) after summing up both contributions.
The steady rotation of a torque-free doublet about its cen-
ter near a membrane with pure shear is of the same sense
as near a hard wall. The rotation is, however, found to
be of opposite sense near a membrane with pure bending
rigidity. We note that since the zx components of the tr-
coupling self and pair mobilities vanish, the pair remain
at the same height during its rotational motion above the
membrane.

In Fig. 7 we present the time-dependent rotation rate
of the doublet rotating under a constant external pair of
torques exerted along the line of centers, near a membrane
with shear-only (green), bending-only (red), or both rigidi-
ties (black), as predicted theoretically by Eq. (43). We
observe that at smaller time scales, for which t/TS � 1,
the rotation rates amount to small values because the dou-
blet does not yet perceive the presence of the membrane at
these short time scales. As the time progresses, the rota-
tion rates asymptotically approach the values predicted in
the steady limit. The resulting rotational motion is slow
compared to the angular velocity of each of the spheres
under the applied torque. This is due to the weak na-
ture of translational-rotational coupling of a sphere close
to a surface, as seen in theoretical calculations34 and nu-
merical simulations for a no-slip wall35. For a membrane
with both shear and bending rigidities, the effect of shear
is noticeably more pronounced, leading to the same sense
of rotation as predicted near a no-slip wall. However, for
a membrane with pure bending rigidity, such as that of a
fluid vesicle105, the steady-sate rotation rate is of positive
sign and therefore the pair undergoes rotation of the op-
posite sense. This interesting behavior can alter the near
membrane dynamics and behavior of force- and torque-free
flagellated bacteria and swimming microorganisms that use
helical propulsion as a locomotion strategy79,104.
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0.005
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10−2 10−1 100 101 102 103

Ω
/µ

r
r

0
L

0
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Figure 7. (Color online) Scaled rotation rate of the doublet in
Fig. 6 versus the scaled time near a membrane of pure shear
(green), pure bending (red) and both rigidities (black). Ana-
lytical predictions correspond to Eq. (43) and symbols refer to
boundary integral simulations. Here we use the same param-
eters as in Fig. 4 for z0 = 2a and h = 4a. The time scale of
the induced rotation of the pair is considerably slower than that
related to the internal rotation of each sphere under the applied
torque.

IV. CONCLUSIONS

In this paper, we have studied analytically the
translation–rotation coupling and rotational hydrodynamic
mobilities of a pair of particles moving close to an elastic
membrane that exhibits resistance towards shear and bend-
ing. We have modeled the elastic membrane by combining
the Skalak model for the in-plane shear resistance and the
Helfrich model for the out-of-plane bending resistance. For
example, membranes of red blood cells can be described ac-
cordingly. For a vanishing actuation frequency or equiva-
lently for higher membrane shear and bending moduli, our
results perfectly coincide with those predicted near a hard
wall with no-slip boundary conditions.

Using the multipole expansion and Faxén’s theorems,
we have expressed the leading order coupling and rota-
tional self- and pair-mobility functions as power series of
the ratio between particle radius and membrane distance
as well as between radius and interparticle distance. We
have found that the shear- and bending-related contribu-
tions may manifest themselves in a supportive or suppres-
sive manner, depending on the membrane properties and
the geometric configuration of the particle-membrane sys-
tem. As a model system to study the rotational effects
involved in certain types of bacterial locomotion, we have
studied the rotational dynamics of a torque-free doublet of
two counterrotating particles in close vicinity to an elas-
tic membrane. We find that the magnitude and direction
of rotation under parallel alignment with the undistorted
membrane in the steady limit strongly depend on mem-
brane properties: A shear-only membrane rigidity leads to
a rotation of the same sense as near a hard wall, opposite
to the one near a bending-only membrane rigidity. Finally,
we have verified our theoretical predictions via numerical
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simulations using a completed double boundary integral
method. A very good agreement is observed in this way.
Our analytically-computed mobility functions may find ap-
plications, for instance, as a basis for Brownian simulation
studies of colloidal suspensions near planar elastic confine-
ments.

In view of experimental developments involving con-
trolled manipulation of particles in a fluid using optical
trapping techniques71, an experimental verification of the
results presented in the paper might be possible. It would
be particularly interesting to explore the dynamics of a
rotation-based microswimmer close to the membrane. We
have quantified the rotational motion induced by the pres-
ence of the membrane and related it to its elastic prop-
erties. These predictions could be tested in a system in-
volving a robotic swimmer in a viscous fluid, perhaps also
in larger-scale experiments, as long as the low-Reynolds-
number conditions are satisfied.
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Appendix A: Green’s tensor for a membrane-bounded fluid

The Green’s functions can conveniently be computed us-
ing a two-dimensional Fourier transform technique55,106

and appropriately applying the no-slip boundary condi-
tions stemming from shear and bending deformations of
the membrane.

For a point-force exerted at position xλ above the mem-
brane, the Green’s functions can be expressed in terms of
infinite integrals over the wavenumber q as

Gxx(r, rλ, ω) =
1

4π

∫ ∞
0

(
G̃+(q, z, z0, ω)J0(ρλq)

+ G̃−(q, z, z0, ω)J2(ρλq) cos 2θλ

)
q dq ,

Gyy(r, rλ, ω) =
1

4π

∫ ∞
0

(
G̃+(q, z, z0, ω)J0(ρλq)

− G̃−(q, z, z0, ω)J2(ρλq) cos 2θλ

)
q dq ,

Gzz(r, rλ, ω) =
1

2π

∫ ∞
0

G̃zz(q, z, z0, ω)J0(ρλq)q dq ,

Gxy(r, rλ, ω) =
sin 2θλ

4π

∫ ∞
0

G̃−(q, z, z0, ω)J2(ρλq)q dq ,

Grz(r, rλ, ω) =
i

2π

∫ ∞
0

G̃lz(q, z, z0, ω)J1(ρλq)q dq ,

Gzr(r, rλ, ω) =
i

2π

∫ ∞
0

G̃zl(q, z, z0, ω)J1(ρλq)q dq ,

where ρ2λ := (x− xλ)2 + y2 and θλ := arctan(y/(x − xλ))
being the polar angle. Here Jn denotes the Bessel function
of the first kind of order n100. Moreover,

G̃zz =
1

4ηq

(
(1 + q|z − z0|) e−q|z−z0|

+

(
iαzz0q

3

1− iαq
+
iα3

Bq
3(1 + qz)(1 + qz0)

1− iα3
Bq

3

)
e−q(z+z0)

)
,

G̃lz =
i

4ηq

(
− q(z − z0)e−q|z−z0|

+

(
iαz0q

2(1− qz)
1− iαq

− iα3
Bzq

4(1 + qz0)

1− iα3
Bq

3

)
e−q(z+z0)

)
,

G̃zl =
i

4ηq

(
− q(z − z0)e−q|z−z0|

+

(
− iαzq2(1− qz0)

1− iαq
+
iα3

Bq
4z0(1 + qz)

1− iα3
Bq

3

)
e−q(z+z0)

)
.

and

G̃±(q, z, ω) := G̃tt(q, z, ω)± G̃ll(q, z, ω) ,

with

G̃ll =
1

4ηq

(
(1− q|z − z0|)e−q|z−z0|

+

(
iαq(1− qz0)(1− qz)

1− iαq
+
izz0α

3
Bq

5

1− iα3
Bq

3

)
e−q(z+z0)

)
,

G̃tt =
1

2ηq

(
e−q|z−z0| +

iBαq

2− iBαq
e−q(z+z0)

)
,

where α := κS/(3Bηω) is a characteristic length scale for
shear with B := 2/(1 + C) as defined in the main body
of the paper, and α3

B := κB/(4ηω) a characteristic cubic
length scale for bending. Thus, the terms involving α and
α3
B in the above equations are associated with shear and

bending, respectively. Furthermore, the remaining Carte-
sian components can readily be determined from the usual
transformation relations Gxz = Grz cos θλ, Gyz = Grz sin θλ,
Gzx = Gzr cos θλ, Gzy = Gzr sin θλ and Gyx = Gxy. In the
limit of vanishing frequency, the Green’s functions near an
elastic membrane reduce to the Blake tensor107 near a rigid
no-slip wall, which corresponds to the limit of an immobile
and infinitely stiff membrane.

Appendix B: Boundary integral methods

In order to assess the accuracy of the multipole expan-
sion approach employed in this paper, we have compared
our analytical predictions with fully resolved computer sim-
ulations based on the completed double layer boundary in-
tegral equation method (CDLBIEM)108–112. The method
is known to be particularly suited for the simulation of
Stokes flows113 when both rigid and deformable bound-
aries are present. In this way, the translational and rota-
tional velocities of the particles can be determined provided
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knowledge of the forces and torques exerted on their sur-
faces. Hereafter, we briefly provide some technical details
regarding the numerical method.

The integral equations for the particle membrane system
are expressed as114

vβ(x) = Hβ(x) , x ∈ SM ,

1

2
φβ(x) +

6∑
α=1

ϕ
(α)
β (x)〈ϕ(α),φ〉 = Hβ(x) , x ∈ SP ,

where SM and SP denote the surface of the elastic mem-
brane and the particles, respectively. v is the velocity of
points belonging to the membrane surface and φ is the so-
called double layer density function on the surface of the
particles SP, related to the translational and rotational ve-
locities via

V (x) =

3∑
α=1

ϕ(α)(x)〈ϕ(α),φ〉 , x ∈ SP ,

Ω(x)× (x− xc) =

3∑
α=1

ϕ(α+3)(x)〈ϕ(α+3),φ〉 , x ∈ SP ,

where xc is the particle center and ϕ(α) are known vec-
torial functions that depend on the position of a particle,
its surface area, and the moment-of-inertia tensor13. The
brackets stand for the inner product, which is defined as

〈ϕ(α),φ〉 :=

∮
SP

ϕ(α)(y) ·φ(y) dS(y) ,

and the function Hβ is defined by

Hβ(x) := −(NM∆f)β(x)− (KPφ)β(x)

+ G(0)βµ (x,xc)Fµ +R(0)
βµ(x,xc)Lµ .

The single and double layer integrals are given by

(NM∆f)β(x) :=

∫
SM

∆fα(y)G(0)αβ (y,x) dS(y) ,

(KPφ)β(x) :=

∮
SP

φα(y)T (0)
αβµ(y,x)nµ(y) dS(y) ,

with n the outer normal vector on the particle surfaces.
Moreover, ∆f is the traction jump of the fluid stress tensor

across the membrane, T (0)
αβµ is the stresslet, and R(0)

βµ is

the rotlet13 in an infinite space. From the instantaneous
deformation of the membrane, the traction jump across the
membrane ∆f is readily determined from the membrane
constitutive models. For further details with regard to the
numerical computation of the traction jumps, we refer the
reader to Refs. 61 and 115.

In our simulations, the planar membrane is a flat
quadratic surface with a size of 300a× 300a and is meshed
with 1740 triangles created using the open-source and
freely-available software gmsh116. The spherical particle
is discretized by 320 triangular elements obtained by con-
secutive refinement of an icosahedron117–120.

For the numerical determination of the particle mobil-
ity functions, a harmonic force Fλ(t) = Aλe

iω0t or torque
Lλ(t) = Bλe

iω0t is exerted at the surface of the par-
ticle λ. After a brief transient evolution, the transla-
tional and rotational velocities of the particle γ evolve as

Vγ(t) = Cγe
i(ω0t+δγ) and Ωγ(t) = Dγe

i(ω0t+ϕγ), respec-
tively, and analogously for the particle λ. The amplitudes
and phase shifts can accurately be determined by a fitting
procedure of the numerically recorded velocities using the
trust region method121. In this way, the rt components can
be computed for a torque-free particle as

µrt,λλαβ =
Dλα

Aλβ
eiϕλ , µrt,γλαβ =

Dγα

Aλβ
eiϕλ .

For a force-free particle, the components tr and rr are com-
puted from

µtr,λλαβ =
Cλα
Bλβ

eiδλ , µrr,λλαβ =
Dλα

Bλβ
eiϕλ

for the self mobilities and

µtr,γλαβ =
Cγα
Bλβ

eiδγ , µrr,γλαβ =
Dγα

Bλβ
eiϕγ

for the pair mobilities.
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“State diagram of a three-sphere microswimmer in a channel,” J.
Phys.: Condes. Matter (2018).

107J. R. Blake, “A note on the image system for a Stokeslet in a no-
slip boundary,” Math. Proc. Camb. Phil. Soc. 70, 303–310 (1971).

108N. Phan-Thien and D. Tullock, “Completed double layer boundary
element method in elasticity,” J. Mech. Phys. Solids 41, 1067 –
1086 (1993).

109N. Phan-Thien and D. Tullock, “Completed double layer boundary
element method in elasticity and Stokes flow: Distributed comput-
ing through pvm,” Computational Mechanics 14, 370–383 (1994).

110M. Kohr and I. I. Pop, Viscous Incompressible Flow for Low
Reynolds Numbers, Vol. 16 (Wit Pr/Comp. Mech., 2004).

111H. Zhao and E. S. G. Shaqfeh, “Shear-induced platelet margina-
tion in a microchannel,” Phys. Rev. E 83, 061924 (2011).

112H. Zhao, E. S. G. Shaqfeh, and V. Narsimhan, “Shear-induced
particle migration and margination in a cellular suspension,” Phys.
Fluids 24, 011902 (2012).

113C. Pozrikidis, “Interfacial dynamics for Stokes flow,” J. Comput.
Phys. 169, 250 (2001).

114A. Daddi Moussa Ider, Diffusion of nanoparticles nearby elastic
cell membranes: A theoretical study (University of Bayreuth, Ger-
many, 2017).

115A. Guckenberger, M. P. Schraml, P. G. Chen, M. Leonetti, and
S. Gekle, “On the bending algorithms for soft objects in flows,”
Comp. Phys. Comm. 207, 1–23 (2016).

116C. Geuzaine and J.-F. Remacle, “Gmsh: A 3-D finite element mesh
generator with built-in pre-and post-processing facilities,” Inter-
national Journal for Numerical Methods in Engineering 79, 1309–
1331 (2009).
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