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Scattering of dark pions in an 𝑺 𝒑(4) gauge theory
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In this work we consider strongly interacting dark matter candidates as composite states of 𝑁 𝑓 = 2
fermions charged under a dark 𝑆𝑝(4) gauge group in the fundamental representation. We give
expressions that allow the calculation of correlation functions of two pseudo-Nambu-Goldstone-
bosons with lattice field theory and present first results on the scattering phase shift in the isospin-2
channel in the theory from first principles. We give a lower limit on the dark matter particle mass
by comparing our results with astrophysical constraints on the cross-section.
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1. Introduction

Dark matter is an attempt to describe a series of astrophysical and cosmological phenomena
that cannot be explained in the scope of the Standard Model of particle physics (SM), the best known
example being galactic rotation curves [1]. Although there is a lot of experimental and theoretical
effort to identify dark matter, its precise nature is still elusive.

Strongly-interacting models of dark matter have gained some interest as they might be able to
resolve small-scale structure problems [2]. Among them, the SIMP (Strongly Interacting Massive
Particle) models provide dark matter as a thermal relic in a freeze-out process driven by a 3 → 2
semi-annihilation process. Such a process arises naturally for gauge theories with at least five
pseudo-Nambu-Goldstone bosons (pNGBs) that we call (dark) pions arising from spontaneous
chiral symmetry breaking via the Wess-Zumino-Witten term [3].

Symplectic gauge theories with two fundamental Dirac fermions provide a minimal realisation
of the SIMP model, because the global symmetries are enlarged due to the pseudoreality of the
fundamental representation [4]. Such theories furnish a 𝑈 (2𝑁 𝑓 ) flavour symmetry that is broken
to 𝑆𝑈 (2𝑁 𝑓 ) by the axial anomaly. Chiral symmetry breaking as well as explicit fermion masses
break the symmetry further to 𝑆𝑝(2𝑁 𝑓 ). The breaking gives rise to the pNGBs, which we will
call (dark) pions, in analogy to QCD. In such a theory 𝑁 𝑓 fermions in a pseudoreal representation
yield 2𝑁2

𝑓
− 𝑁 𝑓 − 1 pNGBs. Thus, for 𝑁 𝑓 = 2 the minimally required number of five pNGBs is

obtained. This has been studied previously extensively on the lattice for the simplest case of an
𝑆𝑈 (2) = 𝑆𝑝(2) gauge group. Here, we consider the next-simplest case, an 𝑆𝑝(4) gauge group,
motivated by the generally looser experimental constraints at larger 𝑁𝑐 [3].

One constraint on the properties of dark matter are the indirectly inferred limits on dark matter
self-interactions at low center-of-mass energy from astrophysical observations [5]. We address
this in our model by calculating the scattering properties of the dark pions in the isospin-2 scalar
channel. This channel is statistically the most likely for a random isospin distribution in cosmic
matter. To access this information we determined the phase shifts in a Lüscher-type analysis. A
secondary use of our results is in the context of composite Higgs models [6].

2. Lattice

We employ lattice calculations using the HiRep code [7]. The unimproved Wilson action is
used for both the gauge fields and two dynamical fermions in the fundamental representation. We
study fermion masses corresponding to values of 𝑚𝜋

𝑚𝜌
between 0.65 and 0.90 at three distinct values

for the inverse gauge coupling 𝛽 = 6.9, 7.05 and 7.2.

2.1 Correlation functions

Correlation functions are obtained by Wick-contracting operators. Using the definitions of the
pion operators from [8] we build the following isospin-0 and isospin-2 operators

O𝐼=2
𝜋𝜋 = 𝜋+𝜋+

O𝐼=0
𝜋𝜋 =

1
√

5

(
𝜋+𝜋− + 𝜋−𝜋+ − 𝜋0𝜋0 + Π𝑢𝑑Π�̄�𝑑 + Π�̄�𝑑Π𝑢𝑑

)
.

(1)
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Note that we differentiate here between with 𝜋 and Π the operators of magnetic isospin quantum
numbers m ≤ |1| and m = |2|, respectively. The latter can be interpreted as diquark states and
are not present in a theory with a complex fermion representation of the gauge group. We omit
space-time indices. The correlation functions are

𝐶 𝐼
𝜋 𝜋 (𝜏) =

〈
O𝐼

𝜋 𝜋 (𝑡 = 0)O†𝐼
𝜋 𝜋 (𝑡 = 𝜏)

〉
. (2)

They can also be represented diagrammatically, as is done for example in [8–10]. We adapt the
notation from [9] for the Wick contractions that resemble the "disconnected" (D), "cross" (C),
"rectangle" (R) and "vacuum" (V) diagrams. In that notation they read,

𝐶 𝐼=2
𝜋𝜋 = 2𝐷 − 2𝐶

𝐶 𝐼=0
𝜋𝜋 = 2𝐷 + 3𝐶 − 10𝑅 + 5𝑉.

(3)

The isospin-2 channel coincides with QCD [9], because it does not get a contribution from mixing
with the diquark operators. The isospin-0 channel however gets contributions from all pion operators
including the diquark operators and therefore differs from QCD [8]. This channel suffers from more
numerical noise because it contains vacuum diagrams in which quarks propagate from and to the
same time slice. For the expressions in the isospin-1 channel, we refer to [10].

We use 𝑍2 × 𝑍2 stochastic noise sources with spin-dilution [11] for the fermion sources.
We remove constant contributions to the two-pion-correlator due to "around-the-world" effects by
applying a numerical derivative [12]. Afterwards, we use the corrfitter package to extract energy
levels [13]. We note that for our results we only use the one operator shown above for the isospin-2
channel. For improved systematics, one should include more operators and perform a variational
analysis.

2.2 Lüscher Analysis

Interactions shift the finite volume energy levels. The Lüscher analysis is a tool to relate these
energy shifts to infinite volume scattering properties. We employ here two particles with vanishing
center-of-mass momentum only. The formalism is valid for energy levels between the elastic and
the first inelastic threshold (2𝑚𝜋 < 𝐸 < 4𝑚𝜋 , in our case). The finite volume energy levels can be
translated to the lattice momentum 𝑝∗ via a dispersion relation accounting for the periodicity of the
lattice,

cosh
(
𝐸

2

)
= cosh(𝑚) + 2 sin

(
𝑝∗

2

)2
, 𝑞 = 𝑝∗

𝐿

2𝜋
. (4)

where we defined the generalized momentum 𝑞. The phase shift 𝛿0 is calculated by the following
formula which includes the transcendental Zeta function Z.

tan(𝛿0(𝑞)) =
𝜋

3
2 𝑞

Z®0
00(1, 𝑞2)

(5)

We refer to [14, 15] for details on the calculation of the Zeta function. Close to threshold, scattering
follows a universal behavior described by a power series in 𝑝∗2.

| ®𝑝 | cot(𝛿0(𝑞)) =
1
𝑎0

+ O(𝑝∗2) (6)

In particular, the leading constant term can be identified with the inverse scattering length 𝑎−1
0 [16].
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Figure 1: The dimensionless effective scattering length plotted against the dimensionless momentum squared.
The y-axis is the inverse of eq. (6) times the pion mass. Different gauge couplings are indicated by different
symbols. The colour-coding shows the corresponding value of 𝑚𝜋

𝑚𝜌
. The thin lines show the fits that were

performed to obtain the scattering length. All points and the fits are consistent with a negative scattering
length.

3. Results

Here, we only consider the phase shift in the isospin-2 channel. It contributes the most to
the total cross-section since 14 out of the total 25 combinations of pions scatter in this channel.
Furthermore, as we are interested in cosmological scattering at low relative momenta, we expect
predominantly scattering in the s-wave. The isospin-2 channel with vanishing center-of-mass
momentum probes s-wave scattering only. The isospin-1 channel does not probe any s-wave 2 → 2
scattering of pions, as it vanishes for zero center-of-mass momentum. We will address the other
isospin channels and the 3 → 2 channel in future works [17]. Also, we scale all quantities with the
pion mass to give dimensionless results independent of the lattice constant. This has the distinct
advantage of eliminating parts of the systematic discretization errors.

First, we take a look at the scattering phase shift obtained with eq. (5). The phase shift contains
the complete scattering information in this channel. This includes resonances which are indicated
by zero-crossings. We do not find an indication for a bound state below the elastic threshold in our
energy levels [17]. Fig. 1 shows the dimensionless effective scattering length which is given by the
inverse of eq. (6) and coincides with 𝑎0𝑚𝜋 for 𝑝∗ → 0. We show the leading order fits in 𝑝∗2 of
eq. (6) as grey lines.

The resulting scattering length is shown in fig. 2. We find a consistently negative scattering
length across all ensembles. The grey band shows the estimated central value of the scattering
length with errors assuming a negligible mass dependence. Additionally, we depict the prediction
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Figure 2: Results from fitting the phase shift with eq. 6. Shown is the scattering length 𝑎0𝑚𝜋 against the
ratio of the mass to the decay constant of the pion. Different colors and symbols correspond to different
values for the inverse coupling 𝛽. We observe a consistent negative scattering length across all ensembles.
The horizontal grey line and band indicate the estimated central value and error for the scattering length. The
green dashed line shows the expected result from leading order chiral perturbation theory.

from leading-order chiral perturbation theory. It is given by [18]

𝑎0𝑚𝜋 = − 1
32

(
𝑚𝜋

𝑓𝜋

)2
. (7)

For the fermion masses considered here, the order of magnitude matches the one of the chiral
perturbation theory prediction, although the pion masses appear at the edge or beyond the validity
of leading order chiral perturbation theory [4, 6]. However, some data points differ from chiral
perturbation theory more than two sigma. That might be an artefact of the limited number of
data points used in the extrapolation towards zero momentum. At the current point, we are unable
to discriminate between the behaviour predicted by chiral perturbation theory and any deviation
from the predicted behaviour. Our estimated central value for the scattering length in this fermion
mass range is 𝑎0𝑚𝜋 = −0.65+0.2

−0.3. We can use that to approximate the cross-section to compare
it to astronomical data by 𝜎 = 𝜋𝑎2

0. We take the limit obtained in ref. [5], which constrains
𝜎/m < 0.19cm2/g. From this we can constrain the lattice constant and with that the dark matter
particle mass to 𝑚𝐷𝑀>115 MeV. This is compatible with current constraints on strongly interacting
dark matter [4] as well as earlier investigations using a more simplified analysis [19].
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4. Conclusions

Strongly-interacting models are a promising candidate for particle dark matter as they give
solutions to known problems related to dark matter. In this paper, we used lattice field theory
to study scattering properties of a specific realisation of SIMP DM. Together with studies on the
mass spectrum [4, 6, 20, 21], these non-perturbative results can be used to determine low energy
constants in an effective description with chiral perturbation theory [4, 6]. The natural next step is
the determination of the phase shift in the isospin-1 channel including the 3 → 2 process as well as
further derived quantities [17].
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